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Electronically driven nematic order breaks the rotational symmetry of a system, e.g., through a Pomeranchuk
instability of the Fermi surface, with a concomitant distortion of the lattice. As a result, in a metal, the nematic
collective mode interacts with two different sets of gapless excitations: the particle-hole excitations of the metal
and the lattice fluctuations that become soft at the induced structural transition, namely, the transverse acoustic
phonons. However, the dynamics of these hybridized collective modes formed by the transverse acoustic phonons
and the metallic electronic nematic fluctuations has remained largely unexplored. Here, we address this problem
by developing a formalism in which the nematoelastic coupling is obtained microscopically from the direct
coupling between electrons and transverse acoustic phonons enabled by impurities present in the crystal. We
then demonstrate the emergence of hybrid nematoelastic modes that mix the characteristics of the transverse
phonons and of the nematic fluctuations. Near the nematic quantum critical point in a metal, two massless modes
emerge with intertwined dynamic behaviors, implying that neither mode dominates the response of the system.
We systematically study the nontrivial dependence of these collective modes on the longitudinal and transverse
momenta, revealing a rich landscape of underdamped and overdamped modes as the proximity to the quantum
critical point and the strength of the electron-phonon coupling are changed. Since dynamics play an important
role for determining superconducting instabilities, our results have implications for the study of pairing mediated

by electronic nematic fluctuations.

DOI: 10.1103/5r8m-v694

I. INTRODUCTION

Electronic nematicity—a quantum phase in which elec-
trons spontaneously break rotational but not translational
symmetry—is one of the hallmarks of correlated metals
[1-3]. Indeed, such phases are routinely observed in a diverse
range of correlated materials including iron-based super-
conductors [4—10], cuprates [11-14], quantum Hall systems
[15,16], and kagome metals [17]. In the unconventional su-
perconductors, the observation of a superconducting dome
that seemingly straddles the putative quantum critical point
(QCP) associated with the nematic transition, particularly in
iron-based superconductors [18-21], has inspired the idea of
high-temperature superconductivity mediated or enhanced by
nematic fluctuations [22-27]. In hypothetical electronic fluids
without a lattice, the nematic transition can be described as
a Pomeranchuk instability of the Fermi surface that lowers
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the continuous rotational symmetry of the electronic liquid
[28-30]. Here, the long-wavelength nature of the near-critical
nematic fluctuations serves to enhance superconducting pair-
ing interactions leading to a superconducting dome centered
on the nematic QCP [22].

The presence of a lattice complicates matters. As a result
of the coupling between electrons and phonons, the electronic
nematic transition is accompanied by a concomitant structural
transition which lowers the symmetry of the underlying lat-
tice. In contrast to the Pomeranchuk instability in an electronic
fluid, structural transitions are not associated with critical
modes but rather with the vanishing of the velocity of spe-
cific transverse acoustic (TA) phonon modes [31]. This tends
to “lock” the transition to the lattice, rendering it Ising-like
in the case of a tetragonal lattice rather than a continuous
symmetry-breaking transition [32]. In fact, for many structural
transitions, the velocity only vanishes along certain directions
[31]. Since phonons are Goldstone modes of the lattice, the
coupled nematic-structural transition is also not accompa-
nied by a critical mode but, as above, by the vanishing of
the velocity of a transverse acoustic phonon along certain
directions. Crucially, this implies that the coupling between
the nematic fluctuations and the lattice cannot be neglected
[25,33-39]. Indeed, as nematic fluctuations are electronic in
origin, they necessarily involve a coupling of electrons to
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transverse phonons. As such, the impact of the transverse
phonons on the nematic fluctuations depends crucially on the
electronic density and, in particular, metals and insulators will
exhibit distinct behaviors. In this paper, we will focus on
metallic systems.

The “traditional” pathway to analyze the behavior of itin-
erant electrons near a symmetry-breaking transition, such
as the Ising-nematic one considered in this work, is to ar-
tificially break up the electron dynamics into that of the
(fermionic) Fermi-liquid quasiparticles, and that of an emer-
gent (bosonic) collective excitation. The collective excitation
is then represented by a fermionic bilinear, e.g., ¢(q,?) =
Dk Jk+q /2(t) cos(26k )Yi—q/2(¢) for the Ising-nematic opera-
tor with d,>_» symmetry, where 6 is the angle between k and
the major lattice axis. The emergent physics is captured in the
low-energy theory by the coupling between the quasiparticles
and the collective excitation, and the transition occurs when
the gap for the emergent nematic field, ry4, softens to zero. In
this picture, the coupling between the nematic mode and the
electrons naturally vanishes along the diagonals, as evinced
by the vanishing of the cos(26k) term above, creating “cold
spots” that are unaffected by the transition. However, such a
picture neglects that the lattice must also break its symmetry at
the phase transition, and hence the electronic nematic mode ¢
necessarily couples to an elastic mode—in our case, an acous-
tic mode associated with the lattice displacement u. Crucially,
this acoustic mode softens only along the diagonals, and hence
its contribution to the thermodynamics of the electronic mode
is maximal along the diagonals. To account for this, one may
integrate out the phonon degrees of freedom to obtain the
renormalization of the nematic mode. What is found is that
the nematic gap is modified to r, = r, — A*/v2, where A is
the electron-phonon coupling and vy is the phonon velocity,
but only along the diagonals [34,35]. Thus, only electrons
located near the “cold spots,” corresponding to the intersection
between the Fermi surface and the diagonals, can exchange
low-energy soft nematic fluctuations.

The picture emerging from this argument is that when
considering the thermodynamics of the electronic nematic
system, the Fermi-surface points at the diagonals are not the
cold but the “hot” spots. Since precisely there the nematic-
electron coupling is small, the diagonals are ‘“cold” for
electrons and “hot” for the nematic fluctuations, and, e.g., su-
perconductivity is only weakly affected by the nematic mode
[25]. Unfortunately, such a picture is also incomplete near
a quantum phase transition, which is governed not just by
the low-energy, quasistatic behavior of the system but also
by its dynamics. Hence, a full understanding of the inter-
play between nematicity and electronic fluctuations requires
obtaining the dynamical correlation function of ¢ in both
momentum and frequency space. Importantly, because of the
nematic-phonon coupling, the dynamical collective mode is
actually a hybrid electronic-lattice soft excitation, implying
that both electronic nematicity and phonons must be treated
on an equal footing.

In this work, we perform an analysis of the coupled elec-
tron/electronic nematic/phonon system shown in Fig. 1 and
study its emergent collective modes. The dynamics of the
electronic nematic order parameter is impacted by two differ-
ent types of gapless excitations: the particle-hole continuum

FIG. 1. Schematic electronic nematoelastic system. The ne-
matic (i.e., quadrupolar) fluctuations of the Fermi surface allow the
formation of underdamped particle-hole excitations with momen-
tum slightly off the diagonal directions as the QCP is approached
[29]. Further away from the diagonal directions, fluctuations become
overdamped and rapidly decay into the particle-hole continuum. The
transverse phonons soften precisely along the diagonal directions and
the directional dependence of the nematic fluctuations implies that
the two degrees of freedom strongly hybridize. As a result of this
hybridization, the nematic mode becomes damped even at the QCP,
while a new mixed massless coherent mode emerges.

of the underlying electronic liquid and the TA phonons of the
underlying lattice. To capture the full dynamics of the system,
we treat these three degrees of freedom on an equal footing,
rather than integrating out the gapless modes and focusing
on a renormalized nematic susceptibility. To accomplish this,
we must include the microscopic coupling between the elec-
trons and the TA phonons. This is an important difference
with respect to previous approaches, in which the nematoe-
lastic coupling was included phenomenologically [33-35]. As
with any transverse phonon mode, the electron-phonon matrix
element vanishes in the usual approximation in which the cou-
pling is via the gradient of the lattice potential. Instead, here
we consider the electron-phonon matrix element modified by
the presence of impurities. Since the latter are also displaced
by the phonons [40-42], this results in a nonzero coupling
between electrons and TA modes.

We find that the quasistatic picture above is qualitatively
modified when considering the full dynamics of the coupled
electronic-nematic-lattice degrees of freedom. Our main result
is that the usual soft nematic collective mode illustrated in
Fig. 1—which in the absence of a lattice becomes under-
damped as the QCP is approached [29]—remains damped
even at the QCP once the lattice is included. Importantly, this
mode remains the sharpest along the diagonal directions of
the system, which is where the nematic form factor vanishes
and the phonon velocity softens. Moreover, a hybrid collective
mode emerges which becomes progressively more coherent as
the QCP is approached. This mode is a mixture of the original
gapless nematic and phononic modes and, as a consequence
of Adler’s theorem, it remains massless regardless of the
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distance to the QCP. This behavior is consistent with recent
observations of a lack of divergent effective masses near the
nematic critical point in FeSe;_,S, [9,43].

This paper is organized as follows: In Sec. II, we briefly
review the implications of Adler’s theorem for the case of
a phenomenological nematoelastic system. This is followed
by a summary of the dynamics of nematic fluctuations in the
absence of phonons in Sec. III A and a review of the phonon
dynamics near a structural phase transition in Sec. III B. We
present the coupled electronic-nematic-phononic system in
Sec. IV and conclude in Sec. V. Further technical details are
presented in three Appendixes.

II. COLLECTIVE MODES OF THE
NEMATOELASTIC SYSTEM

Before considering the details of a microscopic coupling
between nematic fluctuations and phonons, it is helpful to
review what happens when coupling a massive field to a
Goldstone mode. In our case, the nematic fluctuations ¢ con-
stitute the massive field, while the phonon, associated with
the lattice displacement u, is the Goldstone mode. Recall that
the nematic order parameter couples to the spatial deriva-
tives of u via its coupling to the strain &;; = (d;u; + 0,u;)/2.
In the tetragonal lattice and in the case of nematic order
with d,>_» symmetry, for example, the coupling is of the
form ¢(exx — &yy). For simplicity, we will consider only the
transverse phonons in what follows. Assuming that the two
fields are real and using the nematoelastic coupling above, the
Ginzburg-Landau free energy density to quadratic order is

+ 2.2 i
f= Z(¢_q u’ ) (r vyq© i Q)<f;> n
q

_i)‘q Us2q2 q

where u! denotes the Fourier component of the transverse
eigenmode of the elasticity problem, v, is the phonon velocity,
A is the nematoelastic coupling constant, r is the “mass” (i.e.,
frequency) of the nematic mode, and v, is the velocity of
the nematic mode. Moreover, the momentum g here is along
the diagonal direction (see Sec. IV for a derivation of this
expression). We note that we have chosen units such that q
is dimensionless. In the absence of a coupling A between the
two fields, the nematic transition occurs at r = 0. As this point
is approached, the dispersion of the nematic mode progresses
from being quadratic in ¢ away from the transition to being
linear in ¢ at the critical point, as shown in Fig. 2(a). Since
the modes are decoupled, the dispersion of the phonon mode
is unaffected by this and remains linear regardless of the
value of r.

When the two fields are coupled, the location of the ne-
matic critical point is shifted to a finite value of r. This can be
seen by integrating out the phonons, which yields an effective
free energy density for the nematic fluctuations:

kz
f&=2ﬁqﬁ—ﬁ+ﬁfﬁ¢ )
q s

. e 2
Hence, the nematic transition occurs at ry, = ﬁ—o We thus

define r = 2‘—2 + x such that x measures the distance to the
renormalized critical point. As the phonons are Goldstone
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FIG. 2. Nematoelastic modes without low-energy electronic
excitations. (a) Uncoupled nematic and acoustic phononic disper-
sions near an electronic nematic critical point located at r = 0. The
mass of the nematic mode reaches zero at the critical point, while
the phonons are unaffected. This is illustrated schematically on the
right; the Fermi surface distorts at the nematic transition, while the
lattice remains tetragonal. (b) Coupled nematic and phononic degrees
of freedom near the electronic nematic transition. In this case, the
nematic fluctuations do not go soft near the transition. Instead, the
velocity of the phonon vanishes, as is expected at a structural tran-
sition, and the phonon dispersion becomes quadratic [see inset in
panel (b)]. In this case, the Fermi-surface distortion is accompanied
by a tetragonal-to-orthorhombic lattice distortion.

modes, they must couple to the nematic fields via a gradient
coupling—a direct consequence of Adler’s theorem [44]—
which gives the linear-in-g coupling term in Eq. (1). This
has important consequences for the behavior near the critical
point, as depicted in Fig. 2(b), which shows the eigenmodes
of the system as the nematic transition is approached. In
particular, the velocity of the massless mode vanishes at the
critical point, while the other mode remains massive. These
phenomena are easily seen from expanding the modes near

the transition (x < %) for small > < ﬁ—;ﬁ
4 4 4 2.2
v v vy + 2v5v
aﬂm=§mﬂjﬁﬁ—i7fuﬁf,(a
2 22 2 2 v 2
a)+(q):§+x+ vn+vs+ﬁx q-. @
s

Two important and well-known results follow from this anal-
ysis: (1) The Goldstone mode remains massless even after
coupling to the massive nematic fluctuations [44]. This is
guaranteed by the gradient coupling in Eq. (1). (2) There is
no soft collective nematic mode at the critical point. Instead,
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the transition is characterized by a vanishing of the velocity
of the massless mode, which acquires a quadratic dispersion
[45—47]. This behavior is typical of structural transitions that
lower the crystal symmetry [31]. The massive mode is sepa-

rated from the Goldstone mode by a gap, m = ./ ﬁ—; + x, which

remains finite even at the critical point. In other words, the soft
mode is “eaten” by the Goldstone mode.

Note that the situation would be qualitatively different if
the coupling in Eq. (1) was not via a gradient term, i.e., if the
coupling was not to a Goldstone mode. This is the case for
a coupling between the nematic mode and an optical phonon
mode that transforms as the same irreducible representation
as the nematic mode. In this case, Aq — X in Eq. (1) and the
result is that one of the hybridized modes is softened whereas
the other one is hardened. Consequently, as the critical point
is approached, the frequency of one of the two hybrid optical
phonon/nematic modes continuously vanishes.

III. UNCOUPLED NEMATIC FLUCTUATIONS
AND LATTICE VIBRATIONS

A. Nematic fluctuations

Before discussing the electronically induced coupling be-
tween phonons and nematic fluctuations, we briefly review
the dynamics of electronic nematic fluctuations in a metal
and how cold spots appear in the spectrum [29,48,49]. As
described in the introduction, the collective modes of a sys-
tem near an electronic d,>_,» Ising-nematic transition can be
represented as emergent bosonic excitations

¢(@,1) = ) cos20)Vs s (D1 (0), )
k

which represent the nematic field in what follows. Here, W
and i denote fermionic Grassman fields and the form factor
cos(26k) corresponds to the breaking of fourfold rotational
symmetry while preserving horizontal and vertical mirror
symmetries. Note that, in the case of a d,, Ising-nematic, the
form factor is sin(26), which preserves the diagonal mirror
symmetries. 6 is the angle between k and the k, axis. The
dynamics of the emergent field ¢ is inherited from the elec-
tronic quasiparticles through their minimal coupling described
by the action

S[K&’ 1//7 ¢] = Sel[&v W] + Snem[¢] + Sel—nem['&s W, ¢]

(6)
The electronic part describes a metallic state and is given by
Saly, ¥1="Y_ Wlio, — &)Y, (7)
k

where the summation index k& = (K, w,), w, is a fermionic
Matsubara frequency, and €(k) is the dispersion, which for

simplicity we take to be parabolic, €(k) = ;‘7; — . The
quadratic part of the action for the nematic field is

Snem[(b] = Z(bquo_l(q, Qn)¢qs (®)
q

where again ¢ = (q, 2,,), 2, is a bosonic Matsubara fre-
quency, and the bare propagator takes the minimal form

X0 (q, Q) = r +v2q* + Q2 )

where we have scaled away an unimportant overall constant.
Here, r denotes the distance to the bare nematic QCP and v, is
the velocity of the nematic fluctuations. As the nematic fluctu-
ations are electronic in origin, the dynamics of the electronic
quasiparticles determines the dynamics of the emergent ne-
matic fields. This is achieved through a Yukawa-like coupling
that in the long-wavelength |q| — O limit reads

Set-nem V', ¥, 1 = hnem Y kf oS0V s Vi_ sy (10)
kq

Note that this term is invariant under all symmetries since
¢ has the same symmetry as cos(26k) [see Eq. (5)]. Upon
integrating out the electronic degrees of freedom, an effective
theory for the nematic fluctuations is obtained:

Seitnem[B] =D b Xares (@ L)y (11)
q

with the dressed nematic propagator
X (@ 20) = 7+ 02q% + 2 + Them(q, ). (12)

The poles of the nematic propagator on the real frequency
axis determine the dispersion of the collective nematic modes.
This is obtained via analytical continuation, iQ2,, —  + i0™,
in which case we have

X (@ 0)=r+v.q" — o, (13)

and the nematic polarization bubble is

w
Mpem(q, @) = — A%, [2 cos2(29q)g<—>
Vrq

—cos(49q)f<i)] (14)
Vrq

Here, we have redefined the coupling constant, A2, =
s ivF A2, implying that Ay has units of energy. We note that

the specific angular dependence in Eq. (14) originates from
the choice of the cos(26k) form factor, although the dynamic
critical exponents for modes along 6y = 0 and 6y = 7, respec-
tively, do not depend on this choice for an isotropic system
[48]. In the above, vr is the Fermi velocity, 6y is the angle
between q and the x axis, and

f() =144z —8z* +i8°V1 — 22, (15)

@) =1+i—— (16)
1—2?

In the static limit, w =0, the polarization bubble is
Mhem(q, 0) = —Aﬁem. As a consequence, the nematic QCP
is shifted to r, = A2,.. In what follows, we will therefore
define x = r — A2, such that x measures the distance to the
renormalized QCP.

The analytic form of Egs. (15) and (16) assumes the regime
o < vpq. Because the function g(z) has a leading contribution
of the form iw/(vpq), and since we take both w and g to
zero, this implies that our analysis is restricted to an over-
damped mode. The mode becomes underdamped only in a
narrow angular region around 64 = 7, and this region shrinks
to zero as one approaches the QCP [see Figs. 3(a)-3(c)] as
first discussed in Ref. [29]. The behavior of the mode is over-

damped, decaying with almost no oscillations, even though
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FIG. 3. Evolution of the nematic modes uncoupled from the
lattice. Nematic dispersion for v,/vr = 0.60 and Apen/vr = 0.25
as the nematic QCP is approached. (a)—(c) Angular dependence and
(d)—(f) g-dependence of the dispersion at §; = 7 for different values
of x approaching the QCP. The real [panel (a)] and imaginary [panel
(b)] parts of the angular dependence have been normalized by wg ;e
and wy im, respectively, where wy .. is the value of the dispersion at
0y = 7 and g = qo [see Eq. (24)] and wy,in, is the imaginary part of
the dispersion at the angle where the real part vanishes and the imag-
inary part peaks. The angular dependence of the ratio between the
real and the (absolute value of the) imaginary part is shown in panel
(c), plotted on a log scale. Note that the width of the region where the
real part is finite scales with (v2¢* + x)'/#, and thus narrows with ,/g
at the QCP. The g-dependence for fixed 6y = 7 in panels (d)—(f) is
shown on a log-log scale to highlight the different regimes discussed
in the text. For finite x, the dependence is linear in small ¢, while
at the QCP the real part becomes quadratic and the imaginary part
becomes cubic in g. Consequently, the ratio, shown in panel (f), tends
to a constant for finite x but diverges as ¢ — 0 at the QCP.

it is formally massless in the sense that w(q¢ — 0) = 0, and
even though its lifetime diverges as one approaches the QCP,
x — 0, g — 0. Such behavior should be contrasted with the
regime @ > vpq, for which the mode is both coherent (i.e.,
infinitesimally damped in the clean limit) and truly massive in
the sense that w(g — 0) # 0, with the mass going to zero at
the QCP. Henceforth, to eschew confusion, we avoid distin-
guishing the modes as “massive” and “massless,” describing
them instead as over- or underdamped. We note that due to
the branch cuts at z =1 in Egs. (15) and (16), the limits
o < vpq and w > vpq are separated by cusps in the propa-
gators. The QCP is therefore most visible in the behavior of
the overdamped-to-underdamped modes in the w < vrqg limit,
which is the regime we will focus on in the remainder of
the paper. Note that, because these modes are caused by the
coupling to the gapless particle-hole excitations of the metal,
they can be thought of as hybrid nematic-plasmonic modes.

It is convenient to consider the long-wavelength limit,
where x, |q|?, and |w|* are all assumed to be infinitesimally
small. This is the simplest way of realizing the crossover
advertised above from an overdamped to an underdamped
mode as x — 0. In this limit, the modes are (at least) linear
in |q| with a coefficient that is much smaller than vy implying
that

w
z= <1 (17)

vrlql
As explained above, this is the relevant regime for exploring
the quantum dynamics of the system. The opposite limit is
explored in more detail in Appendix A.
Expanding to second order in z, we obtain the dressed
nematic susceptibility,

Xires(@, ©)2) = Ao (v — 2i c0s® 204z + 4 cos 46042%), (18)

where
x+valqf?
A2

nem

< 1. 19)

Focusing on the pole with the negative imaginary part, corre-
sponding to the physical solution, we find

() al cos® 26, . = i 4y cos 46, 20)
, = vp|q————i| 1 — - — |,
@4 Py cos 40, cos* 264

which has a real part only if

cos?(26,) < 2./Y, 1)
where again we expanded in small y. Thus, for
16g — 7 /41 > v/, (22)

the mode is a purely damped one, with only an imaginary
component.

Along the diagonal, 64 = %, the linear term in Eq. (18)
vanishes. To understand the behavior of the mode along this
direction, we expand the susceptibility to third order,

Xires (@ @)3) = Xgras(@: @)2) — Bikpen2s  (23)
from which we obtain
y .1y
= ~“11-i/=]). 24
w3 (ql) vpl(llﬁ( L/ 4) 24

This makes it clear that there are two different regimes of
interest, characterized by whether v2¢* < x or v2¢*> > x. In
the former case, the long-wavelength behavior is dominated
by a linear-in-g term:

X x

U)(C]) ~ <2)\-nem - 14)\‘2 )UFCI»

nem

(25)

which characterizes the behavior of noncritical fluctuations
far from the critical point. In the opposite limit, the long-
wavelength behavior is characterized by

2

UFUn 3
—q, 26
e (26)

nem

VF U,

2 .
q —1
2)‘-nem

w(q) =

which is the relevant term near the QCP. The crossover be-

tween the two regimes occurs at g ~ *v/—; as shown in Fig. 3 for
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different values of x. Moreover, the behavior outlined above
demonstrates that the inverse damping—proportional to the
scattering time—defined by the ratio between the real and the
(absolute value of the) imaginary part, is qualitatively differ-
ent near the QCP. In the region where v2¢*> < x, the inverse
damping goes as 2Anem/+/%, independent of g. In contrast, at
the QCP, the inverse damping diverges as ¢ — 0 and is given
by 2Anem/Vng.

In Fig. 3, we plot the roots of Eq. (12) (after analytic
continuation) for specific values of g along 6, and as a func-
tion of g for 64 = 7. The angular dependence of the nematic
dispersion shown in Figs. 3(a)-3(c) demonstrates that, as the
nematic QCP is approached, the nematic fluctuations become
more and more focused along the 6y = 7 direction. This is
particularly clear when considering the ratio between the real
and imaginary parts shown on a log scale in Fig. 3(c). Away
from the nematic QCP, fluctuations in the vicinity of 6 =
7 are underdamped. As the QCP is approached, this range
shrinks until only fluctuations along 6, = I are underdamped,

4
with the remaining directions being overdamped.

J

C1lq,% + C66q3 + C44‘272,
(c12 + c66)9xqy
(c13 + €44)qxq;

M;;(q) =

‘We note that, since the matrix of elastic constants is 6 x 6, the
eigenvectors of the 3 x 3 dynamical matrix do not generally
produce the combinations of strains that are eigenvectors of
the elastic constant matrix [31]. As ¢;; — ¢j2 — 0, the veloc-
ity of the modes propagating along [110] and [110] vanishes.
Importantly, these are transverse modes with polarization
perpendicular to the direction of propagation. Hence, this
tetragonal-to-orthorhombic structural transition is associated
with a vanishing velocity of transverse phonons propagating
along a diagonal direction.

Describing how nematic fluctuations are affected by soft
lattice vibrations thus requires coupling the electrons and
transverse phonons. In the simplest case, the electron-phonon
matrix element is proportional to eq« - q, Where eq o is the
phonon polarization vector, o labels the polarization, and q
is the momentum. Hence, at lowest order in ¢, the coupling
between electrons and transverse phonons vanishes. This can
be remedied by considering the effects of, e.g., electronic
orbitals [51] or impurities [41]. Here, we will pursue the latter
approach which is based on how the scattering potential of im-
purities is altered as the lattice distorts. Writing the coupling
between electrons and the phonon displacement field u o as

Set—ph = ihph D Mo (K. K)otk rar  (28)
kKk'«

the electron-phonon matrix element is found to be [40,41]

My(k,K') oc (p- q)(€k—ko - P)| qek—K - (29)
p=1(k+k’)

For transverse phonons ug, we thus find

Micq/ok—q2 = K2 qeos( — 0) sin(Gk — 6y),  (30)

(c12 + c66)9xqy
066%2( + cllfﬁ + 644613

(c13 + ca4)qyq;

The g-dependence along the 6, = 7 direction is shown in
Figs. 3(d)-3(f) on a log-log scale. At the QCP, the real part
of the dispersion is quadratic in g, while the imaginary part is
cubic leading to a divergence in their ratio, 2Anem /vnq, as ¢ —
0, thus signaling the emergence of a coherent mode. Away
from the QCP, at finite x, both real and imaginary parts are
linear in g and the ratio tends to a constant, 2A,em/+/X, as ¢ —
0, implying that the mode becomes increasingly underdamped
as the QCP is approached.

B. Structural transitions and transverse phonons

Structural transitions are characterized by the vanishing
of specific (combinations of) elastic constants. For concrete-
ness, we are here interested in the tetragonal-to-orthorhombic
transition that preserves the vertical mirrors but breaks the
diagonal mirrors [consistent with the choice of form factor
made in Eq. (5)]. In this case, the combination of elastic con-
stants ¢;; — c¢jp — 0. The vibrational eigenmodes near this
transition are obtained from the dynamical matrix [35,50]

(c13 + c44)q.q:

(c13 + ca4)qyq; . (27)

Ca4 (61)% + 6]3) + 633(13

(

where 6 (04) is the angle between K (q) and the x axis. While

the matrix element only depends on the relative angle between

k and q, it is convenient to keep the explicit dependence on

both angles since the nematic propagator only depends on 6.
The transverse phonons are described by the action

Sn =Y _uy Dy’ (q, 2o, 31
q

with
Dy (q, Q) = v2g* + Q2, (32)

where we have once again scaled away an unimportant overall
prefactor. In deriving these phonon propagators from Eq. (27),
we made the simplifying assumption that c;; — cj2 = 2ces,
which guarantees that the phonon dispersions are isotropic
and purely transverse or purely longitudinal along all direc-
tions. The lattice anisotropy is still encoded in selecting just
the d,>_,» nematic instability. In this case, anisotropic phonon
modes are achieved through the coupling between electrons
and TA phonons in Eq. (30). Integrating out the electrons,
given by Eq. (7), we find an effective action for the transverse
phonons:

Seit—ph = Yty Dyl (q, )u”,. (33)
q

Here, the dressed phonon propagator in real frequencies is
Dyey(@. @) = v}¢* =’ + Tn(q. @), (34)

where the transverse phonon polarization bubble is

Mon(q. @) = —Aﬁhqu(i), (35)

Vrq
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with the coupling constant Agh = kFNF /\2h and f(;2) defined
in Eq. (15). Consequently, the couplmg to the electrons soft-
ens the transverse phonons by reducing the sound velocity,
although the phonons remain perfectly coherent with vanish-
ing imaginary part.

At this point, we remark that structural transitions are typ-
ically split into two scenarios. One is akin to the traditional
Peierls instability, in which the electrons drive a softening of
the lattice vibrations, i.e., the vanishing of the sound veloc-
ity is primarily caused by the electron-phonon coupling. In
this scenario, the structural transition is electronically driven.
In the other scenario, the primary driving force behind the
soft lattice vibrations are the phonons themselves and the
vanishing of the sound velocity is primarily due to the bare
elastic constants going to zero. This is the structurally driven
scenario. While such a split is only possible at a theoretical
level (see, e.g., Ref. [52]), it permits a distinction between
electronically and structurally dominated transitions. In the
remainder of this work, we will focus on the electronically
dominated scenario and assume that, absent a coupling to the
electrons, the phonon velocity would remain finite and no
structural transition would occur. With this, we proceed to
study the impact of including the electronically mediated cou-
pling between transverse phonons and nematic fluctuations.

IV. COUPLED NEMATIC-PHONONIC SYSTEM

From the considerations presented above, we draw the
following conclusions, which will be important for the dis-
cussions to come:

(1) No additional soft mode appears at the nematic QCP
once these are coupled to the transverse phonons. Instead, the
phonon velocity vanishes at the nematic QCP.

(i1) The nematic fluctuations are underdamped in a region
near 6y = 7, outside of which they are overdamped.

(iii) The g-dependence of the damping changes near the
nematic QCP.

As we show below, although the details change, the phe-
nomenology of the above results remains in place.

A. The hybridized propagator

The action of the coupled system reads
S =8+ Sph + Spem + Sel—ph + Sel—nem» (36)

with the individual terms defined in Eqgs. (7)—(10), (28), and
(31). Note that, in contrast to previous phenomenological
approaches [33-35], there is no direct coupling between the
nematic fluctuations and the transverse phonons. Instead, the
effective coupling between the two is mediated by the elec-
tronic degrees of freedom. Integrating out the electrons, we
find that the effective action of the coupled phonon-nematic
system is

Setf = Z (u)

q

T
¢q)§-1(q><;j_z), (37

where the matrix K~ '(g), written as a function of real fre-
quencies, is

The nematic and phononic polarization bubbles are given in
Egs. (14) and (35), respectively, while

dres (q’ a))

thfnem(q’ a)) ) (38)
thfnem(qv a))

Xas (g, ©)

th nem(qv 0)) )\nem phq Sll’l(29 )f( Fq)a (39)

where the function f (i) is given in Eq. (15). We note that

the displacement field, uq , is purely imaginary in our case.

The polarization bubble, ITyp_nem(q, @), manifests the ef-
fective coupling between the nematic fluctuations and the
transverse phonons and implies that the eigenmodes of the
system are no longer pure nematic and pure phononic, but
are instead mixtures of the two. Nevertheless, the singular
behavior of the low-energy model is still governed by the
zeros of K. Hence, we identify the diagonal element En
as the renormalized “phonon” propagator:

] det(K™")
D (qw)=—F— (40)
dres (q’ a))

Conversely, we identify the diagonal element (K),; as the
renormalized propagator of the “nematic fluctuations™:

1 det(KX™")
X (qo)=—F—— 41)
dres(q’ w)

Here, the quotes are used to reflect the fact that the actual
collective modes are superpositions of both phononic and
nematic degrees of freedom. Nevertheless, these response
functions would be probed if appropriate conjugate fields
were applied.

The coupling between electrons, phonons, and nematic
fluctuations impacts the inverse correlation length &2,
analogously defined as lim,_,¢ lim, o x ~'(q, ®)/v?2, which
becomes a function of angle:

th sin 29 )
, (42)

2
Vs _)‘ph

2 2 A

-2 _ &—2 _ “nem

é - g() vz 1 +
n

where &; 2= r/v? is the bare correlation length. Thus, a

divergence occurs along the diagonals, 6 = 7 mod 7. Con-

sequently, the nematic QCP occurs at

2
re =22 <1 + l) (43)
* 7 “nem U2 _ )\'2

for modes along the diagonal [34]. This is expected since
this is the direction along which the soft phonons signaling a
tetragonal-to-orthorhombic structural transition propagate, as
discussed in Sec. III B. Consequently, the nematic transition
occurs through a divergence of the susceptibility along this
direction, while the modes that are not along 6, = % remain
gapped. In what follows, we will thus let » — r, 4+ x, where
x measures the distance to the renormalized QCP. Moreover,
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we define the effective coupling

A2 A2
22— [phTmem 44
= (44)
denoting the impact of the coupling between nematic and
phononic degrees of freedom.

Close to ry, i.e., for x < )\f,fn, the static part of the renor-
malized phononic propagator in the long-wavelength limit
reads

D~'(q,0) vs
e = A2, cos’(209)g” + —*— sin®(264)g*
nem”*ph p—n
+ x4i $in% (204> + O(xg*). (45)
p—n

Evidently, the phonon velocity vanishes at the critical point,
but only along 6, = 7. Away from that direction, the velocity
remains finite. This is the expected softening of the transverse
phonon mode at the structural transition. In this case, the
structural transition is caused by critical nematic fluctuations,
but the softening of the transverse mode still occurs and no
additional critical mode appears, similar to the simpler case
discussed in Sec. II.

B. The spectral functions

The qualitative impact of the coupling between nematic
fluctuations and phonons can be seen by considering the imag-
inary parts of the renormalized propagators, Jx(q, w) and
JD(s). For this purpose, we choose a constant ¢ = go and
= sqo, such that the propagators only depend on s. In Figs. 4
and 5, we plot I x (q, @) and ID(s) as functions of both s, and
sy in aradial plot. The constant parameters used in this plot are
given in Table I, where the Fermi velocity is set equal to one.
Recall that, in the Ay /vs = O case, the phonon mode emerges
at s = vy and that x controls the energy of the nematic mode.

Coupling the nematic and phononic degrees of freedom
has several important consequences, which are clear when
comparing the panels of Figs. 4 and 5. A finite A, blends
the nematic and phononic propagators, such that two peaks
appear in each spectral function, one originating from the
former nematic mode and the other from the former phonon
mode. Note that the second peak in the phonon propagator is
nearly washed out due to the sharpness of the phonon mode
[see Fig. 5(e)]. In the nematic propagator (Fig. 4), the two
modes are separated by a near-complete suppression of spec-
tral weight, consistent with the location of the original phonon
mode [Fig. 5(a)]. As Ay /vy is increased, the two modes move
further apart; however, the evolution of these modes with
Aph/ Vs depends strongly on x. To see this, consider the nematic
mode in the uncoupled case, corresponding to Figs. 4(a) and
4(d). For x =0, the nematic mode is at a lower value of
s than the phonon mode. For x = 10~4, the nematic mode
moves above the phonon mode. The hybridization between
the phonon and nematic modes naturally results in avoided
crossings, so that the softer mode is driven even softer by the
coupling, while the harder mode hardens further.

This can be more clearly seen in Fig. 6, which depicts how
the modes in both x(s) and D(s) disperse with increasing
coupling. As x is increased, the nematic mode moves to higher

(d) r=10""*

4/

%

g Sx(s)
8-103

0 4.10°

FIG. 4. Imaginary part of the renormalized nematic propa-
gator. Panels (a)—(c) depict the nematic spectral function, Jx (s),
for x = 0, while panels (d)—(f) correspond to the case x = 10™* as a
function of s = w/qy with gy = 10~* for Aph/Vs = O [panels (a) and
(D], Apn/vs = 0.01 [panels (b) and (e)], and Ay, /v; = 0.04 [panels
(c) and (f)]. As Ay, /v, becomes finite, the single nematic mode splits
into two, which are separated by a near-complete suppression of
spectral weight.

values of s, while the phonon mode remains at sy = v,qo, as
shown in Figs. 6(a) and 6(b). Once x is above a threshold value
that depends on g, the nematic mode reaches sy, the phonon
mode moves below the nematic one [Figs. 6(c) and 6(d)], and
the behavior of the two modes as a function of A, /v, changes
qualitatively. We find that, near the point where the two modes
would cross in the complex plane if they were uncoupled,
the impact of Apy, is particularly pronounced resulting in sub-
stantial mode-mode coupling, which we discuss in detail in
Appendix B.

C. Dispersion relations

As the lattice is coupled to nematic fluctuations, the dis-
tinction between a phononic and a nematic mode is blurred,
and the actual eigenmodes of the system are mixtures of the
two. In what follows, we will therefore denote the on-shell
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(a) z=0 (d) r=10""

0.01 0.02

0.01 0.02

Sz Sz

. %D(S)

E
0 5 10" 10 - 104

FIG. 5. Imaginary part of the renormalized phonon propaga-
tor. Panels (a)—(c) depict the phonon spectral function, ID(s), for
x =0, while panels (d)—~(f) correspond to the case x = 107* as a
function of s = w/qy with go = 10~* for Aph/vy = O [panels (a) and
(], Apn/vs = 0.01 [panels (b) and (e)], and Ay, /vy = 0.04 [panels
(c) and (f)]. As Ay, /v, becomes finite, the phonon mode splits into
two different modes, which move away from each other as Ay, /v, is
increased further.

nematic mode by the one which, in the A, — 0 limit, reduces
to the nematic mode discussed in Sec. IIT A. Similarly, the on-
shell phonon mode is characterized by acquiring a linear-in-g
dispersion with coefficient v, in the limit Ap, — 0.

The on-shell modes can be found from the poles of the
propagators, Eqgs. (40) and (41) or, alternatively, from the
eigenvalues of Eq. (38). In Figs. 7-10, we show the nematic
and phononic modes resulting from numerically solving for
the zeros of the inverse propagators, Egs. (40) and (41), for

TABLE I. Table of parameters kept fixed in the numerical calcu-
lations unless otherwise specified.

VF Un Vs )\nem

1 0.6 0.01 0.25

0.04 0.04
o =
H = I q
& ncreasmg r
< g .
5 0.02) 0.02
0 0
0 0.01 0.02
S S
() (d)
0.04 0.04
T
o
= g S
: -~
~ = |
I < 0.02 ~< 0.02
]
0 0
0 0.01 0.02 0 0.01 0.02
S S

FIG. 6. Imaginary parts of the propagators as functions of A .
Panels (a) and (c) show the nematic propagator, while panels (b) and
(d) show the phononic propagator for (a), (b) x = 0 and (c), (d) x =
4 x 1075, Here, 6, = 7 and the propagators are plotted as functions
of s = w/qy (with go = 107*) and Aph/Vs. As Apy /vy is increased
from 0O, the lower-lying nematic mode moves to somewhat lower
values of s, while the phonon mode frequency increases sharply. Note
that, in panel (a), the phononic mode is absent at A,, =0, while
in panel (b), the nematic mode is absent at Ay, = 0, since the two
systems are uncoupled in that case. As x is increased, the nematic
mode moves to higher values of s, while the phonon mode remains
at vy/vp = 0.01 regardless of the value of x. For sufficiently large
x 23 x 1075, the phonon mode lies below the nematic one and
consequently, the phonon mode softens upon increasing Ay /vy.

different values of Ap, and x. The modes shown are the ones
with positive real part and negative imaginary part. Here, we
focus on the case where the mode-mode coupling mentioned
in Sec. IV B can be neglected, such that one can still character-
ize a mode as either nematic or phononic, based on the above
designation (see Appendix B for further details).

Figure 7 illustrates the behavior of the nematic mode at
the QCP, corresponding to x = 0. The combined angular and
g-dependence of the real and imaginary parts of the dispersion
are shown, respectively, in Figs. 7(a) and 7(b) for Ayp/vs =
0.1. They demonstrate that the main qualitative variation in
the mode occurs in the angular direction, shown in Figs. 7(c)
and 7(d). As Ay /v, is increased, both real and imaginary parts
increase in magnitude, and the angular region of underdamped
behavior becomes wider. Clearly, the effect of a nonzero cou-
pling to the lattice at the QCP is similar to the effect that
moving away from the QCP has in the uncoupled limit, as
shown in Fig. 3. The implication, which we substantiate in
the next paragraph, is that the nematic mode, whose damping
vanishes atx = 0, ¢ — O along 6, = % in the uncoupled case,
acquires a finite damping term (it is still weakly damped but
now has a finite lifetime) (see Fig. 7).
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FIG. 7. Nematic dispersion at the QCP, x = (. Real [panel
(a)] and imaginary [panel (b)] parts of the nematic dispersion for
Apn/vs = 0.1 plotted as a function of ¢, and g,. Here, a gray color
denotes zero, showing that the real part of the dispersion is only finite
in a region around 6, = %, and the imaginary part exhibits a peak
where the real part goes to zero, like in the case where the lattice is
uncoupled. Panels (c) and (d) show the real and imaginary parts of
the dispersion as a function of 4 for fixed g as Ay /v, is varied. Note
that the curves are normalized similarly to the ones in Figs. 3(a) and
3(b). In panels (e) and (f), the real and imaginary parts of the nematic
dispersion are shown as a function of g for fixed 6y = 7. Importantly,
both real and imaginary parts are linear in g except for the case
Aph/vy = 0, which corresponds to the uncoupled critical mode [see
Figs. 3(d) and 3(e)]. Panels (g) and (h) show the ratios between the
real and the imaginary parts as a function of (g) 4 and (h) g.

The main difference lies in the g-dependence of the mode
at the QCP, at x = 0, shown in Figs. 7(e) and 7(f). In the
absence of a coupling to the lattice degrees of freedom, the
dispersion is qualitatively different at the QCP along the di-
agonal direction, with the real part being quadratic in g rather
than linear and the imaginary part being cubic in g rather than
linear [see Eqs. (25) and (26) and Figs. 3(d) and 3(e)]. Once
the coupling to the lattice is included, the nematic dispersion
is modified and, to lowest order in ¢, it is

1 /
Wnem (CI) ~ R x+ )"g—nqu
nem

(x + Ag_n) VFq

(46)

BT

nem

(a) (b)

0.01 "y 0.01 I
Aph/vs = 0.1 Ru(q) Aph/vs = 0.1 ‘5)“]((1)
(
I4- 107 /
- - —2-107
E E /
)
210 —4-107
0
0 0.01
a
@
A
3
=
S
3
7
g =10"
0 1/4 1/2
(f) O/
71“7Hr
=
3
&
—107* A2
~ait (o + 8 ore
1077 107 107! 1077 1071 107!
() q (h) q
10 o
=
5 /\ = 30
& <2
Sy Ty
S =
3 10 3 10 ﬁ
& q=10" .
0 1/4 1/2 1077 1071 107!
0o/ q

FIG. 8. Nematic dispersion away from the QCP, x = 10~
Real [panel (a)] and imaginary [panel (b)] parts of the nematic
dispersion for A, /v, = 0.1 plotted as a function of g, and g,. Here,
a gray color denotes zero and the figures closely resemble Figs. 7(a)
and 7(b). Panels (c) and (d) show the real and imaginary parts of the
dispersion as a function of 6, for fixed gy as Ay, /v, is varied. We
normalized the curves like the ones in Figs. 3(a) and 3(b). In panels
(e) and (f), the real and imaginary parts of the nematic dispersion are
shown as functions of ¢ for fixed 64 = 7. Panels (g) and (h) show the
ratios between the real and the imaginary parts as a function of (g) g
and (h) g.

as shown in Appendix C. The implication of this can be seen
in Fig. 7(h) that shows the g-dependence of the ratio between
the real and imaginary parts of the dispersion along the diago-
nal. Only the case Ap, = 0 shows the g~" behavior associated
with a critical mode in Fig. 3(f). The change of behavior of
the dispersion associated with the QCP, as evidenced in Fig. 3,
does not emerge in the nematic mode once the coupling to the
lattice is included. Instead, this behavior will emerge in the
transverse phonon, as demonstrated below. This is consistent
with the conclusions presented in Sec. II: Since the nematic
mode is coupled to a Goldstone mode, it will exhibit none of
the behavior associated with a critical mode.

The behavior of the nematic mode in the case of a finite
x (i.e., away from the QCP) is depicted in Fig. 8. The main
impact of moving away from the QCP is that, regardless of
the value of Ay, the curves look qualitatively similar. The
focusing effect discussed previously is still apparent here, as
seen in Fig. 8(g), with smaller values of Ay, /vy leading to
a narrower region around the diagonal in which the mode
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FIG. 9. Phonon dispersion at the QCP, x = (. Real [panel (a)]
and imaginary [panel (b)] parts of the phonon dispersion for Ay, /v, =
0.1 plotted as a function of ¢, and g,. Panels (c) and (d) show the real
and imaginary parts of the dispersion as functions of 8, for fixed g, as
Aph/ vy is varied. Here, the real part is normalized to the 6, = 0 value
of the dispersion, ¥;q, where ¥, = v/v? + )\ﬁh, while the imaginary
part is normalized such that its minimum happens at —1. In panels
(e) and (f), the real and imaginary parts of the nematic dispersion
are shown as functions of ¢ for fixed 6, = 7. Note that the imag-
inary part for the Ay, /vy = 0 case vanishes identically. Crucially,
the phonon mode exhibits the critical behavior seen in the nematic
mode in the uncoupled case: For finite values of Ay, the real part
is quadratic in ¢, while the imaginary part is cubic in g. Panels (g)
and (h) show the ratios between the real and the imaginary parts as a
function of (g) 64 and (h) g.

is underdamped. However, as is clear from Eq. (46), the g-
dependence remains linear in all cases and consequently, the
damping tends to a constant as ¢ — 0, as shown in Fig. 8(h).

The critical behavior expected in the system at x = 0 is
exhibited by the phononlike mode, whose behavior is depicted
inFig. 9. As expected, in the case Ay, = 0, the phonon mode is
perfectly coherent (infinitesimal imaginary part) with a disper-
sion w(q) = vyq. The coupling to the electrons, and thereby
to the nematic fluctuations, significantly alters this mode, in
particular at the QCP. As in the case of the nematic mode, the
angular dependence of the phonon mode remains similar for
different values of ¢, as evidenced by the combined angular
and g-dependence in Figs. 9(a) and 9(b). The angular behav-
ior is highlighted in Figs. 9(c) and 9(d), and is qualitatively
distinct from the nematic case. By assumption, the phonon
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FIG. 10. Phonon dispersion away from the QCP, x = 10~*.
Real [panel (a)] and imaginary [panel (b)] parts of the phonon dis-
persion for Ay, /v, = 0.1 plotted as a function of g, and g,. Panels
(c) and (d) show the real and imaginary parts of the dispersion as
functions of 6 for fixed gy as Apn/v; is varied. The normalization is
identical to the one used in Figs. 9(c) and 9(d). In panels (e) and (f),
the real and imaginary parts of the nematic dispersion are shown as
function sof ¢ for fixed 6y = 7. Note that the imaginary part for the
Aph/vs = O case vanishes identically. Both real and imaginary parts
are linear in ¢, and the form of the coefficients v,(x) and y,(x) are
given in Appendix C. Panels (g) and (h) show the ratios of the real
and the imaginary parts as a function of (g) 64 and (h) g.

propagation is isotropic at A, = 0. However, for finite values
of Apn/vs, the mode becomes anisotropic and, as highlighted
in the Introduction, softens first along the diagonal direction.
Moreover, the mode is underdamped in the entire region, most
significantly along the 6y = 0, 7 and the 6y = 7 directions.
At finite App, while the nematic mode remains linear in g even
atx = 0, the behavior of the phonon mode changes drastically
atx = 0, as shown in Figs. 9(e) and 9(f). In this case, as shown
in Appendix C, the real part of the mode is quadratic in g,

while the imaginary part is cubic in g:

VR (v2 — kgh)

s Ut% - (Us2 - )‘}%h)
Anem

1 2 2
4vy + kpth

2

Wph (@)x=0 ~

Aupvd (02 =327 (02 — (2 - 22)

2
)‘%em (41)? + )‘lz)h U%)

(47)
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As a consequence, the ratio between the real and the imagi-
nary part diverges as ¢ — 0 [see Fig. 9(h)], similar to the case
of the pure nematic mode studied in Sec. IIl A. Hence, this
corresponds to the critical mode for all finite values of Ay, /vy.

The phonon mode in the case of a finite x is shown in
Fig. 10. Here, as shown in Figs. 10(e) and 10(f), the phonon
mode remains linear in g regardless of the value of Ay, /vy,
with dispersion

wph(q) ~ V5(x)g — i¥5(x)q, (48)

where v4(x) and y,(x) are functions of x vanishing at x = 0.
Their expressions are given in Appendix C. While the damp-
ing has the same qualitative angular dependence, shown in
Fig. 10(g), its g-dependence is markedly different and tends
to a constant as ¢ — 0 [see Fig. 10(h)].

V. CONCLUSIONS

In this work, we presented a derivation of the nematoelastic
coupling from a microscopic model, for which the coupling
is mediated by the electronic degrees of freedom. In partic-
ular, the nematic fluctuations couple to the lattice vibrations
indirectly via the coupling between electrons and transverse
acoustic phonons. Since the latter vanishes in the simplest
electron-phonon process due to the phonon’s transverse na-
ture, we invoke the mechanism proposed in Refs. [40,41],
which involves the impact of phonons on the impurity po-
tential [Eq. (28)]. This formalism enables us to assess the
hybridized nematic-phonon modes as a putative nematic QCP
is approached. Due to the coupling to the gapless particle-hole
excitations of the metal, an overdamped nematic mode that
becomes underdamped at the QCP along certain directions
emerges, governing the critical properties of the nematic insta-
bility in the absence of the lattice degrees of freedom. These
nematic-plasmonic modes hybridize with the massless lattice
modes—the transverse phonons—giving rise to two hybrid
modes.

J

These hybrid modes exhibit a mixture of the dynam-
ics characteristic of nematic fluctuations and of transverse
phonons. Our systematic investigation of the on-shell disper-
sions of these hybrid modes as functions of both g and 6,
highlights distinct momentum-space regions of coherent and
incoherent modes. Importantly, only one of the two hybrid
modes exhibit the characteristic signatures of a critical mode,
which is a consequence of Adler’s theorem, here manifesting
in the massless modes. These results are consistent with the
observed lack of divergent effective masses in S-doped FeSe
near the nematic critical point [9,43].

These findings demonstrate the importance of treating both
structural and nematic degrees of freedom on an equal footing
to capture their hybridized dynamics. Since unconventional
superconductivity near the QCP arises from the exchange of
dynamic collective excitations, it will be interesting to employ
this formalism to gain further insights into the problem of pair-
ing mediated by quantum critical nematic fluctuations. This
is particularly timely given the recent experiments reporting
strong evidence for the realization of quantum critical nematic
pairing in S-doped FeSe [21].
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APPENDIX A: NEMATIC MODES IN THE ABSENCE OF A COUPLING TO THE LATTICE

The correction to the self-energy of the nematic fluctuations caused by virtual electron-hole fluctuations is given by the

nematic polarization bubble. To one-loop order, this is

Mpem(q, @) = A

nem

(2m)?

72
)‘nem

k4d 2
~ +(6F) / d¢(cos® 204 — 4 cos 40 cos® ¢ sin® ¢)
T 0

d%k tanh (£9592) _ tanh (£%a2
/ k4 COSZ 29]( ( 2 ) ( 2 )
o+ 0t + €k—q/2 — €k+tq/2

(AD)

VEq COS ¢
o + 0T — vpgcos ¢’

(A2)

where we have expanded for |q| close to |k| with ¢ denoting the angle between k and q. The term in the parentheses comes from
Ok = 64 + ¢ and ignoring a term that is odd in ¢ and therefore integrates to zero. Defining { = cos¢ and z = vFiq, we find

72
)‘nem

Mpem(q, @) =

kitd (er) /1 d¢
2n 141 =22

The integral depends on whether |z| < 1 or |z]| > 1, i.e., whether w < vpg or w > vpq. We find

174
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Mpem (2) =
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(A4)
z> 1.
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FIG. 11. Illustration of the mode-mode coupling. Movement
of the poles of the full “nematic” propagator as a function of 6
in the complex plane with larger dots denoting the 6y = 7 pole.
Here, x = 0 and ¢ = g = 107*. The green dots correspond to the
Aph/vy = 0.07 case where the poles are sufficiently far apart that
the definition of Sec. IV C can be applied. The light brown dots
correspond to Ay, /vg = 0.06 in which case the behavior of the poles
changes qualitatively.

In the limit of both w and g going to zero, the case w < vpg
leads to modes with w(¢g — 0) = 0 that remain overdamped
except at r = w (see Fig. 3). As w(q — 0) = 0, these
modes are formally massless. However, as they are over-
damped away from the critical point, there are no coherent
excitations as ¢ — 0, and we prefer the terminology over-
damped.

In contrast, the case w > vrg allows for massive modes
for which w(g — 0) = /r. From Eq. (A4), it is clear that

J

the imaginary part vanishes for z > 1 and these are long-lived
excitations.

In the main text, we focus on the dispersions of the over-
damped nematic modes which become underdamped at the
critical point. This provides a useful measure of critical be-
havior of these modes, also in the case where the coupling
to the lattice is included, and the massive underdamped mode
remains massive even at criticality.

APPENDIX B: MODE-MODE COUPLING

When the two poles of the propagator appear in close
proximity in the complex plane, they exhibit an avoided cross-
ing and the separation into on-shell “nematic” and on-shell
“phononic” modes is no longer clear-cut. We illustrate the
issue in Fig. 11 that shows the evolution of the poles of the
nematic propagator as a function of 6y for A,p/v; = 0.06 (in
light brown) and Ay /vs = 0.07 (in dark green) for x = 0 and
g = qo = 10~*. The green case corresponds to the usual situa-
tion: The nematic mode, corresponding to the large semicircle
starting near Rew(fy) ~ 3.5 X 1079, looks very similar to the
nematic mode obtained in the A, = 0 case. The phonon mode
starts near (0, 0) (on this scale) and terminates at v;gp = 1 X
107, The light brown case is qualitatively different. Here,
the poles exhibit an avoided crossing near the imaginary axis
and one of the poles leaves the imaginary axis again and
terminates at v,qo, despite having started out deep in the com-
plex plane, in this case near Rw(6y) ~ 3 x 107°. Due to this
avoided crossing, applying the definition from Sec. IV C to
separate the two modes will lead to jumps in the dispersions.
Consequently, in Figs. 7-10, we consider only parameters
where this is not an issue.

APPENDIX C: ANALYTICAL APPROXIMATION FOR THE ON-SHELL MODES

To gain some analytical insight into the impact of A, on the collective hybridized nematic-phonon modes, it is convenient
to use the eigenvalues of Eq. (38) (in the absence of the —w?1 part that will be reinstated later) to determine the poles. These

modes are
! ATTph—nem (g, ©)?
Es= 2 (de(q7 @)+ Ddr“(q’ w) £ |Xdres(q’ w) — dreq(q’ a))|\/ o C1
Xdres(q’ C()) dres(q’ w)]
where, for convenience, X, (q, ) and 5&;5(% ) refer to the dressed propagators without the —w? term:
K@, @) = 1 + V2% + hem(q, @), (€2)
D@, @) = v2¢* + M (q, ). (C3)
Expanding Eq. (C1) in powers of kg em t0 lowest order, we obtain
~ I L w)?
Evem ~ Tk (@, @) — ——mren(@:) (C4)
dres(q’ w) — drcs(q’ a))
~ IMph—nem(q, 2
~ Dyl(q. o) + proren (9, ) (C5)

Xdres(q’ w)

dres (q’ w)

where, without loss of generality, we changed from N B+ 10 Enem and Ej;, to emphasize their relation to the unperturbed propagators.

Here, Eem originates from E if Xdres(q, w) > Ddres

(q, w) and from E_ if Xdres(q, w) < D

dres(q, w) and vice versa for Eyp.
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Focusing on the direction 6 =

2
Toweletr — x+ )\ﬁem(l + Uzk_“;z ) and expand Egs. (C4) and (C5) to third order in ﬁ and
s ~’ph

reinstate the diagonal —w? term resulting in two equations for the dispersion of the nematic and phononic mode, respectively,

A2 A2

a2 1+ 2% 6 (q)g? 8k2 14+ 22 k(q)q?
X-I— Ph ne;l T [v’% +a(q)]q2 1+ nem[ : gh (@)q ] W — nem[ . 1;h (@)q ]w3 =0, (C6)
~ Ao Vrq Vrq~
Don [ (DA e — 812 k() —1
[0} =250 — @] — [ 1 - Rl — U)o Ml @21 2 (o)
U qu
Here, we have defined
1
B(g) = ) (C8)
x+vig? — (v2 ) + —Ugh T
alq) = nemﬂ(q) (C9)
k(q) = (Apn nem)mqf 28(q). (C10)

Crucially, the w-independent terms can be treated as perturbations in the long-wavelength limit. In Eq. (C6), the w-independent
terms tend to a constant as ¢ — 0, while the coefficients of w? and w* both diverge as ¢ — 0. In Eq. (C7), the w-independent
coefficient goes to zero as g — 0, while the coefficient of w? tends to a constant and the coefficient of w® diverges.

The solutions, to first order in the w-independent terms, that have a positive real and a negative imaginary part are

. o e 421+ 2] fox + 22 * o+ [uy + a(g)]q’} e
Onem(q) ~ VFq — 1 Vrq,
4)‘1216m + [UF + 4}"[2)h)‘%emK(q)]q ' [4)‘%em + [UF + 4)“2 )‘%emx(q)]qz] '
won(q) ~ v% - )‘2 —a(q) Vrg — l-"')\lz’h[vs2 - )le)h B a(q)][l - )"ﬁemK(q)] - (C12)
b UI%“ - 4)%}1[ nemK(q) - 1] {v%‘ - 4)‘2 [)‘rzlemK(q) - 1]}

In the limit where A, — 0, the expression in Eq. (C11) for the nematic mode reduces to the one of Eq. (24). The simple
g-dependence in Egs. (C11) and (C12) is spoiled by the fact that « and « depend on g. Away from the QCP we find, to linear
order in g:

(q) ~ ! + s (C13)
Wnem(g) ~ l4k%em X U? — )le)h Vr(q,
(v = ag) (x + vi“ XZ’“)
wpn(q) ~ VFq
p (x + ph nem) + 4)\’ ( )LGi“):jzg )2
ph
Mo+ 2 (x4 Zpnth)?
—i (v = Apn)vr g, (C14)

)me nem s 2y2
(03 (+ 300 Y a2, (v it
implying that the nematic mode clearly reduces to Eq. (25) for A, = 0. At the QCP, the linear terms in the phonon dispersion
vanish, as expected for a transverse mode at a structural transition. Instead, the leading order term in the real part is quadratic in
q, while the leading order in the imaginary part is cubic in g:

2
47— i4UFU?(U2 _ )LZ ) (U2 _ (U2 _ )\,gh))q3. (C]S)
nem (41)4 + )“pth)

Wph (@)lx=0 ~

Note that, for Ap, = 0, the phonon mode is unaffected by the QCP, as it is due to critical nematic fluctuations. In this case, the
phonon dispersion is purely real and given by v,q [see Eq. (C14)], as it should be.
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