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Cluster states of multiple ferrimagnetic spheres in cavity magnonics
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We present a scheme to generate the macroscopic Gaussian cluster states of multiple ferrimagnetic spheres
in a microwave cavity through Kerr interactions. When each such sphere with self-Kerr nonlinearity is coupled
to a single-cavity mode, it allows the generation of multimode entanglement and graph states—an important
resource for one-way quantum computing through measurement-based protocols—near the strong and in the
weak coupling regimes. While optimizing such states over the parameters governing the dynamics, the optimal
appears for a far-detuned as well as dissipative cavity. Cluster states for a linear and a ring topology of a few
spheres are discussed in the steady state of the system, further applicable to multiple spheres (n = 10), for
experimentally feasible parameters.
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I. INTRODUCTION

The deterministic generation of nonclassical states is an
essential resource for quantum information [1,2], sensing
and metrology [3], and to test the fundamentals of quan-
tum mechanics [4]. Specifically, the Gaussian multipartite
entanglement is crucial for large-scale quantum computing
through measurement-based protocols [5–7]. This further re-
quires non-Gaussian states [8,9] and their measurements for
full implementation, though the Gaussian states remain cen-
tral to quantum technologies. In such systems, the information
is encoded in the quadrature eigenstates of modes, known as
qumodes. Scaling entanglement to large qumodes is a key
feature for quantum applications ranging from information
processing [1], quantum network [10], and computing, and
their further implementations by a sequence of measurements
[11]. Among the multimode entangled states, cluster (graph)
states [12–19] provide high scalability for quantum infor-
mation processing and one-way quantum computing through
measurement-based protocols [5,11,20,21]. The deterministic
generation of such states is a potential framework for scaling
and generating higher-dimensional states [22]. Therefore, the
engineering of such states through nonlinear interactions in
a suitable platform is a valuable resource for the upcoming
quantum technologies.

The Gaussian cluster states have been studied in various
platforms with different domains ranging from spatial [23,24],
time [25–28], to frequency domain [29–32] and in their hybrid
assemblies [33–35]. Generating such states in stationary spa-
tial modes rather than propagating ones, such as the steady
states of oscillators in optomechanics driven with multitone
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[36,37], is a promising candidate for information processing,
storage, integrated quantum devices, and scalable quantum
technologies. However, scaling to multiple oscillators within
an optical cavity of such systems remains challenging in
experiments [38]. Hybrid systems [39], being versatile in
coupling to degrees of freedom and ranging from strong to
ultrastrong couplings with low dissipation rates, provide a
promising platform to explore such states.

Recently, hybrid systems of cavity magnonics [40–43]
have attracted quite an interest in exploring macroscopic
quantum phenomena through collective excitations of spins,
in a yttrium iron garnet (YIG; Y3Fe5O12) sphere within a mi-
crowave (MW) cavity, known as magnons. These modes can
couple to varieties of additional degrees of freedom [44–47],
making such hybrid systems a toolbox for upcoming quantum
technologies [48,49], for example, magnetostrictive interac-
tion through coupling to acoustic modes [45,50–53], coupling
to superconducting qubit [44,54,55], three-body interaction of
magnon-photon via center-of-mass motion [56,57], and cou-
pling to higher-order magnetostatic modes [45], which further
give rise to nonlinear interactions [58,59]. Specifically, the
nonlinear interactions, such as magnetostrictive interaction,
facilitate Gaussian squeezing of magnon and MW photons
[60,61], which further enable entanglement [62] among them.
The magnon squeezing has been explored in various platforms
[63–65], in addition to a YIG in an MW cavity, making
magnons a potential candidate for the engineering and real-
ization of quantum devices. Very recently, cavity magnonics
has been scaled up with multiple spheres of size 2 mm in a
linear array within an MW cavity [66], making it a promising
platform to explore multimode entanglement.

Specifically, the magnons have intrinsic magnetocrys-
talline anisotropy [67–69] induced by spin-orbit interaction
that gives the magnon a Kerr nonlinearity. These nonlinear
interactions are weak in strength but can be enhanced through
input fields and used to generate nonclassical states. Using
such versatile nonlinear interactions [70], systems can show
bistability [71], multistability [72], nonlinear spin excitations
[73], and squeezed states and entanglement [74] in the strong
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FIG. 1. (a) Schematic diagram of multiple (n = 3) YIG spheres
(orange) in an MW cavity (reddish) with the polarization of the
cavity along the y axis. A homogeneous bias field to the YIG spheres
is orthogonal (along the z axis) to the optical axis. (b) Collective
excitations of spins (magnons) in a YIG sphere. Topologies of graphs
for three spheres: (c) a linear chain and (d) a ring structure for the
generation of cluster states.

coupling regime. The versatility of nonlinear interactions is
not limited to strong coupling only, and unlocking its potential
through the optimization of nonclassical states [57], over the
parameters governing the dynamics of the system, is required
to extract the optimal states. This further facilitates scaling
up entanglement from a few-body to a many-body system,
though the optimization of parameters becomes necessary
while dealing with multimode and nonlinear interactions.

Here, we consider an array of YIG spheres, each with
intrinsic Kerr nonlinearity, inside an MW cavity collectively
coupled to a single-cavity mode. The nonlinearities cause a
frequency shift in each magnon mode, which further gets
enhanced by multiple magnon modes. Driving the cavity on
the negative detuning allows the creation of a two-mode
squeezing interaction with the magnon and generates en-
tanglement between cavity and magnon modes, and further
among magnons. Specifically, multiple spheres shift cavity
detuning far off the resonance, though they require large
power and small magnon detunings to enhance the mean
magnon through weak nonlinearities, and consequently re-
quire a large cavity-decay rate to cool the system. Note that
the deterministic generation of nonclassical steady states of
the system is of particular interest in integrated devices and
for upcoming quantum technologies, rather than the radiative
one, as the generated state remains forever as long as the
drive is on. Using this framework, we present the generation
of stationary multimode entanglement and cluster states for
the different topologies of a few YIG spheres near the strong
and in the weak cavity-magnon coupling regimes. However,
the optimization of cluster state over parameters prefers an
MW cavity to the latter and is favorable in the dissipative
regime. Further, generalizing this proposal to multiple spheres
allows us to entangle n = 10 YIG spheres with a single-cavity
mode and without the requirement of driving with multitone
frequencies and multiple cavity modes.

II. MULTIPLE YIG SPHERES

We consider an array of n YIG spheres inside an MW
cavity, as shown in Fig. 1, with Kerr nonlinearity in each of
them while placed at a distance d > 2r [66], where r is the

radius of the sphere, to avoid direct coupling between them.
Magnons are the collective excitations of spins (ns ≈ 1019)
[54], as shown in Fig. 1(b).

The Hamiltonian for such a system can be written as

H = ωaa†a +
n∑

j=1

ωmj m
†
j m j +

n∑
j=1

g j (a
†mj + am†

j )

+
n∑

j=1

Kj (m
†
j m jm

†
j m j ) + Ed (aeiωl t + a†e−iωl t ), (1)

where operators a and mj correspond to MW cavity and jth
magnon modes, and ωl is the frequency of MW drive field
Ed = √

κaPmw/h̄ωl , polarized along orthogonal to the bias
field’s direction, with associated linewidth of cavity mode κa

and power Pmw. The interaction strength between a cavity
mode and a magnon mode mj is denoted by g j . The size of the
YIG sphere, MW cavity mode volume, and location inside the
MW cavity allow us to tune the cavity-magnon couplings [40]
from a weak g j < κa, γmj � ωmj , to a strong 0.1ωmj > g j >

κa, γmj , and to an ultrastrong ωmj > g j > 0.1ωmj � κa, γmj

regime [75–77], where γmj is the linewidth of the magnon
mode mj . The term Kj represents the self-Kerr effect (see
Sec. S1 of the Supplemental Material [78]) of each magnon
mode induced due to spin-orbit interactions causing magne-
tocrystalline anisotropy [68]. Note that the frequency of the
uniform magnon mode (Kittel mode) depends linearly on the
bias field, ωm = γ | �B0| + ωm,0 [40,71], where γ = 28 GHz/T
is the gyromagnetic ratio, �B0 is the biased field amplitude,
and ωm,0 is given by the anisotropy field. The YIG sphere
possesses total number of spins nss = ρV0, for volume V0 of
the sphere with ρ = 4.22 × 1027 m−3 the spin density while
driven with MW field and s = 5/2 denotes the spin number of
the ground-state Fe3+ ion in YIG [40].

In the rotating frame of the driving MW field with fre-
quency ωl , the system Hamiltonian becomes

H = �ωaa†a +
n∑

j=1

�ωmj m
†
j m j +

n∑
j=1

g j (a
†mj + am†

j )

+
n∑

j=1

Kj (m
†
j m jm

†
j m j ) + Ed (a + a†), (2)

where �ωa,mj = ωa,mj − ωl . The equations of motion for such
a system can be written as

ȧ = − i

(
�ωa − i

κa

2

)
a − i

n∑
j=1

g jm j − iEd + √
κaain,

ṁ j = − i

(
�ωmj − i

γmj

2

)
mj − ig ja − 2iKjmjm

†
j m j

+ √
γmj mj,in, (3)

where the input noise for cavity ain and magnon mj,in modes
follows the correlations 〈Oin(t )O†

in(t ′)〉 = (nO
th(ω) + 1)δ(t −

t ′) and 〈O†
in(t )Oin(t ′)〉 = (nO

th(ω))δ(t − t ′), where nO
th(ω) =

[exp(h̄ωO/kBT ) − 1]−1 (O = mj, a with associated frequency
of each mode ωO) is the mean thermal occupation of each
mode at temperature T , respectively.
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While the cavity mode is strongly driven, the amplitudes
of mean photons 〈a〉 � 1 and magnons 〈mj〉 � 1 (due to the
strong cavity-magnon beam splitter coupling) are very large at
the steady state. This allows us to use the standard lineariza-
tion technique, O = 〈O〉 + δO, where 〈O〉 is the mean and δO
is the fluctuation around the mean value of any operator O.
The steady-state solution 〈Ȯ〉 = 0 (O = a, mj) of the mean
equations in Eq. (3) is given by

〈α〉 = − Ed∑n
j=1

g2
j(

�̃ωm j −i
γm j

2

) − (
�ωa − i κa

2

) , (4)

〈Mj〉 = −Ed g j[∑n
k=1

g2
k(

�̃ωmk −i
γmk

2

) − (
�ωa − i κa

2

)](
�̃ωmj − i

γm j

2

) ,

(5)

where 〈α〉 and 〈Mj〉 are the means of modes a and mj , re-
spectively. The shift in the magnon detunings is denoted by
�̃ωmj = �ωmj + 4KJ |〈Mj〉|2, j, k = {1, 2, 3, . . . , n}.

Therefore, the fluctuation equations of motion can be writ-
ten as

δ̇a = −i(�ωa − iκa/2)δa − ig jδmj + √
κaδain,

˙δmj = −i(�̃ωmj − iγmj /2)δmj − i(g jδa + K̃jδm†
j )

+ √
γmj δmj,in, (6)

where K̃j = 2Kj〈Mj〉2.

III. STEADY-STATE SOLUTION FOR A FEW
SPHERES, n = 3

We choose a simple case of n = 3 spheres inside an MW
cavity, as shown in Fig. 1. For three YIG spheres, we have two
topologies of the graph states, i.e., a linear chain as in Fig. 1(c)
and a ring structure as in Fig. 1(d), thanks to the coupling
of multiple spheres through a common cavity mode. To find
the steady state of the system, we start from the Langevin
equations in matrix form

ṙ = Ar + ξ, (7a)

r = (X1, P1, X2, P2, X3, P3, X4, P4)T , (7b)

ξ = (
√

γm1 X1,in,
√

γm1 P1,in,
√

γm2 X2,in,
√

γm2 P2,in,
√

γm3 X3,in,
√

γm3 P3,in,
√

κaX4,in,
√

κaP4,in )T , (7c)

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γm1+ �ωm1+ 0 0 0 0 0 g1

�ωm1− γm1− 0 0 0 0 −g1 0
0 0 γm2+ �ωm2+ 0 0 0 g2

0 0 �ωm2− γm2− 0 0 −g2 0
0 0 0 0 γm3+ �ωm3+ 0 g3

0 0 0 0 �ωm3− γm3− −g3 0
0 g1 0 g2 0 g3 − κa

2 �ωa

−g1 0 −g2 0 −g3 0 −�ωa − κa
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (7d)

where γmj ± = − γm j

2 ± Im(K̃j ) and �ωmj ± = ±�̃ωmj −
Re(K̃j ) for j = 1, 2, 3. We use the quadrature operators for the
magnon Xk = (δXk + δX †

k )/
√

2, Pk = −i(δPk − δP†
k )/

√
2,

k = 1, 2, 3 for δmj , and k = 4 for the cavity mode δa. The
steady state of the system can now be expressed in terms of
the covariance matrix, which obeys the Lyapunov equation

AV + VAT + D = 0, (8)

where V with elements Vjl = 〈r jrl + rl r j〉 − 2〈r j〉〈rl〉 is the
covariance matrix of the system’s Wigner function and

D = 〈ξ (t )ξT (t )〉
= diag

[
γm1

(
2nm1

th + 1
)
, γm1

(
2nm1

th + 1
)
, γm2

(
2nm2

th + 1
)
,

γm2

(
2nm2

th + 1
)
, γm3

(
2nm3

th + 1
)
, γm3

(
2nm3

th + 1
)
,

κa
(
2na

th + 1
)
, κa

(
2na

th + 1
)]

(9)

is the diffusion matrix. To ensure the stability of the system,
we only consider the steady solution for which all the eigen-
values of a drift matrix have negative real part [79].

IV. CLUSTER STATES

Cluster (graph) states are multimode entanglement, which
are fundamental resources for measurement-based one-way
quantum computing, quantum metrology, and quantum net-
works. These states are nearly zero-momentum eigenstates [6]
that allow the building of a quantum network and selectively
transporting quantum states. In general, cluster states are
orthogonal (such as Einstein-Podolsky-Rosen (EPR) states)
and get destroyed when measured, making it one-way. In the
limit of infinite squeezing, the n-mode cluster states satisfy
certain quadrature correlations [6,15,80], known as nullifiers
(see Sec. S2 of the Supplemental Material [78]), which follow〈

�

⎛
⎝Pj −

∑
k∈Gj

Xk

⎞
⎠

2〉
→ 0, ∀ j ∈ G, (10)

where the indices j ∈ G represent the vertices of the graph
G, k ∈ Gj are the nearest neighbors of the mode j, and
�(O) = 〈O2〉 − 〈O〉2 is the variance of the operator O. In
such a case, the graph state becomes a simultaneous zero
eigenstate of those quadratures’ n linear combinations. Note
that the infinite squeezing requires infinite energy and can-
not be normalized; thus, it is unphysical. However, the
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approximated cluster states, with finite squeezing, follow a
sufficient condition given by inequalities [15–19,21] as〈

�

(
Pj −

∑
k∈Gj

Xk

)2〉
< 2, ∀ j ∈ G, (11)

which can further be written as〈
�

(
Pj −Xk −

∑
t∈Gj|k

Xt

)2〉
+

〈
�

(
Pk −Xj −

∑
l∈Gk| j

Xl

)2〉
<4, (12)

where t ∈ Gj|k denotes the set of all neighbor modes of the
jth mode except for the kth mode. This equation means that
the jth and kth modes are entangled. For the three modes,
we consider two relevant topologies, i.e., a linear chain as in
Fig. 1(c), and a ring as in Fig. 1(d).

Using the above inequalities, we have a set of nullifiers for
a chain of three modes [17,18],

Nc
1 = 〈�(P1 − X2)2〉 > N (c)

1,0,

Nc
2 = 〈�(P2 − X1 − X3)2〉 > N (c)

2,0,

Nc
3 = 〈�(P3 − X2)2〉 > N (c)

3,0, (13)

where nullifiers Nc
j denote the modes in a linear chain fashion,

as shown in Fig. 1(c) and vacuum noise in each is denoted by
N (c)

j,0 . Violating the above inequalities allows the generation of
a cluster state in a linear chain topology. These inequalities
are determined by excess vacuum noise due to the nearest
neighbor in the respective momentum quadratures, similar to
the optical modes [15].

Further, the generation of cluster state and multimode en-
tanglement [81] for different topologies can be verified using
the violation of the following inequalities [23]:

Nc
1 + Nc

2 > N (c)
1,0 + N (c)

2,0,

Nc
2 + Nc

3 > N (c)
2,0 + N (c)

3,0, (14)

which stems from Eq. (13). Using the cyclic permutations of
the three modes (momentum quadratures), we can consider
the other set of possible combinations. However, we focus
here on only one set of nullifiers, and the interplay among the
rest of the combinations can be understood from the common
combinations of quadratures in chain and ring topologies. For
example, the nullifier Nc

2 in the linear chain is equal to Nr
2

in the ring topology (as shown below). Similarly, for a ring
topology of three modes, as shown in Fig. 1(d), we consider
the following inequalities:

Nr
1 = 〈�(P1 − X2 − X3)2〉 > N (r)

1,0,

Nr
2 = 〈�(P2 − X3 − X1)2〉 > N (r)

2,0,

Nr
3 = 〈�(P3 − X1 − X2)2〉 > N (r)

3,0. (15)

Since the modes are coupled to each other (nearest neigh-
bor), the nullifiers violating the above inequities, going below
the shot noise, will suffice for the generation of cluster
states. Note that the nullifiers are orthogonal to each other
and follow [Nc,r

1 , Nc,r
2 ] = [Nc,r

2 , Nc,r
3 ] = [Nc,r

1 , Nc,r
3 ] = 0. In

addition, the gain in squeezing in dB can be calculated as
−10 log10(N (c,r)

j /N (c,r)
j,0 ), where N (c,r)

j,0 is the vacuum noise for
the respective nullifier.

FIG. 2. Cluster state generation for a linear topology. Numerical
optimization of nullifier, (a) Nc

1 (dot-dashed green), (b) Nc
2 (dashed

red), and (c) Nc
3 (dotted blue), over the drive power Ed , vs detun-

ing �ωa/g1 for the minimum of each. We show the corresponding
nullifiers in each case for the same optimal parameters. The vacuum
noise level Nc

j,0 is shown by a dot-dashed line (black) in each top
plot. Panels (d)–(f) show the corresponding entanglement in all pairs
E (2)

3 and all bipartitions E (3)
3 for each top plot. The other parame-

ters are g j/2π = κa/2π = 200 MHz, �̃ωm j /g1 ≈ −0.21, Kj/2π =
−10 nHz, γm j /2π = 1 MHz, and T = 100 mK.

In Gaussian systems, squeezing is a necessary and suffi-
cient condition to generate an entangled state of the system.
The logarithmic negativity fully quantifies Gaussian entangle-
ment [82]; however, the measurement of a pair of commuting
operators is easier to verify experimentally, as in EPR variance
of two modes. Therefore, the EPR variance [83,84] quantifies
the entanglement between the modes through the simultane-
ous measurement of the variance of the summation of position
(X1 + X2)/

√
2 and the difference of momentum quadratures

(P1 − P2)/
√

2 below the vacuum noise. For higher modes, one
can explore the squeezing among such joint combinations of
Xj and Pj , where j = 1, 2, 3, . . . , n, but we are interested in
the inequalities given in Eqs. (13) and (15). The squeezing in
those collective magnon modes is further verified by entan-
glement through the logarithmic negativity. For three modes,
we study pairwise entanglement (p = 2) when entanglement
in a pair of modes is obtained after tracing out the third mode,
where each bipartition is formed by one mode only. Another
type of entanglement includes the whole three-mode system
(p = 3), where one bipartition is formed by one mode and the
other bipartition by the remaining two modes. After quantify-
ing the Gaussian entanglement through logarithmic negativity
[82] for each bipartition, we use the following figures of merit
[57,85] for the multimode entanglement:

E (p)
3 = 3

√
E1E2E3, (16)

where p = 2 for two-mode and p = 3 for three-mode biparti-
tions of three magnon modes, and Ei denotes the logarithmic
negativity of each bipartition. Any asymmetries in the system
parameters will give rise to entanglement in a few bipartitions
(see Sec. S5 of the Supplemental Material [78]).

V. RESULTS

We show the plots of cluster state generation in Fig. 2 for
each nullifier of the linear chain topology, Nc

1,2,3, optimized
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over the drive power in the range Ed = 0–1010 MHz for min-
imum in each and plotted against the detuning �ωa/g1. We
begin the analysis with a symmetric case with equal cavity-
magnon coupling g j ≈ κa (near the strong coupling) as it
can go ultrastrong (GHz) [40] and weak Kerr nonlinearity
Kj/2π = −10 nHz [69]. We plot the optimal Nc

1 (dot-dashed
green) in panel (a), and corresponding Nc

2 (dashed red) and
Nc

3 (dotted blue) at the same couplings and drive power to
see the interplay among them. The remaining chosen param-
eters are g j/2π = κa/2π = 200 MHz, �̃ωmj /g1 ≈ −0.21,
Kj/2π = −10 nHz, γmj /2π = 1 MHz, and T = 100 mK for
ωa,mj /2π = 10 GHz. The shot noise level Nc

j,0 is shown by
the dot-dashed black line in panels (a)–(c).

Since Nc
1,3 consists of two magnon modes, the minimum

of them remains slightly higher than Nc
2 with three modes,

as shown in Fig. 2(a). In the former, the third particle re-
mains noisy and weakens the correlations rather than cooling
all of them in Nc

2 , which goes below Nc
1,3. This is further

shown by optimizing Nc
2 over power in panel (b). An addi-

tional sphere and Kerr nonlinearity will induce an extra shift
in detunings for optimal nullifiers as in panel (b) for Nc

2 .
However, the corresponding nullifiers Nc

1,3 at the optimum
of Nc

2 go up compared to the previous plots. Note that re-
ducing noise in some combinations of quadratures (in Nc

1,3)
will be balanced by enhancing their canonical conjugate (in
Nc

2 ). Furthermore, the nullifier Nc
1,3 with two modes goes to a

minimum for the same detuning as both have the symmet-
ric structure of two modes with two Kerr nonlinear terms.
Therefore, optimizing Nc

3 over powers, in panel (c), reveals
similar behaviors as earlier in panel (a) due to symmetry in
the system.

The strong correlation and optimal cluster state are further
verified by the logarithmic negativity, where we plot multi-
mode entanglement in all pairs E (2)

3 (dot-dashed blue) and
all bipartitions E (3)

3 (dashed red) [57,85] in panels (d) and
(e) corresponding to each top plot. The maximum in each
corresponds to the minimum in each nullifier. However, while
optimizing Nc

2 , a slightly smaller value of entanglement is
reached than in the other two cases, as here Nc

1,3 goes up and
weakens the correlations. Thus, all pairs and all bipartitions
can go simultaneously high in a common parameter regime,
which is different from the former going completely zero
[57] while the latter enhances. Note that the Kerr nonlinearity
allows a versatile parameter regime (see Sec. S5 of the Sup-
plemental Material [78]) with stable solutions on the positive
axis of cavity and magnon detunings, and for positive Kerr
nonlinearity as well. The gain-loss (±) energy balance can be
seen from Eq. (7), where each quadrature energy γmj ± depends
upon Kj and similarly the transitions or cross- coupling be-
tween quadratures through �ωmj ± . This clearly shows a broad
range of parameter space for such systems. As long as the
system is symmetric with equal magnon detunings, cavity-
magnon couplings, self-Kerr terms, and dissipation rates, this
will generate simultaneous entanglement in all the pairs E (2)

3

and bipartitions E (3)
3 . Introducing any asymmetry will gener-

ate entanglement in some pairs and bipartitions rather than
simultaneous entanglement in all of them (see Sec. S5 of the
Supplemental Material [78]).

FIG. 3. Cluster state generation for a ring topology. Numerical
optimization of nullifier, (a) Nr

1 (dot-dashed blue), (b) Nr
2 (dashed

red), and (c) Nr
3 (dotted green), over the drive power, vs detunings

�ωa/g1 for the minimum of each, along with corresponding nul-
lifiers in each case for the same optimal parameters. The vacuum
noise level Nr

j,0 is shown by a dot-dashed line (black) in each top
plot. Panels (d)–(f) show the corresponding entanglement in all pairs
E (2)

3 and all bipartitions E (3)
3 for each top plot. The other parameters

remain the same as in Fig. 2.

Similarly, for the ring topology of the cluster state, we
show the plots in Fig. 3 for the inequalities in Eq. (15), while
optimizing over the power. We plot the optimal nullifier (a)
for Nr

1 (dot-dashed blue), (b) for Nr
2 (dashed red), and (c)

for Nr
3 (dotted green), along with corresponding nullifiers for

the same parameters in each case. When optimal Nr
1 drops

below the shot noise in panel (a), it simultaneously brings
the other nullifiers Nr

2,3 below the shot noise and follows the
same behavior in panels (b) and (c). The overlapping lines
are obvious from the symmetry in the system with the same
cavity-magnon couplings and equal Kerr nonlinearities for a
symmetric structure in Eq. (15). Thus, breaking this symmetry
as mentioned before, with unequal couplings, damping, and
nonlinearities, will show a separate set of parameters to reach
the optimal nullifier (see Sec. S5 of the Supplemental Material
[78]). However, we focus here on the symmetric case only.
The generation of cluster state is further supported by the cor-
responding entanglement in all pairs E (2)

3 and all bipartitions
E (3)

3 as shown in panels (d)–(f) for the same parameters as
in each optimal Nr

j . Interestingly, the ring topology forms a
complete graph (all modes are connected to each other) and
paves the way toward quantum network [86,87].

Since a single-cavity mode is coupled to multiple spheres,
the cavity-magnon coupling near the strong-coupling regime
leads to mode hybridization, which enhances the correlations
but suppresses the cooling of the modes. However, cooling
such collective modes should be efficient in the weak coupling
regime. While the amplification due to magnon detunings and
Kerr nonlinearity enhances the number of mean magnons and
photons, the cavity decay will try to balance the dynamics
through coupling to the reservoir rather than to the magnon, as
in strong/ultrastrong cases. To further verify our intuition, we
optimize each nullifier for its minimum over power and plot
against the cavity detuning and linewidth in Figs. 4(a)–4(c).
We plot the minimum in each case for a fixed linewidth κa/g1

(g1 is the same as in the previous plots in Figs. 2 and 3) across
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FIG. 4. Variation of nullifier against cavity detuning and
linewidth normalized with cavity-magnon coupling g1. Plots for opti-
mal nullifiers, (a) Nc

1 , (b) Nc
2 , and (c) Nc

3 , optimized over drive power.
The line plots (d)–(f) correspond to a minimum of the nullifier along
the line (dot-dashed black) for fixed κa/g1 in each of the top plots.
(d) For optimal Nc

1 (dot-dashed green) along with corresponding Nc
2

(dashed red) and N3 (dotted blue). Similarly (e) for Nc
2 and (f) for Nc

3 .
The rest of the parameters are the same as in Fig. 2.

the dotted-dashed black line in panels (a)–(c), against cavity
detuning in panels (d)–(f) along with the other nullifiers at the
same parameters. The nearly overlapped nullifiers in Fig. 2
now get separated as Nc

1,3 goes to minimum (≈1 dB squeez-
ing) around �ωa/g1 ≈ −12 in panel (a) and Nc

2 (≈2.2 dB
squeezing) around �ωa/g1 ≈ −10 in panel (b). It is interest-
ing to note that for optimal Nc

1,3 with two modes, the required
linewidth turns out to be κa/g1 ≈ 2, which for Nc

2 with three
modes gives κa/g1 ≈ 7. These parameters show that the large
number of modes requires less cavity detuning (more photons)
than the few modes to get stronger correlations, and is further
balanced by a large cavity-decay rate to cool the system.

For the ring topology of three modes, we plot the opti-
mal nullifiers in Figs. 5(a)–5(c) for cavity detuning �ωa/g1

and decay rate κa/g1. The cavity-decay rate corresponding to

FIG. 5. Variation of nullifier against cavity detuning and
linewidth normalized with cavity-magnon coupling g1. Plots for opti-
mal nullifiers, (a) Nr

1 , (b) Nr
2 , and (c) Nr

3 , optimized over drive power.
The line plots (d)–(f) correspond to a minimum of the nullifier along
the line (dot-dashed black) for fixed κa/g1 in each of the top plots.
(d) For optimal Nr

1 (dot-dashed blue) along with corresponding Nr
2

(dashed red) and N3 (dotted green). Similarly (e) for Nr
2 and (f) for

Nr
3 . The rest of the parameters are the same as in Fig. 2.

the minimum in each case is denoted by a dot-dashed black
horizontal line. The symmetric structure of the three modes
for equal coupling to the cavity mode, equal dissipation, and
Kerr nonlinearity brings all the three nullifiers to a minimum
value simultaneously (≈2.2 dB squeezing) as shown in plots
(d)–(f) for a fixed value of κa/g1 ≈ 7 in each top plot. This
symmetry makes the ring topology more favorable for gen-
erating the cluster state where all nullifiers reach a minimum
simultaneously for the same set of parameters. This further
generates entanglement in all bipartitions as shown in Fig. 3.

A. Cluster states for n = 5 and n = 10

Based on a nullifier of three modes in a linear or ring
topology Nc,r

2 , this scheme can be generalized to a large
number of spheres in both a linear or two-dimensional (2D)
array (see Fig. S2 of the Supplemental Material [78]). Similar
to a common nullifier Nc,r

2 in three modes, this combination
remains the same in higher multiple spheres, in linear and
ring topologies. Therefore, this three-mode entanglement can
serve as a unit cell to scale entanglement to higher modes or
dimensions. In addition, the positive partial transpose criterion
is a necessary and sufficient condition for separability of any
bipartition of two and three modes, in the Gaussian regime
[88]. As mentioned above, the nullifiers of the two modes
and the three modes overlap in each case, respectively, due
to symmetry in the systems. A slight shift in the parameters is
expected, as caused by considering more modes in the topolo-
gies, though the nullifiers remain coincident in each case.
Note that for the ring topologies, the number of rings with
three modes for any n spheres is given by the combination
n
C3 = n!/3!(n − 3)!. Here, we focus on the simple graphs of

two and three modes without self-loops and multiple edges.
Therefore, optimizing only one of them, again a common
nullifier in chain topology, over parameters, will be enough to
generate a cluster state of possible ring topologies, thanks to
the symmetry in the system. For n = 4, we have a linear chain
of four modes and many possible ring topologies of three
modes (see Fig. S4 in Sec. S4 of the Supplemental Material
[78]), and we expect the same behavior as in Fig. 5, except a
slight shift in the plots due to the additional particle.

We show the plots in Fig. 6 for n = 5 and n = 10 modes.
We optimize nullifiers over power (Ed = 0–1011 MHz) and
cavity-decay rates and keep them fixed for n = 5 and n = 10
modes. Due to symmetry in the systems, We optimize one
of the two- and three-mode nullifiers and plot the remaining
ones for the same parameters. We optimize Nc

1,2 for n = 5
and Nc

9,10 for n = 10, though the first five nullifiers in the
latter remain the same as in the former. For a linear chain
of five (ten), the end nullifiers are of the two modes Nc

j =
〈�(Pj − Xj+1/ j−1)2〉, j = 1, 5 ( j = 1, 10), and in between
are of the three modes Nc

j = 〈�(Pj − Xj+1 − Xj−1)2〉, for j =
2, 3, 4 ( j = 2, 3, . . . , 8, 9). In Fig. 6(a), we plot the optimal
Nc

1 (solid red) versus �ωa/g1 for �̃ωmj /g1 ≈ −0.23, κa/g1 =
1.85, Ed = 7 × 109 MHz, and g j/2π = 550 MHz. The inset
shows the generated entanglement in all bipartitions E (3)

3 of
three-mode Nc

j for j = 2, 3, 4. Note that the entanglement in

all bipartitions E (3)
3 is generated along with all pairs E (2)

3 , as
shown in Figs. 2 and 3, as long as the system is symmetric
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FIG. 6. Cluster state of multiple YIG spheres. We plot the nul-
lifiers for a linear chain topology of n = 5; Nc

1 (solid red) in panel
(a) and Nc

2 (solid green) in panel (b) for optimal κa and drive power,
along with the other nullifiers Nc

3 (dashed black), Nc
4 (dotted blue),

and Nc
5 (dot-dashed brown) at the same optimal parameters. The inset

shows entanglement in all bipartitions E (3)
3 of three-mode nullifiers

Nc
2,3,4. For n = 10, we plot the optimal Nc

10 (dark green dashed) in
panel (c) and Nc

9 (purple dashed) in panel (d) along with the other
nullifiers Nc

6 (solid teal blue), Nc
7 (dot-dashed brown), and Nc

8 (dotted
light brown) for the same parameters. The inset shows the first five
combinations of nullifiers for n = 10.

with equal couplings, dissipations, and Kerr nonlinearities.
The rest of the parameters are the same as in Fig. 2. The
corresponding nullifiers Nc

2 (solid green), Nc
3 (dashed black),

Nc
4 (dotted black), and Nc

5 (dot-dashed brown) are plotted for
the same parameters.

We plot the three-mode nullifier, common in a ring and a
linear topology, in Fig. 6(b) for optimal of Nc

2 for �̃ωmj /g1 =
−0.5, κa/g1 = 2.5, and Ed = 3.2 × 1010 MHz along with the
corresponding nullifiers for the same parameters. The rest
of the parameters are the same as in panel (a). The shift in
the parameters is clearly seen for the optimal of the two-
and three-mode nullifiers in panels (a) and (b), which makes
optimization necessary. In addition, Nc

2 drops much below
in panel (b) than in panel (a). However, the corresponding
two-mode nullifier Nc

1,5 goes up for this case and reduces en-
tanglement slightly, as shown in the inset. In addition, for the
ring topology, the nullifiers Nc

2,3,4 remain the same and drop
simultaneously below the shot noise that generates entangle-
ment among all such overlapping bipartitions and among five
modes as well.

We further increase the number of YIG spheres (n = 10)
in the same configurations and optimize Nc

9,10 as the first
five nullifiers remain the same as in the previous case. The
optimization becomes complex with a larger number of modes
as the dimension of the system goes up. Therefore, we op-
timize a few nullifiers only and generalize the multimode
entanglement from that. We plot optimal two-mode Nc

10 (dark
green dashed) in panel (c) for �̃ωmj /g1 ≈ −0.6, κa/g1 = 0.9,
Ed = 2.4 × 109 MHz, and g j/2π = 1000 MHz, along with
other nullifiers, Nc

6 (solid teal blue), Nc
7 (dot-dashed brown),

Nc
8 (dotted light brown), and Nc

9 (purple dashed), for the same
parameters. The remaining parameters are the same as in
Fig. 2. The inset shows Nc

1, ..., 5, where Nc
1 shows the same

behavior as Nc
10 and must overlap, and the other three-mode

nullifiers overlap altogether as well. Thus, simultaneously

dropping below the shot noise of two-mode and three-mode
nullifiers in linear and ring topologies is sufficient to generate
multimode entanglement in n = 10 spheres and further for the
generation of a cluster state.

Similarly, we plot the optimal three-mode nullifier Nc
9 in

panel (d) for �̃ωmj /g1 ≈ −0.8, κa/g1 = 1.65, Ed = 6.7 ×
1010 MHz, and for the same cavity-magnon couplings g j as
in panel (c), along with other nullifiers Nc

6, ..., 10 for the same
parameters. The inset shows the remaining nullifiers Nc

1, ..., 5
for the same parameters. When all such nullifiers go below
the shot noise, a cluster state is generated. This further gener-
ates entanglement in all the bipartitions E (3)

3 of three modes,
and all such combinations of ring topologies are enough to
generate entanglement among ten spheres (see Sec. S4 of
the Supplemental Material [78]). Thus, the ring topology of
three entangled modes acts as a building block and can be
scaled up to a large number of modes for the generation of
entanglement (see Sec. S4 of the Supplemental Material [78])
and cluster states. We believe that a large number of modes
can be entangled in this way, though they require advanced
numerical techniques for optimization as the parameters shift
with more drive power and Kerr interactions. It would be
interesting to see the experimental demonstration of a 2D
array of modes in an MW cavity where the ring topologies
remain the same as presented here, though the conditional
factor will be additional to optimize and generate the cluster
states. However, the present proposal remains the minimal
example with the weight factor (edges) equal to 1 and can
be generalized to multiple spheres coupled to MW or optical
cavity modes.

VI. DISCUSSION AND CONCLUSION

One-way quantum computing is a promising platform
based on measurements on multiple entangled states—cluster
states. Generating entanglement in optical systems relies on
squeezed and two-mode squeezed interactions, though the
optical interactions are weak. However, hybrid systems of
magnons provide a framework of strong and ultrastrong
couplings with nonlinear interactions such as self-Kerr or
cross-Kerr that allow for the generation of entanglement when
driven near and far from equilibrium [74]. Scaling such an en-
tanglement over multiple YIG spheres (n = 3, 5, 10) allows us
to generate graph states. Specifically, we show the results for
the steady-state generation of cluster states of a few spheres
with linear and ring topologies at T = 100 mK that can be
generalized to multiple spheres. However, squeezing in each
nullifier can be further improved by using additional cavity
modes or exploiting full nonlinearity, where the former allows
reducing the heating rate (through amplifications) and the lat-
ter, with full nonlinearity, will enhance single- and two-mode
squeezing interactions by injecting more photons/magnons,
thereby enhancing correlations and reducing noise together. In
such systems, bistability [89] and multistability [72] often ap-
pear in the strong coupling. However, as we noted, the strong
and ultrastrong couplings suppress the cooling of magnon
modes as the cavity and magnon couple to each other strongly
rather than to the bath. Our numerical optimization shows that
optimal squeezing in nullifiers dominates in the dissipative
cavity regimes. As long as the cavity-magnon coupling is
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smaller than the cavity linewidth, γmj < g j < κa, the avoided
crossing (a signature of strong coupling) does not appear
[40] and the system remains in a weak coupling regime. In
addition, we expect monostability in our entire calculations
(see Sec. S3 of the Supplemental Material [78]) for such a
parameter regime.

In linear interactions, the dark mode (collective Bogoli-
ubov mode) [90,91] often appears in a system of two
oscillators coupled to a single-cavity mode, further suppress-
ing the effective cooling and robust correlations. Cooling such
a decoupled collective mode enhances the correlations and
entanglement for thermal noise of occupations for 3 orders
of magnitude [92] at mK temperature or 7 orders of mag-
nitude [93] at room temperature. However, such modes in
multiple YIG spheres are due to magnon-magnon interactions
[66,94,95] with equal frequencies of the two modes and can be
suppressed for unequal frequencies or by placing the spheres
at a distance larger than the radius of each sphere [66]. Further,
the nonlinear interactions in the present proposal allow many
possibilities of hybrid modes (e.g., polaritons) instead of dark
modes. However, the former remains complex to study with
multiple modes. Moreover, optimizing over various param-
eters allows us to look into the parameter space, which is
inaccessible through fixed parameters required for the dark
modes. We show that for unequal detunings of magnon modes
(see Fig. S6 in Sec. S5 of the Supplemental Material [78]), the
quantumness further gets suppressed through thermalization
instead of expecting more quantumness by breaking such
modes, and thus, we rule out the possibility of such modes
in our case. In addition, the versatility of nonlinearity can
be seen for the parameter space while choosing equal and
positive magnon detunings (see Fig. S5 in Sec. S5 of the
Supplemental Material [78]) and positive Kerr nonlinearity
(not shown), where cluster states can be generated, though it
remains optimal for the parameters shown in Figs. 4 and 5.

We show that the present scheme of a few spheres, n = 3,
with a gain in squeezing (≈2.2 dB), in a linear array can
be generalized to multiple spheres inside an MW cavity to
generate multimode entanglement and cluster states for dif-
ferent topologies. The present system with a large linewidth
has measurement advantages as the tomography of magnon
states requires an MW cavity to decay fast and measurement
of entanglement through a weak probe field. Interestingly,
the tomography of nullifiers requires measurement of a few
elements of the covariance matrix rather than the full tomog-
raphy of it, as required for the logarithmic negativity. For
our numerical simulations, we choose experimentally feasi-
ble parameters with state-of-the-art techniques [40,41,45,96].
For example, we choose a range of drive power that satis-
fied the condition for magnon excitation 〈m†m〉 � 2nss = 5ns

[69,71,97] in a sphere of size 2r ≈ 0.3–0.5 mm [40,66], r
being radius of a sphere, where drive power P ≈ 4 mW for
a linear and P ≈ 9 mW for a ring topology of n = 3 spheres,

P ≈ 8 mW for a linear and P ≈ 0.1 W for a ring topology of
n = 5 and P ≈ 1 mW for a linear and P ≈ 0.4 W for a ring
topology of n = 10 spheres. The power for linear topology
of n = 10 remains P ≈ mW. However, for a slightly high
diameter of spheres, which can be a few millimeters [40,66],
a larger number of spins, the power for the ring topology of
ten spheres will remain P � 50 mW. It is obvious that for a
large number of modes, we require more power for the mean
magnons than for a few modes. However, the system would
be stable in a far-detuned cavity mode and further relaxed
through a dissipative channel.

Very recently, a multimode cluster state has been demon-
strated on an integrated optical chip [32] and with input
of multiple frequencies [31] with 1.4 dB squeezing in a
square-ladder nullifier. In addition, such self-Kerr nonlineari-
ties allow the engineering of Fock states in the lossy systems
[98,99] that have potential applications in quantum informa-
tion processing. However, our scheme is more general and
can be applied to diverse systems where similar nonlineari-
ties are present, such as in optical fiber [100], microcavities
[101], circuit QED [102], and atomic ensembles with in-
trinsic nonlinearities. Further, improving the squeezing of
cluster states would allow applications in bosonic error correc-
tion through Gottesman-Kitaev-Preskill states [103–105] and
multimode entanglement paves the way toward dark matter
detection through hybrid systems [55,106]. The hybrid sys-
tems of magnons are versatile in terms of coupling strength,
ranging from strong to ultrastrong, and coupling to different
spin and bosonic systems, making them a potential platform
for steering nonclassical Gaussian and non-Gaussian states in
the near future for upcoming quantum technologies.

In conclusion, we present a scheme for generating macro-
scopic multimode entanglement and graph states of multiple
YIG spheres in an MW cavity. The optimal such states require
the cavity to be far-detuned and dissipative, which further al-
lows the generalization of the scheme to multiple spheres. The
dissipative cavity allows more cooling to the system, while
the Kerr interactions with strong drive enhance mean numbers
and collective squeezing of the modes, thereby generating
multimode entanglement in the steady state of the system. We
show the generation of Gaussian cluster states for a linear and
a ring topology of n = {3, 5, 10} YIG spheres within an MW
cavity for realistic feasible parameters. Such multimode non-
classical states are central to the upcoming quantum technolo-
gies and pave the way toward quantum information and com-
puting, metrology, advanced sensing, and quantum networks.
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