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Hilbert space fragmentation in a driven-dephasing Rydberg atom array
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We investigate the onset and mechanism of Hilbert space fragmentation (HSF) in a chain of strongly interact-
ing Rydberg atoms subjected to local dephasing. It is found that the emergence of multiple long-lived metastable
states is fundamentally tied to the HSF of the driven-dephasing Rydberg atom system. We demonstrate that
the dephasing PXP model, the effective constrained model for strongly blockaded Rydberg atoms, captures the
manifesting HSF and supports multiple degenerate zero modes. These modes form disconnected block-diagonal
subspaces of maximally mixed states, which consist of many-body spin states sharing the same symmetry. A
key result is the identification of the underlying symmetry in the HSF, where the conserved quantities in each
subspace are defined by the consecutive double excitation addressing operator. Moreover, we show explicitly
that the number of fragmented Hilbert spaces grows exponentially with the chain length, following a modified
Fibonacci sequence. Our work provides insights into many-body dynamics under dynamical constraints and
opens avenues for controlling and manipulating HSF in Rydberg atom systems.

DOLI: 10.1103/691w-6¢x8

Introduction. Dynamical constraints can break Hilbert
spaces of a many-body system into disconnected subsectors
[1-3], leading to Hilbert space fragmentation (HSF) [4-7].
Dynamics confined in a subspace depends sensitively on the
symmetry and initial states. A celebrated paradigm is the
PXP and related models [8-19], which have been demon-
strated with Rydberg atoms [20,21]. The interaction-induced
dipole blockade between the Rydberg atoms generates the
dynamical constraint [22,23]. Though the resulting dynamics
generally thermalize and obey the eigenstate thermalization
hypothesis [24-28], initial states that overlap strongly with
quantum many-body scars lead to weakly broken ergodicity
[29,30]. As a result, nonthermal, oscillatory dynamics takes
place in the many-body scar subspace [7,31-36]. On the other
hand, the disconnected subspace can thermalize within its
small, specific fragment. The resulting Krylov restricted ther-
malization [1,2,5-7,37-51] has been demonstrated with cold
atoms [52,53], superconducting circuits [54], and Rydberg
atom arrays [55]. In open quantum systems, the interplay
between dynamical constraints and dissipation leads to a com-
petition between retaining and losing information about the
initial states, significantly altering the dynamics. Inspired by
this perspective, recent studies have shown the stabilization
of entangled stationary states in the Temperley-Lieb model
[56], stationary states in the East-West model [57], and the
generation of dissipative time crystals [58]. Open quantum
systems typically relax to a unique steady state independent
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of the initial condition. How dynamical constraints generate
HSF out of the steady state remains largely unexplored.

In this work, we investigate the emergence of HSF in the
dynamics of a chain of strongly interacting Rydberg atoms
under local dephasing, as illustrated in Fig. 1(a). The resulted
Rydberg blockade drastically affects the dissipative dynamics,
such that different initial states evolve into distinguishable
metastable states before thermalizing into the unique station-
ary state in the long time limit [Fig. 1(b)]. We show that
multiple metastable states arise from HSF, with their dynam-
ics captured by an effective dephasing PXP model. Uniquely,
the effective model supports a large number of degenerate
zero modes (stationary states) that form disconnected Hilbert
subspaces [Fig. 1(c)]. Using a consecutive double excitation
addressing operator, we classify the subspaces into classes
with conserved symmetries. Dynamics starting from one sub-
space is entirely confined to the subspace, corresponding to
the metastable states of the Rydberg atom chain. We find that
the number of Hilbert subspaces is determined by a modified
Fibonacci sequence, f(L)= f(L—1)+ f(L—2)+ f(L —
4), and grows exponentially with L. Our study offers insights
into the understanding and control of HSF in the dissipative
regime within the Rydberg atom array platform. This pro-
vides a pathway for exploring constrained dynamics, such
as strong fragmentation and metastability, across different
subspaces.

Driven-dephasing Rydberg atom chain. Our system is
a chain of L atoms, where the atoms are laser-addressed
individually [59,60]. As shown in Fig. 1(a), atoms in the
electronic ground state |0) resonantly couple to the Ryd-
berg state |1) with Rabi frequency 2. In the Rydberg state,
the jth and kth atoms interact strongly via the van der
Waals (vdW) interaction Vj =V/|j —k|® [22,23], where
V =Cq /a6 is the nearest-neighbor (NN) interaction with Cg
and a to be the dispersion coefficient and spacing between
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FIG. 1. (a) Atom array and energy levels. Atoms are resonantly
excited from the ground state |0) to electronically excited Rydberg
state |1) by a laser field (Rabi frequency €2). In the Rydberg state,
atoms experience a dephasing with rate y. The strong van der Waals
interaction [V is the NN interaction] between Rydberg atoms leads
to dynamical constraints. (b) Metastable dynamics. The total mag-
netization M exhibits a metastable evolution on the intermediate
timescale 1 < Q¢ < 100 (shaded). The metastable dynamics is effec-
tively described by the dephasing PXP model. (c) In the metastable
regime, the Hilbert space is fragmented into many disconnected sub-
spaces, corresponding to the degenerate zero modes of the dephasing
PXP model. Index j is the decimal number converted from the binary
representation of the basis, as given in Table 1. In panel (b), we
consider V = 502, L = 6, and y = 2Q. See text for details.

neighboring sites, respectively. The dynamics of the atom is
described by a many-body spin Hamiltonian (A=1), H, =
QY of + Y, ViQiQk, where o = |1);(0] + [0);(1]
and Q; = [1);(1] are the Pauli and projection operators in the
jth site.

In the Rydberg state |1), atoms are subject to local dephas-
ing due to laser noise and the residual Doppler effect [61,62].
Density matrix p, of the many-atom system is governed by
a Lindblad master equation, 9,0, = fi(po), where Liouvillian
E(po) reads

L(po) = —ilH,, pol + D(po), (1)

with D(po) =y 31(Q;p0Q] — 3{0}Q;. po}) describing
the dephasing (rate y). The local dephasing eliminates the
coherence of the system, such that the state equilibrates to the
maximally mixed state po, = I/D in the limitt — oo, where
I and D = 2% are the identity matrix and dimension of the
Hilbert space, respectively [63]. However, the dynamics to-
ward stationarity relies crucially on the interplay among vdW
interactions, dephasing, and laser coupling. In the strongly de-
phasing regime y >> |Q2|, previous studies have shown critical
and universal behaviors in random gases of Rydberg atoms
[63—69]. Dynamical constraints driven by the interplay pro-
gressively slow down the relaxation processes to the stationary
state [64]. In contrast, we explore the HSF emerging in the
neutral atom chain in the strong interaction regime.
Metastable nonthermal dynamics and fragmentation. When
V > {Q, y}, the generic behavior of the driven-dephasing

dynamics is that memories of initial states are retained for
extended periods of time. We illustrate this by investigating
dynamics of total magnetization M = Tr(p, Y _ j oj?). Initially,
the atom chain is prepared in spin basis states along the z
direction, |ss2---s.), with s; = 0 or 1 denoting spin states
in site j. Att =0,M = —L,—L + 2, ..., L, which gives the
number differences of the spin states in the basis. By using
each spin basis as the initial state individually, we numerically
solve the ME and evaluate M for moderate L. To be concrete,
we consider a chain of L = 6 atoms with parameters V = 50£2
and y =2Q. As shown in Fig. 1(b), striking features are
observed in the dynamics.

First, M remains unchanged over the intermediate
timescale, resulting in the formation of metastable phases
[shaded region in Fig. 1(b)] [70]. When the initial state is
approximately a frozen state of the Liouvillian [71], M is
constant up to Qf =~ 100 (dashed). As a result, the purity
of the state is high, P = Trp; ~ 1, as shown in Fig. 2(a).
In other cases, M attains a quasistationary value over an
interval 1 < Qr < 100. The same is found for the purity of
the system. In both cases, the duration of the metastable
phase is much longer than the characteristic dephasing time
1/y [72-74]. Further discussions and examples of metastable
dynamics are provided in the Supplemental Material [75].
Notably, the metastable dynamics relies crucially on the de-
phasing. When y = 0, M becomes highly oscillatory except
from the frozen state [Fig. 2(b)] and loses the metastable
profiles.

Second, the metastable timescale is encoded in the com-
plex eigenspectrum A; of the Liouvillian L(). As shown
in Fig. 2(c), most of the eigenmodes have large real parts
[IRe(A;)| > y], which determine the transient dynamics.
However, 20 modes have near degenerate complex energies
close to 0, i.e., Im(A;) =0 [Fig. 2(c)] and |Re(};)| K< ¥
[Fig. 2(d1)]. The very small [Re(A ;)| shows that the quaside-
generate modes decay slowly and result to the metastable
dynamics. For example, the decay rate of the longest
metastable dynamics is determined by the spectral gap (small-
est nonzero |[Re(A;)]). As illustrated in the Supplemental
Material [75], the decay rate and gap are in good agree-
ment. To understand the parameter dependence of the gap,
an effective decay rate, y,r = Q*y/V?, is obtained through
a mean field calculation [64,75]. Apparently, y¢ < ¥ in the
strong interaction regime V > Q. In Fig. 2(d2), y and the
Liouvillian gap up to L = 13 are shown. The gap gradu-
ally approaches yy,¢ when L increases. This trend indicates
that the metastable dynamics is robust even for large system
sizes.

Finally, the metastable plateaus themselves depend on the
chosen initial state, exhibiting a memory effect. We find nine
plateaus in the magnetization [Fig. 1(b)] and six in purity
[Fig. 2(a)] that are isolated from their neighbors, although
some of them can have the same initial values. These num-
bers are significantly smaller than Hilbert space dimension
D = 64. In the following, we will reveal that the memory
effect and clustering of the observable are rooted in the Hilbert
(Krylov) space fragmentation [1].

Liouvillian zero modes and Hilbert space fragmentation
of the dephasing PXP model. To derive the effective model,
we make use of a unitary transformation U = e~"" 2, 0iQ1
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TABLE I. Representative basis and their equivalence classes. Here P, M, and A are expectation values of the purity, magnetization, and

CDEA operator, repectively. The chain length is L = 6.

P M (A) Rep Equivalence class
= -2 0 |000000) {{000000), [000001), |000010}), |000100),
[000101), [001000), |001001), |001010),
[010000), [010001), [010010), |010100),
[010101), [100000), |100001), |100010),
[100100), [100101), |101000), |101001),
[101010)}
L 0 2 1110000) {1110000), |110001), [110010), [110100), [110101)}
0 32 1000011) {1000011), [001011), [010011), [100011), |101011)}
! 0 |001100) {|001100), |001101), [101100), [101101)}
% —% 4 |011000) {/011000), 011001}, |011010)}
4 6 1111000) {]111000), [111001), |111010)}
—% 16 |000110) {/000110y), |010110), |[100110)}
4 48 |000111) {1000111), [010111), |100111)}
1 1 12 |011100) {]011100), |011101)}
3 14 |111100) {]111100), |111101)}
1 24 |001110) {1001110), |101110)}
3 56 |001111) {]001111), |101111)}
1 2 18 1110110) {1110110)}
2 28 |011110) {1011110)}
4 30 |111110) {1111110)}
2 34 1110011 {1110011)}
2 36 1011011 {1011011)}
4 38 1111011 {1111011)}
4 50 1110111 {1110111)}
4 60 011111 {1011111)}
6 62 [111111) {111111)}

In the strong interaction limit, the transformation leads to the
PXP Hamiltonian Hpxp = Q Y, Pj_107P;41 [10,34,76]. In
deriving Hpxp, we have neglected fast oscillating terms and
kept only the NN interaction [75]. Interestingly, longer range
interactions do not affect the underlying HSF. This will
become evident when we discuss the symmetry of the Li-
ouvillian in the following section and in the Supplemental
Material [75]. Using the fact that this transformation does not
affect the dephasing operators in Eq. (1), we obtain the de-
phasing PXP (dPXP) model, governed by Liouvillian L(p) =
—i[Hpxp, p] + D(p), with p = UT,oOU. ‘We will show that the
dPXP model not only captures the metastable dynamics, but
also provides important insights into the fragmentation.

To illustrate the accuracy, we first calculate the magneti-
zation and purity with the dPXP model, and show the result
in Figs. 2(e)-2(g). Both the magnetization and purity are
restricted to special values, which agree with the data shown
in Figs. 2(a) and 2(b) up to Q2 ~ 100. When Q¢ > 100, the
values obtained from the dPXP model remain invariant with
time and depend only on the initial state. The complex spectra
of the dPXP model are then calculated numerically and shown
in Fig. 2(g). Central to the spectra is the presence of 21 de-
generate zero modes, whose eigenvalues have zero real parts
[Fig. 2(g)]. Each mode is a maximally mixed state p; = I;/d

in the spin basis representation, where d is the dimension
of the respective Hilbert subspace. These zero modes form
a series of disconnected Hilbert subspaces, giving rise to the
HSF. The memory effect arises in the dynamics such that the
initial states that fall in different subspaces do not influence
each other [see Figs. 2(e) and 2(f)].

The classical nature of the zero modes permits the iterative
construction of the Hilbert subspace. This is done by starting
from a basis and applying Hpxp to the basis repeatedly. This
process identifies basis states linked to the initial state, which
collectively form a subspace, also referred to as an equiva-
lence class. For each class, we select a representative basis
state that has the smallest decimal value when converted from
its binary representation. The procedure is then repeated by
selecting a new basis that is not part of the previously iden-
tified subspace. This approach explicitly and systematically
finds all the equivalence classes. In Table I, we present the
equivalence classes and their corresponding representatives
for L = 6. The largest equivalent class consists of basis that
form the quantum many-body scar states. They allow us to
construct the fragmented Hilbert space for the dPXP model,
as shown in Fig. 1(c).

Both the purity and magnetization can be evaluated once
the class is determined. If a class consists of multiple basis
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FIG. 2. Metastable dynamics, zero mode, and fragmentation. (a) Purity of the atom chain. p, is largely pure in the metastable state when
starting from the frozen state (marked with a filled circle). Other basis states partially retain coherence in the metastable dynamics (filled
labels). (b) Magnetization M in a dephasing free Rydberg atom chain. Outside the frozen states, the magnetization of the different subspaces
rapidly oscillates over time. This overlap makes it difficult to discern the dependence on the initial states. (¢) Complex spectrum of Liouvillian
L. There are 20 nearly degenerate modes (arrow) around the stationary mode (A ; = 0). (d1) Real parts Re(A;) of the quasidegenerate (square)
and degenerate (circle) modes. (d2) Scaling of the gap |Re(A,)| with L. As L increases, the gap decreases and approaches the mean field result
Yme- (€) Purity of the dPXP model. The steady P is determined by the dimensions of the respective subspace, as marked in the figure. In panel
(a), the purity in the metastable state is close to that of the dPXP model. The purity of the frozen states is 1. (f) Magnetization of the dPXP
model. Owing to fragmentation, M does not change with time after the initial transient period (solid). In the frozen state, M is constant. (g)
Complex spectra of the Liouvillian £(p). There are 21 degenerate zero modes, the real parts of which are shown in panel (d1). Here, V = 502

in panels (a)—(d). Other parameters are given in Fig. 1.

states, its stationary purity is determined by the dimension d
of the subspace, P(f — o0) = 1/d, which is listed in Table I
for different classes. There is a special group, where each
class contains a single basis (bottom of Table I). This basis
alone is a zero mode. In other words, they are the so-called
frozen states in the dynamical evolution, where the observ-
able is invariant with time [71]. For L = 6, the nine frozen
states are |[011011), [011110), |[011111), |110011), |110110),
[110111), |111011), |111110), and [111111). Similarly, the
magnetization can be determined analytically in each class,
as given in Table I. The analytical results match those of the
numerical results [Fig. 1(b)].

Strong symmetry and scaling of the HSF. The symmetry
of the Liouvillian can be defined with the consecutive double
excitations addressing (CDEA) operator,

L-1
A= "20,0;, 2

j=1

which is the weighted sum of consecutive double excitations
(given by the adjoint projection operator Q;Q;) along the
spin chain. Each pair is assigned a unique weight 2/ according
to its position in the chain (from left to right). The CDEA
operator commutes with the PXP Hamiltonian and every
dephasing operator, i.e., [Hpxp, A] = 0 and [A, Q;]1 =0 Vj.
Hence, it acts as a strong symmetry of the Liouvillian £ [56].

We find (A) = 0 in the largest equivalent class, in which no
consecutive double excitation is permitted. The correspond-
ing basis forms the quantum many-body scar states. It is
noteworthy that the operator A commutes with the longer-
range interaction parts in H,. This justifies the omission of
these terms in deriving the dPXP model, as they do not influ-
ence the symmetry. Although the Hamiltonian Hpxp preserves
the symmetry, other observables, such as magnetization, os-
cillate with time. The dynamical evolution of different classes
could overlap temporally, as depicted in Fig. 2(b). In contrast,
identifying consecutive double excitations and other related
observable is straightforward in a stationary state of the Liou-
villian.

The expectation value (A) of the equivalence class is
given in Table 1. Each class has a unique expectation value,
such that the CDEA operator identifies the symmetry of the
fragmented subspace. We note that the CDEA operator ap-
proximately preserves strong symmetry in the Rydberg atom
chain system. In Fig. 3(a), dynamical evolution of the ex-
pectation value (A), = Tr(p,4) is shown. It is a constant
and coincides with the corresponding (A), before converging
to the thermal value (A)y, = Tr(po0.A) = 31/2. For arbitrary
L, the thermal value (A), = 202 _q /2 [75]. Furthermore,
the spontaneous decay (rate yg) in the Rydberg state can
be largely neglected, provided that y;,¢ > y4ec. This condition
permits the metastable dynamics to occur prior to the decay.
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FIG. 3. (a) Dynamics of (A),. In the metastable regime
(2t < 100), the CDEA operator is almost constant. The parameters
are the same as those in Fig. 2. (b) Number f(L) of zero modes
with respect to chain length L. As shown by the solid line, f(L)
increases with L exponentially. For a given L, f(L) is larger than
the Fibonacci sequence (square), but smaller than the Hilbert space
dimension D = 2F (triangle).

Details of the demonstration can be found in the Supplemental
Material [75].

Using the commutant algebra [6], we are able to obtain the
total number f(L) of the subspaces, which follows a recursive
relation [75],

JL)y=fL-=D+fL=2)+f(L-4), 3

with initial conditions f(0) =1, f(—1) =1, f(—2) =0, and
f(=3) = —1. Importantly, f(L) scales with L exponentially
when L is large [75],

fasymp (L)~ AO[L, (€]

where A ~0.722124 and o =~ 1.754877. As shown in
Fig. 3(b), the scaling agrees with the exact f(L) well. It is
different from the Fibonacci sequence due to the f(L —4)
term. In fact, it surpasses scaling of the Fibonacci sequence

F(L) ~ ¢*//5 with ¢ = (1 4++/5)/2 to be the golden ra-

tio. Despite the exponential scaling, the total number of the
subspaces is significantly smaller than the total Hilbert space
dimension D [Fig. 3(b)].

Conclusion. We have investigated the HSF in a chain of
strongly interacting Rydberg atoms under local dephasing.
The onset of the metastable HSF is captured effectively by
the dPXP model. The multiple, degenerate zero modes of the
dPXP model form the fragmented Hilbert subspace. Using the
CDEA operator, we have classified the zero modes and identi-
fied the basis states that compose the zero modes. The number
of the zero modes, given by the modified Fibonacci sequence,
grows exponentially with the chain length. The many-body
scar states within the PXP Hamiltonian constitutes the largest
subspace in the dPXP model. Our study offers a detailed
classification of the entire Hilbert space, while the dephasing
process stabilizes the subspaces into the zero modes of the
Liouvillian. Benefited from the precise control of the coherent
[55,59,60] and dissipative couplings [77,78], our study paves
aroute to investigate the dissipative fragmentation and emerg-
ing dynamically constrained dynamics, such as entanglement
and correlation in the fragmented Hilbert space [56,58,79],
and competition between localization and fragmentation in
the presence of noises (e.g., in Rabi frequency or laser de-
tuning) [80], with the state-of-the-art Rydberg atom simulator
[59,60].
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