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Hall effect in topologically trivial isolated flat-band systems
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We study the Hall effect in topologically trivial isolated flat-band systems (i.e., flat bands are separated from
other bands and have zero Chern number) for a weak magnetic field. In a naive semiclassical picture, the
Hall conductivity vanishes when dispersive bands are unoccupied, since there are no mobile carriers. To go
beyond the semiclassical picture, we establish a fully quantum mechanical gauge-invariant formula for the Hall
conductivity that can be applied to any lattice models. We apply the formula to a general (N + M)-band model
with N dispersive bands and M-fold degenerate isolated flat bands, and find that when the dispersive bands
are unoccupied, the total conductivity takes a universal form consisting of the energy difference between the
dispersive and flat bands, and the non-Abelian quantum geometric tensor of the flat bands, which can be nonzero
in systems with vanishing Berry curvature. We numerically confirm the Hall effect for isolated flat-band lattice
models on the honeycomb lattice (N = M = 1) and two different kagome lattices (N = 2, M = 1 and N = 1,
M = 2).

DOI: 10.1103/5s6l-vc71

Introduction. Hall effect is a hallmark of transport phe-
nomena [1] that can bring us essential information on charge
carriers in materials, including their density, mass, the sign of
charges, and scattering properties. At weak magnetic fields,
one can often adopt a semiclassical transport theory, in which
the Hall conductivity is given by [2,3]

σxy = σ0ωcτ

1 + (ωcτ )2
, (1)

where σ0 = ne2τ/m, ωc = eB/m is the cyclotron frequency,
n, e (>0), and m are the density, charge, and mass of carriers,
B is the magnetic-field strength, and τ is the relaxation time.
If one naively takes the large mass limit (m → ∞), which
corresponds to a flat-band limit, the Hall conductivity van-
ishes. A similar result is expected in a high magnetic field in
two dimensions, since a Chern number (which determines the
quantized Hall conductance) must be zero in exactly flat-band
lattice systems [4]. Our natural question here is whether the
Hall conductivity always vanishes in flat-band systems and, if
not, whether we can find any fingerprints of genuine quantum
effects in the Hall conductivity that can survive even in a weak
magnetic-field regime.

Flat-band systems have attracted much attention for a long
time, in part because the kinetic energy of carriers is sup-
pressed, and the interaction dominates overall physics. In this
context, flat-band systems have been discussed as a platform
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of, e.g., ferromagnetism [5–9], fractional Chern insulators (for
nearly flat bands) [10–14], quantum anomalous Hall effects on
flat bands [15,16], quantum geometric effects with quadratic
band touching [17], and flat-band superconductivity [18–23].
Flat-band systems have been realized not only in crystalline
solids [24–26] such as kagome [27], pyrochlore [28], and
moiré [29–32] materials, but also in magnon flat bands
[33–35], photonic lattices [36,37], phononic crystals [38], and
metal-organic frameworks [39] (see also Refs. [40,41]).

In this Letter, we study the Hall effect in isolated topolog-
ically trivial flat-band lattice systems [i.e., systems in which
exactly flat bands are separated from other bands and have
zero Chern number; see Figs. 1(d)–1(f)] in a weak mag-
netic field. We assume that the system has time-reversal
symmetry when there is no magnetic field. While the Hall
conductivity can be evaluated quantum mechanically from the
standard Kubo formula, it is not trivial to extract its weak
magnetic-field limit on a lattice in a gauge-invariant way
[44]. Previously, the weak-field Hall conductivity has been ob-
tained in a continuum space [45–47]. Here, we derive a fully
quantum mechanical gauge-invariant formula for the Hall
conductivity that is applicable to any lattice models. On the
other hand, the formula for the orbital magnetic susceptibility
has been discussed since Landau and Peierls for a continuum
space [48–51], and recently an exact relation between the Hall
conductivity and the orbital magnetic susceptibility has been
found for a continuum space [52]. In this Letter, we establish
the corresponding exact relation for lattice systems. We note
that the longitudinal conductivity of flat-band systems has
been explored (see, e.g., Refs. [53–55]).

We apply the formula to a general (N + M)-band model
with N dispersive and M-fold degenerate isolated flat bands.
The flat bands are topologically trivial (the Chern number is
zero). When the chemical potential is close to the isolated
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FIG. 1. (a) Gapped honeycomb lattice model of nearest-neighbor
and next-nearest-neighbor hoppings (black, red dashed, and blue
dotted lines correspond to the hopping strength

√
3t , t , and 0), having

one isolated flat band at E = 0 [18]. (b) Gapped kagome lattice
model with nearest-neighbor hoppings of different strengths (black,
red, and blue lines correspond to the hopping strengths t , αt , t/α;
α = 2), having one isolated flat band at E = 0 [42]. (c) Kagome-3
lattice model with nearest-neighbor, next-nearest-neighbor, and next-
next-nearest-neighbor hoppings with the same amplitude t , having
twofold degenerate isolated flat bands at E = 0 [43]. (d)–(f) Band
structures of the models of panels (a), (b), and (c), respectively.
Energy is measured in units of t .

flat band(s), we find that the Hall conductivity takes a finite
value proportional to the inverse of the relaxation rate. This
response takes a universal form consisting of the energy dif-
ference between the dispersive and isolated flat bands and
the non-Abelian quantum geometric tensor [56,57] of the
degenerate isolated flat bands. The finite Hall conductivity is
attributed to the effect of interband transitions, as expressed
through the non-Abelian quantum geometric tensor. These
results are demonstrated for a gapped honeycomb lattice
[N = M = 1: Fig. 1(a)] [18], gapped kagome lattice [N = 2,
M = 1: Fig. 1(b)] [42], and kagome-3 lattice [N = 1, M = 2:
Fig. 1(c)] [43] as concrete examples. The last example has
zero Berry curvature at any point in the Brillouin zone. We
also study the behavior of the Hall conductivity of the gapped
honeycomb lattice when the isolated flat band is turned into a
dispersive band.

Derivation of the formula. We consider a general electron
system in the presence of a magnetic field B along the z axis.
We neglect spin-orbit couplings and Zeeman effects [58]. Our
argument can be applied to weakly disordered systems, where
Anderson localization does not occur. The Hall conductivity
σxy can be calculated from the Kubo formula as

σxy = lim
ω→0

e2

iω

(
�R

xy(ω) − �R
xy(0)

)
, (2)

where �R
xy(ω) is an analytically continued (iωλ → h̄ω +

i0+) current-current correlation function �xy(iωλ) with
ωλ = 2πλkBT being the Matsubara frequency:

�xy(iωλ) = 1

β

1

V

∑
n,k,σ

Tr[vk,BxGk,B+vk,ByGk,B]. (3)

Here, β = 1/kBT (T is the temperature), V is the vol-
ume of the system, and vk,Bν (ν = x, y) and Gk,B(+) are the

velocity operator and the Matsubara Green’s function in the
presence of the magnetic field B, respectively. We take the
summation over n for the fermionic Matsubara frequency
εn = (2n + 1)πkBT (n ∈ Z), and the trace is taken over all the
Bloch bands. We abbreviate GB(k, iεn) and GB(k, iεn + iωλ)
as Gk,B and Gk,B+, respectively. Since we are interested in the
weak field limit (B → 0), we take the terms in the order of B1

in the velocity operator and the Green’s function [59].
We begin with the real-space one-body Hamiltonian H

without a magnetic field: H = ∑
jk t jk| j〉〈k|, where j and

k are site indices and t jk is assumed to be real. The sys-
tem preserves the time-reversal symmetry before applying
the magnetic field B. We include the effect of B by the
Peierls substitution: H → HB = ∑

jk t jkeiϕ jk | j〉〈k| with ϕ jk =
−(e/h̄)

∫ k
j A(r) · dl , where A is a vector potential of a static

magnetic field. To guarantee the gauge invariance of the for-
mula, we expand the correlation function in terms of B (not
A) with a trick used in Refs. [60,61]. This is achieved by
using the fact that the trace of the correlation function always
yields a flux around sites j, k, l: 
 jkl = ϕ jk + ϕkl + ϕl j =
−(e/h̄)

∫∫
jkl B · dS, which is manifestly gauge invariant. By

defining the Green’s function GB and the velocity operator
vBν (ν = x, y) in the presence of the magnetic field as GB =
(iεn − HB)−1 and vBν = (1/ih̄)[ν, HB] with the position oper-
ator ν = ∑

l νl |l〉〈l|, we can calculate the correlation function
while preserving the gauge invariance. After performing the
standard contour integral and analytic continuation and taking
the limit of ω → 0 in Eq. (2), we obtain a gauge-invariant
formula for the Hall conductivity: σ Total

xy = σ TR
xy + σ TH

xy , σ X
xy =∫ ∞

−∞ dε(− f ′(ε))σ X
xy(ε) (X = TR, TH), with

σ TR
xy (ε)

σxy0
= − 1

N

∑
k

Im Tr
[
Hx

k GR
k Hy

k GR
k Hx

k GR
k Hy

k GA
k

+ Hy
k GR

k Hx
k GR

k Hy
k GR

k Hx
k GA

k

+ 1

2
Hxy

k

(
GR

k Hx
k GR

k Hy
k GA

k + GR
k Hy

k GR
k Hx

k GA
k

+ GR
k Hx

k GA
k Hy

k GR
k + GR

k Hy
k GA

k Hx
k GR

k

+ GA
k Hx

k GR
k Hy

k GR
k + GA

k Hy
k GR

k Hx
k GR

k

)]
, (4)

σ TH
xy (ε)

σxy0
= 1

N

∑
k

Im Tr
[
Hx

k GR
k Hy

k GR
k Hx

k GR
k Hy

k GR
k

+ 1

2
Hxy

k GR
k

(
Hx

k GR
k Hy

k GR
k + Hy

k GR
k Hx

k GR
k

)]
. (5)

Here, Hk is the one-body Hamiltonian in k space without
the magnetic field, ∂ν = ∂/∂ (kνa), a is the lattice con-
stant, lB = √

h̄/eB is the magnetic length, σxy0 = 2(e2/h) ·
(a/lB)2 ∝ B1, N is the number of unit cells, Hν

k = ∂νHk,
Hxy

k = ∂x∂yHk, GR
k = (εR − Hk)−1, and GA

k = (εA − Hk)−1

are the retarded and advanced Green’s functions, εR = ε + i�
and εA = ε − i� with � being the relaxation rate, and f (ε) =
1/(eβ(ε−μ) + 1) is the Fermi distribution function. σ TR

xy corre-
sponds to the transport contribution of the Hall conductivity,
which includes the results of the Boltzmann equation and
reproduces the classical Drude results when considering the
free electrons, having both the retarded and advanced Green’s
functions. σ TH

xy is the thermodynamic contribution of the Hall
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conductivity arising from the current induced by the magnetic
field [52], which only has the retarded Green’s functions.
Only electrons close to the Fermi surface can contribute to
the transport and thermodynamic components.

Some technical comments are in order. Although the
scattering rate � is phenomenologically introduced, it is dom-
inantly determined by impurity scattering at low temperature,
which is generally momentum independent. This does not
alter the band dispersion because it lacks momentum depen-
dence. We note that the Hxy

k terms have been absent in the
previous research based on the continuous model [45,52,62].
These terms naively describe the effect of anisotropy of the
energy dispersions. We also note that the formulation in
Ref. [62] (which is similar to the one in Refs. [45,52]) does not
properly account for the Peierls phase terms when calculating
the noninteracting current vertex.

We can show that the thermodynamic contribution of the
Hall effect σ TH

xy satisfies the following exact relation with the
orbital magnetic susceptibility χorb for lattice systems:

∂

∂μ
χorb = −σ TH

orb

eB
. (6)

Here, the expression of χorb for lattice systems has been shown
in Refs. [59,63]. The relation (6) is a straightforward extension
of the one derived for a continuum space [52] (also known
as the Strěda formula [64–66]) to lattice systems. Since our
formula for σ Total

xy [Eqs. (4) and (5)] is gauge invariant, and
the gauge invariance of the orbital magnetic susceptibility χorb

guarantees the gauge invariance of σ TH
xy through Eq. (6), the

gauge invariance of σ TR
xy is assured. We note that the Hall re-

sponse is zero when the external magnetic field vanishes, since
both transport σ TR

xy and thermodynamic σ TH
xy contributions are

proportional to the constant σxy0 = 2(e2/h) × (a/lB)2 ∝ B1.
General (N + M )-band model. We apply the formula to an

(N + M)-band model with N dispersive (with eigenfunctions
unk and energy Enk for n ∈ D = {1, . . . , N}) and M-fold de-
generate isolated flat bands (ulk and Elk = Eflat = const for
l ∈ F = {N + 1, . . . , N + M}), satisfying |En∈D,k − Eflat| 

� > 0 for any k points in the Brillouin zone. The degenerate
isolated flat bands are topologically trivial in the sense that the
Chern numbers are zero (where we use the non-Abelian Berry
curvature for degenerate flat bands) [67], and their degeneracy
does not arise from spin. We take the band basis in which the
Green’s functions are diagonal: GR/A

nn′ = (εR/A − Enk)−1δnn′ .
After performing some calculations with the explicit expres-
sions of Hν

k and Hxy
k , we arrive at a simple description for

the Hall conductivity around the degenerate isolated flat bands
(|μ − Eflat| � min(|En∈D,k − Eflat|)) at T = 0,

σ Total
xy (μ)

σxy0
= �3

[(μ − Eflat)2 + �2]2
· �,

� := − 4 · 1

N

∑
k

∑
n∈D

∑
l,m∈F

(Enk − Eflat)

× Re
[(

Qlm
xyk,n − Qlm

yxk,n

)
Qml

xyk

]
, (7)

neglecting the terms that become zero at μ = Eflat when � →
0. Here, Qab

xyk and Qab
xyk,n are the full and the nth component

non-Abelian quantum geometric tensor [56]:

Qab
xyk =

∑
j∈D

〈∂xuak|u jk〉〈u jk|∂yubk〉

= 〈∂xuak|
(

1 −
∑
J∈F

|uJk〉〈uJk|
)

|∂yubk〉, (8)

Qab
xyk,n = 〈∂xuak|unk〉〈unk|∂yubk〉, (9)

satisfying
∑

n∈D Qab
xyk,n = Qab

xyk. The real part of the (non-
Abelian) quantum geometric tensor describes how the state
parametrized by the parameter (here k) changes as the pa-
rameter infinitesimally changes, and its imaginary part gives
the (non-Abelian) Berry curvature, corresponding to the (non-
Abelian) gauge field. For the finite temperature T > 0 and
exact clean limit (� → 0), we replace �3/[(μ − Eflat)2 +
�2]2 with (π/2)(β/4)sech2(β(μ − Eflat)/2). See Supplemen-
tal Material for the derivation [68]. We also show the
individual expressions of the transport and thermodynamic
contributions in the Supplemental Material [68]. � does not
diverge as the band gap (En∈D,k − Eflat) grows, since the
geometric part is suppressed as the band gap increases. Im-
portantly, � can be nonzero even in the system preserving
both inversion and time-reversal symmetry before applying an
external magnetic field, where the Berry curvature is zero, as
we see below. We note that the non-Abelian quantum geo-
metric tensor returns to the Abelian one when the isolated flat
band does not have a degeneracy. For the two-band case with
one isolated flat band (N = M = 1), the geometric part of the
formula Re[(Qlm

xyk,n − Qlm
yxk,n)Qml

xyk] is reduced to the square of
the Berry curvature of the isolated flat band, and its integral is
nonvanishing even in the topologically trivial system.

The formula in Eq. (7) is universal in any system with
isolated flat band(s), yielding a divergent response in the clean
limit. The form of Eq. (7) shows a clear separation of the
geometric contribution described by the non-Abelian quantum
geometric tensor and the contribution from the band structure.
The Hall conductivity depends on the extrinsic parameter �

around the degenerate flat bands μ ≈ Eflat as σ Total
xy ∝ �−1,

which differs from that of the dispersive bands depending on
� as σ Total

xy ∝ �−2 [52], indicating that the relaxation of the
Hall response is suppressed more than in the dispersive bands.
The formula remains valid even when the isolated flat bands
acquire finite dispersions and/or there is a small split between
them, as long as they are smaller than �.

Since the longitudinal conductivity σνν under no mag-
netic field in the clean limit neglecting the dispersive terms
reads as σνν = 8(e2/h)(1/N )

∑
k,l∈F Qll

ννk, which is positive
Qll

ννk = ∑
j∈D,l∈F |〈u jk|∂νulk〉|2 > 0, the B dependence of the

resistivity ρxy(B) = σ Total
xy (B)/(σxxσyy + (σ Total

xy (B))2) follows
ρxy(B) ∝ B1 for small B.

The physical interpretation of the Hall conductivity is as
follows: When the chemical potential is away from the iso-
lated flat bands, there are no carriers, and the response is zero.
When the chemical potential is close to the isolated flat band
(typically in the width of 2� or 2kBT for finite T ), electrons
can be virtually excited from the isolated flat bands, where
electrons become mobile and contribute to the Hall conduc-
tivity through geometric effects. In the weak-field regime,
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the contribution is determined by the non-Abelian quantum
geometric tensor, which is in contrast to the strong-field case
of the dispersive bands, where the Berry curvature gives the
quantized Hall conductivity, when the chemical potential is
located between the Landau levels.

Although the interaction effect is not included here, our
formula will be valid as long as the energy scale of the
interaction is much smaller than that of the relaxation (or
temperature). For instance, when the isolated flat band is
half filled, its eigenfunction is spatially overlapping, and the
system has on-site repulsive interactions U > 0 at each site,
one of the aligned spin configurations is chosen, and the
ground state is ferromagnetic [69,70] with the energy gap
proportional to U . However, when the relaxation energy scale
is much larger than U , the splitting of the flat bands is negli-
gible and thus buried, implying that the system is effectively
noninteracting; our formula remains valid. This argument can
be applied to the non-half-filling ferromagnetic case as well.

We note that our formalism can be applied to the system
with “nearly” degenerate isolated flat bands, where the flat
bands are slightly gapped from each other, as long as the
gap between the two flat bands is sufficiently smaller than the
relaxation rate �.

Concrete examples. We consider the three concrete ex-
amples based on the lattice models in Fig. 1. We fix the
hopping amplitude t = 1 as a unit of energy and consider
the T = 0 case for simplicity. See Supplemental Material
for the details of the models [68]. For the finite temperature
case, we read � as (8/π )kBT ∼ kBT . The first example is the
gapped honeycomb lattice model with an isolated flat band
[18] [Fig. 1(a)], consisting of the nearest-neighbor hopping√

3t , the next-nearest-neighbor hopping t only from site A to
A, and the on-site potential mt = 3t at each site. The second
example is the gapped kagome lattice model with an isolated
flat band and two dispersive bands [42] [Fig. 1(b)]. This model
has three kinds of nearest-neighbor hopping amplitude: t be-
tween sites A and C, and B and C; αt between sites A and
B in one direction and t/α in the opposite, and the on-site
potential α2 + (1/α)2 at each site. We choose α = 2 in the
calculation. The third example is the kagome-3 model with
twofold degenerate isolated flat bands and one dispersive band
[43] [Fig. 1(c)]. This model includes the nearest-neighbor,
next-nearest-neighbor, and next-next-nearest-neighbor hop-
pings with the same amplitude t and the on-site potential
2t at each site. We note that the trace of the non-Abelian
Berry curvature is zero, indicating the complete absence of
the conventional topological effect. All the models have (an)
isolated flat band(s) at E = 0. The results of the numerical
calculation of the Hall conductivity with μ ≈ Eflat directly by
Eq. (7), and by Eqs. (4) and (5) in Fig. 2, are represented
by the solid lines and the markers, respectively. The solid
lines are calculated for � = 0.2, 0.1, and 0.05 from outside
to inside. The red, green, and blue colors, and circle, triangle,
and diamond markers correspond to the case of the gapped
honeycomb (� ≈ 0.184), gapped kagome (� ≈ 0.036), and
kagome-3 models (� ≈ 6.357), and � = 0.2, 0.1, and 0.05,
respectively. Both methods yield results that agree with each
other very well, so we can conclude that the total Hall con-
ductivity at the isolated flat band(s) indicates the universal
behavior described by the intertwined combination of the

FIG. 2. The normalized total Hall conductivity (σ Total
xy /σxy0) ×

(�/�) of the gapped honeycomb (� ≈ 0.184, red), gapped kagome
(� ≈ 0.036, blue), and kagome-3 models (� ≈ 6.357, green). Equa-
tion (7) gives the solid lines for � = 0.2, 0.1, and 0.05 from outside
to inside. The markers are calculated by Eqs. (4) and (5) for � = 0.2
(circle), 0.1 (triangle), and 0.05 (diamond). A finite small value at
μ = −0.5 is subtracted in the markers.

(non-)Abelian quantum geometric tensor and band-structure
contributions in Eq. (7). The greatly enhanced Hall response
in the kagome-3 model (� ≈ 6.357) suggests a significant
contribution from the degenerate isolated flat bands via the
non-Abelian quantum geometric tensor, which cannot be cap-
tured by the conventional topological characterization by the
(non-Abelian) Berry curvature. See Supplemental Material for
the plots of the geometric part of the formula of those models
[68]. The results presented here can also be applied to the
finite temperature case, provided that the energy scale of the
temperature, kBT , is smaller than the energy gap between the
dispersive and isolated flat bands.

Crossover. To understand the role of the flatness of the
isolated flat band, we here introduce a finite dispersion
to the isolated flat band of the gapped honeycomb lattice
model without changing the form of the dispersive band. The
magnitude of the nearest-neighbor hopping and next-nearest-
neighbor hopping from sites A to A and B to B are

√
3(t − δt ),

t , and δt , respectively. The modified band structure with δt =
0.2 is shown in Fig. 3(a). The dispersive band shifts −3δt and
does not change the k dependence.

FIG. 3. (a) The modified band structure of the gapped honey-
comb lattice model with δt = 0.2. (b) � dependence of the maximum
absolute value of the total Hall conductivity |σ Total

xy /σxy0| around the
isolated flat band (μ ∈ [−t, t]). The red circle, blue triangle, and
green diamond curves correspond to the cases of δt = 0.5, 0.2, and
0, respectively.
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We calculate the Hall conductivity for this model by
sweeping the parameter � while fixing δt within μ ∈ [−t, t],
and obtain the � dependence of the peak height of the total
Hall conductivity (max(|σ Total

xy /σxy0|)) as shown in Fig. 3(b).
The red circle, blue triangle, and green diamond curves corre-
spond to the parameters δt = 0.5, 0.2, and 0, respectively. We
can see a clear crossover from the flat band (∝ �−1) to the dis-
persive one (∝ �−2) in the blue triangle curve. The crossover
occurs around δt/(�/2) ≈ 1, suggesting that the bandwidth
should be smaller than �/2 to realize the Hall response of the
isolated flat band. When δt is smaller than �/2, the band can
be seen as a flat band, and the Hall response is proportional to
�−1, exhibiting the intrinsic nature of the Hall effect. On the
other hand, when 2δt becomes larger than � and the lower
band becomes dispersive, the transport contribution over-
whelms the thermodynamic contribution (see Supplemental
Material [68]). Moreover, the response becomes proportional
to �−2, a well-known property observed in the case of free
electrons [52]. We note that σ Total

xy does not change its sign
within μ ∈ [−t, t] when δt is small (in our case, δt = 0,
0.2) and it is always positive. When the dispersion effect
becomes noticeable (δt = 0.5), σ Total

xy changes its sign near
μ = 0, which is consistent with the usual behavior of the
Hall conductivity of the free electron [52]. This crossover
behavior is somewhat similar to that of the longitudinal con-
ductivity [53]. The modification of the formula [Eq. (7)] by
introducing small dispersion to the isolated flat band for the
two-band case (N = M = 1) is presented in the Supplemental
Material [68].

Relation to experiments. Let us discuss the observability
of the phenomena in experiments. In typical materials with
the lattice constant a ∼ 1 Å, the ratio (a/lB)2 is on the order
of 10−5 for a typical magnetic-field strength B ∼ 1 T. Then,
the typical scale of the Hall conductivity in isolated flat-band
systems is on the order of 10−5 × (e2/h), which is within
the reach of experimental observations. The observation will
become much easier in clean samples because of the �−1

dependence. If one considers systems with a large lattice

constant (e.g., moiré materials with a ∼ 10−8 m), the value
of the Hall conductivity can be enhanced. A challenging part
is finding appropriate materials with isolated flat bands with
a sufficiently large energy gap. Candidate materials include
the twisted bilayer graphene [32], metal-organic frameworks
[39–41], and several chain-type lattice materials [26].

Summary. We have investigated the Hall effect in iso-
lated flat-band systems in the weak-field limit. The derived
gauge-invariant formula for the Hall conductivity [Eqs. (4)
and (5)], and the exact relation between the orbital mag-
netic susceptibility and the thermodynamic contribution of
the Hall conductivity [Eq. (6)] can be applied to any lattice
models. The Hall conductivity in isolated flat-band systems
[Eq. (7)] shows the universal form consisting of the non-
Abelian quantum geometric tensor (the geometric part) and
energy difference between the dispersive and isolated flat
bands (the band-structure part), the former of which arises
from the interband effect. This indicates the breakdown of
the semiclassical theory based on the Boltzmann equation,
and a quantum-mechanical treatment is essential to examine
the interband effect in systems with isolated flat bands. Fu-
ture problems include addressing the effects of interactions,
disorders, and strong magnetic fields that exceed the linear
response regime, as well as exploring other physical quantities
that display the effect of the non-Abelian quantum geometric
tensor in isolated flat-band systems.
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