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Quantum electrodynamics of graphene Landau levels in a deep-subwavelength
hyperbolic phonon-polariton cavity
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The confinement of electromagnetic radiation within extremely small volumes offers an effective means to
significantly enhance light-matter interactions, to the extent that zero-point quantum vacuum fluctuations can
influence and control the properties of materials. Here, we develop a theoretical framework for the quantum
electrodynamics of graphene Landau levels embedded in a deep-subwavelength hyperbolic cavity, where light is
confined into ultrasmall mode volumes. By studying the spectrum, we discuss the emergence of polaritons, and
disentangle the contributions of resonant quantum vacuum effects from those of purely electrostatic interactions.
Finally, we study the hybridization between magnetoplasmons and the cavity modes.
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I. INTRODUCTION

Electromagnetic radiation is among the most versatile
probes for investigating the properties of matter, and tech-
nological advancements enable the exploitation of various
spectral regions to interrogate material characteristics. For
instance, x-ray diffraction techniques elucidate the atomic
arrangement within crystals [1], Raman spectroscopy charac-
terizes the vibrational modes of molecules [2], time-resolved
pump-probe spectroscopy reveals ultrafast electron dynam-
ics, and both terahertz and angle-resolved photoemission
spectroscopy (ARPES) provide insights into low-energy ex-
citations and electronic band structures [3]. After the seminal
work of Purcell [4], it is now well established that light can
be tailored by means of resonant structures—or cavities—to
enhance its interaction with matter. Indeed, the emergence
of cavity quantum electrodynamics (C-QED) [5,6], where
mirrors confine the electromagnetic field, has enabled the
measurement of quantum properties of a single atom coupled
to a single photon.

Recently, a paradigm has emerged: Light can also be used
to control matter [7,8], altering electronic structures and in-
ducing states of matter. As a paradigmatic example, cold
atoms in driven optical cavities exhibit altered many-body
out-of-equilibrium properties, leading to emergent phases
[9,10]. Remarkably, due to vacuum fluctuations, even an
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empty, nondriven cavity [11] can change the properties of a
material. Although only a few pioneering experiments have
confirmed this concept [12-14], a growing body of theoretical
predictions suggests that vacuum fluctuations could be har-
nessed to control the properties of matter [15-21] leading to
cavity-induced mesoscopic phenomena, such as ferroelectric-
ity [22] and enhanced superconductivity [23]. These methods
generally necessitate advanced control over solid-state sys-
tems, such as two-dimensional (2D) electron gases subject to
a quantizing magnetic field [13,14].

Light-matter hybridization manifests itself as an avoided
crossing between energy levels, known as the vacuum
Rabi splitting € [5,24-27], which in solid-state systems
can be probed in transmission and reflection experiments
[28-32]. This phenomenon can be understood within both
classical and quantum settings [33] but, in the context of
C-QED, the quantum nature of the electric field E unveils
a general correspondence between the vacuum Rabi split-
ting and quantum vacuum fluctuations of the electric field,

Q ~ /(E?) [33-35]. A promising strategy to enhance vacuum
fluctuations (and consequently the coupling) is to confine
the electromagnetic field to a small volume V [36-38],
as the amplitude of fluctuations scales as 1/4/V. While
Fabry-Pérot cavities are often used [5,6], the minimal achiev-
able volume in these objects is limited by the so-called
diffraction limit, V > A3, where A4 = Ao/2 and Aq is the
wavelength in free space. This limit imposes a significant
obstacle to the compression and impact of quantum vacuum
fluctuations.

Conversely, subwavelength cavities, made from an opti-
cally active electromagnetic environment, differ from optical
cavities as they can confine light in a volume V < A3,
well below the diffraction limit [37—42]. Paradigmatic exam-
ples of subwavelength cavities are plasmonic systems and
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metamaterials [43]. Plasmonic nanocavities exploit the ex-
citation of surface plasmons at metal-dielectric interfaces to
confine electromagnetic fields to volumes significantly
smaller than the diffraction limit [44-46]. While these systems
can achieve extremely high compression factors [47,48], they
suffer from a low quality factor (Q ~ 10) stemming from the
highly dissipative nature of metallic systems. Among these,
split-ring resonators operating in the terahertz regime [49]
have been extensively used in solid-state cavity experiments,
due to their integrability with high-quality two-dimensional
electron gases. More generally, polaritonic systems serve as
promising platforms for solid-state C-QED, as they can host
deep-subwavelength optical modes and offer great tunability
[50]. While this approach is experimentally promising, most
current theories are developed for Fabry-Pérot cavities, where
excitations are described by a transverse vector potential A.
As the influence of these cavities on material is predicted to
be extremely small for equilibrium properties [51,52], these
theories are thus applied to subwavelength cavities by using a
phenomenological substitution to enhance the Rabi frequency
with a compression factor A = V/A3. The compression fac-
tor quantifies how much a subwavelength cavity surpasses
the diffraction limit [53,54], reaching values of A &~ 10719,
Given a Rabi frequency 2 derived from optical cavity theory,
which scales as ~1/+4/V, the same quantity for a subwave-
length cavity is often obtained [17-20,54-58] by substituting
Q — Q/+/A, thus enhancing light-matter interactions by a
factor up to 103. This phenomenological procedure underlies
striking predictions in subwavelength cavities, such as cavity-
mediated superconductivity [17], breakdown of topological
integer quantum Hall effect [54], and cavity control of topo-
logical properties [18,19].

However, it has been shown [51] that, in the generalized
Coulomb gauge, subwavelength cavities characterized by a
strong compression A < 1, cannot be described by a trans-
verse vector potential A. Instead, they are more accurately
described by a scalar potential ¢, reflecting their electrostatic
character [51,59,60]. This underscores the need for a com-
prehensive theory of subwavelength cavity QED based on the
coupling with a scalar potential ¢ solving the Poisson equa-
tion. Developing this theory—and applying it to the specific
problem of cavity QED of Landau levels (LLs) in graphene—
is the main goal of the present article.

The excitations of a subwavelength cavity are not trans-
verse photons but longitudinal hybrid light-matter excitations
such as plasmons [61] and polaritons [62]. Recently, subwave-
length cavities have been shown [63] to alter the quasiparticle
properties of Fermi liquids realized in weakly correlated
2D electron systems. Among subwavelength platforms, hy-
perbolic phonon-polariton (HPP) cavities [50,64-67] based
on hexagonal boron nitride (hBN) offer an unparalleled
balance of high compression factor (A ~ 107°) and im-
pressive quality factors (Q ~ 400) [67]. Due to the strong
anisotropy in its optical phonon spectrum [64], hBN exhibits
an upper (~168-200 meV) and a lower (~94-103 meV)
Reststrahlen band, where the in-plane and out-of-plane per-
mittivity components are opposite in sign, leading to a
hyperbolic polaritonic dispersion. The resulting raylike nature
of hBN midinfrared phonon polaritons allows for extreme
wavelength compression of light, enabling electromagnetic

waves to be confined to deeply subwavelength scales [65].
On the other hand, the bulk nature of hBN phonon polari-
tons protects them from Ohmic loss mechanisms typical of
metal-dielectric interfaces, enhancing the lifetime and making
HPP cavities highly effective for mid-IR photonic applications
[64].

In this paper, we present a fully nonlocal quantum theory to
describe the C-QED of 2D electron systems coupled to sub-
wavelength cavities, with the goal of deriving vacuum Rabi
frequencies from a fully microscopic framework without re-
lying on any phenomenological assumptions. To achieve this,
we develop a quantization scheme for subwavelength cavities
that allows the calculation of quantum vacuum fluctuations
of the cavity electric field. This approach enables the use of
standard methods and techniques characteristic of quantum
optics and C-QED. While our theory is general for any sub-
wavelength cavity, we apply it to an experimentally relevant
scenario. Specifically, we investigate electrons in graphene
subject to a strong perpendicular magnetic field B and cou-
pled to the subwavelength modes of HPP cavity. This B field
induces circular electron motion (cyclotron motion), leading
to the emergence of quantized energy levels known as Landau
levels [68,69]. The excitations of HPP cavities made from
hBN are typically around 0.1 eV [67], hence LL transitions
can be tuned to this energy range by applying a magnetic field
of a few tesla. Therefore, if the coupling is higher than the
losses, LL transitions hybridize with resonant cavity modes,
forming Landau phonon polaritons (LPhPs) [70-74].

To describe LPhPs, we develop a comprehensive mi-
croscopic model of quantum vacuum fluctuations in deep-
subwavelength HPP cavities. Our microscopic theory can
predict the optimal cavity size to maximize light-matter
coupling, measured by the vacuum Rabi frequencies. Im-
portantly, the deep-subwavelength regime allows cavity and
matter excitations to hybridize at very high wave vectors,
necessitating a fully nonlocal theoretical framework beyond
the dipole approximation [75]. Indeed, the maximal vacuum
Rabi frequencies are obtained for finite momenta. Scattering-
type near-field optical microscopy (s-SNOM) [76], capable
of probing collective modes at such high wave vectors, pro-
vides a promising platform to measure our predictions. The
fully microscopic theory developed here can have profound
implications for the control of materials in subwavelength
cavities. As a major example, it will be interesting in the
future to use our theory to study quantum transport in these
2D electron systems embedded in HPP cavities. Several ex-
periments showed that subwavelength split-ring cavities affect
the integer [13,14] and fractional [77] quantum Hall, gener-
ating significant theoretical interest [54,78-81]. In principle,
our framework can be applied to study how HPP cavi-
ties modify magnetotransport [82] and topology in general
[18,19,54,58,83-85]. In our case, as the collective magnetic
excitations are strongly coupled to the cavity, a fully many-
body treatment of quantum transport would be needed, rather
than a single-particle approach. Since in subwavelength cavi-
ties the light-matter coupling occurs via the density operator,
rather than via the current, these cavities circumvent the so-
called “no-go theorems” [86-90] and thus can, in principle,
realize a superradiant phase transition. However, since the
excitations of the cavity are encoded in the scalar potential
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@, the nature of the phase transition would be ferroelectric
[91,92] and would not lead to photon condensation.

This paper is organized as follows. In Sec. II, we sum-
marize the main concepts and key results of this work,
which are presented in greater detail in the subsequent sec-
tions. In Sec. IIl, we develop a quantum theory of HPP
cavities. Section IV provides an overview of the physics of
LLs in graphene. In Sec. V, we delve into the details of
light-matter interactions and analyze the resulting polaritonic
spectrum. Additional technical details regarding the elec-
trostatic properties of hexagonal boron nitride are provided
in Appendix A, while the equivalence between the present
quantization scheme and standard approaches is discussed
in Appendix B. The density-density response function of
graphene Landau levels is reviewed in Appendix C.

II. SUMMARY OF MAIN RESULTS

In this section, we present our main findings as described
in what follows. First, in Sec. I A we solve the Poisson equa-
tion with a frequency-dependent permittivity tensor within a
subwavelength cavity to determine the scalar Green’s func-
tion. This solution enables us to quantize the scalar potential
@, expressing it in terms of the quantum modes of the cav-
ity. This provides a theoretical framework for describing
electromagnetic and quantum vacuum fluctuations within a
subwavelength cavity. In Sec. II B, we review the physics of
LLs emerging in graphene subjected to a strong perpendicular
magnetic field. Crucially, we highlight that, in subwavelength
cavities, electrons couple through the density as they are
coupled to a scalar potential ¢. This is in stark contrast
with traditional Fabry-Pérot cavities, where the light-matter
interaction is implemented through the minimal coupling
mechanism, which couples the electronic transverse current
to the transverse vector potential. In Sec. II C, we develop the
C-QED of a 2D material embedded in a subwavelength cavity.
By formulating and diagonalizing the Hopfield Hamiltonian,
we study polaritonic states that arise from the hybridization
of LL transitions with cavity modes. This also allows us to
directly calculate, without invoking any phenomenological
procedure, the vacuum Rabi frequencies of the system, show-
ing the system achieves ultrastrong and superstrong coupling.
While our theory is specifically applied to graphene embedded
in an hBN cavity, the same theory can be readily applied
to other 2D materials within subwavelength cavities. Finally,
in Sec. [ID we comment on the relation of theory with the
previous literature.

A. Theory of the Green’s function of HPP cavities

Generally, electromagnetic cavities are fully characterized
by the solutions of Maxwell’s equations [93]. In sub-
wavelength cavities, the most important contribution to the
description of the electromagnetic properties is provided by
the solution of the frequency-dependent Poisson equation in
the presence of an external charge [51,63]:

— Y dleij(r, )30 (r, )] = 47 pexi(r, @), (1)

iJ

FIG. 1. A schematic representation of the system under study.
The HPP cavity is formed by two metallic mirrors (depicted in gold)
located at |z| > L,/2. The region between the mirrors is filled with
hBN, shown in light blue. A graphene sheet is positioned at z = 0
and subjected to an external perpendicular magnetic field.

where r is the position, 9; is a shorthand for the spatial
derivative d/0r;, w is the frequency, €;;(r, w) is the dielectric
tensor of the cavity embedding, ¢(r, ®) is the potential, and
Pext(r, w) 1s the free charge. In the case of subwavelength
cavities, the speed of light ¢ can be considered infinite, as
A <K Ao, being A the characteristic wavelength of the cav-
ity. Under this condition, we restrict our analysis to the
electrostatic component of the total electromagnetic field.
Consequently, the electromagnetic behavior is described by
the electrostatic Poisson equation [Eq. (1)], which incorpo-
rates the nontrivial frequency dependence of the response
of the metallo-dielectric environment through the dielectric
tensor €;;(r, ).

The cavity geometry considered is shown in Fig. 1. We
assume franslational invariance along the é, and é, direc-
tions and denote the in-plane coordinates by the vector
ry = xé, +ye,. Along the direction perpendicular to this
plane, i.e., the e, direction, and within the region |z| <
L./2, space is assumed to be filled by an hBN layer of
thickness L, [50,64—67]. Notice that, as we focus on ener-
gies fiw ~ 0.1 eV, corresponding to a free-space wavelength
o = 2mc/w) ~ 1.2 x 10* nm, and choose a cavity thickness
L, ~ 10 — 100 nm, we are in the deep-subwavelength regime
L, < X, where the speed of light can be effectively regarded
as infinite. hBN is characterized by a uniaxial permittiv-
ity tensor [63,94] e(r, w) = diag(e.(r, w), €,(r, w), €.(r, )).
This dielectric tensor is initially assumed to be real, with
its imaginary part introduced later through the substitution
o — o+ in. While this approach is not generally required,
it is particularly advantageous in this context, as it allows us
to quantize the field first and incorporate losses subsequently.
Further details on this tensor are reported in Appendix A. For
|z| > L;/2, we assume the presence of two perfect conduc-
tors, acting as mirrors. Consequently, the boundary conditions
for the potential inside hBN (|z|] < L;/2) are given by [93]:
¢(r|,z = £L;/2) = 0. Realistic metallic mirrors possess a
frequency-dependent dielectric response, characterized by a
plasma resonance at frequency Qi: They strongly screen
quasistatic fields for w <« Qu;r, While becoming transparent
to electromagnetic radiation for @ > Q. For gold, Qv &
9 eV, so in the frequency range of interest (iw ~ 0.1 eV) the
perfect-conductor approximation is well justified.
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Instead of directly solving Eq. (1) for an arbitrary external
charge distribution, it is convenient to solve for the associated
scalar bare Green’s function [51] g©(r, 7, ) corresponding
to the solution of Eq. (1) in the presence of a test charge
pé;eft"l)(r, w) = 8(r —r') at a given position . Note that the
bare Green’s function g@(r, 7, w) describes how an empty
HPP cavity responds to a test charge, while the effect of an
embedded material will be treated later in Sec. II C. Once the
Green’s function has been obtained, the potential ¢(r, @) can
be obtained directly as a convolution between g (r, ¥, w) and
the external density pex(r’, ®). The scalar Green’s function
of an HPP cavity can be obtained from the following Fourier
transform with respect to the 2D coordinate 7 and expansion
in normal modes:

g(o)(q”, Z, Z/, w) =

87 i sin (g2 [z + %]) sin (g, [' + L?])

. @
L, €; (a))qzz,nz + & (w)Qﬁ

n,=0

where ¢ is the wave vector in the &,-&, plane, g is its modu-
lus, and g, ,, = n. /L, represents the quantized components
of the wave vector along the out-of-plane e, direction. The
derivation of this equation is detailed in Sec. III A. Equa-
tion (2) represents a key theoretical result, as it shows that
the scalar Green’s function can be expanded into distinct
modes, which can then be quantized systematically. Notice
that the Green’s function depends only on the modulus g as
the system is invariant under rotations in the ,-é, plane.
Figure 2(a) displays the spectrum —Im g (g, 0, 0, ) of
the HPP cavity, which quantifies the absorption of the cavity
at the position z = 7/ = 0, where graphene will be placed.
The scalar Green’s function g (g, z, 7/, ) exhibits poles
when the condition ez(a))qinZ + ex(a))qﬁ = 0 is satisfied. This
occurs only in the lower (0] < w < wX) and upper (! <
< wb) Reststrahlen bands. The longitudinal and transverse
phonon frequencies, @ and o], are marked by black dotted
lines in Fig. 2(a). We denote the poles of the bare scalar
Green’s function with the symbol w, ,. s, where s = +1
(s = —1) refers to the upper (lower) Reststrahlen band. There
are important differences and similarities between the scalar
Green’s function in Eq. (2) for HPP cavities and the full
dyadic Green’s function for conventional Fabry-Pérot cavities
[51,95]. The latter can be obtained in a similar geometry, con-
sisting of two infinite metallic mirrors separated by a distance
L., but without any hBN material between them. Both Green’s
functions share key features, such as poles corresponding
to mode frequencies and a prefactor of 1/L, [see Eq. (2)],
which encodes the compression mechanism. However, in both
cases, the dependence on L, is nontrivial, as the mode fre-
quencies wy, s themselves depend on the cavity length L..
In Fabry-Pérot cavities, the poles, which are associated with
the energies of cavity photons, appear only in the vectorial
part of the dyadic Green’s function [51], while the scalar
part only represents the Coulomb potential modified by the
image charges induced in the mirrors. Conversely, in HPP
cavities, poles corresponding to the phonon-polariton energies
are present in both the scalar and vectorial components of
the dyadic Green’s function. Nevertheless, due to the sub-
wavelength nature of HPP cavity modes (A, = 21 /q) < Ao)

/ 10t

hwleV]

0.0 0.1 0.2 0.3 0.4 0.5
(b) q [nm~Y

103

10!

(qu 07 07“‘))

hwleV]

nn

107's

—Imy

—
o
&

0.0 0.1 0.2 0.3 0.4 05 10

q) [nm™Y

FIG. 2. Different spectra are plotted as functions of ¢ (expressed
in nm™') and fiw (expressed in eV). Panel (a) shows the imag-
inary part of the bare Green’s function of the HPP cavity, i.e.,
—e*Im g©9(gy, 0,0, w), for L, = 50 nm. All modes are taken into
account via resummation of the series. Panel (b) displays the imag-
inary part of the bare density-density response function for LLs in
graphene, —Im x?(g;, ), taking B =5 T and a cutoff for the LLs

n

N, = 30. In both panels, we choose /in = 5 x 107 eV.

the scalar Green’s function g (g, z, 7, ®) is the dominant
contribution to the system’s electromagnetic properties [51].

Note that, in the static limit (w = 0), the scalar Green’s
function reduces to the Coulomb potential, as screened
by the metallic mirrors at z = =+L,/2 and the static
polarization charges inside hBN. Taking also the limit
L, — oo, g9(qy,0,0,0) reduces to the 2D Coulomb po-
tential, as renormalized by the static dielectric properties
of hBN, i.e., lim; g(o)(q”, 0,0,0) =27 /(q)+/€x(0)e;(0)).
We conclude that Eq. (2) accurately describes both the static
screening (w = 0) induced by hBN polarization charges and
metallic mirrors, and the resonant structure at finite w, occur-
ring at the location of the poles @y, u,s-

In free space, the Poisson equation in Eq. (1) lacks a
time-dependent component, making ¢ (r) a completely classi-
cal field. However, in HPP cavities, the nontrivial frequency
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dependence of the dielectric permittivity tensor causes the
emergence of resonant modes [96], which can be described
as quantum mechanical modes. Consequently, the poles of
Eq. (2) correspond to the quantum mechanical modes of
the cavity Hamiltonian, Hc,, = unﬂw hwq,_nz,sa;“,nﬁsaq”,nz,s,

where the operator a('lu’nz’s (ag,,n.,s) creates (destroys) a cav-

ity excitation. Since the cavity is deeply subwavelength, the
electromagnetic field is well described by a scalar potential

—igy ’u

(ﬁ("H’Z) Z ¢qu n, v(Z)< \/—

q”ﬂ s

a . Y+H.c.>, 3)

where S is the surface area of the cavity and ¢, (z) =

sin (g, [z + Lz’]),/Z/ (Ng,.n..sL;) are the amplitude coeffi-

cients of the modes, with Ny, . s being a normalization factor.
The procedure to determine this normalization factor will be
discussed momentarily and detailed in Sec. III B. Equation (3)
is one of our key results, as it enables the solution of the Pois-
son equation [Eq. (1)] to be expressed in terms of creation and
annihilation operators. This formulation allows for a direct
quantification of quantum vacuum fluctuations of the field.
The corresponding physical electric field associated with the
scalar potential is obtained by taking the gradient of Eq. (3).
The normalization factors are determined by matching
the imaginary part of the quantum scalar Green’s function,
80(qy, 2,7, ), to its classical counterpart, g% (g, z, 2, ®).
The quantum Green’s function is computed from the scalar
potential (;S(rH,z) given in Eq. (3) using the standard Kubo
formula [69], whereas the classical Green’s function fol-
lows directly from the Poisson equation. Crucially, despite
this matching of imaginary parts, their real parts dif-
fer significantly: The quantum Green’s function vanishes
at high frequencies, whereas the classical Green s func-
tion approaches a finite limit, defined as g (q” z, z)—
lim,, . o 9 (qy, 2, 7, w). As a consequence, g5 (gy, 2,2, )
directly fulfills the Kramers-Kronig relations, whereas
(0)(q|| Z 7, ) requires subtraction of the high-frequency

limit gOO (‘IH z,7) to satisfy them. Explicitly, this yields the
decomposition

.27 o)+ 80,2 7), @)

clearly separating resonant quantum mechanical contributions
g"—associated with excitation modes ay, s, dj , ,—from
frequency -independent Coulomb interaction renormalizations
encapsulated within g(o) Further details on this procedure are

discussed in Sec. III.

¢q, 2,7, 0) =

B. Theory of Landau levels in Graphene and their coupling
to a subwavelength cavity

A single-layer graphene is now considered, positioned at
the center of the HPP cavity (i.e., at z = 0), subject to a strong,
uniform, and static perpendicular magnetic field B. In this
regime, electronic excitations are inter-Landau-level transi-
tions [97-100]. In the Landau gauge, the energy spectrum of
electrons roaming in this crystal is given by massless Dirac
fermion Landau levels, €, , = k(hvp/ﬂg)m, where {p =
/hc/(eB) is the magnetic length, e is the electron charge, vp
is the Fermi velocity in graphene, k, is the electronic wave
vector along the x axis, which accounts for the degeneracy of

the spectrum, n is a non-negative integer representing the LL
index, and A = &+ denotes conduction/valence band states. We
denote by the symbol Ng the index of the last occupied LL.
Here, we focus on the charge neutrality point of graphene,
choosing Mg = 0. In Fig. 2(b), we plot the noninteracting
spectrum of LLs, —Im x9(g;, w), where x%(g, ®) is the
bare density-density response function calculated using the
Kubo formula [69,99]. This quantity is fully nonlocal and
valid for all in-plane wave vectors g. This feature is par-
ticularly relevant, as the deep-subwavelength nature of hBN
enables the exploration of high wave-vector regions. This
limit of rapidly varying matter fields (g, ~ 0.1 nm~!) has
been investigated in SNOM experiments [50] also in the pres-
ence of a magnetic field [101].

The LLs spectrum shows electron-hole pair excitations
associated with transitions A, k., n — A’,k,,n’ and corre-
sponding transition energies &y, — €&, ,. Due to the k,
degeneracy, bare LL transitions do not depend on the mo-
mentum transfer g, = k, — k, and thus appear as flat lines in
the ¢ — fiw plane. The magnitude of the bare density-density
current response function x.\9 (g, ) critically depends on the
matrix elements of the electronic density operator

ani(q”)_D Wi ke n, P (5)

where |k, n, \) are the electronic state associated with the
quantum number A, k,, n and ﬁqH is the momentum-resolved
electronic density. In Fig. 2(b), the transitions between
valence-band states A = —,n and conduction-band states

= +, n’ are shown. In the long-wavelength limit ¢ ¢z < 1,
only dipole-allowed transitions (n’ = n £ 1), represented by
solid white lines, couple effectively to light. However, due to
the deeply subwavelength nature of our cavity, we consider
significantly larger in-plane wave vectors ¢; ~ 0.1 nm~!, cor-
responding to ¢ ¢z ~ 1 as we consider a magnetic field of
B=5T (¢ ~ 11.5 nm). In this regime, also dipole-forbidden
transitions (indicated by dashed white lines) are relevant
[102]. Indeed, as illustrated in Fig. 2(b), all the discrete spec-
trum of Landau-level transitions is optically active.

We now move on to discuss the coupling between matter
degrees of freedom and cavity modes. In the Coulomb gauge,
the LLs and the cavity modes interact through the electrostatic
interaction Hamiltonian [51,69]:

it = —e / dry ¢(ry, z = 0)i(ry), (6)

where 43(r|| , z = 0) is the scalar potential of the cavity reported
in Eq. (3) and evaluated at the vertical location of graphene
and 7i(ry) is the electron density operator in graphene. How-
ever, the interaction Hamiltonian in Eq. (6) includes only the
dynamical field component g(o)(qH 7,7/, ). The frequency-

independent contribution g% (qH z,Z') must also be included
as a standard two-body screened Coulomb interaction:

N 1 . i
He = 29 Z n—g, ezgg?(qu, 0, 0)7tg, , 7
9

where iy is the momentum-resolved density operator. In the
previous summation, the g, = 0 contribution is canceled by
the inclusion of a positive background (Jellium) to ensure
charge neutrality [69]. Since our analysis focuses on finite g,
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this procedure does not affect the results. Equation (7) rep-
resents the Coulomb interaction unaffected by the phononic
resonances of hBN, o[, k. In contrast, the term g\ (g.0,0)
accounts for screening effects arising from high-frequency
modes, such as those in hBN, encoded in ¢;(00), as well as
the influence of the metallic mirrors, which is incorporated
through the boundary conditions of Eq. (1).

An important difference between subwavelength cavities
and conventional Fabry-Pérot cavities lies in the nature of
the light-matter coupling. In subwavelength cavities, the
interaction Hamiltonian involves a fundamentally different
coupling compared to the traditional minimal coupling p —
P+ (e/c)A interaction in Fabry-Pérot cavities, where A is
the transverse vector potential and p is the momentum op-
erator. The minimal coupling results in a diamagnetic term
in the continuum-model Hamiltonian [89,103,104] or intro-
duces a nonlinear Peierl’s phase in truncated lattice models
[105-108]. In contrast, Eq. (6) represents a purely linear
coupling, which is a distinctive feature of interactions within
subwavelength cavities. The details of this section are pro-
vided in Sec. I'V.

C. The polaritonic spectrum and the vacuum Rabi frequency

The coupling between graphene LLs and cavity modes
leads to the formation of hybrid light-matter states known
as polaritons [109,110]. Within the Random Phase Approx-
imation (RPA) [69], polaritons are the zeros of the dielectric
function:

erra(q), ©) = 1 —289(q, 0,0, 0)x PV (gqy, w).  (8)

Once erpa(q), w) is known, the dressed electronic spec-
trum can be evaluated as S¢i(q), ) = —(fi/m)Im Y, (q), @)
with  xm(q, ®) = Xég)(q”, w)/erpa(q), ). The poles of
erpa(q), @) manifest as resonance peaks in the spectrum. Al-
though we focus here on the electronic spectrum, the cavity
spectrum S¢,y (g, @) exhibits analogous features, reflecting
the hybrid nature of the light-matter modes. Alternatively, one
can diagonalize the total Hamiltonian ﬁtm = 7:iLLS + ’;QC +
ﬁcav + 7:Lim. In the single excitation manifold, electron-hole
excitations between LLs can be treated as bosonic quasipar-
ticles [35]. In this limit, the total Hamiltonian reduces to a
Hopfield Hamiltonian [109], a quadratic bosonic Hamiltonian
that describes light-matter excitations and can be exactly diag-
onalized in terms of polaritonic modes. The polariton energies
obtained through this procedure coincide with the zeros of the
RPA dielectric function erpa (gq), ®).

Figure 3 shows the electronic spectrum at the neutrality
point Ng = 0. Panel (a) presents this spectrum as a function
of the wave vector g, while panel (b) displays the spectrum
as a function of (/ivg/€p). The latter spectrum can be ex-
perimentally obtained by varying the external magnetic field
B [111]. Inside the Reststrahlen bands (defined by wr; <
o < o ;, with these frequencies indicated by black dashed
lines), the LL transitions hybridize with HPP cavity modes.
This hybridization gives rise to an energy splitting quantified
by the vacuum Rabi frequency. These vacuum Rabi frequen-
cies are explicitly calculated below, where the strength of
this coupling is found to reach up to 10% of the cavity fre-
quency, placing the system in the ultrastrong coupling regime

. . 0.2 0.3
(b) q) [nm™Y

0.10 0.14
(FLUF/KB) [eV]

FIG. 3. The RPA density-density response of the coupled sys-
tem (HPP cavity plus graphene), —Im xn (g, ). Panel (a) shows
—Im xu(g), ) as a function of the wave vector g, for a given
magnetic field, B=35 T (corresponding to £z &~ 11.5 nm). Panel
(b) shows the same quantity as a function of /ivg/£p, for fixed mo-
mentum g; = 0.1 nm~!. Other parameters are L, = 50 nm, N, = 30,
and fin =5 x 10™* eV. For g%(q,z, 7, ), the expression re-
summed over all modes was employed.

[36,112]. Moreover, due to the highly structured mode spec-
trum of the HPP cavity, a single LL transition simultaneously
couples to multiple cavity modes—a scenario referred to as
superstrong coupling [113]. This regime gives rise to a rich
polaritonic spectrum that goes beyond the simple picture of a
two-level system interacting with a single mode. This region
of the spectrum inside the Reststrahlen bands is mainly con-
trolled by the LL transitions encoded in x?(g;, @) and by the
quantum Green’s function associated with the cavity modes
gg))(q”, 0,0, ), corresponding to the expansion in Eq. (3).
Outside the Reststrahlen bands, LL transitions exhibit a g -
dependent positive frequency shift, the depolarization shift
[69,114], which yields a finite dispersion as seen in Fig. 3(a).
The depolarization shift is a collective Coulombic blue shift
of electronic transitions, originating from the self-consistent
longitudinal electric field generated by charge-density oscil-
lations. In confined geometries, this effect is enhanced by
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electrostatic field confinement (e.g., due to metallic screening)
and therefore persists even off resonance. In particular, it is
not associated with resonant polaritonic poles but with the
nonresonant part of the scalar Green’s function [69,114]. This
separation between an instantaneous (Coulombic) renormal-
ization of the matter resonance and resonant photonic poles is
also emphasized in dipole-gauge treatments of confined inter-
subband polaritons, where the depolarization shift is encoded
in the Coulomb/self-polarization sector of the Hamiltonian
rather than in cavity-mode resonances [115]. Consistently,
panel (b) shows that, even off resonance, the LL transitions
do not coincide with the noninteracting case (indicated by
white solid and dashed lines). This shift originates from the
frequency-independent Green’s function gg%)(q”, 0, 0) rather
than from the HPP poles, as it occurs outside the Reststrahlen
bands, where w # @gy,n,.5+ AS detailed in Sec. V, and in par-
ticular in Fig. 9(b), this effect is present even in the absence
of metallic confinement, i.e., in the limit L, — oo, which
corresponds to removing the metallic mirrors and filling the
entire space with hBN. By contrast, strong cavity confine-
ment reduces the effective Coulomb repulsion and therefore
suppresses the depolarization shift.

As further detailed in Sec. V, our theory allows us to com-
pute the vacuum Rabi frequency €2, . 5.1, defined as the
coupling between the cavity mode g, n;, s and the inter-LL
transition n, . — n’, A’ given by

thH,nz,s,k,n,N,n’ = ed)q”,nz,s(o)\/ Mn’,k’,n,)»(qu)v )

where ¢, . s are the mode’s amplitude coefficients defined
by Eq. (3) while M, 1/ .1(q)) are the matrix elements of
the electronic density operator in Eq. (5). In standard C-QED
[33-35], it is well known that the Rabi frequency is propor-
tional to the product of the vacuum fluctuations of the electric
field v/ (£2) and the dipole moment of the atom in the cavity,
d, such that Q ~ d+/(E2). Equation (9) is the most important
result of this article as it generalizes this concept to nonlocal
(gq) # 0), subwavelength cavities interacting with a 2D mate-
rial. This equation shows how the coupling depends on the
vacuum fluctuations of the cavity field and of the electronic
density.

Indeed, Eq. (9) shows that vacuum Rabi frequency is
determined by the product of two independent factors: the
vacuum fluctuation amplitude, quantified by @y, ,_s(0), and
the matrix elements of the density operator, quantified by
VMo na(qy). To maximize this coupling, each factor can
be optimized separately. As detailed in Sec. IV [see in par-
ticular Fig. 7(b) and the related discussion], the response of
the LL wavefunctions depends only on product ¢;£p and the
matrix element \/M, ;. ,,(q)) reaches its maximum when
the wave vector is comparable to the inverse of the magnetic
length,

qitp ~ 1. (10)

Given the strong magnetic fields considered here (B~ 5 T,
£p ~ 11.5 nm), this condition implies selecting large in-
plane wave vectors, g; ~ 0.1 nm~!. In this regime, all LL
transitions, including those conventionally considered dipole
forbidden, become optically active and significantly con-
tribute to the overall coupling strength. However, as explained

0.10 R

0.08

0.06

,—,0,+,1

& 0.04

q)snzs8

0.02

40 60 80 100

FIG. 4. Panels (a) and (b) display the ratio Ry n.s-0+1=
(QqH,,,Z,Sv,,oﬁr_l/wqu,nhx), where Q,,H_nz,s,,,o_ﬂ denotes the Rabi fre-
quency for the LL transition (0, 4+1) and Oy .5 is the cavity mode
frequency. This ratio is shown as a function of L, (in nm) for different
n, for a fixed g, = 0.1 nm~! and B = 10 T. Panel (a) shows these
quantities for the upper Reststrahlen band using blue dotted curves,
while panel (b) presents the lower Reststrahlen band with red dashed
curves. The line thickness decreases and the color of the curves
darkens as the quantum number 7, increases.

in Sec. III [see in particular Fig. 6(c) and related discussion],
the vacuum fluctuations ¢, . ;(0) decrease significantly when
the cavity dimension L, is large compared to q[l, i.e., for
qL; > 1. Hence, to ensure optimal coupling strength, the
cavity must satisfy both the LLs condition (g £z ~ 1) and the
confinement condition (¢;L; < 1).

In Fig. 4, we present the ratio Ry n .5—0+1=
(824, .n..5,—.0,4.1/@g,.n,.s) as a function of L; (in nm) for
different n, while g; = 0.1 nm~!. Notably, this quantity
exhibits a nonmonotonic dependence on L,, reaching a
maximum for a specific L, while vanishing in both limits
L, — O0and L, — oo. This behavior stands in stark contrast to
the naive expectation that the Rabi frequency should scale as
1/4/L;, an assumption that underlies the phenomenological
use of the compression factor [17-20,54-57]. While this
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scaling holds in the regime gL > 1, it fails for small
L,, where the coupling instead vanishes. As apparent from
Fig. 4, the maximum ratio Rj . s—.0.+.1, achieved for
n, =0, exceeds 10% for the upper Reststrahlen band and
approaches 10% for the lower band. This ratio places the
system firmly within the ultrastrong coupling regime, where
the coupling strength is a significant fraction of the cavity
frequency [36]. Notably, as further discussed in Sec. V,
the ultrastrong coupling regime is achieved at a finite
wave vector g, emphasizing the necessity of employing
a nonlocal theory. This result underscores the limitations
of local approximations and highlights the critical role
of spatial dispersion in accurately describing light-matter
interactions in subwavelength cavities. Additionally, the
simultaneous hybridization of a single LL transition with
multiple cavity modes—due to several non-negligible Rabi
couplings—places the system in the superstrong coupling
regime [113].

We now examine the spectrum for finite doping. Figure 5
shows the electronic spectrum for a doped system with Ng =5,
corresponding to a filling factor v = 22, as v = 4Ng + 2. At
finite charge density Ng # 0 and strong magnetic fields, a
plasmonic excitation appears in the system, usually referred
to as magnetoplasmon. Magnetoplasmons [69,99,116] arise
in doped semiconductors under a magnetic field due to the
coupling between plasma oscillations of free carriers and
their cyclotron resonance. In Fig. 5(a), we show the spectrum
without the contribution of the quantum mechanical modes
[which is obtained by setting g’ (g, 0, 0, @) = 0], revealing
the expected magnetoplasmon dispersion [99]. Figure 5(b) is
obtained by taking into account the full cavity contribution.
Here, the magnetoplasmon strongly hybridizes with the cavity
modes achieving a Rabi splitting of ~25% of the cavity fre-
quency. This significant coupling arises from the well-known
fact that most of the oscillator strength, which quantifies the
ability of a system to absorb or emit electromagnetic radia-
tion, is associated with the magnetoplasmon resonance [69].
Finally, we note that in the L, — oo limit the Rabi splitting
shown in Fig. 5(c) remains of a similar order. Although the
coupling between LLs decreases with reduced compression,
the corresponding increase in the density of cavity modes
compensates, resulting in a splitting [117,118] comparable
to the case in which L, is finite. The details are provided in
Sec. V.

D. Relation to prior works

As discussed in the Introduction, many theoretical works
on cavity quantum materials rely either on a phenomeno-
logical uniform vector potential or on the vector potential
derived for Fabry-Pérot cavities, which host modes that fulfill
the diffraction limit. These approaches are often applied to
subwavelength cavities using a phenomenological compres-
sion factor A [17-20,54-58] or by fitting the vacuum field to
experimental values.

Reference [51] demonstrated that, in the general-
ized Coulomb gauge, subwavelength cavitiescavities—
characterized by a large compression factor A = (V/)»S’l) <
1—exhibit an electric field with a predominantly electro-
static nature, described by the scalar potential q3, while the
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FIG. 5. The RPA proper density-density response of the coupled
system (HPP cavity plus graphene), —Im x,.(g, @) as a function
of hvg/lp for a doped system (Ng =5), for a fixed wave vector
(g =0.1 nm~"). Panel (a) illustrates this quantity —Im Xm (G, ®)
in the case where quantum mechanical modes are not included,
80(qy, z, 7', w) = 0. Panel (b) shows the same quantity in the pres-
ence of these modes. Other parameters are L, = 50 nm, N, = 30,
and fin =5 x 107* eV. Panel (c) is the same of panel (b), with
L, = 10° nm. For g¥(qy, z, 7/, ®), the expression resummed over all
modes was employed.
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magnetic field remains negligible. Consequently, in such cav-
ities, the effective electron-electron interactions, obtained by
tracing the degrees of freedom of the cavity, are primarily
density-density interactions governed by the dielectric tensor
€, j(r, w). In contrast, transverse current-current interactions
(analogous to the magnetostatic Ampere force), which domi-
nate in Fabry-Pérot cavities, are not significantly enhanced in
subwavelength cavities, since they depend only on the mag-
netic permeability u(r, w) rather than on the dielectric tensor.
However, in subwavelength cavities the magnetic permeabil-
ity remains approximately that of free space, u(r, w) >~ 1,
thus preventing any substantial enhancement of these inter-
actions. This point is further discussed in Ref. [51], where
it is shown that Amperean superconductivity—arising from
transverse current-current interactions—cannot be realized
in subwavelength cavities. This discussion underscores the
necessity of developing a theoretical framework capable of
microscopically describing the vacuum electromagnetic field
in subwavelength cavities and its coupling with matter.

Here, we developed this framework by quantizing sub-
wavelength cavities. For any generic subwavelength cavity,
our theory enables the quantization of the electric field
and thus the calculation of the mode amplitude coefficients,
®q,.n..5(2), given in Eq. (3), which represent the vacuum
fluctuations of the electric field, as well as the vacuum
Rabi frequencies €2y, 4. 5100 0 Eq. (9). Additionally, our
calculations reveal the renormalization of the electrostatic
Coulomb interaction, represented by gf,%)(q”, 0, 0). Our quan-
tization scheme fundamentally departs from the macroscopic
QED formalism developed for dispersive and absorbing me-
dia [120,121], which relies on the dyadic Green tensor of
Maxwell’s equations and introduces a continuum of bosonic
reservoir fields to account for material losses. In contrast, our
approach is fully unitary and specifically formulated for deep-
subwavelength cavities, where the electromagnetic response
is dominated by longitudinal, quasielectrostatic modes. In
this regime, the field quantization is performed directly on
the scalar potential ¢3 associated with the confined modes,
which are described by the scalar Green’s function g», with-
out invoking any auxiliary reservoir or dissipative degrees of
freedom.

Our scheme also differs from approaches that start from
Maxwell’s equations in matter together with explicit polariza-
tion dynamics, construct a full Hamiltonian, and then quantize
the resulting normal modes [96,119]. As discussed in Sec. 111,
we bypass the explicit Hamiltonian construction and obtain
the correct mode normalization by matching the quantum
scalar Green’s function with its classical counterpart solving
the Poisson equation. The formal equivalence between the two
procedures is demonstrated in Appendix B.

We applied our theory to electrons in graphene subject
to a strong perpendicular magnetic field B and coupled to
the subwavelength modes of an HPP cavity. Reference [74]
investigated graphene in a magnetic field embedded in a cavity
where the mirrors are made of hBN. Despite the apparent sim-
ilarity, that study focused solely on transverse cavity modes,
considering only the excitations of the vector potential A,
while neglecting the longitudinal cavity modes ¢ and the
Coulomb interaction g(o(i,)(q”, 0, 0). However, as demonstrated
in Ref. [51], when the field is confined below the diffrac-

tion limit, V < Ag, the electrostatic contributions encoded
in g9(gy, 0,0, w) are dominant. Thus, our analysis is valid
in the regime of strong confinement and highly nonlocal
wave vectors considered in this article, whereas the theory
in Ref. [74] applies to the complementary regime of long
wavelength where retardation effects due to the finite speed
of light are crucial.

Numerous previous theoretical works [78-80] considered
2D electron gas (2DEGs) in subwavelength split-ring cav-
ities, motivated by pioneering experiments on the quantum
Hall effect in such systems [13,14,77]. However, these works
[78-80] modeled the cavity as a single uniform transverse
mode, A = Ape(a+a'), where @, a’ are the photonic op-
erators, € is the polarization, and Ay = /27/ic?/Vegw, is
the vacuum cavity field in a Fabry-Pérot cavity; here, w, is
the cavity frequency and Ve = AAJ is the effective cavity
volume rescaled by the use of the phenomenological com-
pression factor A. While this approach may capture the main
phenomenology, it neglects the inhomogeneity of the cavity
mode [77], lacks a microscopic prediction of the vacuum field
and omits frequency-independent electrostatic effects (such
as screening due to metal gates), which in our theory are
encoded in g (r, ). Therefore, a fully microscopic treatment
of the vacuum field in subwavelength cavities is necessary to
describe these experiments accurately. In the future, it would
be interesting to apply our general theory also to the specific
setup of a 2DEG in a split-ring cavity, fully accounting for
both the inhomogeneous cavity field and the renormalized
Coulomb potential.

III. DETAILS ON “THEORY OF THE GREEN’S
FUNCTION OF HPP CAVITIES”

In this section, we outline the key steps and methods
used to derive the scalar Green’s function for HPP cavities.
Furthermore, we develop a quantization scheme for the elec-
tric field in a subwavelength cavity by employing the cavity
scalar Green’s function. This approach enables us to relate the
vacuum fluctuations of the scalar potential to the amplitude
coefficients of each mode. Finally, we decompose the scalar
Green’s function into its static and dynamical components,
allowing us to distinguish between resonant effects and off-
resonant contributions associated with screening.

A. Mode decomposition for the scalar Green’s function

We now calculate the scalar Green’s function g9 @r, 7, )
for the HPP cavity described above. This Green’s function is
determined by the Poisson equation:

= e gV r )] =4xsr—r), (1)
i

where €;(r, ) is the permittivity tensor given in Eq. (A1) and
d; denotes the partial derivative with respect to the coordinates
of r.

The electric potential ¢ (r, ) in the presence of an external
charge pex(r', ) is given by the convolution of the Green’s
function with the charge density:

$(r. @) = / A O F oo ). (12)
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We now lay down a generic mode expansion technique to
solve Eq. (11). The Poisson equation can be rewritten as

O0r(0)g(r, ¥, w) = 4ns(r — 1), (13)

where  Op(0)f(r, ) = — Y, ; 0jl€;i(r', @)d]f(r', )] and
f(r', w) is an arbitrary function.

We introduce an orthonormal basis set f,,(r, @) such that

Or(@) fu(r, ) = Xy () fu(r, w), (14)

where A, (w) are the eigenvalues associated with these basis
functions. The completeness and orthonormality of the basis
set are given by

D o) fi(r ) =8 —r), (15)
"

/drf:(r, w)fur,w) =36,,,. (16)

Using Eq. (15), we can expand the external density pex(r, @)
in terms of the basis set:

pexi(r, ©) = Y a4, fu(r, ), (17)
"

ay = /dr’fu(r',w)pext(r',w)- (18)

The coefficients g, are projections of the charge density onto
the basis functions. It can be seen by inspection that the
potential

4 9
b0, ) = ZW (19)
m

solves Eq. (1). By comparing Eqgs. (17) and (19) with Eq. (12),
we find the following mode expansion for the Green’s func-
tion:

fu.(rv C())f:(r/, C())

20
3o (@) (20

Re g9, v, w) = 4n Z
w

The poles of the Green’s function correspond to the condi-
tion A, (w) = 0 and are determined by the frequencies w,, s,
where s indexes different solutions of A,(w) = 0. Assum-
ing the mode function is frequency independent, f,(r, w) =
Sfu(r), we calculate the imaginary part of the Green’s func-
tion Im g (r, ¥, w) by substituting Ap(@) = Ay (w + in) and
taking the limit 7 — 0. In calculating Im g (r, 7, ), we are
allowed to expand the denominator around positive (negative)
poles w, s (—w, ;) as

)“M(w + ”7) ~ aw)“p.(w)|w=wuﬂy(w + 177 - w,u,,s)v
)\-,u,(a) + ”7) ~ _8&))‘-u(w)|w:a),t.A (a) + “7 + a)u,s)’ (21)

where the first equation holds in the vicinity of the positive
pole, and the second equation applies near the negative pole.
We assumed that A,(w) is an even function of w, making
9,A, (w) an odd function of w. In the limit n — 0, this yields

Im gV, 7, w)

ey Lnfi@)

—wyus) — 0w+ wy )l
s 8(1))\,11(a))|a)=m,M . .

(22)

Being a causal response function, the Green’s function is
expected to fulfill the Kramers-Kronig relations [69] and
therefore it should vanish in the limit w — oo0. However, the
term

9@, r) = lim g0, 7, w) (23)
w—> 00

is generally finite. In the high-frequency limit, far from reso-
nant poles, the function gf,%) (r, r') can be assumed to be a real
function. However, the real and imaginary parts of the differ-
ence g(o)(r, r,w)— g(o%)(r, '), being causal response function
that goes to zero for w — oo, satisfy the Kramers-Kronig
relations [69]:

Re gV, r, w)

2
=g$)(<]))(rvr/)+;/

0 w? — w?

% W1 (0) , /’
o'Im g™ (r, 7, w) do, 24)

Im gV, 7, w)

20 f°° RegOr,r, 0) — g, r)
__= do'.
0

- 02 — 2 (25

We now discuss the specific case of our hPP cavity. Details on
the dielectric tensor in hBN are reported in Appendix A. Here,
the mode functions solve the following eigenvalue equation:

—[€:(@)8? + €(@)V] ] fu(r, @) = (@) fulr, ), (26)

with the boundary condition f,,(r, ®)|.=1. p=Ff.(r, ®)|.=—1./2
=0.
The mode functions and eigenvalues for this system are

fon(r) = /ieiqu*n sin (q |:z+ L—D (27)
q):nz LZS z,n; ) s

hgyn (@) = €(0)g,, + ex(@)q], (28)

where u = g, n; indicate the modes, g, is the in-plane wave
number, and g, = n,7w/L;, n, being positive integers. By
means of Eq. (20), we can obtain the mode expansions of the
scalar Green’s function:

g0 r) 2.7 ) =
87 = €1V sin (g, [z + %1) sin (g2 [ + 5))

LS =~ (@) + @]

(29)
Poles of Eq. (29) are determined by )Lq“,nz (w) = 0, or, equiva-

lently
s ()} "

&) \qun

This equation is solved for o = wy 4., s, Where s =1
(s = —1) denotes the upper (lower) Reststrahlen band. From
this equation, it is clear that (1) the poles are only present
in the hyperbolic region where €,(w)e,(w) < 0 and (2) the
position of the poles depends only on the product gL, rather
than on the two parameters individually. Figure 6(a) shows the
cavity energies fiwg, 4., s associated with the poles of Eq. (29)
as a function of gL, for different values of n;.

By performing the Fourier transform of Eq. (29), we obtain
Eq. (2). Along the plane z = 0 (and thus also 7/ = 0), the sum
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FIG. 6. Panel (a) shows the cavity frequencies fiw,, . s (in €V) as a function of g, L; for different n,. Each of the two regions corresponding
to the Reststrahlen bands is enclosed between two black dashed lines. Panel (b) displays the bare cavity vacuum fluctuations e2¢§‘ 2..5(0)

(normalized by L, and expressed in nm eV? ) as a function of gL, for different n,. Panel (c) illustrates e2¢>§‘ n +(0) (expressed in nm eVz) as
a function of L, (in nm) for different n,. In all panels, the upper (lower) Reststrahlen band is shown in blue (red) The thickness of the lines

decreases as the quantum number 7, increases.

over n, can be performed analytically. In the case of the scalar
Green’s function, it results in

21 €x(@) Leg
(0) =
§ 0.0 = e [\/ el 2 }

€29

This expression describes the Coulomb interaction within a
cavity, modified by the dielectric environment characterized
by the permittivities €,(w) and €,(w), along the x and z direc-
tions, respectively. The presence of the mirrors at the cavity
boundaries plays a critical role by effectively introducing
image charges that modify the electron-electron interactions.
This alteration leads to the appearance of the hyperbolic tan-
gent term, which reflects the confinement effect of the cavity
along the z axis. It is also useful to recast this equation in the
following form:

g(o)(q 0,0, w) = —ZNLZ tanh|: €x(@) qu":|
T g LVe e @) (@) 2 |
(32)

where it is apparent that, for a fixed product g, L;, the Green’s
function scales as L,. In the limit L, — oo, the Green’s func-
tion correctly reduces to the free-space Coulomb potential
renormalized by the frequency-dependent dielectric properties
of hBN:

2
g ex(w)e(w) ’

In the limit w — 00, the scalar Green’s function reads

T | [Eela] (5
g1/ €x,00€z,00 €100 2 '

where €, , €;0 are the high-frequency limit of the hBN
dielectric functions and the dimensionless parameter

lim ¢(g,0,0, w) = (33)
L,—o0

89(q.0,0) =

€x.00 L2q)
€100 2

quantifies the effect of cavity confinement. Since tanh[X] <
1, the interaction at finite L, is always reduced with respect to

X = (35)

the bulk case, reflecting electrostatic screening induced by the
metallic boundary conditions.

In the opposite limit X > 1, corresponding to weak con-
finement (large L) or short wavelengths, one has tanh[X ]~ 1.
In this regime, the cavity becomes electrostatically irrelevant
and the Green’s function reduces to its bulk expression in the
absence of metallic boundaries,

) 2
lim_g50(q),0,0) =

. (36)
L PTG

B. Quantization scheme for subwavelength cavities

Here, we derive a quantization scheme to associate the
Green’s function in Eq. (2) with the corresponding quantum
mechanical modes associated with the resonances fiwy, . s-
Before addressing the specific case of hBN subwavelength
cavities, we consider a generic scenario with a resonance
hw,, s, where p is a generic index encompassing different
quantum numbers (e.g., 4 = g, n; in the hBN case) and s
denotes different solutions with the same mode function.

The cavity Hamiltonian, associated with these poles, is
given by

N At A
Heay = E fiw, s, ay s

s

(37

We assume that the scalar potential can be expanded in terms
of the modes @}, , and a,, , as

$(r) = (f (P + [ (), (38)

Y

where N, ; are normalization constants that will be deter-
mined later. Equation (38) allows us to compute the quantum
mechanical fluctuations of the field:

Fu) 1)

0N O)eay = D =
.S

s

, (39)

where |0),, is the vacuum of the cavity Hamiltonian 7:lcav.
Assuming the mode expansion in Eq. (38) and the cavity
Hamiltonian H.,y in Eq. (37), we can use the Kubo formula
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[69] to calculate the scalar Green’s function associated with
the modes, g(o)(r r, 1)

gVr.r 1) = —%@(nm(ou«ﬁ‘(n ), $E)][0)cay.  (40)

where ©(t) is the Heaviside function and [X,Y] denotes
the commutator between the operators X and Y. The term
@' (r, 1) refers to the electric potential in the interaction pic-
ture, specifically defined as ¢'(r, 1) = U, ()P (r)Uo(1), where
Uo(t) = exp(—iHcayt /1).

By taking the time Fourier transform of the previous equa-
tion,

(0)(r r,w)= hm/ dt g(o)(r, r, )@ttt (41)

and utilizing the
fu () f:(r), we obtain

_qu(r)f:(r/)( 1
B Nys how — hw, s + i

s

Hermitian property,

fu)f2) =

.1, )

1
- — . 42)
ho + hw, s +1ihn

This expression reveals how the quantum Green’s function is
linked to the vacuum virtual excitation of the quantum field
¢(@r'). In fact,

v (011, $)eay = [u()//Nyws (43)

where |, $)cay = a 10)cay are single-photon states.

This can be 1nterpreted within the general framework
of the fluctuation-dissipation theorem [69], which con-
nects Im g(o)(r, r',w) to the spectrum of the fluctuations

SO @ v, w),

cav

Im g, 7, ) = _Esggg(r r, ), (44)
where
L[> ) .
Sea(r.r, ) = - / dTe " oy (018 (r, TIP)]0)cay-
T —00

(45)

Note that SO (r, ¥, w) encodes the fluctuation of the field in

cav
Eq (39) as f—oo dwség\),(r r, ) = cav(0|¢(r)¢(r )10)cay-
By taking the real and imaginary part of Eq. (42), and the
limit n — 0, we have

L[ 2,
27y, [(ﬁw)h(ﬁw#)z] 0

i

Re g(o)(r, r,w) =
Im g(o)(r r, w)

fu@) [ ()
=7 Z “hTZ[(S(a) —w,) — 8w+ w,)). (47)

1
By comparing Eq. (47) with Eq. (22) and by choosing
N 1
“5 7 4mh
we can identify the imaginary part of the Green’s function
Im g, 7, w) with the imaginary part of the mode Green’s

—— 00 1 (@) w=w,, » (48)

function Im g(o)(r r, w):
Im g(o)(r’ r,’ a)) = Im ggo)(r, r/, a)) (49)

As gglo)(r, ¥, ) fulfills the Kramers-Kronig relations [69],

2 o0
RegE]O)(rvr/a w) = _/
T Jo

2 © Re gO(r, ¥, w)
Im g(O)(r’ ¥, o) = _z@ g— do'. (51
T 0 w/2 w2

®'Tm g(qo)(r, r, o)

Ao, (50)

By means of Eq. (49) and Egs. (24) and (50), we find the
following decomposition:

O r, w) = g<°>(r r, o)+ g0, r). (52)

The total Green’s function can be decomposed as a sum of
the dynamical quantum Green’s function g(o) (r,r, ) and the

static potential g(o)(r, r').
We now specialize these results for the case of hBN. The
scalar field can be written as

fq”,n;,s(r)aqu,nz,s + H-C-)s (53)

P(r) =

where the normalization factors Ny, ,_ s can be expressed ex-
plicitly in terms of the dielectric function of hBN as follows:

N,

1
nones = g [P0 (@), + doex(@)g], _, - (54)

By applying Eq. (38) to the hBN cavity, we obtain Eq. (3)
while the explicit expression of the normalization factors
Ny, n,.s 18 given in Eq. (54).

The Green’s function can be expressed in terms of the
amplitude coefficients @y . s(z) as

Z ¢‘1H ,nz,s(z)‘pq” 2,8 (Z,)

ng,s

(O)(QH 7,7, w) =

1
X .
(Fla) — hwq”,nz_,s + ihn

1
— . 55
ho + ha)‘]\\’”zvf + ihn) (53

Additionally, the vacuum fluctuations of the field are related
to the amplitude coefficients ¢, . s(2):

N 1
{02, O0)ear = 3 <0540 (50)

91258

Hence, the amplitude coefficients ¢y, . s(z) can be interpreted
as a measure of the density of vacuum fluctuations. More-
over, these coefficients also appear in the Green’s function,
as shown in Eq. (55), indicating that the intensity of a scalar
field generated by placing a test charge depends on the vac-
uum fluctuations of the field in the absence of any charge,
represented by ¢y, . (). It thus is useful to express ¢y, n,.s(2)
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in the following form:
@4.1.50)
8L,
[0ue(0)[(2n; + 1)77]2 + awex(w)(qlll‘z)z]w:wqu-'l:d
(57
where we used ¢, L, = (2n; + 1)m, corresponding to the z-
even modes that remain finite at z = 0. Note that ¢7 , (0)/L,
depends only on the product gL, and not on these variables
individually. Figures 6(b) and 6(c) show the vacuum fluctua-
tion coefficients ¢, ».s(z) as a function of gL, in panel (b)
and as a function of L, in panel (c). As seen in panel (b),
the maximum of ¢, . s(z) occurs at gy L, = 0 for the lower
Reststrahlen band, while for the upper Reststrahlen band, the
maximum is reached when gL, is on the order of unity.
Given that the vacuum fluctuation coefficients quantify the
intensity of the field’s response to external perturbations, this
implies that the field response is maximized under the same
conditions: at gL, = O for the lower Reststrahlen band and at
qL; ~ 1 for the upper band.
Finally, in the HPP cavity under study, Eq. (52) reads

gy 2.7, ) = gP(q) 2.7 ) + 80(qy. 2. ),

’

(58)

where gf,%)(q”, z, 7') represents the high-frequency limit of the
Green’s function [also given in Eq. (34) where the sum over
n, is carried out]:

94y, 2,7) =

87 i sin (0. [z + %1) sin (g [ + %]). 59

2 2
% n=0 Gz,ooqz’nz + Ex,oqu

This means that the quantum expansion of the scalar potential
(3) reproduces the correct Green’s function g (g, z, 7, w),

in Eq. (29), provided the static potential gg%)(q I 2, Z') is added
to the Hamiltonian as the standard static Coulomb interaction:

. 1 . 2.0 R
Ao =22 g, s (), 0, 0)ig,, (60)
9
where 7y, is the wave-vector-resolved density operator
fig, = / drje M ir)). ©61)

This concludes the discussion of the quantization scheme. It is
worth noting that, unlike approaches that start from Maxwell’s
equations in matter, construct a Hamiltonian, and then quan-
tize it, our approach is based entirely on the scalar Green’s
function g, without explicitly constructing the Hamiltonian.
In Appendix B, we demonstrate the formal equivalence be-
tween the two methods.

IV. DETAILS ON “THEORY OF LANDAU LEVELS
IN GRAPHENE AND THEIR COUPLING
TO A SUBWAVELENGTH CAVITY”

This section reviews the LLs in graphene under a uniform
magnetic field B and their coupling to a subwavelength cavity.
We derive the Hamiltonian governing LLs, emphasizing the
eigenstates and associated energies ¢, _,, which depend on the
magnetic field strength via the magnetic length £5. Subse-
quently, we use eigenstates and eigenenergies to calculate the

density-density response function x?(g;, ®). These findings
will be useful later to calculate the polaritonic spectrum.

A. Energies and wavefunctions of LLs

The Hamiltonian describing graphene electrons in the pres-
ence of a uniform magnetic field B reads [98,123]

(62)

where vr is the Fermi velocity, 6| are the Pauli operators
acting on the valley degrees of freedom, and the kinetic mo-
mentum operators iy, T, are

Hirs = velt) - 6,

eB

ﬁx = ﬁx - _)A) P

c
7ty = Py. (63)
Here, we have chosen the Landau gauge where the vector
potential reads A(r) = A,(r)é, + A,(r)é, = —Bye,. With this
gauge choice, * does not appear in the Hamiltonian, which
allows us to use the plane wave states |k, ), such that (x|k,) =
e ke /+/L, and ﬁx|kx)A= hik, k). In terms of these operators,
the LLs Hamiltonian #; ;  reads

Hirs = ve[li(ke — $/€3)6. + 7,6,], (64)
where £ = /(hic/eB) is the magnetic length. By defining the
displaced position J,

P =9 — kel (65)

we can define the ladder operators ay_, &Zr associated with $i
such that
. g
Yoo = =
V2
hi

N A ~
Dy = a, —a).
y \/EZB( ky )

(ax, + fl,l),

(66)

In terms of these ladder operators, the LLs Hamiltonian Hy 1
reads

A th\/E< 0 &kx) (67)

HLLS = - 63 a]'i'( 0

It can be seen by inspection that the eigenstates of the LL
Hamiltonian Hy are |k,, n, A):

C k)| (n—1
oy = (G ol = D), 68)
_)Lcyj_|kx>}nkx)
with A = £+ and
(@)"
i) = e |Ok,) (69)

and |0, ) is the k,-dependent vacuum, such that a |0, ) = O,

and
ct— [1E%m
n 2 N

In real space, these LL states combine a plane-wave
component along the x direction with harmonic-oscillator
eigenfunctions along the y direction. More explicitly, the
spatial representation of the single-particle wavefunction

(70)
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TABLE I. Realistic values of the parameters for the graphene
Hamiltonian coupled with a magnetic field B [98,123].

TABLE II. Values of parameters relative to LLs spanned in this
article.

UF 10° m/s
lp 25.6/+/B[T] nm
hivg/Lp 25.7/B[T] meV

B 5.4-49.1T
lp 11.0-3.7 nm
hivg/Lp 0.04-0.18 eV

Wi na(r)) = (x, ylky, n, A) is expressed as

7ikxx C;(pn_ y .
W () = £ ( 10 ))),

VL \=2Cf (.

where the harmonic oscillator wavefunctions along the y di-
rection are defined by

<pn(yk.)=;exp _l()’k;)z Hn(ykx>’ 72)
Y /2m! 2\ 4 ]

for n > 0, while ¢_;(y,) = 0 and y;, =y — k. £% are shifted
coordinates. The characteristic spatial scale of these Landau-
level wavefunctions along &, is given by the magnetic length
£p. The associated energies are

Exn = M(Hvp/Lp)N2n.

Note that these energies do not depend on the quantum num-
ber k., which reflects the degeneracy of the Landau levels
in the x direction. Notice that n = 0 corresponds to only
one state, without the degeneracy A = £. Conventionally, we
associate the quantum number A = — with n = 0. Each LL
has a degeneracy of

(71)

(73)

gS

No= 2
T o2

(74)
where g = g,gv = 4 takes into account the spin (g, = 2) and
valley (gy = 2) degeneracies in graphene. In second quantized
formalism, the electronic field operator W (r) can be expanded
in the basis of LL single-particle wavefunction as

V)= > Wt

ke,n,h

(75)

where ¢, , annihilates an electron in the |k, n, A) state.

(@ ()

Realistic values of the parameters for the graphene Hamil-
tonian in a magnetic field [98,123] are provided in Table I,
while the ranges of the magnetic field B, magnetic length
{p, and cyclotron frequency /vg/€p used in the paper are
summarized in Table II.

Figure 7(a) shows the energy differences €, , — €,/ ,» asso-
ciated with the LL transitions as a function of the ratio /ivg/{p.
Since £ depends on the magnetic field, it is experimentally
feasible to adjust g by varying the field strength. This allows
for precise control over the LL transition energies, enabling
them to be tuned into resonance with the cavity modes.

B. Density-density response function and dipole-allowed
and forbidden transitions

In Appendix C, we calculate the bare density-density re-
sponse function, x?(gy, w). This is relevant as the coupling
with the cavity is through the density operator as in Eq. (6).
The density-density response function reads [99,100]

(fn)L - fn’k’)Mn’,)J,n,A(qH)

0) —
Xon (), @) = E —, (76)
" nan N hew + &0 — e + 10
where f,, are the Fermi occupation numbers and

My v na(q)) represents the squared modulus of the matrix
element of the density,

’ ~ 2
Mo sna(q) = Y |k n', Vg ke, n. 3|
k! k

8 _pen 2
= —— e 1| Fy o nalq)l,

77
2Ly “n

where F 3 0:.(q) is defined in Appendix C. Figure 7(b)
shows the squared modulus of the matrix element of the
density, M,y 5 ».2(q)), as a function of ¢;¢p. The maximum

()
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0.20 ‘ - =N
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FIG. 7. Panel (a) shows the energy differences ¢, , — €,/ associated with the LL transitions as a function of the ratio /ivg/¢p. Panel
(b) displays the squared modulus of the matrix element of the density, £3 M,/ s »1(q)), as a function of g, £z. Panel (c) displays the quantity
q[zMn/,w,n,,\(qu) as a function of g ¢p. In all panels, each transition is labeled in the legend by the quantum numbers (1'n’, An), and solid

(dashed) lines indicate dipole-allowed (dipole-forbidden) transitions.
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of My xn2(q)) is reached when g £z is on the order of
unity for all the considered LL transitions. Figure 7(c) shows
q[z./\/lnr »na(q)), which is particularly relevant because

the bare longitudinal conductivity scales as o] )(q”,w)
q” (g, w). Hence, this quantity directly identifies which
transitions are optically active. In the long-wavelength limit
q¢p < 1, the density operator can be expanded as

ﬁ’lu = exp(—qu rp) A1 - iq|| A, (78)

and the operator r; couples LLs differing by exactly one
quantum in the harmonic-oscillator index, An = 1. These
transitions are the dipole-allowed transitions. Indeed, in
Fig. 7(c) we see that in the long-wavelength limit g ¢ < 1
only An = %1 transitions are nonzero. However, at larger
wave vectors, g {p ~ 1, the higher-order terms in the ex-
ponential expansion ¢91”1 allow additional couplings (An =
+2,4£3,...). In other words, transitions that are dipole-
forbidden in the strict long-wavelength limit can acquire finite
matrix elements at sufficiently large g;. As we set ourselves in
the latter regime g€ ~ 1, all these transitions are optically
active and contribute to the overall light-matter coupling in
the cavity. As shown in Fig. 7(b), when g £ is on the order
of unity, the magnitude M,/ ,,(q)) of otherwise forbidden
processes are comparable to that of the An = %1 transitions.
As an illustrative example, the matrix element associated with
the transition (0, 2) exhibits an enhancement by a factor of
2 x 10* when the wave vector increases from q) = O.lZEl to
q) = 265"

At zero temperature, 7 = 0, the density-density response
function is

xw(q, )

Z Z Mtl’.k’,n,A(Q\\)

n,AENoee ', X €ENunoce

1 1
% <hw + 8}\,]‘[ - gk’,n’ + “7 a hw + SA’,n’ - 8)\,]1 + “7)7
(79)

where the sums run over occupied (Ny.) and unoccupied
(Manoce) LLs, respectively.

V. DETAILS ON “THE POLARITONIC SPECTRUM
AND THE VACUUM RABI FREQUENCY”

In this section, we derive and diagonalize the Hopfield
Hamiltonian to describe the polaritonic spectrum of our sys-
tem. By introducing bright modes, the LLs Hamiltonian is
expressed in terms of bosonic operators and coupled to the
cavity Hamiltonian via the interaction Hamiltonian. Once the
Hopfield Hamiltonian is derived, the vacuum Rabi frequencies
can be identified as the coupling constant associated with
light-matter interaction. This approach establishes a direct
connection between the vacuum Rabi frequencies, the vacuum
fluctuation coefficients of the cavity, and the matrix elements
of the electronic density operator. Additionally, we discuss the
depolarization shift, linking it to the nonresonant contribution
of the scalar Green’s function. Finally, we identify a regime
where only a single cavity mode is resonant with a single

LL transition, allowing for an effective description within a
simplified two-transition model.

A. Diagonalizing the Hopfield Hamiltonian

We now proceed to derive and diagonalize the Hopfield
polaritonic Hamiltonian [109,110] for our system, which is
given by

H =i + He + Heaw + Hine, (80)

where 7:[LLS represents the Hamiltonian for the LLs, 7—A[c de-
scribes the Coulomb interactions among the electrons, ﬂcav
is the cavity Hamiltonian [see Eq. (37)], and 7-Alim accounts
for the interaction between the LLs and the cavity mode
[see Eq. (6)]. LL states with energy ¢, , are created (de-
stroyed) by the fermionic operators éz on (Ck,.n.n)- Thus, the
matter L. Hamiltonian reads

Z At oA
= Ek,nckn)"nckx.)\,n- (81)
ke, Aon

We now want to describe a system with many electrons oc-
cupying the Fermi sea. For convenience, we decompose this
Hamiltonian into contributions from electrons and holes, such

A A + A(—
that Hirs = AT + AL, where
4 . R
H]ELZ = Z Z 8)»’,/1’C/;;')Lr'n/ck;,k’,n’ (82)
n/»)LleMnocc k/y
and
= Y D ennl] s Crin (83)
n€Noe ks
We now introduce the bright modes bn o (qr) defined as

A

bn YW v (qx (84’)

B
= Cp _ ’ /ckx,)\,l’lv
m n ky—qy M 1

where 7', A" € Munoce and n, A € Noee. It is worth noting
the symmetry relation bn o k,(qx) = 5,15)\/,,1,;\(—%). Bright
modes are approximately bosonic in the dilute limit [70].
Indeed, the commutator reads

Bu sor o 3 (@): B o5 (0)]

1

(8328, ’Ck' A
NL

ky
— 8.0 (A?T ¢ A (85)
A On,n k’qu,)u’,n’ck,i g A" ]

We now approximate the remaining operators by their expec-
tation values over the Fermi sea,

Fs)= [] ]_[ I [0 (86)
mAENoee ki

which represents the ground state of the system at zero tem-
perature (T = 0). Specifically, we consider the expectation
value of the product of creation and annihilation operators as
follows:

AF o AF o
Cr o Ch = Agern ¥ <FS|Ck;.,,\",n”ck;*q;Jrqx,hn|FS>

== 8q;,qx 8%”,A8n”,n ) (87)
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since n, A, n”, A" € Nyee at T = 0. Similarly, for transitions
between unoccupied states, we have
~ AT A _
g % (FSIE), &g 2 |FS) = 0,
(83)
forn', M, n"”, )" € Nunoce at T = 0. Additionally, noting that
> v /NL = 1, the commutators behave as bosonic:

At ~
Ckx’—q;,)\ﬂn/ckfr_ —ge Mo

[En”,)u”,n”’,k’” (f];), E;,A.n’,k’ (CIX)]
= SA”’,X’Sn”’,n’5)L”,)L5n”,n8q;,qx . (89)

Thus, we can write an effective Hamiltonian for the electron-
hole excitations above the Fermi sea as

ﬁiflfs = Z Z Z(Sk’,n’ — &xn)

7' N €Nunoce 1AENoee 4

X BF @b (), (90)

which is quadratic and diagonal in terms of the bright modes.
By inserting the mode expansion in Eq. (3), the light-matter
interaction Hamiltonian H;, in Eq. (6) can be recasted as

¢q n; s( ) A A A
Hin = —e Z H a;” fz,S + a—‘lu’"z"?)n‘lu’ On

unl N

where we used the property ¢—‘Iur”z’ s(0) = ¢qH,,,z$ s(0).

We project the density operator /iy, onto the particle-hole
excitation sector. This approximation retains only the terms
responsible for the creation and annihilation of electron-hole
pairs across the Fermi surface. Scattering processes entirely
within the occupied or unoccupied manifolds are neglected;
at T =0, the former are forbidden by the Pauli exclusion
principle (or contribute only to the static background can-
celed by the Jellium), while the latter annihilate the Fermi
sea |FS). Formally, this corresponds to keeping only transi-
tions where the difference in thermal occupation is nonzero
(furke — fwse # 0). The projected density operator thus reads

ﬁ‘ln ~ Z Z Z
”/a)b/ej\/unccc nv)VGA/Z)cc kka,(-
X ((k_;/c1 n/v )»/|flqu |ka n, k)ézi’ng)‘/ékx,n,)\
+ (ke 1, Mg k', MV Gw). (92)

All other contributions vanish at 7 = 0.
Next, we incorporate the explicit form of the matrix ele-
ment of the density operator, as obtained in Appendix C:

<k)/(1 n/v )"/|ﬁqu |kX7 n, )\‘)
22
=e€ q”63/48k;,kx—qxfn’,k’,il,k(q||)- (93)

Substituting this result into the expression for A , the density
operator can be expressed in terms of the bright modes as

DD DI AV

', M €Nunoce 1,AEN e

ng, =

X [Fow s @b ()
+ Fopor 2 @b 3 (— ). (94)

In this form, the density operator is expressed as a sum of
creation and annihilation operators for the bright modes. By

substituting the expression from Eq. (94) into the interaction
Hamiltonian we obtain

== > 2

qy:1z.5 1, X €Nunoce 1,AENoee

AT N
aq“ g, + a—qu le,S)

X [hgq” ,nz,s,n’,k/,n,)\l;;’)\,nr,)hr (qx)
FRE g s b (=0, (95)

where the couplings are defined as

e /NL 2
gq”,nz,s,n’,)ﬂ,n,k = %‘pqu,nzﬁ(o) ?e qnzémfn’,)\’,n,)\(qu)a (96)

and the Rabi frequencies are defined as the modulus of the
coupling terms,

Qqu,nz,s,n,k,n’,)\’ - |gq”,n,,s,n,)\,n’,)»’ . (97)

Notice that the interaction Hamiltonian in Eq. (95) is
quadratic in the bosonic operators &;I"M, a—g,n., b; s (@)

bn,k,n’,k’(_QX)-
We now focus on the Coulomb term

He = — Zn_quez gy, 0,0, (98)
9

where g (q”, 0, 0) is given in Eq. (34). As the density opera-
tor fig , as expressed in Eq. (94), is linear in the bright modes,
the Coulomb term is thus quadratic in the bright modes.
At this point, all the Hamiltonian terms in Eq. (80)
are quadratlc in terms of the bright and cavity modes
Mn N(qx) o (), a‘lu n. S,aq” n,,s- Hence, the Hamilto-

nian A in Eq. (80) can be diagonalized by a Bogoliubov
transformation. The resulting eigenfrequencies, denoted as
w,, describe the energies of the excitation modes in the sys-
tem. Here, the index v encapsulates all relevant quantum
numbers. Such eigenfrequencies are given by

1—¢*¢9(gy,0,0,0,)%x2(qy, wy) = 0, (99)

corresponding to setting to zero the RPA dielectric function in
Eq. (8), erral(q), wy) = 0.

B. The vacuum Rabi frequencies

We now focus on the real part of the dielectric function.
The real part of the scalar Green’s function in Eq. (55), for
z =17 =0, reads

2hw
©) _ 2 qy.n:.5
Ress @ D o) = Z%“"Z’S(O)((m)z ~ (7w )2)'
ey a1z

The real part of the density-density response function, given

in Eq. (79) is
Z Z Mn’,N,n,)»(QH)

n,2€Noce '\ M €Nunoce

2(3)J,n’ - sk,n)
8 ((hw>2 yp—— ew,n/ﬂ)' (1on)

Re x\V(q). ) =
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FIG. 8. Panels (a) and (c) display the ratio Ry . 5 —0,+.1 = Qg n..5,—,0,+,1/ gy n..s» Where Qg . s o+ 1 denotes the Rabi frequency for the
LL transition (0, +1) and g », s is the cavity mode frequency. This ratio is shown as a function of g (in nm~!) for different values of n., with
L, =30 nm and B = 10 T. Panels (b) and (d) present the same ratio as a function of 7ivg /€5 (in eV) for different n,. Panels (a) and (b) show
these quantities for the upper Reststrahlen band using blue dotted curves, while panels (c) and (d) present the lower Reststrahlen band with red
dashed curves. The line thickness decreases and the color of the curves darkens as the quantum number 7, increases.

Thus, the real part of the dielectric function can be conve-
niently written as

Re erpa (g, w)

SR DD

nz,8 1, A€Noee 1,2 €Nunoce

(Fqu” ,nz,s,)».n,)\/sn/)z

ZFZC()qH,nZ’S 2(8k’,n’ - 8)»,/1)

X ’
([(ha))2 — (hwg )] [0 = (E10 = &2 )2]>
(102)

where the Rabi frequencies €24 n, 5.1.n,1,» are defined as

th“,nz,s,A,n,)\’,n’ = e‘pqu,nz,s(o)\/ Mn’,x’,n,k(qll)-

Equation (102) can be interpreted as describing the response
of a system composed of harmonic modes with frequen-
cies wy, n..s» Which are coupled to other harmonic modes
with frequencies (&, ,» — €, ,)/h. The coupling strength be-

(103)

tween these modes is characterized by the Rabi frequency
12y, n..s.0m - Equation (103) demonstrates how the vac-
uum Rabi frequency is determined by the fluctuations of
both the electronic density and the electric field, extending
the standard concept of C-QED [33-35] to nonlocal (g # 0)
subwavelength cavities interacting with a 2D material.

In Fig. 8, we present the ratio Ry . s—0+1=
(8¢).n,.5-,0,4.1/@gy n,.5)>» Where g, o041 is the Rabi
frequency associated with the LL transition (0,+1) and
@q,.n,.s 18 the cavity frequency as a function of different
parameters. In Figs. 8(a) and 8(c), the ratio Ry, ;. s5.—0,+.1 18
plotted as a function of g (in nm~") for various .. This plot
reveals a nonmonotonic behavior in g, where each mode
exhibits a specific g that maximizes the Rabi frequency.
Figures 8(b) and 8(d) show the Rabi frequency as a function of
hvg/€p, which can be controlled experimentally by adjusting
the external magnetic field. At low values, specifically around
hvg/€p = 0.01 eV, increasing the magnetic field—and
thus this ratio—Ileads to a stronger coupling. However, the
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coupling saturates when /ivg/€p reaches approximately
0.15 eV or higher.

In Figs. 4(a), 4(b), and 8(a)-8(d), we observe that the
maximum ratio Ry, », s,—.0,+,1, achieved for n; = 0, exceeds
10% for the upper Reststrahlen band and approaches 10% for
the lower band, placing our system in the ultrastrong coupling
regime, where the coupling strength is a significant fraction of
the cavity frequency [36].

C. The depolarization shift

Figure 3(a) shows —Im xn,(g), @) as a function of the
wave vector g for a fixed magnetic field, B =5 T. This
plot reveals that, outside the Reststrahlen bands, LL ex-
citations exhibit a gj-dependent positive frequency shift,
known as the depolarization shift [69,114]. Here, we in-
vestigate the Coulomb origin of this effect. First, we recall
that the dressed densitydensity response function is defined
as xm(q, ©) = x9(q), ®)/erpa(q), ®). We further define
the frequency-independent dressed density-density response
function x.°(qy, w) as the response function dressed by
€rpa (q), ), which considers only the high-frequency limit of
the Green’s function g(o)(r, '), excluding contributions from
quantum modes:

X2 (qy, w)

X (4], ©) = :
nn “ 6]3?3A(q” (,())

emon(q, ) =1 —¢(q),0,00x (g, w).  (104)

In these equations, we isolate a single dominant LL tran-
sition o = (1, A) — (', X)) with 7, X € Noee and ', X €
Nunoce, bare frequency w, = (ex. — €n.7)/h > 0, and oscil-
lator strength M, 5, 7 5(q)) defined in Eq. (76).

2ha)a_/\/lf/ N7 X(q”)
i, )7, Re v© o).
(hw)* — (hwg)? R g (@1, )
(105)

Re 19 (q), ) =

where xO) is regular at © = @,

Near w =~ w,, the regular part can be evaluated at the
bare LL frequency x.0)(q), ®) ~ xQ(q), wa). The collective
resonance is then determined by the zero of Re egp, (g, w),

ie.,
2hw,

—— ~(,
- (hwa)z

ene(q)) — ¢*g (g, 0, )M (hw)?
(106)

v ai(d))

where we defined ep, (q))=1—¢2g50(g). 0, 0)Re % (q). wy).
which represents the background dielectric functlon arising
from all other LL transitions. Equation (106) is solved by

AP
Ra®(q)) = hwg |1+ 2ﬂ, (107)
hwy
with the Hartree depolarization shift
2
e
AP (q)) = 85(q), 0,0) My 5 55(qp).  (108)
6bg(q )

Since g9 (q”, 0, 0) > 0 being a repulsive Coulomb interaction

and M, 5 ;5(q)) > 0 by definition, one has Aa)a > 0,1i.e.,
a blue shift.

Figure 9(a) displays —Im x;’(g, @) as a function of the
wave vector g for B = 5 T for strong confinement L, = 5 nm.
Figure 9(b) shows the same quantity in the absence of cavity
confinement (L, — o0). In both figures the g, dependence of
the depolarization shift is evident. By comparing the two, it is
clear that reducing the cavity thickness L, suppresses the de-
polarization shift. The energies calculated from Eq. (108) are
plotted as continuous red lines in Figs. 9(a) and 9(b), showing
good agreement between the analytical expression and the
numerical results. Equation (108) further shows that the shift
is controlled by the static Coulomb propagator goo (q”, 0, 0).
As discussed below Eq. (34), cavity confinement reduces the
effective strength of the Coulomb repulsion when ¢ L; < 1,
in agreement with the trend observed by comparing Figs. 9(a)
and 9(b).

D. Two-transition model

Here, we identify a regime where a given LL transi-
tion is coupled only to a single cavity mode, allowing for
an effective simplified description. Indeed, Fig. 9(c) shows
—Im xm(q), ) as a function of five/€p, for a small wave
vector gy = 0.05nm™" and L, = 50 nm. In this regime, where
qL; > 1, only the Rabi frequency with n, = 0 remains sig-
nificant, as the contributions from other n, modes rapidly
decay to zero, as evident in Fig. 8(a). This behavior allows us
to simplify the analysis by focusing exclusively on the inter-
action between a specific caVity mode (g, i;, 5) and a single
LL transition (71, A) — ( , ). Under this approximation, the
dielectric function Re eRPA(q”, w) can be expressed as

Reegps (4] @)
4(th”,n 5» X ) (S)L/ 7l Eiyﬁ)hwq",ﬁzyg

=1- o
[(iw)? — (Hwg, s, ) J[(Aw)? — (g5, —

8X',ﬁ')2] ’
(109)

where all quantum numbers x are fixed and denoted by X.
The corresponding frequencies of the coupled modes can be
derlved by solving the quadratic equation, obtained by setting
Re GRPA(qH wv) =0:

(hw )2 _ (hwa\j’zj) + (e — Si’ﬁ/)z
U 2
1
+ z{[(hwa\v’_‘zj)z - (SA i Evw )2]2
1
16(h i, 5, A7, ﬁ)zhwq”,n E(EXﬁ_gi ,‘1)}2

These frequencies are plotted as orange dotted lines in
Fig. 9(c) for the (0, 1) LL transition coupled to the HPP mode
with n, = 0 and s = +. The bare LL transitions are shown as
white lines. As evident from the figure, this simplified model
fails to capture the correct excitation spectrum of the system
accurately. Even when the two bare excitations are detuned,
the model only correctly predicts the cavity mode, while it
fails to reproduce the shifted LL transition, which experiences
a positive depolarization shift. This shlft arlses due to the
influence of the static Coulomb potential g (‘IH 0, 0).
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FIG. 9. Panel (a) shows —Im x5 (g, w) as a function of the wave vector g for a given magnetic field, B = 5 T, and for L, = 5 nm. Panel
(b) shows the same quantity in the absence of the cavity confinement L, — co. Panel (c) shows —Im xu, (g, @) as a function of /vg/€z, for
fixed momentum g, = 0.05 nm~"! and for L, = 50 nm. Other parameters are N, = 30, in =5 X 10~* eV. For the scalar Green’s function, the

expression resummed over all modes was employed.

Therefore, to achieve a more accurate description of the
spectrum, it is essential to include the static Coulomb potential
go%)(q”,O, 0) in the analysis, which modifies Eq. (109) as
follows:

Re epn”(q), @)
2
4(h9qnﬁz,f,i,ﬁ,i'ﬁ') (&0, — &5,3)hwg i, 5
[(ﬁa))2 - (Fw)‘Iu,'zﬁ ][(hw)z - (Ei,r‘: — & )2]
2 Mo T Chi Mﬁ"'ﬁ'
2604, 0, 0)< Crw — S50 Mex, ’A("”))

— &g
*© (hw)* — (Ei,ﬁ — & )?
(2+0C)

The solutions of Re ey, (g, ) are shown as red solid lines
in Fig. 9(c) for the (0, 1) LL transition coupled to the HPP
mode with n, =0 and s = +1. These solutions accurately
reproduce the observed spectrum, demonstrating both the crit-
ical role of the coupling to the resonant mode with n, =0
and s = + and the importance of incorporating the static
Coulomb potential gf,%) (gy, 0, 0) in the model. In this case, the
Rabi frequency is approximately €24 0,+1,—,0,+.1 =~ 0.014 eV,
which corresponds to about 7% of the bare cavity frequency.
This value indicates that the system, for low wave vectors, is
near the threshold of the ultrastrong coupling regime.

=1

VI. CONCLUSIONS

Subwavelength cavities are described by a scalar potential
¢ solving the electrostatic Poisson equation rather than a vec-
tor potential [51]. Starting from this insight, we developed a
theoretical framework to study C-QED of subwavelength cav-
ities, by quantizing the scalar potential ¢, assessing quantum
vacuum fluctuations, and providing a way to calculate vac-
uum Rabi frequencies, without resorting to phenomenological
compression factors. Our theory provides a quantitative tool
to directly assess light-matter interactions in the strong and
ultrastrong coupling regimes, offering a predictive tool for
cavity design.

Motivated by recent experimental studies [101,124] that
investigated the coupling between hBN phonon polaritons and
LL transitions in graphene in a SNOM setup, we applied our
framework to investigate the polaritonic spectrum of LLs in
graphene embedded in an HPP cavity. Crucially, we incor-

porated nonlocal response beyond the dipole approximation.
Our analysis demonstrated that the nonlocal response intro-
duces spectral features absent in purely local theories, such
as coupling to LL transitions that are optically forbidden in
the dipole approximation. Furthermore, our nonlocal theory
shows that the vacuum Rabi frequency is maximized when
the light’s momentum, ¢y, is comparable to the inverse of the
magnetic length, g, £z ~ 1. This insight underscores the im-
portance of considering nonlocal effects for achieving optimal
light-matter coupling in such systems. These results indicate
that ultrastrong coupling between LL transitions and cavity
modes can be effectively engineered under high magnetic
fields and low temperatures.

Beyond this specific case, our approach paves the way
for engineering the electronic properties of materials em-
bedded in cavities. Given the numerous predictions in this
field [17-20,54-57], it would be important to revisit their
conclusion in light of our theoretical framework for subwave-
length cavities. Previous studies largely relied on Fabry-Pérot
geometries or phenomenological models of subwavelength
confinement. In contrast, our scalar Green’s function theory
provides a rigorous foundation to analyze how cavities modify
quantum materials. For example, it could enable the design
of superconductivity in moiré materials through tailored cav-
ity structures [8], the modulation of topological phenomena
such as the quantum Hall effect [13,14], or the enhancement
and control of interaction effects, including fractional quan-
tum Hall states [77,81] or correlated states in twisted bilayer
graphene [125] in a cavity. Although the present analysis
is restricted to the linear-response regime and the RPA, the
description of HPP cavities via the scalar Green’s function
provides a natural pathway for extending the framework to a
more general diagrammatic formulation that can incorporate
nonlinear many-body effects. Indeed, our microscopic theory
of subwavelength cavities provides a rigorous framework to
explore how cavity environments can enhance [16,126] or
induce [17] superconductivity. To achieve this, our theory
could be interfaced with Eliashberg theory, allowing for a sys-
tematic treatment of the strong nonretarded electron-electron
interactions induced by the cavity.

Another promising direction for future research would be
the study of polaritonic lattices [127], wherein HPP cavities

023044-19



GIAN MARCELLO ANDOLINA et al.

PHYSICAL REVIEW RESEARCH 8, 023044 (2026)

are constructed from a lattice of different materials or incor-
porate a grating grown on the cavity, thereby breaking strict
translational symmetry. In such systems, energy bands natu-
rally emerge and can be described using Bloch theory. This
additional degree of control could significantly enhance the
tunability of polaritonic systems. Our theoretical framework
could be readily generalized to describe these more complex
lattice-based systems.

Altogether, our work establishes a theoretical paradigm
for the microscopic description of C-QED in subwavelength
cavities. It not only advances the fundamental understanding
of light-matter interactions in confined geometries but also
offers a powerful framework for designing next-generation
cavity-embedded quantum materials.

The simulation scripts are available from Zenodo [128],
and all the figures are available from Figshare [129].
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FIG. 10. The in-plane (out-of-plane) dielectric function €,(w)
[e.(w)] is plotted as a function of frequency w, using the realistic
values reported in Table III. The two Reststrahlen bands, where
€(w)e (w) < 0, are highlighted in gray.
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APPENDIX A: THE DIELECTRIC TENSOR IN HBN

hBN is a two-dimensional material composed of boron and
nitrogen atoms arranged in a hexagonal lattice structure, akin
to graphene. Here, we consider stacked layers of hBN, form-
ing a three-dimensional structure with weak van der Waals
interactions between the layers. This material exhibits hyper-
bolic behavior due to its anisotropic dielectric tensor €(r, w) =
diag(e,(r, w), €x(r, w), €,(r, w)), where the real parts of its
principal components have opposite signs in the Reststrahlen
bands frequency ranges. The components of the dielectric
tensor are given by the Drude-Lorentz formula [94]:

€0 — €00

1 — (w/or)* (A1

€(w) = €00 +
where i = x, z and wr; are the transverse phonon frequencies,
€i 0 is the static dielectric constant (¢;(0) = €; ), while €;
is the high-frequency limit, €;(w — 00) = €; . The longitu-
dinal phonon frequencies, defined by €;(w) can be obtained

by the relation wy, ; = wr,i/(€0/€i.00). Realistic values for
hBN of these quantities [122] are reported in Table III. The

TABLE III. Realistic values of the parameters for the hBN
dielectric tensor [122] entering in the Drude-Lorentz formula in
Eq. (AD).

1 =X 1 =7
€i oo 45 2.5
€0 6.4 3.0
wr,; (meV) 168 94
i (meV) 200 103
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components of the dielectric tensor, see Eq. (Al), are dis-
played in Fig. 10.

Small dissipation can be included in the dielectric tensor
in Eq. (A2) by performing the substitution @ —  + in and
getting:

€i,0 — €i,00
1 — (w/wr,)* — 2on/(wr,)*’

(@)~ € + (A2)

valid for n — 0.

APPENDIX B: ALTERNATIVE QUANTIZATION
VIA A HAMILTONIAN APPROACH

Here, we provide an alternative derivation of the quantiza-
tion of the scalar field ¢(r). Instead of relying on the scalar
Green’s function, we derive the equations of motion for the
polarization field and from them construct a Hamiltonian for
the normal modes, which is then quantized.

For an infrared-active optical mode, let u;(r, t) denote the
relative ionic displacement along the axis i. With reduced
mass M;, elastic constant K; = Mia)%’i, and effective charge

e*, the equation of motion reads
Miii;(r, 1) + Moy ui(r, 1) = e*E;(r, 1), (B1)

where E;(r, t) is the electric field. The polarization along the

axis i is given by the dipole moment per unit volume,
Pi(r,t) = me*u;(r, 1), (B2)

where ny is the ionic density. Dividing the equation of motion
by M; and defining the ionic plasma frequency

o 4y (B3)
i=€ )
P, M,
one obtains the driven polarization equation
.. Q2.
Pir,0) + o1 P(r,t) = 2 Eir 1), (B4)
' T

Equation (B4) describes the harmonic response of the lattice
polarization to an external electric field, where the coupling
strength is governed by €2, ;. This forms the starting point of
a macroscopic quantization scheme in which the polarization
plays the role of the field coordinate. To close the system, the
electric field must be expressed in terms of the polarization.
The scalar potential satisfies the Poisson equation [equivalent
to Eq. (1],

D 07€i (1) =4 [Z Pi(r, 1) = pex(r, r)}, (BS)

where the ionic charge density py(r, ) has been expressed as
pi(r,t) = —0;P;(r,t). As we focus on the hBN cavity alone,
we assume no external charges, pex(r,t) = 0. This formu-
lation explicitly connects the microscopic lattice motion to
the macroscopic electrostatic potential. In Eq. (B4), E;(r, 1)
represents the electrostatic field generated by the polarization
and can be expressed in terms of the hlgh frequency Green’s
function gOO (rH, ”,z 7)) = limg_, o g° (r||, ”,z 7, ), that
is the Green’s function of Eq. (29). Using the electrostatic

relation
Ei(r,t) = —0;9(r, 1), (B6)
the scalar potential is obtained as
o(r,t) = Zfdr/g(o)(r )P, 1), (B7)

which, upon substitution into Eq. (B4), yields the closed equa-
tion of motion for the polarization field,

B(r, t) + wy P(r, 1)

Zfdraa’g“”(r r)P(r,1)=0.  (BS)

Equation (B8) provides a self-contained description of the
polarization dynamics, in which the nonlocal electrostatic
coupling between different spatial regions is medlated by g(o)
For practical calculations, it is convenient to expand gOO in the
orthonormal electrostatic eigenfunctions,

(O ()
(0)("“7"”, Z, 2 ) =4 Z qu k(oo? -

q):n; 9"

, (B9)

where the eigenvalues and normalized mode functions are
defined as

o, = €0y, T €x00d]

fan (@) = /ieiqwu sin < : [Z + Ii:|) (B11)
q)-nz LZS 2,1 ) 5

as introduced in Eq. (27). These mode functions form a com-
plete and orthonormal basis [see Eq. (15)], satisfying

(B10)

> fam () g () =8 =71, (B12)
91
fdrqu (i‘)fq” n ()= qu ) 3, M (B13)

The equation of motion for the polarization field in Eq. (B8)
follows from the Euler-Lagrange equations, %[(SLCW /
SE(r, t)] = [8Lcay /8Pi(r, t)], applied to the Lagrangian

Leay = fdrz éz [PA(r, 1) — o}, P2(r,1)]

——Zfdrdr Py(r, )9, 80 (r,r) Pi(r' . 1). (B14)

Since the polarization field is driven by the local electric field,
and due to Eq. (B6) its spatial dependence must follow the gra-
dients of the electrostatic eigenmodes that solve the Poisson
equation. The scalar potential ¢(r, ) can be expanded in the
eigenfunctions fg , (r) of the Laplace operator, which already
encode the boundary conditions of the system. Consequently,
the polarization inherits the same spatial structure through
their gradients.

We therefore expand the polarization field in the basis of
these mode gradients,

P(r.1) = Z [ t(lelx)" f(t)a’ufqu (r)e‘lu

q):nz,S

+ Cl(lzu)" S(t)alfqu,nz (r)ez], (Bls)
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where the realit of the polarization imposes the constraint

[c,(]‘H)n (O = c_qH ».s(t). The derivatives of the mode func-

tions fq ,. (r) are given by
8’\\f‘lu~f”z (r)eq” (B16)

azfq”,nz (r)

= iq fq, .. (r),

= Qo fg,n. (1), (B17)

VC/LS)e™ cos (g, [z + %1). Note that

the mode functions f;”,nz (r) form an orthonormal set:

[ i,

where fy ,.(r) =

)y () = (B18)

’Iu 4 S, M

J

Inserting Ec% (B15) into the Lagrangian, Eq. (B14), and
expanding gOo in terms of the mode, see Eq. (BY), and em-
ploying the orthonormality relations in Eqgs. (B13) and (B18)
to perform the spatial integrals, we obtain

2
La=22 Y |} s2_2 & o —o]e, f]
pt

q):nz,S i=|.z

2.2

i q;q;

_ (i) (J) t
Zcqu'" é(t) 9" A(t))L(OO) ’
i,j q).n;

(B19)

where q = (g, gz.n. )T. This equation determines the equa-
tions of motion for ¢, (), which in turn yield the
eigenfrequencies

2 _

(wT x T o1, Z) + QZQZ

)‘(OO) (wa + o1 z) + qIIQ2 + qi"z Q;Z + S\/[ ‘(170’2

2
qianlZ)’z] +4qﬁq§ 92 Q%Z

a)q“,n:,s -

where s = +1. Compared with the solutions of Eq. (30),
the two expressions coincide when identifying Q,; =
OT,in/€i,0 — €i,00-

In the 2D plane e, — e, the eigenvectors corresponding to
the eigenfrequencies wy, s are given by

()

‘II\I\ n ‘(t) cos (Q‘Iu’"zvf) 0 )

‘(Ii)n g(t) SiIl (equ’nmx) q).nz,S )
where Qg,.n.,5(t) are the amplitudes of normal modes and the
angle 6 . s is determined by

(B21)

2
g (@ — 00 0) /Rt 4]
4z,

tan (un,nz,s) = (B22)

The normal-mode amplitudes Q,,H,,,z,s(t) satisfy the condition
QZ”’":,S(Z) = Q—g, n.,s(t), which ensures the reality of the so-
lution. The Lagrangian in Eq. (B19) can be written in terms of
the normal modes as QqH,,,ﬁs(t):

Lcav = Z

91258

Mq” nz,s

(iQ‘In ng f(t)| ;H,n:,s|Qq”,nz,s(t)|2),

(B23)

where My s plays the role of a mass and reads

2 2
cos? Q‘Iu s T =

92 * sin? O, .n. S) (B24)

By combining Egs. (B7), (B9), (B15), and (B21), it is possi-
ble to express the scalar field in terms of the normal modes

Qg .n..s(1) as

n. (1)
p(r.t) =dn Z f‘;(oo) (qH cos (0‘1\\*”:*3)

q)snz,S q):7:

+ 42, 5in (6g,.n..5)) Qg s (1) (B25)

2057,

. (B20)

(

We now compute the cavity Hamiltonian as the

Legendre  transform of the Lagrangian, Hey =
un,nz,s Hq”,nz,qu”,nz,s — Leay, where

I _ L _y )i B26

ot aQ.qH'”z,S - q“,nz,quH,nz,s- ( )

The cavity Hamiltonian explicitly reads

2
|H‘Iu~”zys| MqH nz.s@, ‘IH ng,s

Hew =) [2

q)1z>8

|Q‘Iu n S| ]

(B27)

M‘I\\q"zss

The Hamiltonian in Eq. (B27) can be quantized by promoting
Qg, n.,s and th,,,é,sr to conjugated quantum variables fulfilling
the commutator

(g5 Tl ] = 178, 80 B (B28)

This allows us to introduce the ladder operators dg n..s,
q .. defined by

Mq\\,nz-swq\‘,nz,s A

Agyn.,s = o q):nz08

! ot
+ IT
ZthH,n:,sa)qH,nz,s

At _ MqH,n:,squ ng SQT
Qg n.s = 2h qy1z,S

i .
- H‘I”,”zqf’
2hM’Iu~”z,quH»”:~5

(B29)

and fulfilling [&q“,nz,s,a, Lo =

q).n; .8
Hamiltonian in Eq. (B27) becomes diagonal when expressed

S‘Iu 4 8n,.n,8s.s. The cavity
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. - At
in terms of the modes dg, . s, g n.s*

N 1
N A~ A
HC?‘V - Z hwqu,”ms <aq,n:,xaanz,S + E .

LIRS

(B30)

Inverting Eq. (B29), we can express the quantized normal
modes Qg ». s in terms of the ladder operators:

h ¥

(agyms +aly ). (B3D)

2Mq\|~"z,sa)quq"z~5

Combining the above expression with Eq. (B25), we express
the quantized scalar field ¢ (r) in terms of ladder operators as

fonOE , +Hel, (832

- 1
s = [ —=—
q)nz,8 N‘qunms

where the mode-normalization factor obtained within the
polarization-field quantization scheme reads

() 1?
M‘Iu-”:’Sw‘luv'lzJ[)‘qT?'l;]

8”2h[qﬁ cos (G‘IM«"M) + qg.n; sin (Qquv"z»s)]z .
(B33)

4 —
q).n:,8

Using the explicit expressions for the mode mass My, . s and
the eigenvector angle 6 ,_,, this expression reduces to the
compact form

2 2 202
N/ _ Dyy.n..5 4z, quz 4 Qp,x
qy.nz,s 27 h (wz _ a)2 )2 (a)2 - 0)2 )2
T,z q.nz,8 T.x q):nz,s

(B34)

The expression above is obtained from the polarization-field
quantization, where the fundamental dynamical variable is
the lattice polarization P;(r, ). In the main text, we also in-
troduced the scalar-potential quantization, where the starting
point is the electrostatic scalar field ¢(r), which is quantized
by resorting to the scalar Green’s functions. The two proce-
dures lead to distinct intermediate expressions for the mode
normalization, denoted, respectively, by N{;”,nz_s and Nqu,nz,s-
The two quantization schemes are fully consistent if the
corresponding normalization constants coincide,
N, = Ny, n.,s-

q):nz,S

(B35)

By inserting the explicit expression of Ny ,_, from Eq. (54)
and using the dielectric response of hBN, one verifies that
the identity above holds exactly. This confirms that both ap-
proaches lead to the same quantized scalar field d(r).

APPENDIX C: THE DENSITY-DENSITY RESPONSE
FUNCTION FOR GRAPHENE IN A MAGNETIC FIELD

Here, we calculate the bare density-density response func-
tion, x'9(g, ). First of all, it is useful to define the ladder
operators @ and &' for the case when the displacement k, £2 is

Z€ero, as
Lp
p=—(@+a"),
¥=7
hi
py = @ —a (CDn
Py 2

It is now useful to introduce the displacement operators de-

fined as
D(a) = exp(ad’ — a*a), (C2)

where « is a complex number. The displaced ladder operators
ax, and &,2 can be related to the ladder operators & and &' by

introducing the displacement operator f)(kf/%” ) as

Tj(ﬁ"/%) = exp (%(&T — &)) = exp (_lklezgﬁy/h) (C3)
k,

j/%* ) links the ladder operators a, with a:

A ,ﬁ (kx£B> ,\,ﬁ+ (kng) N kxeB
ayg. = — |d =ad— —.
- V2 V2 V2

The operator D(

(o))

Hence, the operator ZA)(kjg ) allows us to connect J, and J:
R Akl v kil R
=270 () -r-si @
Hence, by using the displacement operator f)(kf/%" ), we can

relate the displaced vacuum |0y ) (defined by a; |0t) = 0)
with the vacuum |0}, such that a|0) = O:

~(klp )
Or,) =Dl — )10). (C6)
) ( V2 107
Similarly, we can link the excited states:
Ak lp >
n,)=D |n), CT
) < V2

where |n) is the Fock state with respect to a, |n) =
[@")"/+/n'1|0).

We now calculate the matrix elements of the density oper-
ator ﬁq” = exp(—iq” SF)).

(ke le 4 |ky) = Sk kgns (C8)

(1 e )

A kIEB A iqﬁB A kXEB
= DT<X—)D‘< - )D( ) n),  (C9)
('] NG 7 NG |n)
where we used that e ¥ = D(ig,€5/+/2) and applied
Eq. (C7) to connect the states |n, ) with |#') and |n; ) with

In). Using the braiding relation D)D" (B) = exp(a*B —
ap*)D'(B)D'(a), we get

(i,

= exp (—ik,q,¢3) (n/|YA)T<

e—iq_vﬁ

nk,)

[(k)/c - kx) + iq,v]eB
n).

NG
(C10)
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Employing Egs. (C8) and (C10), we can express the matrix
element of the density operator 7y, as

(e, g, e, m)
= exp (—ik;qy05) Sk kg <n’|@*<%) n),  (Cl1)
ol T x \/5

where we defined ¢, =g, +iq,. By using the Baker-
Campbell-Hausdorff formula for [A, [A, B]] = [B, [A, B]] =
O»

AB = AP B2 (C12)

we get

<n’|ﬁ<qj§)|n>

= ¢ 14PG A | exp <_ q:tpa

V2

|n).

(C13)
~t £p A
qu/';’ )exp (qxjga>|n>. (C14)

In the case where n’ > n, G,y ,(q,£p) can be calculated as

U liges\" ™" 202
n(1g:tp LZ _nf la:1"€g . (C15)
'\ 2 2

J

t ‘I; Lpa
exp —ﬁ

We further define

Gn’,n(ngB) = (I’l,| €Xp (_

Gun (CIZKB) =

292\ n-—n
q EB > <
\Fowpomr (g = (”T)

and n. = max(#’, n), n. = min(#/, n).
At T = 0, the density-density response function is

— — (n< - 1)'
Cn’flcnfl —Ln -1
(n. — 1) "=

where L)'(X) is a Laguerre polynomial defined as

"\ (n+m
L;”<X>=k2_;<n_k><—mk. (C16)
The case n’ < n can be obtained by noticing that
Gip(X) = Gy (X). (C17)
The matrix element of the density operator reads
(kpon', M lfig, ke, 1, 1)
= PGS kg Fuanla),  (CI8)
where
Fw v na(q))

= C;;C; Gu—1.-1(q0s) + ANCLC Gua(qits). (C19)
We can thus calculate the density-density response function as

nA — Jn') Mn/ .n
1Oy, ) = Z (fur = SJua )M 0 02 (qy)

nA,n' A he + Ehn = Eatn + 11

. (C20)

where ¢, , = A(fivp/€p)v/2n and M,y )/ »,.(q)) represents the
squared modulus of the matrix element of the density,

Mo sena(qy) =Y 1k 1 Vg, ke n, W)
k. k.

_ 8
272

202
eS| Fy yaa@)l?,  (C21)

where | Fyy 3v.n.1(q))|* depends only on the modulus g of g
and reads

X}ES)(q”’ a)) = Z Z Mn’,k’,n,)»(Q\\)

n,A€Noee ', €Nunoce

252 ' 2E2 2
o (N8) g yever [P (BN (o)
2 " n.!m 2
1 1
__ ). (C23)
hiw + &0 — v +in ho+ & w — &0 +in

This concludes the calculation of the density-density response function x? (g, @) for Landau levels in graphene.
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