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Thermal state preparation by repeated interactions at and beyond the Lindblad limit
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We study the nature of thermalization dynamics and the associated preparation (simulation) time under
the repeated interaction protocol uncovering an anomalous, Mpemba-like trend. As a case study, we focus
on a three-level system and analyze its dynamics in two complementary regimes, where the system-ancilla
interaction strength is either large or small. Focusing on the estimation of the simulation time, we derive
closed-form expressions for the minimum number of collisions, or minimal simulation time, required to achieve
a thermal state, which is within ε distance to the target thermal state. At zero temperature, we analytically
identify a set of points (interaction strength × their duration) that minimize the simulation time. At nonzero
temperature, we observe a Mpemba-like effect: Starting from a maximally mixed state, thermalization to an
intermediate-temperature state takes longer than to a lower-temperature one. We provide an accurate analytical
approximation for this phenomenon and demonstrate its occurrence in larger systems and under randomized
interaction strengths. The prevalence of the Mpemba effect in thermal state preparation presents a significant
challenge for preparing states in large systems, an open problem calling for new strategies.
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I. INTRODUCTION

The repeated interaction (RI) protocol, also known as
quantum collision models, is receiving growing attention as
a versatile approach for the study of open quantum sys-
tems [1–4] and as a quantum algorithm framework [5–10]. In
the most basic RI approach, the environment is represented
as a sequence of subsystems (often called “ancillas”) that
sequentially and independently interact with the system for
a finite duration before being discarded. Each RI step involves
a unitary evolution governed by a joint system-ancilla Hamil-
tonian, after which the ancilla is traced out, leaving the system
in a nonunitary state [1,4].

The RI framework provides a physically intuitive and
mathematically tractable way to bridge microscopic unitary
interactions and coarse-grained open quantum system dynam-
ics [1], and as such it lends itself for different applications:
It provides a foundation for deriving the Lindblad quantum
master equation and other Markovian and non-Markovian
equations of motion [2,11–18]. It can be used to study equili-
bration processes [19–26], thermalization dynamics [26–30],
and thermodynamic processes [30–37]. It has also been used
to explore information-theoretic properties in open quantum
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dynamics [37–42]. As for physical realizations, a linear op-
tics implementation described in Ref. [43] was realized in
Ref. [44] capturing dynamics from perfectly Markovian up to
strongly non-Markovian cases.

More recently, the RI framework has gained attention not
only as a theoretical tool but also as a practical paradigm
for implementing open quantum system dynamics [5–10,45]
and preparing thermal states [46–48] on quantum comput-
ing platforms. Quantum simulation of materials is one of
the key applications of near-term quantum computing. Sim-
ulations evolve from a given initial thermal condition. As
such, developing quantum algorithms for the preparation of
quantum thermal states and ground states on a quantum
computer is a central objective in the field of quantum sim-
ulations. For this task, which is the main focus of this work,
the worst-case preparation complexity is at least as hard as
ground-state preparation for general local Hamiltonians and
is therefore Quantum Merlin Arthur (QMA)-hard [49]. This
follows from the fact that, in the low-temperature limit, the
quantum thermal state converges to a projector onto the low-
energy subspace. Despite this worst-case hardness, various
strategies have been explored for practical thermal state prepa-
ration, including variational quantum algorithms [50–53],
quantum imaginary time evolution [54], quantum Metropolis
and related sampling schemes [55–57], and dissipative state
preparation [46–48,58–61], among others.

Within the dissipative approach, the RI framework offers
a hardware-friendly realization of engineered open-system
dynamics. Its inherently modular structure, where a system
interacts sequentially with ancillary units, naturally aligns
with gate-based operations of digital quantum computers.
Quantum algorithms that build on the RI protocol were tested
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on near-term devices and further developed for fault-tolerant
quantum computing machines [8–10].

Focusing on the Markovian implementation of the RI
scheme, with each ancilla, uncorrelated to others and inde-
pendently interacting with the system, and only once, the
Lindblad limit of the repeated interaction protocol is a well-
established result [5,6,11–16]. It is derived by assuming a
stroboscopic evolution: Each ancilla interacts with the system
for a short time τ , and the interaction strength J is scaled
such that the product, J2τ , remains a constant as τ → 0.
Under these conditions, the discrete sequence of system-
ancilla unitaries, followed by ancilla resets, converges to a
continuous-time Markovian quantum dynamical semigroup
described by a Lindblad master equation [62]. However, we
reiterate that this convergence is based on the stroboscopic
assumption. This motivates the first research question we ad-
dress in this work: (1) What kinds of open quantum dynamics
can be realized by a Markovian repeated interaction protocol,
when we move beyond the stroboscopic-Lindblad (SL) limit?

As the system evolves toward its steady state, which in this
work is thermal, and matching the temperature of the ancillas,
an important consideration in quantum algorithms is resource
estimation for thermal state preparation [46,63], in particular
an estimate for simulation time [46]. This brings us to the
second question that we address in this study: (2) What is the
simulation time (or number of RI steps) required to reach the
thermal state (within ε distance) under the RI protocol? How
does this time depend on the parameters of the system?

To address these two questions, we focus on a three-level
system as a case study, with a flip-flop type interaction with
the ancillas (see Fig. 1). We solve its repeated interaction
dynamics exactly and find that the population and coherence
dynamics are decoupled, and that coherences evolve in a non-
monotonic manner. This exact result enables us to focus on
two distinct dynamical regimes. The first is the stroboscopic-
Lindblad limit, where the interaction time is short but the
interaction energy is large enough, so that J2τ is a constant.
The second complementary regime, which we refer to as the
“Jτ1 regime,” assumes a weak interaction strength J , but a
sufficiently long interaction time τ such that the product, Jτ ,
is of order 1.

Our main results on estimation of simulation time for ther-
malization, defined as reaching a state within ε trace distance
of the ancilla’s thermal state, are as follows:

(1) We solve the RI dynamics exactly at zero temperature
and derive a lower bound on the total simulation time, Tsim,
required for cooling. We identify a set of optimal interaction
parameters under which zero-temperature cooling of a d-level
system can occur in as few as d − 1 interaction steps.

(2) At nonzero temperature, we observe and explain an-
alytically a surprising Mpemba-like effect: Starting from a
maximally mixed state, it can take longer to reach a thermal
state at high temperature than a thermal state at low tem-
perature [64–70]. We explain this observation for arbitrary J
and τ .

(3) Extending our analysis to a system with d levels, we
show that the Mpemba effect arises generically whenever
d > 2, when starting from a maximally mixed initial state.

(4) Generalizing to arbitrary random Hermitian system-
ancilla interaction Hamiltonians, we show numerically that

FIG. 1. An illustration of thermal state preparation via the re-
peated interaction protocol, representing the cooling of a hot (red)
system toward the state of the cold (blue) bath of ancilla qubits.
(a) The RI process starts by preparing a product state of the system
and an ancilla. (b) After one collision, the system evolves into ρ

(1)
S ,

while the first ancilla is discarded. (c) After n collisions, the system
is cooler. The discarded ancilla heats up to some extent due to heat
exchange with the system.

thermalization occurs in the Jτ1 regime, unlike in the SL
limit, and that the Mpemba effect persists.

The plan of the paper is as follows. In Sec. II, we
introduce the three-level system model and outline the ba-
sic principles of repeated interaction dynamics, focusing on
energy-conserving interactions that lead to thermalization. In
Sec. III, we derive exact equations of motion for the system
under the RI scheme and analyze thermalization dynamics
in two regimes: the stroboscopic-Lindblad limit and the Jτ1
regime. Section IV is dedicated to estimating the simula-
tion time required for thermal state preparation when starting
with a completely mixed state, providing lower bounds at
zero temperatures. In Sec. V, we discuss the emergence
of Mpemba-like behavior in thermalization and provide an
approximate, yet accurate analytical result that follows its
occurrence. We further present numerical simulations that
demonstrate thermalization and Mpemba dynamics in ran-
domized RI models, other multilevel models, and for initial
states with coherences. We conclude in Sec. VI with a sum-
mary and an outlook.

II. REPEATED INTERACTION MODEL
WITH ENERGY-CONSERVING INTERACTIONS

In theoretical studies of quantum phenomena, there is al-
ways the need of—and tension between—two schools: one
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aims at working with models as general as possible, even at
the cost of relying on approximations, while the other focuses
on solving concrete models exactly, to extract insights that can
later be generalized.

With the objective to develop a general quantum algorithm
for thermal state preparation using the RI scheme, Ref. [46]
adopted a randomized interaction Hamiltonian. Using that
approach, they showed that a thermal state is an approximate
fixed point for arbitrary interaction Hamiltonians, and they
bounded the run-time.

Here, we take the complementary approach. We focus on a
three-level system as a case study, solve it exactly, and derive
first concrete then general insights into the simulation time
required for thermal state preparation using the RI scheme.
Specifically, we are able to derive and explain the nonmono-
tonic behavior of the required RI collisions for thermal state
preparation, a curious observation [46] that was lacking a
physical explanation.

As noted in the Introduction, numerous studies have used
the RI protocol to investigate the dynamics of open quantum
systems and to develop quantum algorithms. Analytical work
has often concentrated on two-level systems [21,25], while
numerical simulations have been carried out for qubits [9,26],
harmonic oscillators [19,46], and spin lattices [6,7,15,47]. In
this work, our aim is to assess the performance of the RI
protocol for thermal state preparation in general multilevel
systems. The two-level case, which can be solved exactly,
is summarized in Appendix A. Crucially, a two-level system
lacks the complexity inherent in thermal state preparation
for general multilevel systems, and it does not exhibit the
Mpemba-like effect that we identify and analyze in this study.
Our focus here is on the analytical front. By working through
the first nontrivial example in this context, a three-level model,
in full detail and with mathematical rigor, we uncover the
underlying principles of thermal state preparation in general
multilevel systems. These principles are later validated and
illustrated through numerical simulations in Sec. V.

Considering multilevel models, we focus on systems de-
scribed by the following Hamiltonians:

ĤS = −ωSŜ(s)
z , (1)

where s = 1
2 , 1, 3

2 , ... represents the spin value. For ex-
ample, the spin-1 case would correspond to a three-
level system (qutrit) with equidistant energy levels. A
good choice of basis for working with spin operators is
the spin eigenbasis, where, given a spin quantum num-
ber s, there are 2s + 1 projections labeled by the mag-
netic quantum number ms. This basis is spanned by
the set {|s, ms = +s〉, |s, ms = s − 1〉, . . . , |s, ms = −s〉}. The
ground state for this system Hamiltonian corresponds to the
highest projection state |s, ms = +s〉.

Each ancilla is a qubit system (s = 1/2), described by the
Hamiltonian

ĤA = −ωAŜ
( 1

2 )
z = −ωA

2
σ̂z, (2)

with σ̂z a Pauli-z operator. We consider that the ancillas are
always initialized in the corresponding canonical thermal state

at inverse temperature β,

ρA(ĤA) = e−βĤA

ZA
=
(

pA 0
0 1 − pA

)
, (3)

where ZA = Tr[exp(−βĤA)] is the partition function and
pA = 1/(1 + e−βωA ) is the thermal population of the ground
state of the ancilla.

To model the system-ancilla interaction, we focus
on energy-conserving flip-flop transitions between adja-
cent pairs of states. Working in the computational ba-
sis, we establish the following mapping to the spin ba-
sis: {|0〉 −→ |s, ms = +s〉, |1〉 −→ |s, ms = s − 1〉, . . . , |2s〉 −→
|s, ms = −s〉}, which allows us to express the interaction
Hamiltonian as

ĤI =
d−2∑
k=0

Jk+1,k (|k + 1,↓〉〈k,↑| + H.c.). (4)

Here d = 2s + 1 is the system dimension, |↑〉, |↓〉 are the
spin-up/down states of the ancilla, with the spin-down state
as the ground state of the ancilla. H.c. denotes the Hermitian
conjugate. This choice of interaction Hamiltonian differs from
previously proposed models [14,71], which typically involved
the tensor product of the system and ancilla spin operators ex-
plicitly. The issue with those interaction Hamiltonians is that
employing explicit spin operators introduces state-dependent
prefactors that differ across spin dimensions, artificially caus-
ing certain transitions to gain stronger coupling strengths.
Such prefactors complicate a fair and consistent comparison
between different spin-dimensional models and can lead to
artificially accelerated thermalization processes.

The total Hamiltonian of each system-ancilla collision is
thus

Ĥtot = ĤS ⊗ IA + IS ⊗ ĤA + ĤI

= Ĥ0 + ĤI . (5)

At each step of the RI scheme, the evolution of the density
matrix of the system is described by the following completely
positive trace-preserving (CPTP) map:

ρ
(n+1)
S = TrA

[
Û (τ )

(
ρ

(n)
S ⊗ ρA(ĤA)

)
Û †(τ )

]
, (6)

where TrA[·] refers to trace over the degrees of freedom of the
ancilla, and Û (τ ) is the total collision unitary,

Û (τ ) = e−i(Ĥ0+ĤI )τ , (7)

with τ indicating the duration of each collision. Throughout
this study, we work in units where h̄ = 1.

We assume that the system is initially prepared in a general
state, ρ

(0)
S . In certain cases, we will consider ρ

(0)
S to be di-

agonal in the energy eigenbasis of ĤS , such as the maximally
mixed state or a thermal state at a certain temperature. The full
initial state of the joint system-ancilla pair can be expressed
as ρ

(0)
tot = ρ

(0)
S ⊗ ρA(ĤA) and it satisfies (ρ (0)

tot )† = ρ
(0)
tot � 0,

and Tr[ρ (0)
tot ] = 1. As for the steady state (fixed point) of the

system, we denote it by ρ∗
S .

While in some other collision models, the authors con-
sidered more generic frameworks where each collision has a
different duration [72], or incorporated free evolution of the
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system between collisions [5], we consider a simplified proto-
col where each collision has a fixed and identical duration τ

and the system immediately interacts with a freshly prepared
ancilla, without allowing the system to have free evolution
between collisions.

Moreover, as previously mentioned, in this work, we focus
on interactions that conserve energy, i.e.,

[Û (τ ), Ĥ0] = 0. (8)

This condition ensures that the canonical thermal state of the
system ρS (ĤS ) = e−βĤS /ZS is a fixed point of the dynamics,
placing our model within the class of thermal maps [73]. To
satisfy this, we need to impose that the system and ancilla
are on resonance, which requires a matching energy split-
ting ωS = ωA [74]. Although energy conservation does not
strictly impose any constraint on the individual values of the
coefficients Jk+1,k , the total Hamiltonian should remain Her-
mitian. As a result, the couplings must satisfy Jk+1,k = Jk,k+1,
where we assumed real-valued interactions. In principle, these
couplings could vary across transitions and we would still
satisfy the energy-conservation condition. However, for sim-
plicity and to allow for a clear analytical treatment, unless
otherwise stated, we restrict ourselves to the case of isotropic

interactions, where all couplings have the same value, J =
Jk+1,k , which we assume to be positive without loss of gen-
erality.

Consequently, the dynamics of our collision model is con-
strained by three parameters: The interaction coupling J , the
collision duration τ , and the system and ancilla frequencies ω.
Using a three-level system as a representative example, in the
next section, we derive exact equations of motion under the RI
setup and analyze the thermalization behavior for arbitrary J
and τ . We then present results in the SL and the Jτ1 regimes.

III. EQUATIONS OF MOTION

For a three-level system (s = 1), the total Hamiltonian in
Eq. (5) is expressed in matrix form as

Ĥtot =

⎛
⎜⎜⎜⎜⎜⎜⎝

− 3ω
2 0 0 0 0 0

0 −ω
2 J 0 0 0

0 J −ω
2 0 0 0

0 0 0 ω
2 J 0

0 0 0 J ω
2 0

0 0 0 0 0 3ω
2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (9)

The corresponding unitary describing the dynamics during
each collision is

Û (τ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

e
3iτω

2 0 0 0 0 0
0 e

iτω
2 cos(Jτ ) −ie

iτω
2 sin(Jτ ) 0 0 0

0 −ie
iτω

2 sin(Jτ ) e
iτω

2 cos(Jτ ) 0 0 0
0 0 0 e− iτω

2 cos(Jτ ) −ie− iτω
2 sin(Jτ ) 0

0 0 0 −ie− iτω
2 sin(Jτ ) e− iτω

2 cos(Jτ ) 0
0 0 0 0 0 e− 3iτω

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (10)

From the unitary operator, we compute the reduced density
matrix of the system after each collision step using Eq. (6).
At the nth step, the density matrix of the system is written
generically as

ρ
(n)
S =

⎛
⎜⎜⎝

p(n)
1 c(n)

12 c(n)
13

c(n)
12 p(n)

2 c(n)
23

c(n)
13 c(n)

23 1 − p(n)
1 − p(n)

2

⎞
⎟⎟⎠, (11)

where p1 is the population of the ground state; p2 and p3 are
the populations of the intermediate and highest level in the
energy spectrum, respectively; and the off-diagonal terms c12,
c13, and c23 correspond to the coherences between the levels
1–2, 1–3, and 2–3, respectively. c̄12, c̄13, and c̄23 represent
Hermitian conjugates of the respective coherence elements.
In the next subsection, we write down the explicit recursive
equations for the elements of this density matrix.

A. Exact expressions

Using the RI dynamics [Eq. (6)], we obtain the following
recursive expressions for the level populations:

p(n+1)
1 = 1

2

[
p(n)

1 ((1 + pA) + (1 − pA) cos(2Jτ ))

+ p(n)
2 pA(1 − cos(2Jτ ))

]
, (12)

p(n+1)
2 = 1

2

[
p(n)

1 + p(n)
2 + pA − (

2p(n)
1 + p(n)

2

)
pA + (− p(n)

1

+ p(n)
2 + (−1 + 2p(n)

1 + p(n)
2

)
pA
)

cos
(
2Jτ

)]
, (13)

p(n+1)
3 = 1

2

{
p(n)

2 [(1 − pA)(1 − cos(2Jτ ))]

− p(n)
3 [pA(1 − cos(2Jτ )) − 2]

}
. (14)

Interestingly, the population dynamics described by
Eqs. (12)–(14) is decoupled from the coherences terms.
Furthermore, these equations can be expressed more
compactly by considering that under energy-conserving
interaction conditions, the system must reach thermal
equilibrium at the temperature of the ancilla [73],

p∗
1 = p2

A

1 − pA + p2
A

, p∗
2 = pA(1 − pA)

1 − pA + p2
A

,

p∗
3 = (1 − pA)2

1 − pA + p2
A

,

where the ground-state population of the ancilla is pA =
1

1+e−βω . Subtracting these steady-state values from the pop-
ulation equations simplifies the recursive relations to the
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FIG. 2. Dynamics of the ground-state population and selected coherences for spin-s systems interacting with thermal qubit ancillas at
two different temperatures, β = 1 (top panels) and β = 10 (bottom panels). We compare two system sizes, d = 3 (spin-1, solid lines) and
d = 10 (spin-9/2, dashed lines), and two interaction regimes: the Jτ1 limit (red for the top panel and light blue for the bottom panel) and
stroboscopic-Lindblad limit (brown for the top panel and blue for the bottom panel). (a), (b) The evolution of the ground-state population of
the system, p1, with dotted lines indicating the corresponding thermal state of the system. (c)–(h) The decay of coherences |c12|, |c13|, and
|c23|. All simulations were performed under the following conditions: ω = 1, Jτ = 1 with J = 10−3 and τ = 103 for the Jτ1 limit and J = 10
with τ = 10−2 for the stroboscopic-Lindblad limit. The initial state for both systems is given by a random initial state ρ

(0)
S .

following matrix equation:⎛
⎜⎜⎝

�p(n+1)
1

�p(n+1)
2

�p(n+1)
3

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

η11 η12 0

η21 η22 η23

0 η32 η33

⎞
⎟⎟⎠
⎛
⎜⎜⎝

�p(n)
1

�p(n)
2

�p(n)
3

⎞
⎟⎟⎠ = 
�p(n).

(15)

Here, �p(n)
i = p(n)

i − p∗
i , and 
 corresponds to a transition

matrix with the following dimensionless rates, 0 � η � 1,

η11 = 1
2 [(1 + pA) + (1 − pA) cos(2Jτ )],

η12 = η23 = 1
2 pA(1 − cos(2Jτ )),

η21 = η32 = 1
2 (1 − pA)(1 − cos(2Jτ )),

η22 = 1
2 (1 + cos(2Jτ )),

η33 = − 1
2 [pA(1 − cos(2Jτ )) − 2]. (16)

The dynamics corresponding to ground-state population p1 is
shown in Figs. 2(a) and 2(b) at two different inverse tempera-
tures, β = 1 and β = 10, respectively. In each plot, we adopt
parameters corresponding to both the stroboscopic-Lindblad
limit (in darker colors) and the Jτ1 limit (in lighter colors),

and we compare their results. We do so for two different sys-
tems of dimensions: s = 1 (d = 3) in solid lines and s = 9/2
(d = 10) in dashed lines. We observe the following: (1) The
Jτ1 limit requires fewer collision steps to bring the system
to thermal equilibrium than the stroboscopic-Lindblad case.
This holds at different temperatures, as well as for systems of
different dimensions. (2) In the low-temperature limit, where
pA 	 1, the system reaches the thermal state in fewer itera-
tions than for a higher temperature [compare panel (a) (high
target temperature) to panel (b) (low target temperature) in
Fig. 2]. This Mpemba-like effect is discussed in Sec. V.

We similarly derive the recursive relations for coherences.
Starting from the explicit RI expressions, we find that these
are decoupled from the populations, which can be written in
matrix form as⎛

⎜⎜⎝
c(n+1)

12

c(n+1)
13

c(n+1)
23

⎞
⎟⎟⎠ = eiτω

⎛
⎜⎜⎝

ψ11 0 ψ13

0 eiτωψ22 0

ψ31 0 ψ33

⎞
⎟⎟⎠
⎛
⎜⎜⎝

c(n)
12

c(n)
13

c(n)
23

⎞
⎟⎟⎠, (17)

where we used that under energy-conserving interactions, the
steady state of the coherences is c∗

i j = 0. The coefficients
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ψi j are

ψ11 = 1

2
[1 − pA + 2pA cos(Jτ ) + (1 − pA) cos(2Jτ )],

ψ13 = pA

2
[1 − cos(2Jτ )], ψ22 = cos(Jτ ),

ψ31 = 1

2
[1 − pA − (1 − pA) cos(2Jτ )],

ψ33 = 1

2
[pA + 2(1 − pA) cos(Jτ ) + pA cos(2Jτ )]. (18)

From Eq. (17), we note that c13 evolves independently through
a simple decay form, modulated by cos(Jτ ). This behavior
can be observed in panels (e) and (f) of Fig. 2, where |c13|
decays monotonically to zero for both temperature regimes
(see d = 3 full lines). In contrast, the dynamics of c12 and
c23 is more complicated, since these terms are dynamically
coupled through the coefficients ψ13 and ψ31. For β = 1, the
term c23 is coupled to c12, while for large β, ψ31 essentially
vanishes, resulting in a decoupled decay for c23. We do not
explicitly observe this coupling in panel (e) because even
at inverse temperature β = 1, the term ψ31 is rather small,
only becoming influential at higher temperatures. However,
c12 remains dynamically coupled to c23 even in this low-
temperature limit due to the ψ13 term, sustaining a transient
feed-in from the decaying of c23, which gives rise to the non-
monotonic dynamics present in panels (c) and (d) of Fig. 2.

The general dynamical equations (15) and (17) go beyond
the stroboscopic-Lindblad equations in the sense that the du-
ration and magnitude of the interaction are not restricted to
the condition Jτ 
 1. Rather, one could study the dynamics
with long and impactful interactions such that Jτ ≈ 1. Our
dynamics, however, is still Markovian: It is governed by a
memoryless CPTP map at each step [see Eq. (6)]. This results
from the collision model used in this work: The ancillas are
identically prepared, they are uncorrelated, and they interact
with the system only once before being discarded. As a re-
sult, memory effects are not introduced or propagated to the
system.

With the general expressions at hand, we can focus on
two distinct dynamical regimes, the SL and the Jτ1 cases.
The SL regime has traditionally been examined using the RI
approach [1]. The Jτ1 limit offers the concrete advantage of
thermalization with the non-energy-conserving Hamiltonian
interaction [21,46]. In the following, our derivations are first
made for arbitrary J and τ , then we examine examples in the
specific limits.

We now proceed to solve the dynamics of the three-level
system at zero temperature, first in the general case, with-
out constraining J and τ (see Sec. III B), and then in the
stroboscopic-Lindblad regime (Sec. III C).

B. Dynamics at zero temperature

In this subsection, we solve for the dynamics of the three-
level system assuming zero temperature with the ancilla being
fully polarized in its ground state, pA = 1. In addition, we
define λ = cos(2Jτ ) and introduce the shorthand notation
λ+ = 1

2 (1 + λ) and λ− = 1
2 (1 − λ). Note that λ+ + λ− = 1

and that λ± � 1. Under this zero-temperature setting, the

coefficients from Eq. (16) simplify to

η11 = 1, η21 = η32 = 0,

η12 = η23 = λ−, η22 = η33 = λ+. (19)

Substituting these expressions into the recursive relations
[Eq. (15)], we obtain

p(n+1)
1 = p(n)

1 + λ− p(n)
2 ,

p(n+1)
2 = λ+ p(n)

2 + λ− p(n)
3 ,

p(n+1)
3 = λ+ p(n)

3 . (20)

These equations convey a clear intuition: The population of
the ground state after n + 1 collisions is given by its popula-
tion after n collisions plus an additional contribution, λ− p(n)

2 ,
due to decay of population from the level above it (2). Simi-
larly, the population of level 2 after n + 1 collisions is given
by what remains in that state, (1 − λ−)p(n)

2 , and an added pop-
ulation due to decay from the level above (3). The population
of level 3 after each collision is reduced (or left unchanged)
by the factor (1 − λ−)p(n)

3 .
We solve Eq. (20) in Appendix B, arriving at

p(n)
1 = 1 − (λ+)n

[
p(0)

2 + p(0)
3

(
1 + n

λ−
λ+

)]
,

p(n)
2 = (λ+)(n−1)

[
λ+ p(0)

2 + nλ− p(0)
3

]
,

1 = p(n)
1 + p(n)

2 + p(n)
3 . (21)

Since λ± � 1, the system eventually reaches the zero-
temperature limit, p∗

1 → 1, p∗
2,3 → 0 in the steady state,

except at special points when the inequality is saturated.
We turn to the evolution of the coherences under the same

limit of zero temperature for the ancilla, pA = 1. Substituting
this condition into Eq. (18), we find that the coefficients sim-
plify to

ψ11 = ψ22 = μ,

ψ13 = λ−, ψ33 = λ+, ψ31 = 0, (22)

where we define μ = cos(Jτ ). Substituting these into the re-
currence relation [Eq. (17)] yields

c(n)
12 = eiτωn

[(
c(0)

12 − λ−c(0)
23

λ+ − μ

)
μn + λ−c(0)

23

λ+ − μ
(λ+)n

]
,

c(n)
13 = e2iτωnμnc(0)

13 ,

c(n)
23 = eiτωn(λ+)nc(0)

23 . (23)

For details, see Appendix B. Since |μ| � 1 and λ± � 1, co-
herences generically decay to zero, except at special points
that saturate these inequalities, where the dynamics is frozen.

We emphasize that so far we made no assumptions on the
strength of the interaction J and correspondingly the collision
time τ .

C. Dynamics in the stroboscopic-Lindblad limit

We now derive equations of motion that govern the dynam-
ics in the stroboscopic-Lindblad limit, which corresponds to
Jτ −→ 0 while keeping J2τ constant. Specifically, we choose
J2τ = 
, where 
 defines an effective rate constant. We start
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our derivation for the case of general temperature of the an-
cilla, then solve the dynamics at zero temperature.

To proceed, we expand the coefficients from
Eq. (16) to second order in Jτ . This yields, e.g., that
η11 	 1 − J2τ 2(1 − pA) while η12 	 pAJ2τ 2. Continuing in
this manner for all terms, and substituting these results into
the population recursion relations [Eq. (15)], we obtain

1

τ

⎛
⎜⎜⎝

p(n+1)
1 − p(n)

1

p(n+1)
2 − p(n)

2

p(n+1)
3 − p(n)

3

⎞
⎟⎟⎠

= J2τ

⎛
⎜⎜⎝

−(1 − pA) pA 0

1 − pA −1 pA

0 1 − pA −pA

⎞
⎟⎟⎠
⎛
⎜⎜⎝

p(n)
1

p(n)
2

p(n)
3

⎞
⎟⎟⎠. (24)

To convert this discrete map to a continuous-time description,
we must take the limit mentioned above. This leads to a set of
coupled differential equations for the populations:

d

dt

⎛
⎝p1(t )

p2(t )
p3(t )

⎞
⎠ = 


⎛
⎝−(1 − pA) pA 0

1 − pA −1 pA

0 1 − pA −pA

⎞
⎠
⎛
⎝p1(t )

p2(t )
p3(t )

⎞
⎠.

(25)

Similarly, we derive equations of motion for the dynamics
of coherences by first expanding the ψi j coefficients from
Eq. (18) to second order in Jτ . To derive the correspond-
ing differential equations, we additionally assume that ωτ →
0 and ω2τ −→ 0. The first assumption corresponds to the
stroboscopic limit, which allows us to reach continuous dif-
ferential equations, essentially assuming that τ 
 ω−1. The
second assumption, that ω2τ is small, corresponds to a regime
where J � ω (since we set J2τ to be a nonvanishing rate
constant). Under these conditions, the recursive relations for
the coherences translate into the following set of differential
equations:

d

dt

⎛
⎝c12(t )

c13(t )
c23(t )

⎞
⎠

=
⎛
⎝−


2 (2−pA) + iω 0 
pA

0 −

2 + 2iω 0

−
(1 − pA) 0 −

2 (1 + pA) + iω

⎞
⎠

×
⎛
⎝c12(t )

c13(t )
c23(t )

⎞
⎠. (26)

If one preserves the ω2τ terms, they would lead to modifica-
tions to the rate constants 
.

Analyzing the low-temperature limit corresponding to
pA = 1, Eq. (25) simplifies to

d

dt

⎛
⎝p1(t )

p2(t )
p3(t )

⎞
⎠ = 


⎛
⎝0 1 0

0 −1 1
0 0 −1

⎞
⎠
⎛
⎝p1(t )

p2(t )
p3(t )

⎞
⎠. (27)

This set of equations shows clear hierarchical relaxation pro-
cesses, where the population of the highest excited state p3(t )

decays exponentially to zero at a rate constant 
, feeding the
population of the intermediate state p2(t ), which also decays
to the ground state p1(t ). In the longtime limit, all the popu-
lation decays to the ground state. Solving these equations, we
obtain

p1(t ) = 1 − e−
t [p2(0) + p3(0)(1 + 
t )],

p2(t ) = e−
t [p2(0) + 
t p3(0)],

p3(t ) = e−
t p3(0). (28)

For the coherences, Eq. (26) becomes

d

dt

⎛
⎝c12(t )

c13(t )
c23(t )

⎞
⎠

=
⎛
⎝−


2 + iω 0 


0 −

2 + 2iω 0

0 0 −
 + iω

⎞
⎠
⎛
⎝c12(t )

c13(t )

c23(t )

⎞
⎠.

(29)

In this zero-temperature regime, c23(t ) is decoupled from
c12(t ) and its absolute value decays exponentially at a rate
2 times larger than that of c13(t ). This can be observed in
Fig. 2: A careful comparison shows that panel (f) displays
a decay 2 times slower than in panel (h) for the d = 3 case.
Meanwhile, the coherence c12(t ) is dynamically coupled to
c23(t ), receiving transient contributions from the decaying
upper coherence before itself decaying to zero,

c12(t ) = e(−
/2+iω)t c12(0) + 2e(−
/2+iω)t (1 − e−
t/2)c23(0),

c13(t ) = e(−
/2+2iω)t c13(0),

c23(t ) = e(−
+iω)t c23(0). (30)

We conclude Sec. III with a few comments.
Solving the recursive equations (12)–(14) at arbitrary tem-

perature is straightforward since they correspond to a linear
system. However, deriving an analytical expression for the
total number of collisions (n∗) required for thermal state
preparation is more challenging. In Sec. IV, we present a
closed-form expression for the zero-temperature limit, corre-
sponding to ground-state preparation. Furthermore, in Sec. V,
we provide an accurate approximate expression valid at arbi-
trary temperatures. There, we show that to estimate the total
number of collisions n∗ effectively, it suffices to analyze the
slowest dynamical mode, specifically, its decay rate and the
projection of the initial condition onto this mode.

Similarly, we note that in the SL regime, dynamics (25)
and (26) are quite simple. While the resulting equations of
motion are of Lindblad form, in our case, we furthermore
get simpler classicallike quantum master equations. We note
that there are no coupling terms here between population and
coherences due to our choice of the interaction Hamiltonian.
Once again we obtain an analytical expression of the total
simulation time (Tsim) at zero temperature in Sec. IV, and we
leave the analysis at arbitrary temperature to Sec. V where we
focus on the slowest evolving mode as a key to the estimation
of simulation time for the preparation of a thermal state.
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FIG. 3. Minimum number of collisions required for the thermalization of a system starting from a completely mixed state and targeting
a low-temperature state (β = 10) within trace distance ε, using (a) J = 10 and (b) J = 10−3. We present results for systems with d = 3 and
d = 10 states; the minimum number of collisions required to thermalize either system follows the same pattern. In panel (a), the shaded region
corresponds to the SL limit where Jτ −→ 0 but J2τ = 
 with 
 ∼ 1. In panel (b), the zone around the first minimum corresponds to the Jτ1
limit. (c) A close-up of the region around Jτ ∼ 1, showing that the minimum occurs precisely at Jτ = π/2. We present results at low (light
blue) and intermediate (red) ancilla (target thermalization) temperatures; in both cases, the minimum takes place at Jτ = π/2. We use the
following settings: The initial state of the system is maximally mixed, ω = 1, and ε = 10−4.

IV. GROUND-STATE PREPARATION

The task considered in this paper is to prepare a thermal
state, typically from an infinite-temperature completely mixed
state. The total simulation time, Tsim, quantifies the duration
needed for the system to reach a specific thermal equilibrium
state from a certain initial condition. In the continuous-time
limit, this corresponds to the time required for the state of the
system to approach the target thermal state ρ∗

S within a spec-
ified trace distance ε. Formally, we define this convergence
condition as

D(ρS (Tsim), ρ∗
S ) = 1

2 Tr|ρS (Tsim) − ρ∗
S | � ε, (31)

where D(·, ·) corresponds to the trace distance between the
two states [75].

In the discrete-time case, the total simulation time is ex-
pressed as

Tsim = n∗τ, (32)

where n∗ is the minimum number of collisions required for
the system to satisfy the condition D(ρ (n∗ )

S , ρ∗
S ) � ε, and τ is

the finite duration of collisions.

A. Key observations

Focusing on the three-level system and fixing the coupling
value J , we study which dynamical regime, and at what pa-
rameters, gives us the shortest simulation time. As we have
seen in Fig. 2, the system thermalizes in fewer iterations for
the Jτ1 limit compared to the SL regime, with the conver-
gence further accelerated at the low-temperature limit. We
now examine aspects of this behavior.

In Fig. 3, we inquire which interaction regime, SL or Jτ1,
achieves thermalization faster. We present the minimum num-
ber of steps required to satisfy thermalization within trace
distance ε as a function of the interaction time, testing ther-
malization for both three- and ten-level systems.

The stroboscopic-Lindblad regime is analyzed in Fig. 3(a),
presented in the shaded region. Using J = 10, we find that
the first minimum in n∗ appears outside the SL regime, show-
ing up around Jτ = 1. This result holds for both three- and
ten-level systems. This indicates that for a system with more
energy levels, the dynamics is similar. Next, in Fig. 3(b), we
turn to the weak J case, and repeat the analysis with a fixed
coupling J = 10−3. We once again verify that the first local
minimum of n∗ occurs near Jτ = 1, corresponding to the Jτ1
operational regime.

Based on Figs. 3(a) and 3(b), we conclude that the opti-
mal regime of operation, leading to smallest n∗, shows once
Jτ ≈ 1, different from the common SL regime. To better
understand the behavior around this point, in Fig. 3(c), we
plot n∗ as a function of Jτ for the qutrit system at two
different temperatures, β = 1 (red) and β = 10 (blue). For
both temperatures, we observe a minimum in simulation time
at Jτ = π/2. As Jτ departs from this point, the number of
collisions starts to increase, diverging at the limiting values
Jτ = 0 and Jτ = π . This explains why in panels (a) and (b),
on the left part of the plot, which corresponds to values where
Jτ −→ 0, we obtain a larger value for n∗. Furthermore, after
reaching the first minimum, we start observing oscillations
in n∗. In these oscillatory dynamics, the minima correspond
to values Jτ = (2k + 1)π/2, and the maxima correspond to
Jτ = kπ with k ∈ N. It is important to note that this first
minimum depends only on the product Jτ , not on J and τ

individually, since n∗ is effectively a function of Jτ . We focus
on the Jτ1 regime as a particular case of this general scenario
that we refer to as beyond the Lindblad limit because, as
discussed in the Introduction and later shown in Sec. V D,
it provides thermalization even when the energy-conservation
condition in Eq. (8) is not satisfied.

The total simulation time can be analytically derived
at zero temperature; we achieve this result in Eq. (36).
We also present this zero-temperature analytical result in
Fig. 3(c) as a black dashed line. The apparent steplike
structure of the analytical curve comes from rounding the
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theoretical value of n∗ to the nearest integer during the
evaluation.

B. Estimation of simulation time beyond the SL limit

We derive here an analytical expression for Tsim assuming
a low (zero) temperature for the ancillas, which is the target
temperature for the qutrit. Assuming that the initial state of
the qutrit system is diagonal, Eq. (31) simplifies to

D
(
ρ

(n∗ )
S , ρ∗

S

) = 1
2

{∣∣p(n∗ )
1 − 1

∣∣ + ∣∣p(n∗ )
2

∣∣ + ∣∣p(n∗ )
3

∣∣} � ε

= 1
2

{
1 − p(n∗ )

1 + p(n∗ )
2 + p(n∗ )

3

}
= 1 − p(n∗ )

1 � ε. (33)

Substituting the solution for the ground-state population of
the system from Eq. (21), and saturating the inequality, we
solve for n∗,

(λ+)n∗
[

p(0)
2 + p(0)

3

(
1 + n∗ λ−

λ+

)]
= ε. (34)

Recall that λ+ = cos2(Jτ ) and λ− = sin2(Jτ ). This expres-
sion can be rewritten as

p(0)
2 + p(0)

3 + p(0)
3

λ−
λ+

n∗ = εe−n∗ ln(λ+ ). (35)

The formal solution of this equation in terms of n∗ is

n∗ = − λ+
λ−

(
p(0)

2 + p(0)
3

p(0)
3

)

+ 1

ln(λ+)
W−1

⎡
⎣(ln λ+)

λ+ε

λ− p(0)
3

(λ+)
λ+(p(0)

2 +p(0)
3 )

λ− p(0)
3

⎤
⎦, (36)

where W−1(z) corresponds to the lower (k = −1) branch of
the Lambert function and w = W−1(z), solving wew = z. De-
tails of arriving at this solution, the justification for using this
specific branch, and the conditions that ensure that this result
gives a real value are discussed in Appendix C.

We now study scenarios in which the condition in Eq. (C8),
z � −1/e, is violated, thus making Eq. (36) either divergent or
invalid. These special points are instrumental for optimizing
the RI scheme for thermal state preparation tasks. A singular-
ity in Eq. (36) arises when λ+ = 1, which occurs when

Jτ = πk, k ∈ N. (37)

Recalling Eq. (20), at these points the dynamics of the popu-
lations are frozen, p(n+1)

i = p(n)
i with i = 1, 2, 3.

Another scenario that requires special attention corre-
sponds to λ+ = 0 and λ− = 1, which implies that

Jτ = π

2
(2k + 1), k ∈ N. (38)

In this limit, we get after the first collision [Eq. (20)]

p(1)
1 = p(0)

1 + p(0)
2 ,

p(1)
2 = p(0)

3 ,

p(1)
3 = 0. (39)

FIG. 4. Minimum number of collisions, n∗, required for a three-
level system to thermalize within ε to temperature β−1 from a
completely mixed state. Different curves correspond to Jτ = π/2
(dark green), Jτ = π/4 (medium green), and Jτ = π/8 (light
green). The solid lines correspond to numerical simulations; dotted
lines (n∗

th) depict the analytical result at zero temperature predicted
by Eq. (36). Energy splitting, identical for the qutrit system and the
ancilla, is given by ω = 1; the precision is set to ε = 10−4.

After the second collision, we have

p(2)
1 = p(1)

1 + p(1)
2 = p(0)

1 + p(0)
2 + p(0)

3 = 1,

p(2)
2 = p(1)

3 = 0,

p(2)
3 = 0. (40)

One can similarly verify that coherences follow similar trends,
vanishing after two collisions. Therefore, the system ther-
malizes at n∗ = 2, which corresponds to two collisions. We
observe this phenomenon in Fig. 4, plotted in dark green.
There, as we increase β we find that n∗ approaches two for
Jτ = π/2. The nonmonotonic behavior of n∗ with β is ex-
plained in Sec. V.

C. Estimation of simulation time in the SL limit

So far, we have not made any assumptions about the
strength of the interaction and its duration. We now focus
on the SL regime and we compute the total simulation time
in the zero-temperature limit. Based on the solution for the
dynamics [Eq. (28)], the trace distance condition [Eq. (31)]
becomes

D(ρS (Tsim), ρ∗
S ) = e−
Tsim [p2(0) + p3(0) + p3(0)
Tsim] � ε.

(41)

To simplify notation, we define α = p2(0) + p3(0) and β =

p3(0). Thus, Eq. (41) becomes

α + βTsim = e
Tsimε, (42)

where we have saturated the bound. Rearranging, we define
y = α + βTsim −→ Tsim = y−α

β
and get

−


β
ye− 


β
y = −


β
εe− 


β
α
. (43)

This equation matches the standard Lambert function
definition, YeY = X , where we identify Y = −


β
y and
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FIG. 5. (a) Total simulation time Tsim in the stroboscopic-Lindblad limit as a function of the inverse temperature β. The solid line
corresponds to the numerical results, the dotted line represents the asymptotic expression [Eq. (36)], and the dashed brown curve corresponds
to the analytical result in Eq. (55), correctly describing the behavior for intermediate temperatures. We fixed the energy splitting to ω = 1, the
precision to ε = 10−4, and J = 10 with τ = 10−2 to efficiently capture the SL limit for 
 = 1. (b) Blue diamonds correspond to the numerical
results for β = 10 with varying ε. As the required precision increases (i.e., smaller ε), the simulation time Tsim grows logarithmically. The
dotted lines represent the analytical result given by Eq. (55). (c) Eigenvalues of the Liouvillian at finite temperature, with λ1 = 0, and λ2 � λ3.

X = −

β

e− 

β
α
ε. Thus, the total simulation time is

Tsim = − 1




{
1 + p2(0)

p3(0)
+ W−1

[
− ε

p3(0)
e−(1+ p2 (0)

p3(0) )
]}

, (44)

where once again W−1(z) corresponds to the lower k = −1
branch of the Lambert function, w = W−1(z). The justifica-
tion for the selection of the lower branch is discussed in
Appendix C. Furthermore, in the SL limit, we observe that
the Lambert function depends only on the initial conditions
and the precision parameter ε. This should be contrasted with
the general solution in Eq. (36) that depends explicitly on the
values of the interaction parameters J and τ .

The simulation time Tsim in the SL limit is presented in
Fig. 5(a), obtained from direct numerical simulations, while
Eq. (44) is depicted as the asymptotic zero-temperature limit.
This figure once again demonstrates a counterintuitive relax-
ation process, similar to Fig. 4, which was plotted for different
values of Jτ . For a maximally mixed initial state (correspond-
ing to an infinite-temperature initial state), it takes longer to
cool to intermediate temperatures than to lower temperatures.
This phenomenon, which appears in both at and beyond the
SL limit is analogous to the Mpemba effect [64–68], and we
address it in the next section. As a final note, with respect to
Eq. (44), in Fig. 5(b), we observe that Tsim increases logarith-
mically as the precision parameter ε is reduced.

V. THERMAL STATE PREPARATION TO NONZERO
TEMPERATURE: THE MPEMBA EFFECT

The Mpemba effect is an anomaly in relaxation dynamics
where a system initially at a higher temperature can cool faster
than the same system when starting from a lower temperature.
Consider a temperature hierarchy, Th > Tc > Tb, with Tb the
temperature of the environment. In the Mpemba effect, a sys-
tem initialized at Th reaches Tb more quickly than a system
prepared at Tc, despite starting further away. Initially ob-
served in water [76], this phenomenon has since been reported
in a range of physical systems [77]. Within the framework
of nonequilibrium thermodynamics, the Markovian Mpemba

effect has been analyzed in minimal models such as three-
level systems governed by memoryless stochastic dynam-
ics [64]. In such cases, the effect is understood through
the spectral properties of the system’s Liouvillian generator:
specifically, by examining the projection of the initial state
onto the slowest decaying eigenmode. A strong Markovian
Mpemba effect occurs when this projection vanishes for the
hot initial condition but remains nonzero for the colder one,
leading to fast thermalization dynamics under Th. A weaker
version of the Mpemba effect arises when the projection is
smaller for the hot state, still resulting in it anomalously more
quickly approaching equilibrium at Tb [65]. Extensions of the
classical Mpemba effects to quantum systems were discussed
in Refs. [66–70].

In Figs. 4 and 5(a), we demonstrate a complementary,
Mpemba-like effect taking place in thermal state preparation
with the RI protocol. Here, the system is initialized in a
maximally mixed state, representative of a high-temperature
condition, while the temperature of the environment (ancilla)
is varied. Counterintuitively, we observe that over a broad
range of ancilla temperatures, the time required to reach a
colder stationary state (β � 1), of a larger distance from the
initial condition, is shorter than the time needed to reach a hot-
ter one (β � 1), which is closer to the initial condition. This
anomalous relaxation behavior, characteristic of the Mpemba
effect, is illustrated at and beyond the SL limit, as shown in
Figs. 5(a) and 4, respectively.

In what follows, we first focus on the SL limit to uncover
the underlying mechanism responsible for this behavior, and
then extend our analysis to the general discrete case (beyond
the SL limit), including the Jτ1 limit, to investigate the occur-
rence of Mpemba dynamics in that regime as well. We further
show that the effect is robust: It exists and, in fact, is further
emphasized, in multilevel (d > 3) systems, and within the Jτ1
regime survives under randomized interactions.

A. Mpemba effect in the SL limit

In the SL limit, the evolution of the populations at gen-
eral nonzero temperatures is given by the coupled differential
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equations (25). This can be expressed more compactly in
a vector form as ṗ(t ) = Lp(t ), where the superoperator L,
known as the Liouvillian, generally includes both unitary and
dissipative contributions. Since L is non-Hermitian, we must
consider its biorthogonal decomposition

Lvi = λivi, LT ui = λiui, (45)

where {vi} and {ui} form sets of right and left eigenvectors, re-
spectively, satisfying the biorthogonality condition uT

i · v j =
δi j . The corresponding eigenvalues are

λ1 = 0, λ2 = −
(1 − θ ), λ3 = −
(1 + θ ), (46)

with θ = √
pA(1 − pA) ∈ [0, 1/2]. We illustrate the three

eigenvalues of the Liouvillian in Fig. 5(c).
As for the eigenvectors, a convenient choice for the right

eigenvector {v1} is based on the equilibrium solution,

v1 = (p∗
1, p∗

2, p∗
3)T , (47)

where the normalization is fixed by choosing v
(1)
1 = p∗

1. To
construct v2, we set v

(3)
2 = 1, which gives

v2 =
(

− θ

1 − pA
,
θ − 1 + pA

1 − pA
, 1

)T

. (48)

Similarly, for v3 we set v
(3)
3 = 1, yielding

v3 =
(

θ

1 − pA
,
−θ − 1 + pA

1 − pA
, 1

)T

. (49)

For the set of eigenvectors {ui}, as it will be clear later, we just
need to compute the eigenvector {u2}, which can be obtained
by solving the second eigenvalue problem. It is properly cho-
sen to satisfy uT

2 · v j = δ2 j ,

u2 = 1

2(1 − θ )

(
− (1 − pA)θ

pA
,−1 + pA + θ, pA

)T

. (50)

Next, to avoid directly solving Eq. (25), we propose the fol-
lowing ansatz based on the spectral decomposition:

pi(t ) = p∗
i +

d∑
k=2

ck,ie
λkt . (51)

Here, λn are the eigenvalues of L ordered as 0 = λ1 > λ2 �
λ3 � · · · � λN for a general multilevel system with p∗

i as the
stationary level populations. For our qutrit system, d = 3, the
eigenvalues are given by Eq. (46) and p∗ = (p∗

1, p∗
2, p∗

3)T is
the stationary state.

At long times, the slowest decaying eigenmode λ2 dom-
inates the dynamics of the system. Therefore, we can
approximate Eq. (51), with d = 3, by

pi
(
t > λ−1

3

) 	 p∗
i + c2,ie

λ2t . (52)

The total simulated time can be computed as

1
2 {|p1(Tsim) − p∗

1| + |p2(Tsim) − p∗
2| + |p3(Tsim) − p∗

3|} � ε.

(53)

Saturating the inequality, we write

1
2 {(|c2,1| + |c2,2| + |c2,3|)eλ2Tsim} = ε, (54)

where we used Eq. (52). Defining now C = |c2,1| + |c2,2| +
|c2,3| we solve for Tsim,

Tsim ≈ 1

λ2
ln

(
2ε

C

)
= − 1


(1 − √
pA(1 − pA))

ln

(
2ε

C

)
.

(55)

To fully capture the behavior of Tsim, we need to compute
the value of C, which reflects the contribution of the slowest
decaying mode to the initial condition. We expand the initial
deviation from equilibrium, �pi(0) = pi(0) − p∗

i , as

�p(0) = α2v2 + α3v3, (56)

where the condition 1T · �p(0) = 0 implies α1 = 0. The time
evolution of deviation from equilibrium is governed by

�pi(t ) = α2v
(2)
i eλ2t + α3v

(3)
i eλ3t , (57)

from which we identify c2,i = α2v
(2)
i . To compute α2, we

project Eq. (56) onto the left eigenvector uT
2 , given in Eq. (50),

which fulfills the biorthogonality condition uT
j · vi = δ ji,

α2 = uT
2 · �p(0). (58)

Explicitly, we find that

α2 = 1

2(1 − θ )

[
(−1 + pA)θ

pA
�p1(0)

− (1 − pA − θ )�p2(0) + pA�p3(0)

]
. (59)

Finally, the coefficient C becomes

C = |α2|
(

|p∗
2| +

∣∣∣∣θ − 1 + pA

1 − pA

∣∣∣∣ +
∣∣∣∣ pA − 1 − θ

1 − pA

∣∣∣∣
)

= |α2|
(

p∗
2 + 2θ

1 − pA

)
, (60)

which contains the contribution of the initial state to the long-
time dynamics. Recall that θ = √

pA(1 − pA).
The analytical expression of Tsim given by Eq. (55) is one

of our main results. It describes the simulation time in the
SL limit from a maximally mixed state to a state at temper-
ature β−1, and it uncovers the Mpemba-like effect physics:
The expression reproduces the nonmonotonic behavior for
intermediate temperatures as one can observe in Fig. 5(a) in
the dashed brown line, correctly describing the Mpemba-like
effect observed for a maximally mixed initial state.

We further use Eq. (55) to gain physical insight into a key
feature observed in Fig. 5(a): the nonmonotonic (turnover)
behavior of Tsim as the ancilla’s temperature decreases from
β → 0 to β � 1, and the corresponding Mpemba-like effect.
Three factors govern the behavior of Tsim: (1) the proximity
of the system’s initial state to that of the ancilla, quantified by
the coefficient α2 [see Eqs. (59) and (60)], (2) the projection
of the initial state to the slow eigenmode, captured by C
being large enough, and (3) the slowest relaxation timescale,
characterized by λ2.

When the system’s initial state is within a small distance,
on the order of ε (or less), from the ancilla, |α2| → 0, Tsim is
small. Furthermore, the simulation time continues to decrease
(to zero) as the ancilla’s temperature increases and approaches
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FIG. 6. Simulation time Tsim in the stroboscopic-Lindblad limit
for selected diagonal initial states. The dip corresponds to initial
conditions for which α2 	 0, causing the dynamics to be dominated
by λ3. We use ω = 1 and the precision is set to ε = 10−4, J = 10,
and τ = 10−2, capturing the SL limit.

the completely mixed state, similar to the initial condition of
the system. In Fig. 5(a), this regime corresponds to the high-
temperature limit of the ancilla, near β → 0.

In contrast, when C is not small, the dominant contribution
to Eq. (55) arises from the slowest relaxing mode, governed
by λ2; for generic initial conditions, all nonzero eigenvec-
tors contribute. As shown in Fig. 5(c), the magnitude of λ2

decreases monotonically with increasing temperature. Conse-
quently, relaxation to a low-temperature ancilla state occurs
more rapidly than to a high-temperature one, which leads to
the counterintuitive trend observed in Fig. 5(a), where the
total simulation time Tsim is shorter when approaching colder
final states. This region appears on the right-hand side of the
turnover.

Additionally, Eq. (55) can be tested to explore the behavior
of Tsim for any other initial diagonal state for the system. For
example, in Fig. 6, we observe a dip in Tsim at intermedi-
ate temperatures. This characteristic corresponds to the value
where α2 → 0, in which case the contribution of the slow
mode vanishes and the decay is governed by the faster mode,
λ3. To the right side of this dip, once again the Mpemba effect
shows due to the suppression of the slow eigenvalue λ2 with
temperature.

These factors, the closeness of the initial condition of the
system to the target (ancilla) state and the dependence of the
slow eigenvalue of the Markovian process on temperature,
yield an analogous Mpemba-like effect in the general discrete
case, as we observe in Figs. 4 and 7, and discuss next in
mathematical language.

B. Mpemba effect beyond the SL limit

In this subsection, we make no approximations as to the
respective values of J and τ , and our results are completely
general in that regard. However, when Jτ → 0, the simulation
time scales as n∗ ∝ 1/(Jτ )2, leading to high cost, contrasting,
e.g., the case Jτ = π/2, for which only a few preparation
steps are required, as demonstrated in Fig. 3(c).

As a specific example, we demonstrate in Fig. 7(a) the
existence of the Mpemba-like effect for arbitrary J and τ ,
complementing Fig. 4. Attempting to explain the effect, we
obtain the eigenvalues of the transition matrix [Eq. (15)],

ξ1 = 1,

ξ2 = λ+ + θλ−

= cos2(Jτ ) +
√

pA(1 − pA) sin2(Jτ ),

ξ3 = λ+ − θλ−

= cos2(Jτ ) −
√

pA(1 − pA) sin2(Jτ ), (61)

which satisfy 1 = ξ1 > ξ2 � ξ3, where 0 < ξ2 < 1 and
−1/2 � ξ3 � 1. These inequalities ensure that the system
reaches a fixed point, unless Jτ is given by integer multiples
of π , in which case there is no evolution. It should be remem-
bered that a small magnitude for ξ , as close as possible to zero,
ensures a fast approach to the fixed point.

In Fig. 7(b), we observe that when Jτ = π
2 , ξ2 approaches

zero as pA −→ 1. This explains the fast decay we found in
Fig. 4 for this value at zero temperature. In contrast, for Jτ →
0, the three eigenvalues approach 1, which explains why we
do not observe evolution at this point, that is, p(n+1)

i = p(n)
i .

For intermediate values, 0 < Jτ < π/2, the eigenvalues be-
come closer to one from below as Jτ → 0. This explains the
increase of n∗ in this direction, observed in Fig. 3(c).

FIG. 7. Mpemba effect beyond the SL limit, corresponding to arbitrary values of J and τ . (a) Total number of collisions n∗ as a function
of β for Jτ = π

8 . The dotted line corresponds to the zero-temperature solution from Eq. (36); the dashed green line corresponds to Eq. (67).
(b), (c) Eigenvalues of the transition rate matrix, ξ2 and ξ3, respectively, shown as a function of pA for different collision times, where pA → 1
corresponds to zero temperature and pA → 0.5 corresponds to the high-temperature limit.
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Figures 7(b) and 7(c) reveal the underlying mechanism of
the Mpemba effect in the general RI case. On the one hand, at
a very high temperature, the target state is similar to the initial
mixed state of the system, resulting in n∗ → 0. The number
of RI steps should start growing as we reduce the tempera-
ture, which we observe in this figure. The turnover however
takes place because of the relaxation dynamics: Since
1 � |ξ2| � |ξ3|, ξ2 dictates the long-term evolution. However,
according to Fig. 7(b), ξ2 gets smaller when reducing temper-
ature (pA → 1). As a result, the relaxation process is made
faster as we go to lower temperatures, compared to an inter-
mediate temperature.

We now provide an estimate for n∗. Since the transition
matrix 
 is nonsymmetric, we consider its biorthogonal de-
composition. We refer to {ri} and {si} as the sets of right and
left eigenvectors, respectively. A convenient choice for the
right eigenvectors {ri} is the following:

r1 = (p∗
1, p∗

2, p∗
3)T

. (62)

Setting r (3)
2 = 1, we obtain

r2 =
(
− pA

θ
,−1 + pA

θ
, 1
)T

, (63)

and similarly for the third eigenvector,

r3 =
( pA

θ
,−1 − pA

θ
, 1
)T

. (64)

With this choice of eigenvectors, the biorthogonal eigenvector
s2 takes the same expression as u2 from Eq. (50), and satisfies
sT

2 · r j = δ2 j .
We now propose the following ansatz to describe the RI

evolution toward the fixed-point thermal state:

p(n)
i = p∗

i +
d∑

k=2

c̃k,iξ
n
k . (65)

Here, c̃k,i are coefficients that depend on the initial conditions,
which we can compute, and ξk are the eigenvalues of the
transition matrix. The total simulated time is computed from

1
2

{∣∣p(n∗ )
1 − p∗

1

∣∣ + ∣∣p(n∗ )
2 − p∗

2

∣∣ + ∣∣p(n∗ )
3 − p∗

3

∣∣} � ε. (66)

Assuming that ξ2 dominates the RI dynamics after enough
steps, we find an approximation for the total number of colli-
sions,

n∗ ≈ ln
(

2ε
K

)
ln(ξ2)

= ln
(

2ε
K

)
ln[cos2(Jτ ) + √

pA(1 − pA) sin2(Jτ )]
,

(67)

where K = |c̃2,1| + |c̃2,2| + |c̃2,3|.
Proceeding in the same way as we did in Sec. V A, we

obtain

K = |α2|
(
|p∗

2| +
∣∣∣−1 + pA

θ

∣∣∣ + ∣∣∣−1 − pA

θ

∣∣∣), (68)

where α2 = sT
2 · �p(0) and the result is given by Eq. (58),

�p = p(0) − p∗ is the deviation of the initial condition from
the fixed-point thermal state, and θ = √

pA(1 − pA).
Equation (67) is one of our main results. It describes the

minimal number of RI steps required for thermal state prepa-
ration at temperature β−1, starting from a maximally mixed

state, showing an advantageous scaling, n∗ ∼ O(log(1/ε)). It
holds for any J and τ , and as such it generalizes Eq. (55)
which holds in the SL limit. In Fig. 7(a), we show that Eq. (67)
provides an excellent approximation to the required number
of RI steps for intermediate temperatures. Importantly, this
approximate expression successfully describes the observed
Mpemba effect.

C. Mpemba effect in larger systems

Our study so far has been mostly limited to considering
a three-level system, and we have discussed thermal state
preparation within this system. Next, we turn our attention to
systems with higher number of energy levels. Our main ques-
tion is: Does the Mpemba effect for thermal state preparation
persist in higher-dimensional systems? The answer is positive:
In Figs. 8(a) and 8(b), we focus on the SL limit and the
discrete-time regime (beyond the SL limit), respectively, and
show that the Mpemba-like effect becomes more pronounced
as the size of the system increases. This suggests that for inter-
mediate temperatures in these larger systems, the dynamics is
once again governed by the second slowest eigenvalue (λ2 or
ξ2), which approaches zero for the SL limit and one in the dis-
crete case as the dimension increases, thereby lengthening the
total simulation time for thermal state preparation at nonzero
temperature.

In Appendix D, we give a mathematical justification to this
phenomenon by obtaining the full spectrum of the Liouvillian
L and the transition matrix 
 for an arbitrary dimension d .
There, we show that the second eigenvalue λ

(d )
2 (ξ (d )

2 ) for the
SL (discrete) limit, for a d-dimensional system, is

λ
(d )
2 = −


[
1 − 2θ cos

(π

d

)]
,

ξ
(d )
2 = λ+ + 2θλ− cos

(π

d

)
. (69)

It is easy to show that as d increases, in the high-temperature
regime, λ2 (ξ2) become closer to zero (one), explaining why
the Mpemba effect becomes more pronounced as we increase
the dimensionality of the system. It is useful to recall that
for d = 2, the dynamics is governed by a single eigenvalue,
λ

(qb)
2 = −
 (ξ (qb)

2 = λ+), which is independent of tempera-
ture. This explains why, for a two-level system, preparing a
low-temperature state from a completely mixed state always
takes longer as the target temperature decreases as shown in
Appendix A.

D. Mpemba effect with general and randomized
interaction Hamiltonians

We explore thermalization dynamics and thermal state
preparation when the system-ancilla interaction is more gen-
eral, allowing for interactions that do not conserve energy.
Concrete questions are the following: (1) What is the fixed
point of the dynamics, that is, does the system thermalize to
the temperature of the ancilla? (2) Does the nonmonotonic
behavior of simulation time with temperature, in the form of
a Mpemba effect, persist?

To address these questions, we first consider an extended
version of the flip-flop interaction Hamiltonian from Eq. (4)
by including an additional non-energy-conserving term of the
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FIG. 8. (a) Simulation time Tsim in the SL limit as a function of the inverse temperature β for systems of dimension d = 2, 3, 5, 8, 10,
initialized in the maximally mixed state. The inset highlights the behavior of the d = 2 and d = 3 cases for β ∈ [0, 4.5]. The coupling
strength is J = 10 and the interaction time is τ = 0.01, efficiently capturing the SL limit. (b) Total number of collisions n∗ required to reach
thermalization for the discrete case with Jτ = π/4, shown as a function of the inverse temperature β for the same system dimensions. The inset
also highlights the d = 2 and d = 3 system sizes for the same range of temperatures. (c) Total number of collisions 〈n∗〉 for the randomized
model. Every point is averaged over m = 100 iterations. Before each collision every strength Jab

i j from the interaction Hamiltonian is selected
from a uniform random distribution U (10−3, π × 10−3). The collision time is set to τ = 100. In panels (a) and (b), the thermalization threshold
is set to ε = 10−4, while for the panel (c) it is set to ε = 0.05. The energy splitting for the three panels is ω = 1.

form J ′
k+1,k|k + 1,↑〉〈k,↓|, yielding the more general interac-

tion Hamiltonian,

ĤI =
d−2∑
k=0

[Jk+1,k|k + 1,↓〉〈k,↑|

+ J ′
k+1,k|k + 1,↑〉〈k,↓| + H.c.]. (70)

This Hamiltonian allows transitions that do not conserve
energy in the system. For example, in the two-level case
(d = 2), this Hamiltonian induces the same transitions as the
Heisenberg-type model analyzed in Ref. [21], in the par-
ticular case Jzz = 0. There, the term J ′

k+1,k corresponds to
transitions associated with Jxx − Jyy, explicitly violating the
energy-conservation condition in the system [Eq. (8)].

For a three-level system, the total system-ancilla Hamilto-
nian takes the explicit matrix form

Ĥtot =

⎛
⎜⎜⎜⎜⎜⎜⎝

− 3ω
2 0 0 J ′ 0 0

0 −ω
2 J 0 0 0

0 J −ω
2 0 0 J ′

J ′ 0 0 ω
2 J 0

0 0 0 J ω
2 0

0 0 J ′ 0 0 3ω
2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (71)

As illustrated in Figs. 9(a)–9(d), in the SL regime, under
this non-energy-conserving interaction, the system does not
reach the thermal state associated with the temperature of
the ancilla. Instead, the system relaxes to a state where the
nearest-neighbor coherence terms (c12, c23) vanish as shown
in panels (b) and (d). On the other hand, the long-range coher-
ence corresponding to the ground state and the second excited
state (c13) remains nonzero [see panel (c)]. In Appendix E,
we show that in this limit, the c13 coherence couples to the
populations, which explains the persistence of this term from
a mathematical perspective. However, we lack a physical ex-
planation for this behavior. In contrast, in the Jτ1 regime,
despite the fact that the interaction is not energy-conserving,
the system approximately reaches the thermal state at the

temperature of the ancillas. This demonstrates that the Jτ1
regime is robust for thermal state preparation, consistent with
Ref. [21].

We further consider the scenario of a fully randomized
interaction Hamiltonian that includes all possible off-diagonal
terms; therefore, the energy-conserving condition is not satis-
fied. This interaction Hamiltonian takes the form

ĤI =
∑

1�i< j�d
a,b∈{↓,↑}

Jab
i j (|i, a〉〈 j, b| + H.c.), (72)

where for every collision, the couplings Jab
i j are sampled from

a random uniform distribution. In Figs. 9(e)–9(h), we observe
that the Jτ1 limit still approximately reaches the target state,
aligning our simulations with the results obtained in Ref. [46].
On the other hand, for the SL limit, the steady state approxi-
mates a nonequilibrium steady state.

Given that the Jτ1 regime provides thermalization for gen-
eral interaction model, and in randomized interactions, we
check again if the Mpemba effect still occurs under these
conditions. The answer is affirmative. As shown in Fig. 8(c),
the Mpemba effect not only persists but becomes increasingly
pronounced in larger system dimensions as observed in the
previous section. Interestingly, in the randomized case, the
Mpemba effect does not manifest itself clearly for the d = 3;
it appears more strongly for d = 4 and persists then for higher
dimensional systems with d > 3.

E. Mpemba effect for states including coherences

Another interesting question is whether the Mpemba effect
persists when the system is initialized with thermal popula-
tions but nonzero quantum coherences. To explore this, we
consider the initial state

ρ
(0)
S = e−βSĤS

ZS
+ δ

∑
n<m

√
pn pm χ̂ , (73)
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FIG. 9. (a)–(d) Dynamics of a d = 3 system under the non-energy-conserving interaction Hamiltonian in Eq. (70). Results shown in dark
tones correspond to the SL limit with parameters J = 10, J ′ = 5, and τ = 0.01, while lighter tones show the Jτ1 regime with J = 10−3,
J ′ = 1

2 J , and τ = 103 under the same Hamiltonian. (e)–(h) Corresponding averaged dynamics over m = 100 realizations of the fully random
interaction Hamiltonian from Eq. (72). For the SL limit, couplings Jab

i j are sampled from a uniform distribution U (5, 20), with τ = 0.01. For
the Jτ1 regime, the couplings are sampled from Jab

i j ∈ U (10−3, π × 10−3) with τ = 103. The energy splitting is set for all the cases to ω = 1,
and the temperature of the ancilla is β = 1. Error bars for plots (e)–(h) are omitted as their magnitude was smaller than the width of lines.

where pn = e−βS En

ZS
are the thermal populations, and the opera-

tor

χ̂ = cos(φnm)(|n〉〈m| + |m〉〈n|) + i sin(φnm)(|n〉〈m| − |m〉〈n|)

introduces the coherent part. For systems with dimension d >

2, positive semidefiniteness is not guaranteed for arbitrary
choices of δ and φ [78]. Specifically, for a three-level sys-
tem, the condition (1 − 3δ2) + 2δ3 cos(φ12 − φ13 + φ23) � 0,
with δ ∈ [0, 1] must be satisfied to ensure a physical density
matrix.

In Fig. 10(a), we illustrate that when the maximally mixed
state (βS = 0) is augmented with coherences, the Mpemba-
like effect persists. We observe the following features: (1) For
ancillas prepared at β = 0, n∗ reaches there its maximum.
This gives us the hint that the coherences decay dominates
the overall relaxation cost. (2) As the ancilla temperature
decreases, n∗ decreases monotonically, demonstrating that
the Mpemba-like effect remains even for coherent initial
states. (3) Figure 10(b) shows that the logarithmic scaling
of n∗ with respect to the target precision ε is preserved,
n∗ ∼ O(log(1/ε)). In panel (c), we depict how n∗ varies as
a function of the coherence parameter δ. As δ increases, the
number of required collisions increases logarithmically. This
reinforces the idea that stronger initial coherences delay ther-
malization.

VI. SUMMARY AND OPEN PROBLEMS

The repeated interaction framework is commonly used to
generate Lindbladian dynamics. In this work, however, we
investigated the dynamics generated by the RI method be-
yond that. We focused on two complementary regimes: (1)
Enacting frequent collisions, each at strong coupling. This
regime indeed results in rate equations for the population
and coherences of the Lindblad form. (2) Performing long
collisions but with weak interaction, a regime that we refer
to as the Jτ1 limit and is beyond the Lindblad limit. In both
cases, we focused on a three-level system as a case study,
derived the corresponding equations of motion, and solved
them in the zero-temperature limit. Equipped with the general
equations of motion for a three-level system, we studied the
simulation time (or minimal number of collisions) necessary
for thermal state preparation, focusing on achieving a finite-
temperature state from a maximally mixed state. We derived
an exact expression at zero temperature and an approximate
expression at arbitrary temperatures, which was shown to
be quantitatively correct. This allowed us to demonstrate the
existence of a Mpemba-like effect in the thermalization time
as a function of target temperature.

Concretely, our main results are the following:
(1) For a three-level model, we proved that operating in

the Jτ1 limit is preferable over the SL regime, as it leads
to thermalization even when the energy-conserving condition
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FIG. 10. (a) Total number of collisions n∗ required to thermalize a three-level system within precision ε to a target temperature β−1. The
initial state is given by Eq. (73) with βS = 0, corresponding to uniform thermal populations pi = 1

3 . For the coherent part, we set δ = 0.5,
and the different angles are φ12 = π

4 , φ13 = φ23 = π

3 . (b) Scaling of n∗ with precision ε for the same initial state, with Jτ = π

8 and ancillas

prepared at β = 2. (c) Dependence of n∗ on the coherence strength δ, ranging from δ = 0 (maximally mixed state) to δ =
√

2
2 , the maximum

value allowed by the positive semidefinite constraint of the density matrix. For plots (a) and (c), ε = 10−4, and the energy splitting for all the
plots is ω = 1.

[Eq. (8)] is not satisfied. Furthermore, it also captures the
optimized performance (fewest simulation steps) when choos-
ing to work at Jτ = π/2, 3π/2, 5π/2, . . .. Although this
result was derived in the zero-temperature limit, simulations
showed that these values for Jτ continue to minimize the
required number of collisions for thermal state preparation,
n∗ even at higher temperatures.

(2) We derived an accurate analytical expression for the
simulation time (or number of RI steps) required to achieve a
thermal state in a three-level system within a certain accuracy
[Eq. (67)]. This result holds for any value of the interaction
strength and duration, and for general temperatures. We also
studied the SL limit of the general result and provided closed-
form approximate results for the associated simulation time
[Eq. (55)].

(3) In both the general and the SL regimes, we observed
a Mpemba-like effect in the simulation time, which varies
nonmonotonically with the target temperature. We traced
this behavior to the temperature dependence of the Liouvil-
lian spectrum. Specifically, we demonstrated that the slowest
nonzero eigenvalue of the rate matrix, whether for continu-
ous or discrete dynamics, became monotonically slower with
increasing temperature. This leads to slower thermalization in
the high-temperature regime. This effect was demonstrated for
a d-dimensional system of equidistant levels.

(4) Based on simulations, we also showed that the Mpemba
effect persists for systems of high dimensions and that it
remained robust even in the presence of random interactions
and when the initial state contains coherences. We proved
analytically that as the dimensionality of the system increases,
the thermalization process slows down. As a result, the num-
ber of collisions required for thermal state preparation from
a maximally mixed state increases, an effect that is most
dramatically manifested at intermediate temperatures (Fig. 8).
This important observation calls for developing strategies for
thermal state preparation of high-dimensional systems. For
example, one could try devising more complex RI models

and protocols and using other types of resources (different
interactions, coherences, etc.). Open questions include the
following: Could one devise a faster thermalization process
by performing a gradual cooling? Or, the other way around,
would a fast cooling to the ground state, then elevating tem-
perature gradually allow for less resources?

Another open problem more broadly concerns the topic
of resource estimation for state preparation. In the context
of quantum algorithms, in addition to the number of gates,
(translating to run-time), energetic considerations should be
taken into account [79]. Eventually, a trade-off between run-
time and cost should guide the protocol of choice.

We have used the trace distance, a standard geomet-
ric metric in quantum computing (also related to fidelity),
as a measure of the distinguishability between two states.
However, the Kullback-Leibler divergence (KL-div) offers
a distinct measure with a thermodynamical context, K =
Tr[ρ∗

S (β ) ln(ρ∗
S (β )/ρ (0)

S )]. Here, ρ
(0)
S is the state of the system

to begin with and ρ∗
S (β ) is the steady state of the system, upon

reaching the temperature of the ancilla. The KL-div measure
is not a metric on the space of probability distributions, but
instead it measures divergence and provides thermodynamical
information on the process. Concretely, it lacks useful proper-
ties of a distance metric, such as symmetry with respect to the
two states. We found numerically that K did not generically
capture the Mpemba effect, but only for selected choices of
Jτ , unlike the analysis based on trace distance. In future
work, it would be interesting to understand, in the context of
thermal state preparation, the difference between the KL-div,
a thermodynamic measure, and the trace distance, a geometric
distance metric.

Our work shows within a model system that by choosing
the interaction strength and its duration, the RI protocol can
be optimized to minimize the number of collisions required
for thermal state preparation. Proving this result in more
general cases, e.g., using randomized interaction Hamiltoni-
ans [46,47], remains a topic for future work. It is remarkable
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to note the rich thermalization dynamics captured within the
simple RI scheme. Future work will also focus on RI dy-
namics with more complex interaction forms and when non-
Markovian effects are taken into account. Implementing the
RI scheme as a near-term quantum algorithm for thermal state
preparation remains a key challenge. However, since our study
identifies optimal interaction strengths and time intervals for
this purpose, deploying the RI method on current quantum
hardware presents an intriguing direction for exploration.
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APPENDIX A: QUBIT SYSTEM UNDER THE RI PROTOCOL

In this Appendix, we provide a summary of results for the case where the system is a qubit (s = 1/2) using the RI framework
considered in this paper. As a reminder, our setup is restricted to the flip-flop interactions given by Eq. (4). Additionally, we set
the system and ancilla energy splittings on resonance, i.e., ωS = ωA = ω, satisfying the energy-conserving condition of Eq. (8).
The total system-ancilla Hamiltonian is

Ĥtot =

⎛
⎜⎜⎝

−ω 0 0 0
0 0 J 0
0 J 0 0
0 0 0 ω

⎞
⎟⎟⎠. (A1)

Since each collision is assumed to have the same duration, each RI step is implemented through the same collision unitary,

Û (τ ) =

⎛
⎜⎜⎝

eiτω 0 0 0
0 cos(Jτ ) −i sin(Jτ ) 0
0 −i sin(Jτ ) cos(Jτ ) 0
0 0 0 e−iτω

⎞
⎟⎟⎠. (A2)

1. Equations of motion

Using the map of Eq. (6), we obtain the recurrence equation for the ground-state population,

p(n+1)
1 = p(n)

1 λ+ + pAλ−, (A3)

where λ± = 1
2 (1 ± λ) and λ = cos(2Jτ ). For the coherence term, we obtain

c(n+1)
12 = eiωτμc(n)

12 , (A4)

where μ = cos(Jτ ). We solve the recurrence relations, obtaining

p(n)
1 = (

p(0)
1 − pA

)
λn

+ + pA, c(n)
12 = eiωτnμnc(0)

12 . (A5)

2. Number of collisions to thermalize, n∗

From the trace distance condition in Eq. (33), we find that when starting from a general diagonal initial state for the system,
the total number of collisions required to reach an ε-close thermal state satisfies

n∗ � ln

(
ε∣∣p(0)

1 − pA

∣∣
)

× 1

ln |λ+| . (A6)

This result is in agreement with the one reported in Ref. [21]. According to this expression, n∗ grows monotonically as the
distance of the initial condition from the target state increases, p(0)

1 − pA.
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3. Equations of motion in the SL limit and Tsim

Expanding the equations for the population and the coherence [Eqs. (A3) and (A4)] to the second order in Jτ , and applying
the SL limit, yields the following differential equations:

ṗ1 = 
[−p1(t ) + pA], ċ12 = −


2
c12(t ) + iωc12(t ). (A7)

The corresponding solutions are

p1(t ) = pA + (p1(0) − pA)e−
t , c12(t ) = c12(0)e(− 

2 +iω)t . (A8)

Assuming that the initial state is diagonal, we obtain an expression for the total simulation time at an arbitrary temperature:

Tsim � 1



ln

(
ε

|p1(0) − pA|
)

. (A9)

Both discrete and continuous measures for simulation time [Eqs. (A6) and (A9)], respectively, show that for d = 2, more RI
steps are necessary to equilibrate when starting further away from the target state. That is, one does not observe a Mpemba
effect for a two-level system. Specifically, if we start at infinite temperature, β → 0, cooling to zero temperature requires most
collisions, compared to cooling to intermediate temperatures. This behavior is demonstrated in Fig. 8.

APPENDIX B: SOLUTION OF THE RI DYNAMICS AT ZERO TEMPERATURE

We provide here a detailed solution for the equations of motion (20) in the zero-temperature limit, pA = 1 (see Sec. III B).
We recall the set of equations that we want to solve:

p(n+1)
1 = p(n)

1 + λ− p(n)
2 ,

p(n+1)
2 = λ+ p(n)

2 + λ− p(n)
3 ,

p(n+1)
3 = λ+ p(n)

3 , (B1)

with λ = cos(2Jτ ) and λ± = 1
2 (1 ± λ) � 1.

We aim to express these recursive relations explicitly in terms of their initial values. We start with the last equation, which is
decoupled from the rest. It has a straightforward solution,

p(n)
3 = (λ+)n p(0)

3 . (B2)

Substituting this result into the equation for p(n+1)
2 , we find

p(n+1)
2 = λ+ p(n)

2 + λ−(λ+)n p(0)
3 . (B3)

To solve this recurrence, we define the variable Xn = (λ+)1−n p(n)
2 , which allows us to rewrite the equation in a telescopic form:

Xn+1 − Xn = λ− p(0)
3 . (B4)

Summing from 0 to n − 1, we obtain

Xn − X0 = nλ− p(0)
3 . (B5)

Solving for p(n)
2 , we therefore find

p(n)
2 = (λ+)(n−1)

[
λ+ p(0)

2 + nλ− p(0)
3

]
. (B6)

Finally, substituting the expression for p(n)
2 and the solution for p(n)

3 into the equation for p(n)
1 , we obtain the following:

p(n)
1 = 1 − (λ+)n

[
p(0)

2 + p(0)
3

(
1 + n

λ−
λ+

)]
. (B7)

We now turn to the evolution of the coherences under the same limit of zero temperature for the ancilla, pA = 1. Substituting
this condition into Eq. (18), we find that the coefficients simplify to

ψ11 = ψ22 = μ, ψ13 = λ−, ψ33 = λ+, ψ31 = 0, (B8)

where we define μ = cos(Jτ ). Substituting these into the recurrence relation for the coherences, Eq. (17) yields

c(n+1)
12 = eiτω

(
c(n)

12 μ + c(n)
23 λ−

)
,

c(n+1)
13 = e2iτωc(n)

13 μ,

c(n+1)
23 = eiτωc(n)

23 λ+. (B9)
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We now solve these recurrence relations explicitly. Starting with c(n)
13 , we get

c(n)
13 = e2iτωnμnc(0)

13 . (B10)

Similarly, the equation for c(n)
23 is

c(n)
23 = eiτωn(λ+)nc(0)

23 . (B11)

For the coupled term c(n)
12 , we have to solve

c(n+1)
12 = eiτω

[
c(n)

12 μ + λ−eiτωn(λ+)nc(0)
23

]
. (B12)

Introducing the transformed variable C(n)
12 = c(n)

12 e−iτωn, the recurrence relation then simplifies to an inhomogeneous linear
difference equation:

C(n+1)
12 − μC(n)

12 = λ−c(0)
23 (λ+)n. (B13)

The solution to this equation consists of a homogeneous part and a particular solution C(n)
12 = C(n)

12,h + C(n)
12,p. We propose

C(n)
12 = Aμn + B(λ+)n, (B14)

where A and B are constants to be determined. Substituting into Eq. (B13), we find

B = λ−c(0)
23

λ+ − μ
. (B15)

To fix A, we use the initial condition C(0)
12 = c(0)

12 , giving

A = c(0)
12 − λ−c(0)

23

λ+ − μ
. (B16)

Therefore, the full solution for c(n)
12 reads

c(n)
12 = eiτωn

[(
c(0)

12 − λ−c(0)
23

λ+ − μ

)
μn + λ−c(0)

23

λ+ − μ
(λ+)n

]
. (B17)

APPENDIX C: SOLVING EQ. (33) AND THE LAMBERT W FUNCTION

1. Equation (33): n∗ at zero temperature

At zero temperature, the trace distance [Eq. (33)] reduces to D(ρ (n∗ )
S , ρ∗

S ) = 1 − p(n∗ )
1 � ε. Substituting the solution for the

ground-state population of the system from Eq. (21), and saturating the inequality, we solve for n∗,

(λ+)n∗
[

p(0)
2 + p(0)

3

(
1 + n∗ λ−

λ+

)]
= ε, (C1)

or

p(0)
2 + p(0)

3 + p(0)
3

λ−
λ+

n∗ = εe−n∗ ln(λ+ ). (C2)

Defining A = p(0)
2 + p(0)

3 , B = p(0)
3

λ−
λ+

, and α = − ln(λ+), Eq. (35) becomes A + Bn∗ = εeαn∗
. Setting y = A + Bn∗, we obtain

y = ε exp [α( y−A
B )], which simplifies to

ye− αy
B = εe− αA

B . (C3)

Finally defining w = −αy
B , the equation takes the standard Lambert form:

wew = −αε

B
exp

(
−αA

B

)
. (C4)

The solution of this equation is

n∗ = −λ+
λ−

(
p(0)

2 + p(0)
3

p(0)
3

)
+ 1

ln(λ+)
W−1

⎡
⎣(ln λ+)

λ+ε

λ− p(0)
3

· (λ+)
λ+(p(0)

2 +p(0)
3 )

λ− p(0)
3

⎤
⎦, (C5)

which is Eq. (36) with W−1(z) as the lower k = −1 branch of the Lambert function, w = W−1(z) solving wew = z.
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FIG. 11. Real branches of the Lambert W function. The dashed gray curve is the principal branch W0(z), defined for z � −e−1 and
increasing from W0(e−1) = −1 to positive values as z −→ ∞. The solid black curve is the lower real branch W−1(z), defined on −e−1 � z < 0;
it starts at the shared branch point (−e−1, −1) (black dot) and diverges to −∞ as z −→ 0−. The dotted vertical line corresponds to the z = −e−1

point.

2. The Lambert function

The Lambert function Wk (z), defined for an integer branch index k and a complex argument z, is the multivalued inverse of
the function w �→ wew. That is, it satisfies the equation

w(z)ew(z) = z. (C6)

Each choice of k defines a different branch of the function. In our application, since the total simulation time must be a real
value, only the principal branch W0 and the lower branch W−1 are relevant. These branches are the only ones that provide real
values for specific ranges of z [80].

As shown in Fig. 11, only the principal branch W0(z) takes positive values. However, in the context of our analysis, the
Lambert function appears in expressions where the argument is negative and proportional to the parameter ε, which we take to
be small and positive. Therefore, the argument of the Lambert function lies near the origin and is typically negative (close to
0−). To obtain a physically meaningful (positive) real solution, we must evaluate the function on the W−1 branch.

Moreover, to ensure that the closed-form expression of Eqs. (36) and (44) gives us real-valued results, we need to ensure that
the argument z of the Lambert function satisfies the condition

z � −1

e
. (C7)

This constraint translates into two nontrivial conditions on the parameter ε, depending on whether we consider the discrete
or the continuous limit.

3. Constraint on ε for Eq. (36)

In the discrete case, the condition z � −1/e leads to the following upper bound on ε:

ε � − 1

ln(λ+)
· λ− p(0)

3

λ+e
· (λ+)

λ− p(0)
3

λ+(p(0)
2 +p(0)

3 ) . (C8)

We recall that ε represents the convergence threshold, specifying how close the system state ρ
(n∗ )
S must be to the target thermal

state. Therefore, to ensure physical consistency, we must enforce

0 < ε � − 1

ln(λ+)
· λ− p(0)

3

λ+e
· (λ+)

λ− p(0)
3

λ+(p(0)
2 +p(0)

3 ) . (C9)
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4. Constraint on ε for Eq. (44)

In the stroboscopic-Lindblad limit, the argument of the Lambert function takes the form

z = − 1

p3(0)
e− p2 (0)+p3 (0)

p3 (0) ε. (C10)

Imposing the condition z � −1/e, we obtain

ε � p3(0) e
p2 (0)
p3 (0) . (C11)

Since ε is defined to be a small positive quantity, this upper bound is always satisfiable and does not impose significant additional
constraints in this regime.

APPENDIX D: DYNAMICS AND THERMALIZATION OF SYSTEMS WITH d > 3

In this Appendix, we generalize our derivations to systems with more than three levels. We begin with examples d = 4 and
d = 5, with the objective of clarifying and bringing intuition on trends, then providing a general solution.

1. General equations for a d = 4 system

For a four-level system, the system Hamiltonian is given by Eq. (1) with s = 3/2. The corresponding total Hamiltonian,
incorporating the flip-flop interaction from Eq. (4) adapted to this case, is given by

Ĥtot =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2ω 0 0 0 0 0 0 0
0 −ω J 0 0 0 0 0
0 J −ω 0 0 0 0 0
0 0 0 0 J 0 0 0
0 0 0 J 0 0 0 0
0 0 0 0 0 ω J 0
0 0 0 0 0 J ω 0
0 0 0 0 0 0 0 2ω

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (D1)

The collision unitary becomes

Û (τ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e2iτω 0 0 0 0 0 0 0
0 eiτω cos(Jτ ) −ieiτω sin(Jτ ) 0 0 0 0 0
0 −ieiτω sin(Jτ ) eiτω cos(Jτ ) 0 0 0 0 0
0 0 0 cos(Jτ ) −i sin(Jτ ) 0 0 0
0 0 0 −i sin(Jτ ) cos(Jτ ) 0 0 0
0 0 0 0 0 e−iτω cos(Jτ ) −ie−iτω sin(Jτ ) 0
0 0 0 0 0 −ie−iτω sin(Jτ ) e−iτω cos(Jτ ) 0
0 0 0 0 0 0 0 e−2iτω

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(D2)

Evolving the state using Eq. (6), the resulting equations for the populations are

p(n+1)
1 = 1

2

{
p(n)

1 [1 + pA + (1 − pA) cos(2Jτ )] + p(n)
2 pA[1 − cos(2Jτ )]

}
,

p(n+1)
2 = 1

2

{
p(n)

1 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
2 [1 + cos(2Jτ )] + p(n)

3 pA[1 − cos(2Jτ )]
}
,

p(n+1)
3 = 1

2

{
p(n)

2 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
3 [1 + cos(2Jτ )] + p(n)

4 pA[1 − cos(2Jτ )]
}
,

p(n+1)
4 = 1

2

{
p(n)

3 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
4 [2 − pA(1 − cos(2Jτ ))]

}
. (D3)

The steady state of the system is the canonical thermal state, p∗
i . As such, we rewrite Eq. (D3) in matrix form as

�p(n+1) =

⎛
⎜⎜⎜⎜⎝

η11 η12 0 0

η21 η22 η12 0

0 η21 η22 η12

0 0 η21 η33

⎞
⎟⎟⎟⎟⎠�p(n), (D4)

where the coefficients ηi j are the same as in Eq. (16) and �p = p − p∗.

043012-21



RAMON-ESCANDELL, PROSITTO, AND SEGAL PHYSICAL REVIEW RESEARCH 7, 043012 (2025)

In the zero-temperature limit, pA = 1, and Eq. (D4) becomes

�p(n+1) =

⎛
⎜⎜⎜⎜⎝

1 λ− 0 0

0 λ+ λ− 0

0 0 λ+ λ−
0 0 0 λ+

⎞
⎟⎟⎟⎟⎠�p(n). (D5)

Similarly to how we derived the equation of motion for the three-level system, we can derive the recursive relation for this case.
First, for the decoupled term p(n)

4 we directly obtain

p(n)
4 = (λ+)n p(0)

4 . (D6)

Second, for p(n)
3 we use the exact same trick as for the qutrit case, and find

p(n)
3 = (λ+)n−1[λ+ p(0)

3 + nλ− p(0)
4

]
. (D7)

Next, for p(n)
2 we have to solve p(n+1)

2 = λ+ p(n)
2 + λ− p(n)

3 , where substituting the above equation for p(n)
3 , we

obtain

p(n)
2 = (λ+)n

[
p(0)

2 + n
λ−
λ+

p(0)
3 + n(n − 1)

2

(
λ−
λ+

)2

p(0)
4

]
. (D8)

Finally, the equation for p(n)
1 by the normalization condition is

p(n)
1 = 1 − p(n)

2 − p(n)
3 − p(n)

4 . (D9)

We also obtain the recurrence equations for the coherences. Reminding that λ+ = cos2(Jτ ), λ− = sin2(Jτ ), and μ = cos(Jτ ),
the resulting equations are

vc(n+1)
12 = eiτω

[
c(n)

12 (λ+ + pA(μ − λ+)) + c(n)
23 pAλ−

]
,

c(n)
13 = e2iτω

[
c(n)

13 (λ+ + pA(μ − λ+)) + c(n)
24 pAλ−

]
,

c(n+1)
14 = e3iτωμc(n)

14 ,

c(n+1)
23 = eiτω

[
c(n)

12 λ−(1 − pA) + c(n)
23 λ+ + c(n)

34 pAλ−
]
,

c(n+1)
24 = e2iτω

[
c(n)

13 λ−(1 − pA) + c(n)
24 ((1 − pA)μ + pAλ+)

]
,

c(n+1)
34 = eiτω

[
c(n)

23 λ−(1 − pA) + c(n)
34 ((1 − pA)μ + pAλ+)

]
. (D10)

In the zero-temperature limit, we can solve the recursive equations. In this limit (pA = 1), Eq. (D10) reads

c(n+1)
12 = eiτω

[
c(n)

12 μ + c(n)
23 λ−

]
,

c(n+1)
13 = e2iτω

[
c(n)

13 μ + c(n)
24 λ−

]
,

c(n+1)
23 = eiτω

[
c(n)

23 λ+ + c(n)
34 λ−

]
,

c(n+1)
14 = e3iτωc(n)

14 μ,

c(n+1)
24 = e2iτωc(n)

24 λ+,

c(n+1)
34 = eiτωc(n)

34 λ+. (D11)

The recurrence relation of the three last equations can be directly solved:

c(n)
14 = e3iτωnμnc(0)

14 ,

c(n)
24 = e2iτωn(λ+)nc(0)

24 ,

c(n)
34 = eiτωn(λ+)nc(0)

34 . (D12)
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For the other three coefficients, we have a similar scenario as we had for the qutrit case. By doing a similar change of variables
as the one explained in Appendix B, we obtain

c(n)
23 = eiτωn(λ+)n

[
c(0)

23 + n
λ−
λ+

c(0)
34

]
,

c(n)
13 = e2iτωnμn

[
c(0)

13 + λ−
μ

1 − μn

1 − μ
c(0)

24

]
,

c(n)
12 = eiτωn

{
μnc(0)

12 + (λ+)n λ−
λ+

[
1 − μn

1 − μ
c(0)

23 + λ−
λ+

(
n − 1 − μn

1 − μ

)]}
. (D13)

a. n∗ for arbitrary J and τ at pA = 1

Once we have the rate equations as a function of the initial conditions, we can attempt to calculate the total number of
collisions n∗ needed to reach a state ε close to the target thermal state by initializing the system from the maximally mixed state.
Adapting Eq. (33) for this case, we saturate the inequality, and obtain the following transcendental equation from which one can
obtain n∗ numerically: (

A0 + A1n∗ + A2
n∗(n∗ − 1)

2

)
eln λ+n∗ = ε. (D14)

Here, A0 = p(0)
2 + p(0)

3 + p(0)
4 , A1 = λ−

λ+
(p(0)

3 + p(0)
4 ), and A2 = λ2

−
λ2+

p(0)
4 . When p(0)

4 = 0, we recover Eq. (35) for a qutrit. It is
important to mention that this equation does not allow for a closed analytical expression; it can only be solved numerically.

b. Optimal thermal state preparation at Jτ = π/2, pA = 1

Next, we are interested in studying the optimal limit, where we set Jτ = π/2. After one collision, we obtain from Eq. (D3)

p(1)
1 = p(0)

1 + p(0)
2 ,

p(1)
2 = p(0)

3 ,

p(1)
3 = p(0)

4 ,

p(1)
4 = 0. (D15)

The second collision leads to

p(2)
1 = p(1)

1 + p(1)
2 = p(0)

1 + p(0)
2 + p(0)

3 ,

p(2)
2 = p(1)

3 = p(0)
4 ,

p(2)
3 = p(1)

4 = 0,

p(2)
4 = 0. (D16)

And after one more collision,

p(3)
1 = p(2)

1 + p(2)
2 = p(1)

1 + p(1)
2 + p(1)

3

= p(0)
1 + p(0)

2 + p(0)
3 + p(0)

4 = 1,

p(3)
2 = p(2)

3 = p(1)
4 = 0,

p(3)
3 = p(2)

4 = 0,

p(3)
4 = 0, (D17)

which corresponds to our zero-temperature thermal state.
We also check that coherences die after three RI steps under these conditions (zero temperature and Jτ = π/2). After one

collision, we have

c(1)
34 = c(1)

24 = c(1)
14 = 0,

c(1)
23 = eiτωc(0)

34 , c(1)
12 = eiτωc(0)

23 , c(1)
13 = e2iωτ c(0)

24 . (D18)
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FIG. 12. (a), (c) Eigenvalues of the transition matrix for a d = 4 and d = 5 systems, respectively. For both, the product Jτ is set to one.
(b), (d) Eigenvalues of the Liouvillian for a d = 4 and d = 5 systems, respectively with 
 = 1.

After a second collision,

c(2)
23 = eiτωc(1)

34 = 0, c(2)
12 = eiτωc(1)

23 = e2iτωc(0)
34 ,

c(2)
13 = e2iωτ c(1)

24 = 0. (D19)

And finally after one more collision, the last term vanishes:

c(3)
12 = eiωτ c(2)

23 = 0. (D20)

Therefore, after n∗ = 3 = d − 1 collisions, both the populations and the coherences thermalize.

c. Eigenvalues of the transition matrix

Working in this discrete case, the next question that we are interested in understanding is why the Mpemba effect is more
pronounced as we increase the dimensionality of the system. Recall that the Mpemba effect manifests itself due to the second-
largest eigenvalue, ξ2, getting closer to one. This effect should become more pronounced as we increase the dimension.

From Eq. (D4), we obtain that the eigenvalues of the transition matrix are

ξ1 = 1, ξ2 = λ+ +
√

2θλ−, ξ3 = λ+,

ξ4 = λ+ −
√

2θλ−. (D21)

In Fig. 12(a), we show that these eigenvalues satisfy the properties of the eigenvalues of a transition matrix. Furthermore, we
observe that ξ

(d=4)
2 > ξ

(d=3)
2 ; see Eq. (61) with ξ

(d=3)
2 = λ+ + θλ−. This suggests that as the dimension of the system increases,

the Mpemba effect becomes more pronounced.

d. Equations of motion in the SL limit and Tsim estimation
at pA = 1

Expanding Eq. (D4) to second order in Jτ , as we did for the qutrit case, and imposing the SL limit, we end up obtaining the
following differential equation:

d

dt

⎛
⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )

⎞
⎟⎟⎠ = 


⎛
⎜⎜⎝

−(1 − pA) pA 0 0
1 − pA −1 pA 0

0 1 − pA −1 pA

0 0 1 − pA −pA

⎞
⎟⎟⎠
⎛
⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )

⎞
⎟⎟⎠. (D22)

It can be readily solved at zero temperature. Setting pA = 1, we have

d

dt

⎛
⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )

⎞
⎟⎟⎠ = 


⎛
⎜⎜⎝

0 1 0 0
0 −1 1 0
0 0 −1 1
0 0 0 −1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )

⎞
⎟⎟⎠, (D23)
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which we solve by a direct exponentiation,⎛
⎜⎜⎜⎜⎝

p1(t )

p2(t )

p3(t )

p4(t )

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

1 1 − e−t
 1 − e−t
 (1 + t
) 1 + 1
2 e−t
 (−2 − t
(2 + t
))

0 e−t
 e−t
t
 1
2 e−t
t2
2

0 0 e−t
 e−t
t


0 0 0 e−t


⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p1(0)

p2(0)

p3(0)

p4(0)

⎞
⎟⎟⎟⎟⎠. (D24)

Simplifying, the explicit solution for the populations are

p1(t ) = 1 − e−
t

[
p2(0) + p3(0)(1 + 
t ) + p4(0)

2
(2 + 
t (2 + 
t ))

]
,

p2(t ) = e−
t

[
p2(0) + 
t p3(0) + p4(0)

2

2t2

]
,

p3(t ) = e−
t [p3(0) + p4(0)
t],

p4(t ) = e−
t p4(0), (D25)

where we have factors proportional to 
2t2, in comparison with the qutrit case.
To obtain Tsim, we need to compute the trace-distance condition, and saturate the inequality. The transcendental equation that

we get is

e−
Tsim
[
B0 + B1Tsim + B2T 2

sim

] = ε, (D26)

where B0 = p2(0) + p3(0) + p4(0), B1 = 
[p3(0) + p4(0)], and B2 = 1
2
2 p4(0). Again, due to the prefactor T 2

sim, this equa-
tion can only be solved using numerical tools.

e. Eigenvalues of the Liouvillian

Focusing now on explaining the Mpemba effect for this system in the SL regime, we derive the eigenvalues by diagonalizing
the Liouvillian of Eq. (D22),

λ1 = 0, λ2 = −
(1 −
√

2θ ), λ3 = −
, λ4 = −
(1 +
√

2θ ). (D27)

These eigenvalues are depicted in Fig. 12(b).
Recall that for the qutrit case we obtained λ2 = −
(1 − θ ) [see Eq. (46)]. These results align with what we have been

observing numerically: Since λ2 for the ququart is smaller in magnitude than for the qutrit, we observe a more pronounced
Mpemba effect in the former.

2. General equations for a d = 5 system

In the case of a ququint, the system Hamiltonian is Eq. (1) with s = 2. The total Hamiltonian using the interaction Hamiltonian
of Eq. (4) adapted for this case is

Ĥtot =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 5ω
2 0 0 0 0 0 0 0 0 0

0 − 3ω
2 J 0 0 0 0 0 0 0

0 J − 3ω
2 0 0 0 0 0 0 0

0 0 0 −ω
2 J 0 0 0 0 0

0 0 0 J −ω
2 0 0 0 0 0

0 0 0 0 0 ω
2 J 0 0 0

0 0 0 0 0 J ω
2 0 0 0

0 0 0 0 0 0 0 3ω
2 J 0

0 0 0 0 0 0 0 J 3ω
2 0

0 0 0 0 0 0 0 0 0 5ω
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (D28)

The collision unitary can be readily calculated showing a similar block structure. Evolving the state using Eq. (6), the populations
obey the recursive relation,

p(n+1)
1 = 1

2

{
p(n)

1 [1 + pA + (1 − pA) cos(2Jτ )] + p(n)
2 pA[1 − cos(2Jτ )]

}
,

p(n+1)
2 = 1

2

{
p(n)

1 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
2 [1 + cos(2Jτ )] + p(n)

3 pA[1 − cos(2Jτ )]
}
,

p(n+1)
3 = 1

2

{
p(n)

2 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
3 [1 + cos(2Jτ )] + p(n)

4 pA[1 − cos(2Jτ )]
}
,
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p(n+1)
4 = 1

2

{
p(n)

3 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
4 [1 + cos(2Jτ )] + p(n)

5 pA[1 − cos(2Jτ )]
}
,

p(n+1)
5 = 1

2

{
p(n)

4 [1 − pA − (1 − pA) cos(2Jτ )] + p(n)
5 [2 − pA + pA cos(2Jτ )]

}
. (D29)

This equation can be rewritten in matrix form as

�p(n+1) =

⎛
⎜⎜⎜⎜⎝

η11 η12 0 0 0
η21 η22 η12 0 0
0 η21 η22 η12 0
0 0 η21 η22 η12

0 0 0 η21 η33

⎞
⎟⎟⎟⎟⎠�p(n), (D30)

where �p = p − p∗. At zero temperature, setting pA = 1, we obtain

�p(n+1) =

⎛
⎜⎜⎜⎜⎝

1 λ− 0 0 0
0 λ+ λ− 0 0
0 0 λ+ λ− 0
0 0 0 λ+ λ−
0 0 0 0 λ+

⎞
⎟⎟⎟⎟⎠�p(n). (D31)

The recursive relations for the populations at zero temperature are given by

p(n)
5 = (λ+)n p(0)

5 ,

p(n)
4 = (λ+)n p(0)

4 + nλ−(λ+)n−1 p(0)
5 ,

p(n)
3 = (λ+)n p(0)

3 + nλ−(λ+)n−1 p(0)
4 + n(n − 1)

2
λ2

−(λ+)n−2 p(0)
5 ,

p(n)
2 = (λ+)n p(0)

2 + nλ−(λ+)n−1 p(0)
3 + n(n − 1)

2
λ−(λ+)n−2 p(0)

4 + n(n − 1)(n − 2)

6
λ3

−(λ+)n−3 p(0)
5 ,

p(n)
1 = 1 − p(n)

2 − p(n)
3 − p(n)

4 − p(n)
5 . (D32)

Reminding that λ+ = cos2(Jτ ), λ− = sin2(Jτ ), and μ = cos(Jτ ), the resulting equations for the coherences ci j are

c(n+1)
12 = eiτω

[
c(n)

12 (λ+ + pA(μ − λ+)) + c(n)
23 pAλ−

]
,

c(n+1)
13 = e2iτω

[
c(n)

13 (λ+ + pA(μ − λ+)) + c(n)
24 pAλ−

]
,

c(n+1)
14 = e3iτω

[
c(n)

14 (λ+ + pA(μ − λ+)) + c(n)
25 pAλ−

]
,

c(n+1)
15 = e4iτωμc(n)

15 ,

c(n+1)
23 = eiτω

[
c(n)

12 λ−(1 − pA) + c(n)
23 λ+ + c(n)

34 pAλ−
]
,

c(n+1)
24 = e2iτω

[
c(n)

13 λ−(1 − pA) + c(n)
24 λ+ + c(n)

35 pAλ−
]
,

c(n+1)
25 = e3iτω

[
c(n)

14 λ−(1 − pA) + c(n)
25 ((1 − pA)μ + pAλ+)

]
,

c(n+1)
34 = eiτω

[
c(n)

23 λ−(1 − pA) + c(n)
34 λ+ + c(n)

45 pAλ−
]
,

c(n+1)
35 = e2iτω

[
c(n)

24 λ−(1 − pA) + c(n)
35 (pAλ+ + (1 − pA)μ)

]
,

c(n+1)
45 = eiτω

[
c(n)

34 λ−(1 − pA) + c(n)
45 (λ+ + (1 − pA)μ)

]
. (D33)

In the zero-temperature limit, corresponding to pA = 1, the recurrence relations simplify and become anlytically solvable. In this
regime, Eq. (D33) reduces to

c(n+1)
12 = eiτω

[
c(n)

12 μ + c(n)
23 λ−

]
,

c(n+1)
13 = e2iτω

[
c(n)

13 μ + c(n)
24 λ−

]
,

c(n+1)
14 = e3iτω

[
c(n)

14 μ + c(n)
25 λ−

]
,

c(n+1)
23 = eiτω

[
c(n)

23 λ+ + c(n)
34 λ−

]
,

c(n+1)
24 = e2iτω

[
λ+c(n)

24 + λ−c(n)
35

]
,

c(n+1)
34 = eiτω

[
λ+c(n)

34 + λ−c(n)
45

]
,
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c(n+1)
15 = e4iτωc(n)

15 μ,

c(n+1)
25 = e3iτωc(n)

25 λ+,

c(n+1)
35 = e2iτωλ+c(n)

35 ,

c(n+1)
45 = eiτωλ+c(n)

45 . (D34)

We begin by solving the recurrence relations for the last four terms, which evolve independently and decay exponentially,

c(n)
15 = e4iτωnμnc(0)

15 ,

c(n)
25 = e3iτωn(λ+)nc(0)

25 ,

c(n)
35 = e2iτωn(λ+)nc(0)

35 ,

c(n)
45 = eiτωn(λ+)nc(0)

45 . (D35)

Next, we consider the coherences c(n)
34 , c(n)

24 , and c(n)
14 , which are coupled to Eq. (D35). Their solutions read

c(n)
34 = eiτωn(λ+)n

[
c(0)

34 + n
λ−
λ+

c(0)
45

]
,

c(n)
24 = e2iτωn(λ+)n

[
c(0)

24 + n
λ−
λ+

c(0)
35

]
,

c(n)
14 = e3iτωnμn

[
c(0)

14 + λ−
μ

1 − μn

1 − μ
c(0)

25

]
. (D36)

We now proceed to the next layer of the hierarchy, where c(n)
23 and c(n)

13 depend on the solutions from above:

c(n)
23 = eiτωn(λ+)n

[
c(0)

23 + n
λ−
λ+

c(0)
34 + n(n − 1)

2

(
λ−
λ+

)2

c(0)
45

]
,

c(n)
13 = e2iτωnμn

[
c(0)

13 + c(0)
24

μ

1 − μn

1 − μ
+ λ−

λ+

c(0)
35

μ

μ − nμn + (n − 1)μn+1

(1 − μ)2

]
. (D37)

Finally, the expression for c(n)
12 is

c(n)
12 = eiτωnμn

{
c(0)

12 + λ−
μ

1 − μn

1 − μ
c(0)

23 +
(

λ−
λ+

)2

c(0)
34

[
μ − nμn + (n − 1)μn+1

μ(1 − μ)2

]

+
(

λ−
λ+

)3

c(0)
45

[
(n2 − 3n + 2)μn − 2(n − 2)nμn−1 + (n − 1)nμn−2 − 2

2μ(1 − μ)3

]}
. (D38)

a. n∗ for arbitrary J and τ at pA = 1

Initializing our system from the maximally mixed state and adapting Eq. (33) for this case, we saturate the inequality, and
obtain the following transcendental equation from which one can obtain n∗ numerically:(

C0 + C1n∗ + C2
n∗(n∗ − 1)

2
+ C3

n(n − 1)(n − 2)

6

)
eln λ+n∗ = ε. (D39)

Here, C0 = p(0)
2 + p(0)

3 + p(0)
4 + p(0)

5 , C1 = λ−
λ+

(p(0)
3 + p(0)

4 + p(0)
5 ), C2 = λ2

−
λ2+

(p(0)
4 + p(0)

5 ), and C3 = λ3
−

λ3+
p(0)

5 .

b. Optimal thermal state preparation at Jτ = π/2, pA = 1

We focus here on the low-temperature limit, setting pA = 1. We also set the interaction at Jτ = π/2, which we now prove to
be optimal: Under this interaction and at zero temperature, one can readily prove that the system thermalizes (cools) with n∗ = 4
collisions, one more than for the four-level system:

p(1)
1 = p(0)

1 + p(0)
2 , p(1)

2 = p(0)
3 , p(1)

3 = p(0)
4 , p(1)

4 = p(0)
5 , p(1)

5 = 0,

p(2)
1 = p(0)

1 + p(0)
2 + p(0)

3 , p(2)
2 = p(0)

4 , p(2)
3 = p(0)

5 , p(2)
4 = 0,

043012-27



RAMON-ESCANDELL, PROSITTO, AND SEGAL PHYSICAL REVIEW RESEARCH 7, 043012 (2025)

p(3)
1 = p(0)

1 + p(0)
2 + p(0)

3 + p(0)
4 , p(3)

2 = p(0)
5 , p(3)

3 = 0,

p(4)
1 = p(0)

1 + p(0)
2 + p(0)

3 + p(0)
4 + p(0)

5 , p(4)
2 = 0. (D40)

We now verify that the coherences also vanish after n∗ = 4 = d − 1 collisions in this optimal regime. At this point, the recursion
relations simplify such that only feedforward terms remain active, while all self-decay terms vanish due to μ = λ+ = 0 and
λ− = 1.

After the first collision, the only nonzero coherences are those directly fed by initial values:

c(1)
15 = c(1)

35 = c(1)
45 = c(1)

25 = 0,

c(1)
34 = eiτωc(0)

45 , c(1)
24 = e2iτωc(0)

35 , c(1)
14 = e3iτωc(0)

25 ,

c(1)
13 = e2iτωc(0)

24 , c(1)
23 = eiτωc(0)

34 , c(1)
12 = eiτωc(0)

23 . (D41)

After the second collision, the coherences continue to shift downward:

c(2)
34 = eiτωc(1)

45 = 0, c(2)
24 = e2iτωc(1)

35 = 0, c(2)
14 = e3iτωc(1)

25 = 0,

c(2)
23 = eiτωc(1)

34 = e2iτωc(0)
45 , c(2)

13 = e2iτωc(1)
24 = e4iτωc(0)

35 ,

c(2)
12 = eiτωc(1)

23 = e2iτωc(0)
34 . (D42)

After the third collision, only one coherence remains:

c(3)
23 = eiτωc(2)

34 = 0, c(3)
13 = e2iτωc(2)

24 = 0, c(3)
12 = eiτωc(2)

23 = e3iτωc(0)
45 , (D43)

and it vanishes after one more collision,

c(4)
12 = eiτωc(3)

23 = 0. (D44)

We therefore conclude that the system thermalizes after n∗ = d − 1 = 4 collisions.

c. Eigenvalues of the transition matrix

Working in the discrete case, once again we can approach from a mathematical standpoint the question why the Mpemba
effect becomes more pronounced as we increase the dimension of the system. From Eq. (D30), we obtain the eigenvalues of the
transition matrix,

ξ1 = 1, ξ2 = λ+ + θλ−

(
1 + √

5

2

)
, ξ3 = λ+ + θλ−

(
−1 + √

5

2

)
,

ξ4 = λ+ − θλ−

(
−1 + √

5

2

)
, ξ5 = λ+ − θλ−

(
1 + √

5

2

)
. (D45)

These eigenvalues are shown in Fig. 12(c). We immediately note that ξ
(d=5)
2 > ξ

(d=4)
2 > ξ

(d=3)
2 , indicating that as the dimension

increases, more steps are needed for thermal state preparation. As a result, the Mpemba effect becomes more pronounced.

d. Equations of motion in the SL limit and Tsim estimation at pA = 1

We repeat the analysis of the d = 5 system in the SL regime. Expanding Eq. (D30) to the second order in Jτ , we end up
obtaining the following differential equation:

d

dt

⎛
⎜⎜⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )
p5(t )

⎞
⎟⎟⎟⎟⎠ = 


⎛
⎜⎜⎜⎜⎝

−(1 − pA) pA 0 0 0
1 − pA −1 pA 0 0

0 1 − pA −1 pA 0
0 0 1 − pA −1 pA

0 0 0 1 − pA −pA

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )
p5(t )

⎞
⎟⎟⎟⎟⎠. (D46)

Setting pA = 1, we have

d

dt

⎛
⎜⎜⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )
p5(t )

⎞
⎟⎟⎟⎟⎠ = 


⎛
⎜⎜⎜⎜⎝

0 1 0 0 0
0 −1 1 0 0
0 0 −1 1 0
0 0 0 −1 1
0 0 0 0 −1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )
p5(t )

⎞
⎟⎟⎟⎟⎠, (D47)
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which can be solved by direct exponentiation,⎛
⎜⎜⎜⎜⎝

p1(t )
p2(t )
p3(t )
p4(t )
p5(t )

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

1 1 − e−t
 1 − e−t
 (1 + t
) 1 + 1
2 e−t
 (−2 − t
(2 + t
)) 1 + 1

6 e−t
 (−6 − t
(6 + t
(3 + t
)))
0 e−t
 e−t
 t
 1

2 e−t
 t2
2 1
6 e−t
 t3
3

0 0 e−t
 e−t
 t
 1
2 e−t
 t2
2

0 0 0 e−t
 e−t
 t

0 0 0 0 e−t


⎞
⎟⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎜⎝

p1(0)
p2(0)
p3(0)
p4(0)
p5(0)

⎞
⎟⎟⎟⎟⎠. (D48)

Simplifying, the explicit solutions for the populations are

p1(t ) = 1 − e−
t

[
p2(0) + p3(0)(1 + 
t ) + p4(0)

2
(2 + 
t (2 + 
t )) + p5(0)

6
(6 + 
t (6 + 
t (3 + 
t )))

]
,

p2(t ) = e−
t

[
p2(0) + 
t p3(0) + p4(0)

2

2t2 + p5(0)

6

3t3

]
,

p3(t ) = e−
t

[
p3(0) + p4(0)
t + 1

2

2t2

]
,

p4(t ) = e−
t [p4(0) + 
t p5(0)],

p5(t ) = e−
t p5(0). (D49)

Saturating the trace distance condition, for this case we obtain

e−
Tsim
[
D0 + D1Tsim + D2T 2

sim + D3T 3
sim

] = ε, (D50)

where D0 = p2(0) + p3(0) + p4(0) + p5(0), D1 = 
[p3(0) + p4(0) + p5(0)], D2 = 1
2
2[p4(0) + p5(0)], and D3 = 
3

6 p5(0).
This equation can be solved numerically to extract the simulation time, Tsim.

e. Eigenvalues of the Liouvillian

We focus now on explaining the Mpemba effect for this d = 5-level system. Using Eq. (D46), we obtain its eigenvalues by
diagonalization:

λ1 = 0, λ2 = −


(
1 − 1 + √

5

2
θ

)
, λ3 = −


(
1 −

√
5 − 1

2
θ

)
,

λ4 = −


(
1 +

√
5 − 1

2
θ

)
, λ5 = −


(
1 + 1 + √

5

2
θ

)
. (D51)

We plot these eigenvalues in Fig. 12(d), and confirm that λ
(d=5)
2 < λ

(d=4)
2 < λ

(d=3)
2 .

3. Generalization for a d-dimensional system

We addressed the thermal state preparation problem for d = 3 in the main text, and for d = 2, d = 4, and d = 5 in the
Appendixes. We now derive results for a d-dimensional system.

At zero temperature, pA = 1, we can generalize the recurrence equations for the populations. These can be expressed as

p(n)
d−k =

k∑
j=0

(
n
j

)
λ

j
−(λ+)n− j p(0)

d−k+ j, for k = 0, 1, 2, . . . , d − 2,

p(n)
1 = 1 −

d∑
i=2

p(n)
i . (D52)
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FIG. 13. Total number of collisions n∗ for the discrete case setting Jτ = π/2 as a function of the inverse temperature β for systems
with d = 2, 3, 5, 8, 10 levels, starting from a completely mixed state. The inset shows the close-up view of the low-temperature regime
corresponding to β ∈ [9.5, 10]. The precision is set to ε = 10−4.

a. n∗ for arbitrary J and τ at pA = 1

Next, we obtain a compact expression for the total number of collisions needed, n∗, for a d-dimensional system. From the
trace distance condition, we have

D
(
ρ

(n∗ )
S , ρ∗

S

) = 1

2

d∑
i=1

∣∣p(n∗ )
i − p∗

i

∣∣ =
d∑

i=2

p(n∗ )
i =

d−2∑
k=0

p(n∗ )
d−k � ε, (D53)

where we have used that in the zero-temperature limit, p∗
1 = 1, and pi �=1 = 0. Saturating the inequality and using Eq. (D52), we

obtain

d−2∑
k=0

d−2∑
j=0

(
n∗
j

)
λ

j
−λ

n∗− j
+ p(0)

d−k+ j = ε. (D54)

This equation can be rewritten in a more compact form as

eln λ+n∗
d−2∑
j=0

(
n∗
j

)(
λ−
λ+

) j
⎡
⎣d−2∑

k= j

p(0)
d−k+ j

⎤
⎦ = ε. (D55)

b. Optimal thermal state preparation at Jτ = π/2, pA = 1

As we have seen before for the d = 3, 4, and 5 cases, choosing Jτ = π/2 allows thermalization with only d − 1 collisions.
Next, using Eq. (D52), we aim to generalize this result for the populations. The equation for the excited states leads to

p(n)
d−k =

k∑
j=0

(
n
j

)
1 j0n− j p(0)

d−k+ j . (D56)

Here, the term 0n− j = 0 as long as n − j > 0, being only equal to one when n = j. That term contributes to the sum if n � k.
Concretely,

p(n)
d−k =

{
p(0)

d−k+n, n � k,

0, n > k.
(D57)

Setting now n = d − 1, for every excited-state index d − k with k = 0, 1, . . . , d − 2, we have n = d − 1 > k ⇒ p(d−1)
d−k = 0. In

other words, p(d−1)
2 = p(d−1)

3 = · · · = p(d−1)
d = 0. On the other hand, the p(d−1)

1 term obeys by normalization

p(d−1)
1 = 1 −

d∑
i=2

p(d−1)
i = 1. (D58)

Therefore, after exactly d − 1 collisions, the system thermalizes (cools to zero). In Fig. 13, we observe this phenomenon using
numerical simulations; focus on the low-temperature limit, β −→ ∞.
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c. General expression for Tsim

The SL regime can be similarly generalized to a d-level system. Given previous expressions for the d = 2, 3, 4, 5 system [see
Eqs. (41), (A9), (D26), and (D50)]. we generalize these result for any d-dimensional system,

e−
Tsim

⎡
⎣d−2∑

k=0

(
Tsim)k

k!

⎛
⎝ d∑

i=k+2

pi(0)

⎞
⎠
⎤
⎦ = ε. (D59)

This equation can be solved numerically to obtain the total simulation time.

d. Eigenvalues of a d-dimensional Liouvillian in the SL limit

Before trying to obtain the eigenvalues of the transition matrix, we first obtain the eigenvalues of the Liouvillian, since it has
a more tractable expression.

For a d-dimensional system, the Liouvillian, describing the dynamics of population only, takes the following tridiagional
form:

Ld = 


⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−(1 − pA) pA

1 − pA −1 pA

1 − pA −1 pA

1 − pA −1 pA
. . .

. . .
. . .

1 − pA −1 pA

1 − pA −pA

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (D60)

which can be expressed in a more general way as

Ld =

⎛
⎜⎜⎜⎜⎝

−α + b c
a b c

. . .
. . .

. . .

a b c
a −κ + b

⎞
⎟⎟⎟⎟⎠, (D61)

with the coefficients a = 
(1 − pA), c = 
pA, b = −
, α = −
pA = −c, and κ = 
(−1 + pA) = −a.
This class of matrices has been studied extensively in Refs. [81–84]. In Ref. [81], Losonczi established that the eigenvalues

of this d × d matrix are

λ = b + 2
√

ac cos(γ ), (D62)

where γ is a solution of

ac sin((n + 1)γ ) + (α + κ )
√

ac sin(nγ ) + ακ sin((n − 1)γ ) = 0, γ �= kπ, k ∈ Z. (D63)

In Ref. [84], Willms solved the eigenvalues of this tridiagonal matrix for the specific case where α = −c and κ = −a, which, as
can be verified, corresponds to our particular case. From Eq. (D63), using sin((n + 1)γ ) + sin((n − 1)γ ) = 2 sin(nγ ) cos(γ ),
we obtain

sin(nγ ) = 0 or 2
√

ac cos(γ ) − (a + c) = 0, (D64)

which results in the eigenvalues

λ1 = b + a + c,

λm = b + 2
√

ac cos

(
(m − 1)π

d

)
, for m = 2, . . . , d. (D65)

Substituting the expressions for a, b, and c, we obtain that the full spectrum is given by

λ1 = 0,

λm = 


[
−1 + 2θ cos

(
(m − 1)π

d

)]
, for m = 2, . . . , d, (D66)

where θ = √
pA(1 − pA). This closed-form solution correctly reproduces the eigenvalues obtained for the cases d = 2, 3, 4, 5

reported in this paper.
In particular, the second smallest eigenvalue (in magnitude), which controls the relaxation timescale, is given by

λ
(d )
2 = −


[
1 − 2θ cos

(π

d

)]
. (D67)
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FIG. 14. (a) λ
(d )
2 for d = 2 (red), d = 3, yellow, d = 5 (green), d = 8 (purple), and d = 10 (blue) computed using Eq. (D67). The value of


 is set to one. (b) ξ
(d )
2 using Eq. (D70). The product Jτ = π/4, which gives λ+ = λ− = 1

2 .

We display a series of these eigenvalues in Fig. 14(a). We observe that λ
(d )
2 becomes smaller in magnitude as d increases. This

trend explains the emergence of the Mpemba effect with increasing dimensionality.

e. Eigenvalues of the d-dimensional transition matrix

We next construct the transition matrix that describes the recursive equations for a d × d system:


d =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

η11 η12

η21 η22 η12

η21 η22 η12

η21 η22 η12
. . .

. . .
. . .

η21 η22 η12

η21 η33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (D68)

It generalizes Eq. (D30). By rewriting this matrix in the same general form as Eq. (D61), with a = η21, c = η12, b = η22,
α = −η12 = −c, and β = −η21 = −a, we find that the eigenvalues follow the structure

ξ1 = 1,

ξm = η22 + 2
√

η21η12 cos

(
(m − 1)π

d

)
= λ+ + 2θλ− cos

(
(m − 1)π

d

)
, for m = 2, . . . , d. (D69)

This analytical expression reproduces results obtained for d = 3, 4, and 5, presented in this work.
The second-largest eigenvalue ξ

(d )
2 that governs the convergence to the steady state is given by

ξ
(d )
2 = λ+ + 2θλ− cos

(π

d

)
. (D70)

We plot this eigenvalue in Fig. 14(b). We can observe that, as the dimension of the system increases, ξ
(d )
2 approaches one. This

corresponds to a more pronounced Mpemba effect observed with increasing dimensionality.

APPENDIX E: DYNAMICS UNDER THE NON-ENERGY-CONSERVING HAMILTONIAN AT THE SL LIMIT

In this Appendix, we aim to study the dynamics in the stroboscopic-Lindblad limit under the interaction Hamiltonian Eq. (70).
Our goal is to understand the steady state shown in Fig. 9 with |c13 �= 0|, which causes the system not to reach an equilibrium
thermal state.

We expand the collision unitary until the second order in Jτ with the total Hamiltonian of Eq. (71). With this, using the RI
protocol [Eq. (6)] and expanding until second order in Jτ , equations for the populations are

p(n+1)
1 = p(n)

1 + ( − J2
1 p(n)

1 + J2
2 p(n)

2 + (J1 − J2)(J1 + J2)
(
p(n)

1 + p(n)
2

)
pA
)
τ 2 − J1J2τ

2 Re
[
c(n)

13

]
,

p(n+1)
2 = p(n)

2 + [
J2

2

( − p(n)
2 + p(n)

3 + p(n)
1 pA − p(n)

3 pA
) + J2

1

(
p(n)

1 − p(n)
2 − p(n)

1 pA + p(n)
3 pA

)]
τ 2 + 2J1J2τ

2 Re
[
c(n)

13

]
,

p(n+1)
3 = p(n)

3 + [
J2

1

(
p(n)

2 − (
p(n)

2 + p(n)
3

)
pA
) + J2

2

(−p(n)
3 + (

p(n)
2 + p(n)

3

)
pA
)]

τ 2 − J1J2τ
2 Re

[
c(n)

13

]
. (E1)

In our notation here compared to the main text we use, J1 ≡ J, J2 ≡ J ′. Based on Eq. (E1), we observe that the coherence term
c13 is coupled to the populations.
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Taking now the usual SL limit, we define the following rates: J2
1 τ = 
1, J2

2 τ = 
2, and J1J2τ = 
12. These rates are
constructed constant as τ → 0. With this, the differential equation for the populations becomes

ṗ1(t ) = −
1(1 − pA)p1(t ) + 
2(1 − pA)p2(t ) − 
12Re[c13(t )],

ṗ2(t ) = p1(t )[
2 pA + 
1(1 − pA)] − p2(t )(
2 + 
1) + p3(t )[
2(1 − pA) + 
1 pA] + 2
12Re[c13(t )],

ṗ3(t ) = p2(t )[
1(1 − pA) + 
2 pA] − p3(t )[
1 pA + 
2(1 − pA)] − 
12Re[c13(t )]. (E2)

For coherences, the recursive equations are

c(n+1)
12 = 1

2

[
2c(n)

23

(−J2
2 (−1 + pA) + J2

1 pA
)
τ 2 + c(n)

12

(
2 + τ

(
J2

1 (−2 + pA)τ

+ 2iω − τ
(
J2

2 (1 + pA) + ω2
))) + J1J2τ

2
(
2c(n)

12 − c(n)
23

)]
,

c(n+1)
13 = c(n)

13 − 1
2 J1J2

(
p(n)

1 − 2p(n)
2 + p(n)

3

)
τ 2 − 1

2 c(n)
13 τ

( − 4iω + τ
(
J2

1 + J2
2 + 4ω2

))
,

c(n+1)
23 = c(n)

23 + c(n)
12

(−J2
1 (−1 + pA) + J2

2 pA
)
τ 2

− 1
2 c(n)

23 τ
(−J2

2 (−2 + pA)τ + J2
1 (1 + pA)τ + ω(−2i + τω)

) − 1
2 J1J2τ

2
(
c(n)

12 − 2c(n)
23

)
. (E3)

To obtain differential equations, we make the additional assumption as we did during this work, where ωτ −→ 0 and ω2τ → 0,
which places us in the limit of J � ω. Under this assumption, the differential equations are given by

ċ12(t ) = iωc12(t ) + c23(t )[
2(1 − pA) + 
2 pA] − c12(t )[
1(2 − pA) + 
2(1 + pA)] + 
12(2c12(t ) − c23(t )),

ċ13(t ) = 2iωc13(t ) + 1
2
12(2p2(t ) − p1(t ) − p3(t )) − 1

3 c13(t )(
1 + 
2),

ċ23(t ) = iωc23(t ) + c12(t )[
1(1 − pA) + 
2 pA] − 1
2 c23(t )[
2(2 − pA) + 
1(1 + pA)] − 1

2
12(c12(t ) − 2c23(t )). (E4)

From these differential equations, we observe that coherences corresponding to adjacent energy levels are coupled to each other,
as we have already seen for the energy-conserving interaction Hamiltonian. The main difference appears when dealing with the
coherence term c13, whose evolution is coupled now to populations. This explains the phenomenon observed in Fig. 9, where
the c13 term does not vanish, resulting in the following steady state:

c∗
13 =

1
2
12

−2iω + 1
3 (
1 + 
2)

(2p∗
2 − p∗

1 − p∗
3). (E5)
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