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Quantum query complexity studies the number of queries needed to learn some property of a black box. A
closely related question is how well an algorithm can succeed with this learning task using only a fixed number of
queries. In this work, we propose measuring an algorithm’s performance using the mutual information between
the output and the actual value. The task of optimizing this mutual information using a single query is similar to a
basic task of quantum communication, where one attempts to maximize the mutual information of the sender and
receiver. We make this analogy precise by splitting the algorithm between two agents, obtaining a communication
protocol. The oracle’s target property plays the role of a message that Alice encodes into a quantum state,
which is subsequently sent over to Bob. The first part of the algorithm performs this encoding, and the second
part measures the state and aims to deduce the message from the outcome. Moreover, we formally consider
the oracle as a separate subsystem, whose state records the unknown oracle identity. Within this construction,
Bob’s optimal measurement basis minimizes the quantum correlations between the two subsystems. We also
find a lower bound on the mutual information, which is related to quantum coherence. These results extend to
multiple-query nonadaptive algorithms. As a result, we describe the optimal nonadaptive algorithm that uses
at most a fixed number of queries, for any oracle classification problem. Crucially, this mutual-information
perspective was shown elsewhere [A. Levi et al., Quantum Sci. Technol. 11, 015029 (2026)] to have practical
utility for algorithmic design, providing the theoretical foundation to optimize iterative subroutines in hybrid
quantum-classical schemes. Within the present work, we apply this framework to analyze the stage-by-stage
information flow and track partial progress in several standard quantum algorithms, including the Deutsch-Jozsa,
Bernstein-Vazirani, and Shor-Kitaev algorithms.

DOI: 10.1103/5qsb-5jy5

I. INTRODUCTION

Quantum query complexity explores the performance of
quantum algorithms in terms of the number of queries they
make to an oracle [1]. There are at least two good reasons
to study query complexity. First, many important quantum
algorithms solve oracle problems, including some of the first
examples of quantum advantage (such as the Deutsch-Jozsa
[2], Bernstein-Vazirani [3], and Simon [4] algorithms). Sec-
ond, query complexity is much simpler to study than time
complexity (the number of gates used in an algorithm). In-
deed, it is sometimes possible to prove lower bounds on query
complexity [5–10] (lower bounds are usually difficult to ob-
tain in both classical and quantum complexity theory). On the
other hand, results about query complexity may allow us to
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obtain insight regarding time complexity. Therefore, quantum
query complexity remains widely studied, with many interest-
ing problems still open [11,12].

One avenue of research seeks to study the origins of quan-
tum speedup, i.e., the computational advantage of quantum
computers with respect to classical ones. The role played
by various resources in expediting quantum computation
has been studied extensively [13–30] and remains an active
area of research. One of the quantum resources that seems
to be essential for quantum speedup is quantum discord
[20,28,31–33]. However, research in this direction has
focused on mixed-state quantum computation, since for
pure states the notion of quantum discord coincides
with entanglement entropy. Interestingly, quantum advan-
tage in communication tasks seems to require simi-
lar resources. Indeed, quantum nonlocality is known to
be a resource for quantum communication [34], and
discord in particular [35]. Relations between quantum
computation and communication were studied as well
[36–47].

In this work, we develop a framework for studying single-
query quantum algorithms solving oracle classification tasks.
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We fix a probability distribution over the set of oracles that
may appear in the black box. The oracle class—the cor-
rect solution to the classification problem—thus becomes a
random variable. We measure the algorithm’s performance
via the mutual information between this solution and the
algorithm’s output. This perspective eliminates the need to
consider any classical postprocessing performed after mea-
suring the quantum state. We derive an upper bound on the
mutual information via an analogy between our setup and
quantum communication tasks.

Using our analogy, we prove a theorem that characterizes
the optimal single-query algorithm. To do so, we consider
the oracle as a separate subsystem in a classical mixture
of all its possible states. We also find a lower bound on
the mutual information, derived from a measure of quan-
tum coherence. Finally, we study how several physical and
information-theoretic quantities of interest vary throughout
known algorithms.

A. Main contributions

The main contribution of this paper is a theorem that de-
scribes the optimal quantum algorithm for an arbitrary oracle
classification task. Here, optimality is defined with respect
to the mutual information between the correct result and the
algorithm’s output. As finding the optimal algorithm is gener-
ally difficult, we focus in this work on nonadaptive algorithms
with a fixed number of queries. The optimal algorithm is given
by solving a double optimization problem, which involves
information-theoretic quantities such as Holevo’s quantity,
mutual information, and quantum discord, thereby highlight-
ing their fundamental significance for quantum computation.
Our results also demonstrate the utility of measuring algo-
rithms’ performance via mutual information.

While the primary focus of this paper is establishing
the theoretical framework, we emphasize that this mutual-
information perspective carries immediate practical utility
for algorithmic design. Specifically, this framework has al-
ready been operationalized to significantly improve hybrid
quantum-classical algorithms. In recent work [48], we applied
these exact principles to quantum likelihood estimation (QLE)
for Hamiltonian learning. By modeling each QLE iteration as
a single-query oracle task and utilizing the optimality theorem
developed here to maximize mutual information, we were able
to systematically minimize quantum discord and substantially
accelerate the algorithm’s convergence. This demonstrates
that reformulating oracle problems as communication tasks
is not merely a conceptual exercise, but a concrete tool for
optimizing NISQ-era algorithms.

The present work does not aim to establish a quantum
query-complexity lower bound, a success-probability sepa-
ration, or an efficient general-purpose method for solving
the resulting optimization problem. Rather, its contribution is
an information-theoretic characterization of fixed-query non-
adaptive oracle algorithms, showing how optimal extraction
of mutual information is tied to Holevo information, discord
minimization, and coherence. This viewpoint is complemen-
tary to query-complexity approaches that optimize the number
of queries or worst-case success probability.

B. Related work

Although independently derived, one may notice slight
similarity between our approach and the one proposed by
Buhrman et al. [36], in the sense that both constructively
demonstrate the existence of a protocol for a quantum com-
munication task, given a quantum algorithm for an oracle
problem. However, our analogy always yields a very simple
communication task, where Alice wishes to communicate a
single message to Bob. Our analogy is used to find an upper
bound on the mutual information obtainable in a single query.
This is in contrast to existing works, where the total query
complexity of the computational problem is related to the bit
complexity of the communication task. Therefore, the analogy
presented here yields insights regarding information-theoretic
quantities, including quantum coherence and discord.

We note that the problem of finding optimal quantum query
algorithms has been addressed from a different perspective by
Belovs [49], who provided tight upper and lower bounds for
adaptive query complexity (which encompasses the nonadap-
tive setting) by formulating the task as an exponentially large
semidefinite program (SDP). While both the SDP approach
and our framework ultimately lead to optimization problems
that are generally difficult to solve for arbitrary tasks, their
fundamental objectives and insights differ. Belovs’s SDP is
designed to minimize query complexity for a target suc-
cess probability. In contrast, our approach fixes the query
count and optimizes the extracted mutual information. Cru-
cially, rather than yielding a purely mathematical program,
our formulation analytically links computational optimality
to physical, information-theoretic resources—specifically, the
Holevo quantity, quantum discord, and relative entropy of
coherence. This allows us not only to characterize the optimal
algorithm but also to track the physical flow of information
throughout the stages of the quantum circuit. Consequently,
the two approaches answer different questions: Belovs’s SDP
gives a tight query-complexity characterization, whereas the
present framework gives a physical/information-theoretic ac-
count of what information is stored, inaccessible, and finally
extracted at a fixed number of nonadaptive queries.

Finally, regarding our representation of the oracle as a
physical subsystem, our classical mixture construction is in-
timately related to an older one by Ambainis [50] (see also
Ref. [51]). In that work, the oracle subsystem is in a coher-
ent superposition of its possible states; indeed, our classical
mixture can be viewed as the result of applying a dephasing
channel to that pure state (with the oracle identity traced
out). However, working explicitly with this classical-quantum
mixed state is conceptually advantageous for our purposes,
as it naturally allows the (nonminimized) quantum discord
between the computer and oracle subsystems to play a key
role in our characterization theorem.

C. Paper organization

The remainder of the paper is organized as follows. In
Sec. II, we define the formal setting, detailing the oracle clas-
sification problem and the scope of the quantum algorithms
considered. Section III outlines our main results: We establish
our general information-theoretic framework, derive the op-
timality conditions for single-query algorithms, prove upper
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and lower bounds on algorithmic performance, and demon-
strate the direct application of these principles to optimizing
hybrid quantum-classical schemes such as quantum likelihood
estimation. In Sec. IV, we apply this framework to analyze the
stage-by-stage information flow in several standard quantum
algorithms, including the Deutsch-Jozsa, Bernstein-Vazirani,
and phase estimation algorithms, and sketch the analysis for
the Shor-Kitaev algorithm, using Simon’s algorithm as an
example. Finally, in Sec. V, we summarize our findings and
discuss possible directions for future work.

II. PRELIMINARIES

In this section, we establish the formal mathematical set-
ting for our study by defining the oracle classification problem
and delineating the structure of the quantum algorithms under
consideration.

A. Single-query oracle classification

Here, we introduce the setting for the type of computa-
tional problems we study, as well as the notation used later.
Our definitions are fairly similar to the ones found in several
papers [52–54]. We do not claim that the setting presented
here is the most general or important one possible; however,
we do provide justification for some of our choices here.

An oracle classification problem is described by the fol-
lowing data:

(1) A set F of all allowed oracle “identities.”
(2) A partition: F = ⊔

j∈J Aj , where
⊔

denotes a dis-
joint union and the sets Aj are all nonempty.

(3) A protocol for oracle queries, in the form of unitary
gates {Uf | f ∈ F}.

Usually, the problem is, given an unknown oracle f ∈ F ,
to find its class with respect to the partition. In other words, it
is required to find the unique index j ∈ J for which f ∈ Aj ,
using as few oracle queries as possible. However, we consider
a strongly relevant variation where the problem contains a
fourth component:

(4) A probability distribution p f := Pr(F = f ) on F , i.e.,
a random variable F that obtains its values in F .

Introducing a prior distribution is a fundamentally impor-
tant variation; by Yao’s minimax principle [55], the worst-case
success probability of a quantum algorithm over all ora-
cles is equal to its average success probability against an
adversarially chosen distribution (see also Sec. 2 of the Sup-
plemental Material [56]). While such probabilistic settings
typically aim to maximize this average success probability
using a single oracle query, our objective here is to maximize
the mutual information between the true oracle class and
the algorithm’s output. As we demonstrate, optimizing this
information-theoretic objective is intimately related to, yet
distinct from, maximizing the probability of success.

Our guiding example would be the Deutsch-Jozsa-k prob-
lem [hereon denoted as DJ (k)], where:

(1) F is the set of all functions {0, 1}k → {0, 1}, which are
either constant or balanced;

(2) F is partitioned as a disjoint union of the subsets
Ab, Ac of balanced and constant functions, respectively;

(3) the protocol is given by the unitary gates Uf , defined
on computational basis states as

Uf |x〉 ⊗ |a〉 = |x〉 ⊗ |a ⊕ f (x)〉, x ∈ {0, 1}k, a ∈ {0, 1},
(1)

where ⊕ denotes addition modulo 2.
As mentioned before, many problems [such as DJ (k)] are

not readily equipped with a probability distribution. However,
there are at least two “natural” choices: the uniform distribu-
tion over F and the uniform distribution with respect to the
partition. The latter is defined explicitly by

p f = 1

|J ||Aj | , f ∈ Aj . (2)

This distribution ensures that f belongs to each of the classes
Aj with equal probabilities and that the distribution within
each class is uniform. Let J denote the random variable that
keeps track of the class Aj ; i.e., J := j̃(F ), where j̃ is the
function that assigns to each f ∈ F its corresponding class,
i.e., the unique j ∈ J such that f ∈ Aj .

As an aside, note that in DJ (k) we have |J | = 2. Classifi-
cation problems with this property are also known as oracle
decision problems; and for such problems, one often con-
siders F as a subset of {0, 1}N for some N and identifies
J with {0, 1}. Solving the oracle problem is then referred
to as computing the partial Boolean function j̃ : F → {0, 1}.
Single-query quantum algorithms for partial Boolean func-
tions were studied extensively [57–62].

The polar opposite of decision problems is the oracle iden-
tification problem, where the task is to identify the unknown
oracle. Of course, this is a special case of oracle classifi-
cation, given by the partition of F into singletons. Some
instances of oracle identification are well known, including
unstructured search (solved by Grover’s algorithm) and the
Bernstein-Vazirani problem. Moreover, the query complexity
of the general oracle identification problem was studied ex-
tensively [63–66], with focus on generic algorithms that solve
all oracle identification problems parametrized by N and the
size of the set F ⊆ {0, 1}N .

Further remarks regarding the problem formulation appear
in Sec. 1 of the Supplemental Material [56].

B. Single-query algorithms

A general quantum algorithm for an oracle that uses only a
single query has the following structure:

(0) Initialize the quantum computer to be in some initial
n-qubit state |ψ0〉, where n � m.

(1) Apply some unitary gate V .
(2) Perform a single oracle query Uf ⊗ I , where Uf acts

on the first m qubits and the identity matrix acts on the re-
maining n − m qubits.

(3) Apply an additional unitary gate W .
(4) Measure all or some of the n qubits in the computa-

tional basis; obtain a bit-string y (hereon referred to as the
measurement outcome).

(5) Based on the bit string y, provide an output ĵ ∈ J .
This chosen output is given by some function g : {0, 1}n →
J , i.e. ĵ = g(y),
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where the algorithm’s performance is either the probability
of finding the right class, i.e., ps := Pr( ĵ = j); or the mutual
information I (J;Y ) (see remarks below). By I (J;Y ), we mean
the (Shannon) mutual information of the (classical) random
variables J and Y , where Y is the random variable that obtains
the values y in step 4 (a more explicit definition is given at the
beginning of Sec. III).

Remarks:
(1) The number m is determined by the problem setting

via the dimensionality of the oracle unitaries Uf . Using n > m
qubits effectively allows providing a mixed state as the input
to the oracle, as well as implementing a general positive
operator-valued measure (POVM) instead of a projective mea-
surement in step 4. Hereon we mostly assume some fixed
value of n and use Uf to mean Uf ⊗ I , in a slight abuse of
notation.

(2) For any fixed choice of an initial state and gates V,W ,
one may compute the conditional probability distribution
Pr(J = j|Y = y) (where J is a random variable as well, whose
distribution depends on the distribution we have chosen for
F ). It is clear that any algorithm that does not output in the
final step the value of ĵ with highest conditional probability
(given y from the fifth step) can be improved. Thus, once
we have decided upon the first five steps, there is always an
obvious choice for the final one.

(3) The algorithm succeeds with probability 1, i.e., ps =
1, if and only if I (J;Y ) = H (J ), where H (J ) is the Shannon
entropy of the random variable J .

(4) More generally, Fano’s inequality provides a relation
between the probability of success and the mutual infor-
mation. Assuming that J has the uniform distribution, the
probability of success ps is bounded from above according
to

ps � I (J;Y ) + 1

log2 |J | . (3)

Thus, low mutual information implies low probability of
success. Conversely, mutual information also provides a lower
bound on the probability of success:

ps � 2I (J;Y )−log2 |J |. (4)

(5) In what follows, we focus on the mutual information
I (J;Y ) as our chosen measure of performance. Since step
5 does not affect the mutual information, we shall mostly
ignore it from now on. For further discussion and computa-
tions regarding the probability of success, including a proof of
Eq. (4), see Sec. 2 of the Supplemental Material [56].

Let us emphasize an important point: The problem setting
already determines step 2 (up to choosing the total number
of qubits n); step 4 is always the same if we measure all
qubits, which we can do without losing generality (we may
simply ignore some bits of the measured bit string); and for
any choice of steps 0, 1, and 3, there is an obvious choice
for step 5. Moreover, we can always choose |ψ0〉 = |0〉⊗n and
“absorb” the change in the initial state into V . In other words,
the various possible “reasonable” quantum algorithms for a
given single-query oracle problem essentially differ in the
value of n and their pre- and postquery gates, V and W . In the
next section, we show how to choose the optimal postquery
unitary W as well, given fixed choices for n and V .

As an example, let us describe a quantum algorithm for the
DJ (k) problem; this is the Deutsch-Jozsa algorithm, denoted
by QDJ (k).

The Deutsch-Jozsa algorithm QDJ (k)
(0) Initialize the (k + 1)-qubit state |ψ0〉 = |0〉k ⊗ |1〉.
(1) Apply the unitary gate V = H⊗(k+1).
(2) Perform a single oracle query Uf .
(3) Apply an additional unitary gate, W = H⊗k ⊗ I.
(4) Measure the first k qubits in the computational basis

(equivalently, measure all of them but ignore the outcome of
the final qubit).

(5) If the measurement result was 0 · · · 0 (i.e., the all-zeros
bit string), the output is ĵ = c (constant); otherwise, ĵ = b
(balanced).

QDJ (k) is a deterministic quantum algorithm for the DJ (k)
problem that always succeeds. It is known that this problem
does not admit any single-query classical algorithms that al-
ways succeed, meaning it has a quantum advantage.

C. Nonadaptive algorithms

A multiple-query algorithm for an oracle problem can be
either adaptive or nonadaptive. Here, “adaptive” means that
outcomes of queries can be used to compute the inputs for
later queries. If an algorithm makes several oracle queries in a
nonadaptive manner, then it can be converted to an algorithm
that makes all its queries at the same time [67]. Thus, we
define a nonadaptive t-query algorithm as follows:

(0) Initialize the quantum computer to be in some initial
n-qubit state |ψ0〉, where n � mt .

(1) Apply some unitary gate V .
(2) Perform t simultaneous oracle queries U ⊗t

f ⊗ I , where
U ⊗t

f acts on the first mt qubits and the identity matrix acts on
the remaining n − mt qubits.

(3) Apply an additional unitary gate W .
(4) Measure all or some of the n qubits in the computa-

tional basis; obtain a bit-string y (hereon referred to as the
measurement outcome).

(5) Based on the bit string y, provide an output ĵ ∈ J .
This chosen output is given by some function g : {0, 1}n →
J , i.e., ĵ = g(y).

Note that any t-query nonadaptive algorithm can be
thought of as single-query algorithm with a different
(“stronger”) oracle, with m′ = mt and U ′

f = U ⊗t
f . Thus, we

may treat it as a single-query algorithm, and by virtue of
this observation the entire discussion would also apply to
multiple-query nonadaptive algorithms.

III. THEORETICAL FRAMEWORK AND OPTIMIZATION

As stated before, the measurement outcome of a quantum
algorithm is generally a random variable; it is determined by
the outcome of measuring all or some of the qubits in the
computational basis. Thus, Y is defined to be the outcome of
measuring the final state of the computation with respect to
the observable Z⊗k ⊗ I⊗(n−k)

2 , where n is the total number of
qubits and k � n is the number of measured qubits. Equiv-
alently, we may take Y to be the outcome of measuring all
qubits of a suitable reduced subsystem; i.e., we first trace out
the nonmeasured qubits and then measure all remaining qubits
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in the computational basis. In what follows, we mostly use the
latter point of view.

For the moment, let us disregard the oracle classes Aj

and assume that our task is finding the exact oracle identity
f . This task can be reformulated as follows: An agent (the
oracle) prepares the pure state |ψfin( f )〉 with probability p f ,
and the other party is tasked with deducing the index f from
a measurement on the following mixed state:

ρY := E f ∈F [|ψfin( f )〉〈ψfin( f )|] =
∑
f ∈F

p f Tf |ψ0〉〈ψ0|T †
f ,

(5)

where Tf = WUf V is the total quantum circuit and
|ψfin( f )〉 = Tf |ψ0〉 is the final state of the computation (before
measurement). Thus, the state (5) defines precisely the type of
mixture for which Holevo’s bound applies. The subscript Y
for ρY is used to clarify that this state acts on a Hilbert space
with a distinguished orthonormal basis (i.e., the computational
basis), whose elements correspond to the values of the random
variable Y . Thus, ρY defines the probability distribution of the
random variable Y , Pr(Y = y) := 〈y|ρY |y〉.

Recall that Holevo’s bound deals with the following com-
munication task: Alice randomly generates a letter x from
some finite alphabet X and then prepares a quantum state ρx

corresponding to that letter. She then sends the state to Bob,
so he obtains the mixture ρ = ∑

x∈X pxρx. Bob measures ρ

in some basis and then uses the outcome to deduce the letter.
Holevo’s bound provides an upper bound on the mutual in-
formation between the random letter X and the measurement
outcome Y (here, X,Y are the corresponding classical random
variables):

I (X ;Y ) � S(ρ) −
∑

x

pxS(ρx ). (6)

The right-hand side is called the Holevo quantity, denoted by
χ ({px, ρx}x∈X ).

In our setting, the unknown oracle identity f (and later the
property j) is the random letter, and the quantum circuit plays
the role of Alice, preparing a state based on f . The postquery
unitary W chooses the measurement basis, and Y is the out-
come of this final measurement. Thus, we obtain an upper
bound on the mutual information, I (F ;Y ) � S(ρY ). Note that
if the first k qubits are measured then we can redefine ρY as
the appropriate reduced state of Eq. (5), and the inequality
I (F ;Y ) � S(ρY ) still holds.

Now, we may derive a more general result, corresponding
to our actual task of finding the oracle class Aj . We rewrite ρY

as follows:

ρY =
∑
j∈J

p jσ j, σ j := 1

p j

∑
f ∈Aj

p f Tf |ψ0〉〈ψ0|T †
f , (7)

where p j := ∑
f ∈Aj

p f . We still have two agents, where one
wishes to communicate a letter of the alphabet J to the other.
The first agent prepares the mixed state σ j with probability
p j and sends the mixture ρY to Bob. Bob then measures
ρY in the computational basis, resulting in the bit string Y .
Holevo’s bound then provides an upper bound on the mutual

FIG. 1. The analogy with quantum communication: First, Alice
initializes the quantum computer to be in the state |ψ0〉 and chooses
an oracle f . Then, she performs the first unitary gate V on the
computer, followed by the controlled gate U . As a result, the state
of the computer is Uf V |ψ0〉, which she subsequently sends to Bob.
Bob is then tasked with choosing a gate W to perform on the state,
before measuring it in the computational basis, such that he would
optimize the information he obtains on Alice’s chosen oracle f or its
class j.

information:

I (J;Y ) � χ ({p j, σ j} j∈J ) = S(ρY ) −
∑
j∈J

p jS(σ j ). (8)

Hereon, we write χ for χ ({pj, σ j} j∈J ). Again, we can replace
all states σ j with their reduced states corresponding to the
measured registers, and the inequality still holds.

Note that there is another—arguably more illuminating—
way of delineating between the “Alice” and “Bob” roles in
the algorithm. One could say that Alice’s preparation ends
immediately after the oracle query; then, Bob obtains an in-
termediate state, where Tf in Eq. (7) is replaced by Uf V (this
intermediate state is denoted ρ2

Y in the next section). Then Bob
must choose the measurement basis that would allow him to
extract as much information as possible about J; effectively,
he applies a corresponding unitary W and then measures in
the computational basis (see Fig. 1). This point of view may
help motivate the next subsection.

A. Quantum discord and optimal quantum algorithms

It turns out that a simple construction not only yields an-
other way to derive Holevo’s inequality, but also sheds light on
the quantum informational structure of our setting. The idea
is as follows: We wish to describe the oracle as a quantum
subsystem, in addition to the quantum computer. Moreover,
we want the oracle subsystem to be constructed in a manner
that would allow us later to “forget” about the specific oracle
identities f ∈ F , and retain only information regarding the
oracle classes Aj . Note that this construction—as well as the
results obtained hereafter—holds a striking resemblance to a
construction performed in the context of Quantum Darwin-
ism [68]. Let H = HJ ⊗ HF ⊗ HY be the full Hilbert space,
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where

dim HJ = |J |, dim HF = |F |, dim HY = N = 2n. (9)

Let {| j〉} j∈J be an orthonormal basis for HJ indexed by the
set of oracle classes, and let {| f 〉} f ∈F be an orthonormal basis
for HF . This notation for the Hilbert spaces, as well as the
corresponding notation for states on those Hilbert spaces (see
below), follows the convention we have established earlier: A
Hilbert space with subscript X has a distinguished orthonor-
mal basis corresponding to the domain of the random variable
X . Note this is a formal construction, where the states | j〉, | f 〉
are not implied to represent an actual physical system. Now,
define the classical-classical-classical state ρ0

JFY :

ρ0
JFY :=

∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ | f 〉〈 f | ⊗ |ψ0〉〈ψ0|. (10)

We say that a state is “classical-classical-classical” if it can
be written as a mixture of orthonormal basis elements on
all three subsystems (generalizing the more common notion
of classical-classical states). In our case, ρ0

JFY consists of
three subsystems, which represent the oracle class J , the or-
acle identity F , and the quantum computer Y in its initial
state, |ψ0〉. This state evolves with every step of the quan-
tum algorithm. After applying the unitary V , we still have a
classical-classical-classical state:

ρ1
JFY =

∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ | f 〉〈 f | ⊗ V |ψ0〉〈ψ0|V †. (11)

However, the oracle query Uf generates correlations between
the “oracle subsystem” and the quantum computer:

ρ2
JFY =

∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ | f 〉〈 f | ⊗ Uf V |ψ0〉〈ψ0|V †U †
f .

(12)

Note that the above state is not necessarily classical-
classical-classical, since the states {Uf V |ψ0〉} f ∈F may not
be orthogonal. Finally, after application of the second uni-
tary W , we obtain the state of the system right before the
measurement:

ρfin
JFY =

∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ | f 〉〈 f | ⊗ Tf |ψ0〉〈ψ0|T †
f . (13)

Since we do not care about the oracle identity f , we may trace
out the subsystem F , to obtain

ρJY =
∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ Tf |ψ0〉〈ψ0|T †
f

=
∑
j∈J

p j | j〉〈 j| ⊗ σ j . (14)

Note that ρY defined before is now simply given by taking the
partial trace of ρJY with respect to the subsystem J . At this
point we may also trace out the nonmeasured qubits.

Now, let us compute the nonoptimized quantum discord of
the state ρJY with respect to measurement of subsystem Y in
the computational basis. This is defined as follows:

DY (ρJY ; Z⊗n) = S(ρY ) − S(ρJY ) + S(ρJ |Z⊗n), (15)

where ρJ = ∑
j∈J p j | j〉〈 j| remains unchanged throughout

the run of the algorithm. We have the following result (see
Sec. 3 of the Supplemental Material [56] for the proof):

DY (ρJY ; Z⊗n) = χ − I (J;Y ), (16)

which is non-negative, as quantum discord always is. In fact,
we have found here that the non-negativity of DY (ρJY ; Z⊗n)
is equivalent to Holevo’s bound. Note that this result was
recently derived independently in the context of Bayesian
metrology [69], although the nonoptimized discord appears
there under the name ensemble relative entropy of coherence.

However, the more commonly used definition of quantum
discord does not fix the measurement basis, but rather it opti-
mizes over all possible measurements:

DY (ρJY ) := min
�

DY (ρJY ; �), (17)

where � = {�k}k is a projective measurement. A quantum
algorithm can be optimal only if it applies unitary gates such
that the computational basis is the optimal one, i.e., it yields
the minimal oracle-outcome discord (and thus the mutual
information obtained is as high as possible). Here, one should
note that an f -independent unitary gate cannot change χ , but
it can increase (or decrease) I (J;Y ). The source of informa-
tion (about the oracle) in the quantum computer, χ , as one
should expect, stems exclusively from oracle queries.

Let us reiterate the crucial point here. In what follows,
S(ρ i

Y ) denotes the von Neumann entropy of the subsystem
ρ i

Y = TrJ,F,N (ρ i
JFY ), where ρ i

JFY is the entire system right
after the ith step of the algorithm and N denotes the non-
measured qubits; I (J;Yi ) should be understood as the mutual
information we would have obtained if we had measured in
the computational basis right after the ith step of the algo-
rithm; and |ψ1〉 := V |ψ0〉. By changing our chosen V , we can
set |ψ1〉 to be any normalized pure state. Then, for such |ψ1〉,
we get the following state after the third step:

ρ2
JY (|ψ1〉) =

∑
j∈J

p j | j〉〈 j| ⊗
⎛
⎝∑

f ∈Aj

p f

p j
Uf |ψ1〉〈ψ1|U †

f

⎞
⎠,

(18)

where the expression in the parentheses is denoted by σ 2
j .

Hence, the oracle acts as a map that produces an ensemble
{σ 2

j } out of the pure state |ψ1〉. In step (3), the best we can
do is choose a unitary W such that the measurement in the
computational basis would be the one with minimal discord.
Thus, for any fixed |ψ1〉, we have

Imax(|ψ1〉) = χ
({

p j, σ
2
j

}
j∈J

) − DY
(
ρ2

JY

)
, (19)

where Imax(|ψ1〉) denotes the maximally obtainable I (J;Y ) if
we have the state |ψ1〉 after the second step. Note that here
DY (ρ2

JY ) is the minimal discord.
Our analysis can be summarized in the following theorem:
Theorem. For any oracle problem of the form defined in

Sec. II A and any fixed value of n � m, a single-query quan-
tum algorithm of the form defined in Sec. II B that uses
n qubits obtains the maximal value of I (J;Y ) out of all
such algorithms (i.e., is optimal) if and only if the following
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conditions are both satisfied:
(1) the prequery unitary V has the property

Imax(V |ψ0〉) = max
|ψ1〉

Imax(|ψ1〉),

where the maximization is over all n-qubit states |ψ1〉;
(2) the postquery unitary W has the property that W † maps

the computational basis to a basis which yields the minimal
discord.

Note there is a single-query quantum algorithm that suc-
ceeds with probability 1 if and only if there exists a state |ψ1〉
such that Imax(|ψ1〉) = H (J ). Since χ (ρ2

JY ) � H (J ), this state
must satisfy the following two conditions simultaneously:

(1) χ (ρ2
JY ) obtains its maximal bound H (J ). This is an

interesting condition, as there exist finer bounds that use prop-
erties of σ 2

j ’s (see Refs. [70,71]). In particular, this occurs if
and only if the states σ 2

j have orthogonal support [72]. Since
{σ 2

j } are positive semidefinite, having orthogonal support is
equivalent to orthogonality: ∀ j �= j′ ∈ J , Tr(σ 2

j σ
2
j′ ) = 0.

(2) DY (ρ2
JY ) = 0, i.e., the state ρ2

JY is not only classical-
quantum, but also quantum-classical. This implies the state is
classical-classical, and this scenario occurs if and only if the
states σ 2

j pairwise commute.
For any two positive semidefinite matrices ρ and σ , we

have that Tr(ρσ ) = 0 implies ρσ = σρ = 0 and, in particu-
lar, [ρ, σ ] = 0. Thus, the first condition implies the second
one (but not the other way around).

Indeed, if the first condition holds, then a simple way to
construct W would be to map the orthogonal support sub-
spaces to the computational basis. Further details and proof
of optimality appear in Sec. 4 of the Supplemental Material
[56]. Moreover, even if the first condition does not hold but
the second one does, the optimal W (for fixed V ) is one
that simultaneously diagonalizes all of the states σ 2

j . This is
evident from the observations above since I (J;Y ) obtains its
upper bound χ , which cannot be changed by W . This fact
remains true even if we are allowed to use arbitrary POVMs
instead of projective measurements, since Holevo’s bound is
true for POVMs as well.

Remark. Suppose V is a monomial matrix, i.e., having
exactly one nonzero entry in each row and column. Such
a matrix cannot generate superpositions: It maps computa-
tional basis states to computational basis states multiplied
by some phase. Usually, Uf has the stronger property of
being a permutation matrix; this assumption is necessary if
we think of computational basis states as being classical. In
this scenario (i.e., if V is monomial and Uf is a permutation
matrix), the matrices σ 2

j are all diagonal in the computational
basis, hence commuting. By the above discussion, W = I is
optimal, and since the phase is insignificant, such an algo-
rithm can be executed by a classical computer. These facts
can be interpreted as saying that if the oracle query is per-
formed classically, then quantum postprocessing cannot be
used to increase the amount of available classical information.
Another consequence is that a quantum algorithm with mono-
mial V can never outperform the optimal classical algorithm.
Indeed, in all of the quantum algorithms analyzed as examples
in Sec. IV, V is a generalized complex Hadamard matrix,
i.e., a unitary matrix whose entries all have the same abso-

lute value. Such a matrix is as far from being monomial as
possible.

To conclude this subsection, we note that the above
theorem neatly characterizes optimal single-query quantum
algorithms, and via the correspondence described in Sec. II C
it also applies to multiple-query nonadaptive algorithms with
a fixed number of queries. However, it may be challenging to
find the optimal |ψ1〉 in practice for a general oracle problem
(even for single-query algorithms).

Because of this practical difficulty, the theorem as stated
is largely conceptual. It reveals that extracting maximal infor-
mation is mathematically equivalent to minimizing quantum
discord, thus translating an abstract computational condition
into the language of fundamental physical resources. Thus,
the theorem should be read as a structural characterization of
optimal information extraction, not as an efficient algorithm
for constructing the optimizer in arbitrary oracle problems.

While this conceptual lens does not directly yield stan-
dalone single-query algorithms, the underlying mathematical
framework carries significant practical utility. As we discuss
in Sec. III C, our mutual-information perspective provides
the exact objective function needed to optimize iterative
subroutines in hybrid quantum-classical algorithms, where
accumulating partial information over multiple steps is more
relevant than achieving a high single-shot success probability.

B. Coherence and a lower bound on the mutual information

Recall that I (J;Y ) = H (Y ) − H (Y |J ). A simple observa-
tion (see Sec. 5 of the Supplemental Material [56]) shows

H (Y ) � S(ρY ), (20)

where the left-hand side is the Shannon entropy of the bit
string obtained by measuring the first k qubits, and the right-
hand side is the von Neumann entropy of the reduced state
obtained by tracing out the n − k nonmeasured qubits. More-
over, the difference between the former and the latter is known
to equal the relative entropy of coherence [73,74]:

C(ρY ) = H (Y ) − S(ρY ) � 0. (21)

Thus, just as the nonoptimized discord measures the “failure”
of I (J;Y ) to obtain its upper bound, so does the relative
entropy of coherence measure its failure to obtain the lower
bound. Writing the lower and upper bounds together, we have

S(ρY ) − H (Y |J ) � I (J;Y ) � S(ρY ) −
∑
j∈J

p jS(σ j ). (22)

The sum �Z⊗n (ρJY ) := C(ρY ) + DY (ρJY ; Z⊗n) is known as
the irrealism [75–78] of measuring the Y subsystem in the
computational basis. Note that �Z⊗n (ρJY ) vanishes if and only
if the lower and upper bounds in Eq. (22) are both saturated.

C. Application to hybrid quantum-classical schemes

In separate work, some of us used the mutual-information
objective developed here to optimize the information gain in
QLE. We include this connection to illustrate how the present
formalism can guide objective-function design in iterative set-
tings, while the algorithmic results can be found in Ref. [48].
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Consider the task of learning an unknown Hamiltonian
Htrue from a finite set of candidates H1, H2, . . . , HN . The
learner can access Htrue only through its unitary evolu-
tion, U (t ) = e−itHtrue/h̄. A hybrid quantum-classical algorithm
alternates between quantum and classical stages. Each quan-
tum stage consists of a circuit involving a single application
of U (ti ) for some evolution time ti, which may vary between
iterations. Between successive quantum stages, classical pro-
cessing uses the measurement outcomes to update the stored
information about Htrue and to determine the parameters of
the next quantum stage. After a finite number of iterations,
the algorithm outputs an estimate of Htrue.

QLE provides a concrete example of such a hybrid scheme
[79–84]. In its standard form, QLE maintains a probability
distribution representing the information accumulated so far
about Htrue. However, only the evolution time ti is adaptively
chosen between iterations, while the pre- and postevolution
unitaries are kept fixed throughout. In Ref. [48], it was shown
that each quantum iteration can be modeled as a single-query
quantum algorithm, and the results developed here were ap-
plied to optimize the information gain about Htrue at each step.
The resulting optimized version of QLE achieves substantially
faster convergence, requiring far fewer iterations to learn Htrue

than the original algorithm. This shows that the proposed
framework could have some practical ramifications in addition
to its conceptual contributions.

IV. INFORMATION-THEORETIC ANALYSIS
OF STANDARD QUANTUM ALGORITHMS

In this section, we demonstrate our approach by studying
several examples of quantum algorithms. The information-
theoretic figures we have discussed are computed and
presented in detail, using a combination of analytic and
numerical methods. Specifically, while we provide exact an-
alytical derivations wherever possible, we utilize numerical
simulations for cases where closed-form expressions for the
subsystem entropies are mathematically intractable. These nu-
merics are intended to empirically illustrate the dynamics of
discord and coherence predicted by our framework, demon-
strating that physical resources can be tracked even when
exact analytical formulas evade us.

A. Simulation results for Deutsch-Jozsa

Starting with the Deutsch-Jozsa algorithm, we have run
simulations for k � 4, where k denotes the number of input
bits for the oracle functions (which is also the number of
measured qubits). In particular, the simulation (a MATLAB

script) goes over all possible oracle functions and emulates the
algorithm’s run for each, computing the state of the quantum
computer (prequery, postquery, and final) and the probabili-
ties for every possible measurement outcome. The states are
mixed together to find ρ i

Y , the probabilities are used to find
the probability distribution of Y conditioned on J , and these
are then used to calculate the required information-theoretic
quantities. The results are displayed in Table I. Note that
we have taken the “partition-uniform” probability distribution
over the oracles.

TABLE I. Information-theoretic quantities for the Deutsch-Jozsa
algorithm, found by simulating the algorithm’s run over all possible
inputs for k � 4. The three parts of the table depict quantities ob-
tained by measuring the output qubits right before the oracle query
(first row), immediately after the query (second row), or at the end
of the algorithm (third row). Here, Di

Y := DY (ρ i
JY ; Z⊗n) for i = 1, 2,

and DY := DY (ρJY ; Z⊗n).

k H (Y1) S(ρ1
Y ) C(ρ1

Y ) H (Y1|J ) χ1 I (J;Y1) D1
Y

1 1 0 1 1 0 0 0
2 2 0 2 2 0 0 0
3 3 0 3 3 0 0 0
4 4 0 4 4 0 0 0

k H (Y2) S(ρ2
Y ) C(ρ2

Y ) H (Y2|J ) χ2 I (J;Y2) D2
Y

1 1 1 0 1 1 0 1
2 2 1.7925 0.2075 2 1 0 1
3 3 2.4037 0.5963 3 1 0 1
4 4 2.9534 1.0466 4 1 0 1

k H (Y ) S(ρY ) C(ρY ) H (Y |J ) χ I (J;Y ) DY

1 1 1 0 0 1 1 0
2 1.7925 1.7925 0 0.7925 1 1 0
3 2.4037 2.4037 0 1.4037 1 1 0
4 2.9534 2.9534 0 1.9534 1 1 0

As seen above, the simulations demonstrate that the dis-
cord DY (ρJY ; Z⊗n) vanishes for Deutsch-Jozsa. For example,
with k = 4 we obtain S(ρY ) ≈ 2.95, while for the balanced
and constant functions, respectively, we have S(ρb

Y ) ≈ 3.91
and S(ρc

Y ) = 0. Since the Deutsch-Jozsa algorithm always
succeeds, we have I (J;Y ) = 1. Hence, the discord is 2.95 −
1
2 · 3.91 − 1

2 · 0 − 1 = 0.
In fact, a closer look into the DJ algorithm reveals the

following interesting structure. Upon initialization, the von
Neumann entropy and mutual information are both zero, and
this is still the case after applying V . After the oracle query,
the von Neumann entropies of ρY , σ j already obtain their final
values, i.e., S(ρ2

Y ) = S(ρfin
Y ) and S(σ 2

j ) = S(σ fin
j ). Thus, χ ob-

tains its final value, which equals H (J ). I (J;Y2) obtains some
value ε. After application of the second unitary W and before
the measurement, the mutual information I (J;Y ) obtains its
maximal possible value, i.e., I (J;Y ) = χ = H (J ), such that
the discord takes its minimal value, which is zero.

B. Information-theoretic quantities for Bernstein-Vazirani

While the Bernstein-Vazirani algorithm itself is essentially
identical to Deutsch-Jozsa, the promise on the function f is
different, as well as the partition J . In particular, we are
promised that f is of the form fa(x) := a · x, where a ∈
{0, 1}n. The objective is to determine the parameter a of fa

exactly, i.e., the classes are singletons; hence, J = F . These
properties make this algorithm particularly well behaved, al-
lowing us to compute the information-theoretic quantities
analytically. The findings are summarized in Table II. Note
that since σ j are all pure states, we have χ = S(ρY ). As in the
Deutsch-Jozsa algorithm, one can observe that the coherence
C(ρY ) and conditional entropy H (Y |J ) are initially large but
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TABLE II. Information-theoretic quantities for the Bernstein-
Vazirani algorithm, computed analytically for any value of n.

Quantity Prequery Postquery Final

H (Y ) n n n
S(ρY ) 0 n n
C(ρY ) n n 0
H (Y |F ) n n 0
I (F ;Y ) 0 0 n
DY (ρFY ; Z⊗n) 0 n 0

are decreased by the second unitary W . In contrast, the von
Neumann entropy and discord have initial values zero but are
increased to n by the oracle query. The second unitary W
can be said to “trade off” the discord in exchange for mutual
information, which obtains the maximal value n in the final
state. The detailed computation of these quantities can be
found in Sec. 6 of the Supplemental Material [56].

C. The Shor-Kitaev algorithm

Suppose we are given a group G, a set X , and an unknown
function f : G → X that hides a subgroup H ⊂ G. That is, we
have the following commutative triangle:

(23)

In this case, f is the composition of the canonical projection
π : G � G/H with any one-to-one map (of sets) G/H ↪→ X
and we say that f hides the subgroup H . We are given oracle
access to the function f , and the task is to find the subgroup
H using as few queries as possible. This framework, known
as the hidden subgroup problem (HSP), encompasses several
well-known problems, including Simon’s problem, the dis-
crete logarithm, and period and order finding. If G is finite and
Abelian, the Shor-Kitaev algorithm solves the HSP efficiently
using a quantum Fourier transform [72]. In fact, in the case
of order finding, this algorithm forms the quantum subroutine
in Shor’s prime factorization algorithm. Since this generic
algorithm is nonadaptive, our framework applies. In fact, it
is not even a proper multiple-query algorithm; rather it is the
same single-query algorithm executed several times to learn
the probability distribution of Y with greater accuracy.

We now describe the single-query routine. Let F be the set
of allowed functions f , and J is the partition of F into classes
such that functions that hide the same subgroup H are in the
same class. Thus, the indices j ∈ J correspond to subgroups
Hj ⊂ G. Assuming the standard “bit oracle” for the function
f , the quantum computer should consist of two registers that
correspond to elements of G and X , respectively. The joint
state of the oracle and computer at each step i is of the form

ρ i
JFY =

∑
j∈J

∑
f ∈Aj

p f | j〉〈 j| ⊗ | f 〉〈 f | ⊗ |ψi( f )〉〈ψi( f )|, (24)

where Aj is the set of all functions that hide the subgroup
Hj of G and |ψi( f )〉 is the state of the computer at step i.
In particular, right before the query, we have

|ψ1〉 = 1

|G|1/2

∑
g∈G

|g〉|0〉. (25)

After the query,

|ψ2( f )〉 = 1

|G|1/2

∑
g∈G

|g〉| f (g)〉. (26)

Choosing a representative s ∈ gHj for each coset gHj ∈ G/Hj ,
we can write

|ψ2( f )〉 = 1

|G|1/2

∑
s∈G/Hj

⎛
⎝∑

h∈Hj

|s + h〉
⎞
⎠ ⊗ | f (s)〉 (27)

using the fact that f (g) is constant on cosets. The usual de-
scription of the algorithm states that here the second register
should be measured and discarded (and the measurement out-
come is not used). By the principle of deferred measurement,
we can move this measurement to the end of the algorithm and
obtain the exact same action of the circuit.

Finally, we perform a quantum Fourier transform on the
first register. This has the following effect:,

1

|Hj |1/2

∑
h∈Hj

|s + h〉 �→
√

|Hj |
|G|

∑
χg∈H⊥

j

χg(s)|g〉, (28)

where χg ∈ Ĝ = Hom(G, U(1)) is a character of G =
�M

i=1(Z/piZ) defined by

χg(l1, . . . lM ) := �ie
2π iligi/pi for g = (g1, . . . , gM ), (29)

and H⊥
j is the subgroup of Ĝ comprising the characters χ

such that ResG
Hj

(χ ) = χe, i.e., the characters that restrict to
the trivial character on Hj . So, we have

|ψfin( f )〉 =
√|Hj |
|G|

∑
s∈G/Hj

⎛
⎜⎝ ∑

χg∈H⊥
j

χg(s)|g〉

⎞
⎟⎠ ⊗ | f (s)〉. (30)

Now, we wish to analyze the information-theoretic quan-
tities. The random variable Y refers to the outcome of
measuring only the first register in the computational basis
(i.e., the one corresponding to elements of G). The pertinent
matrices ρ i

Y are

ρ i
Y =

∑
j∈J

∑
f ∈Aj

p f TrO(|ψi( f )〉〈ψi( f )|), (31)

where TrO denotes partial trace over the output register. Let us
perform the computation for each of the three steps.

1. Prequery

After discarding the output register, the state of the com-
puter right before the query is a “democratic superposition”,
hence

C
(
ρ1

Y

) = H (Y1|J ) = H (Y1) = log2 |G| (32)
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and of course, we have

S
(
ρ1

Y

) = χ1 = I (J;Y ) = DY (ρJY ; G) = 0, (33)

where DY (ρJY ; G) is the discord of ρJY with respect to mea-
suring the first register of the computer in the computational
basis, which here corresponds to the group G.

2. Postquery

The query does not change the diagonal entries of σ 2
j ,

so we have H (Y2|J ) = H (Y2) = log2 |G| and I (J;Y2) = 0. It
turns out that for all j, j′ ∈ J , we have [σ 2

j , σ
2
j′ ] = 0, while

Tr(σ 2
j σ

2
j′ ) �= 0; i.e., out of the two conditions for optimality

described in Sec. III A, the second condition is satisfied while
the first one is not. This means that the minimized discord
DY (ρ2

JY ) vanishes. It also means that the matrices σ 2
j and

ρ2
Y are all mutually diagonalizable; in fact, their common

eigenbasis is {|vχ 〉}χ∈Ĝ, which are the column vectors of the
inverse quantum Fourier transform over G (equivalently—the
complex conjugates of the rows of the character table of G).
This is also the basis in which the minimal discord (i.e., zero)
is obtained, and indeed the final unitary W is the quantum
Fourier transform, as we would have expected from a “good”
algorithm.

These insights allow us to proceed with relative ease
and generality. We find that S(σ 2

j ) = log2 |G| − log2 |Hj |. All
other quantities depend on finding S(ρ2

Y ): We have C(ρ2
Y ) =

log2 |G| − S(ρ2
Y ) and DY (ρ2

JY ; G) = χ2({σ 2
j ; p j}) = S(ρ2

Y ) −
log2 |G| + ∑

j∈J p j log2 |Hj |. Unfortunately, there seems to
be no concise expression for S(ρ2

Y ); the best we can do here is
provide expressions for the eigenvalues of ρ2

Y :

λχ = 1

|G|
∑

j∈J : χ∈H⊥
j

p j |Hj |. (34)

If J is uniformly random, we can also write them down as

λχ = 1√|G||J | 〈c|vχ 〉, (35)

where |c〉 = ∑
g∈G cg|g〉 and cg is defined to be the number

of subgroups Hj of which g is an element. This way, the
eigenvalues can be computed directly from the character table
by multiplying it from the left with a row vector. For proofs
and further details, see Sec. 7 of the Supplemental Material
[56].

3. Final state (premeasurement)

As mentioned before, after the quantum Fourier transform
the matrices σ j are all diagonal, hence so is ρY . Thus, we have
C(ρY ) = 0 and H (Y ) = S(ρY ) = S(ρ2

Y ), and the latter can be
computed using the eigenvalues (34). We may easily compute

H (Y |J ) =
∑
j∈J

p jS(σ j ) = log2 |G| −
∑
j∈J

p j log2 |Hj |. (36)

Moreover, S(σ j ) = S(σ 2
j ) = log2 |G| − log2 |Hj | and

χ ({σ j ; p j}) = χ ({σ 2
j ; p j}). Since DY (ρJY ; G) = DY (ρJY ) =

0, we also have I (J;Y ) = χ ({σ j ; p j}). Note that I (J;Y )
obtains both its lower and upper bounds. However,
I (J;Y ) < H (J ) since the σ j do not have orthogonal support.

To conclude this subsection, we discuss the information-
theoretic quantities obtained when performing t queries. We
only do this for the final stage of the algorithm. We thus con-
sider (σ j )⊗t instead of σ j and define ρ

(t )
Y := ∑

j∈J p j (σ j )⊗t .
These matrices are still diagonal in the tensor product ba-
sis, so C(ρ (t )

Y ) = 0. Let Yt denote the outcome of measuring
all t input registers at the end of the algorithm. As it turns
out, the conditional entropy is simply multiplied by t , i.e.,
H (Yt |J ) = t · H (Y |J ). Describing H (Yt ) = S(ρ (t )

Y ) is slightly
more complicated than before. The tensor product basis is
indexed by tuples of t irreducible representations of G, and
we have

λ(χ1, . . . , χt ) =
∑

j∈J : χ1,...,χt ∈H⊥
j

p j

( |Hj |
|G|

)t

. (37)

As in the single-query case, we have vanishing discord,
implying

I (J;Yt ) = S
(
ρ

(t )
Y

) − t · H (Y |J ) = χ ({(σ j )
⊗t ; p j}). (38)

While deriving a single, closed-form analytical expression
for S(ρ (t )

Y ) that holds universally across all arbitrary groups
G is complicated, the exact values for any specific HSP in-
stance can be computed algorithmically using Eq. (37) (as
we demonstrate for Simon’s algorithm in Sec. IV D). Fur-
thermore, even without explicit computation, one can observe
general asymptotic behaviors: We expect S(ρ (t )

Y ) to grow at
least linearly with t , since the mutual information I (J;Yt )
must be monotonically nondecreasing in t . On the other hand,
we have I (J;Yt ) � H (J ), so for large values of t the entropy
S(ρ (t )

Y ) cannot grow faster than a linear function. For any
instance of the HSP, analyzing these quantities can be used
to find the number of queries needed to obtain any desired
amount of mutual information, i.e., t such that I (J;Yt ) �
H (J ) − ε.

It is worth noting that while traditional methods like the
pretty good measurement [85] are highly effective for bound-
ing the success probability and estimating asymptotic query
requirements for state discrimination, analyzing S(ρ (t )

Y ) pro-
vides a complementary perspective. Specifically, rather than
bounding discrimination error, our approach tracks the exact
accumulation of partial mutual information per query. This is
particularly useful in regimes where query counts are strictly
limited and perfect discrimination is impossible.

4. Order finding

There is a subtlety in the description of order finding
(hence also factorization) within this general framework. Let
us briefly describe this problem: For a, N positive integers
with gcd(a, N ) = 1, we define the order of a modulo N as the
smallest positive integer r such that ar = 1(mod N ). The task
is to find r for input a and N , given an oracle that computes
g(x) = ax(mod N ). Since a and N are given to us directly
as inputs, this is not even a proper oracle problem; indeed,
even a classical algorithm can solve it without performing any
queries. Nevertheless, this is still an interesting problem to
study in terms of time complexity (i.e., the total number of
computation steps, rather than counting only oracle queries).
As it turns out, the path toward an efficient quantum algorithm
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TABLE III. Information-theoretic quantities for a single query of
Simon’s algorithm, computed analytically for any value of n, up to
O(2−n).

Quantity Prequery Postquery Final

H (Y ) n n n
S(ρY ) 0 n n
C(ρY ) n 0 0
H (Y |J ) n n n − 1
χ 0 1 1
I (J;Y ) 0 0 1
DY (ρJY ; G) 0 1 0

for this problem goes through defining a composite oracle out
of the basic one that merely computes multiplication. What
this composite oracle does is compute modular exponentia-
tion:

Ua|x〉|y〉 = |x〉|axy(mod N )〉, (39)

which is an oracle for the function f (x) = ax(mod N ). Since
f hides the subgroup H = rZ of G = Z, we get an instance
of the hidden subgroup problem, and it can be solved using a
quantum Fourier transform. Still, this problem is uninteresting
in terms of query complexity; even if we are not given a
as an input, a single classical query computes it: f (1) = a.
Thus, after this query, the mutual information I (F ;Y ) would
already obtain its maximal value. Indeed, the advantage of
Shor’s algorithm does not lie in its ability to extract as much
information about the function f using few queries; rather, it
is about extracting the piece of information that we care about
(the order r) without requiring many additional steps of com-
putation. Therefore, one should keep in mind that thinking
about the problems of order finding and integer factorization
purely in terms of query complexity may not be a useful
perspective.

That said, the quantum algorithms for these problems con-
tain a key subroutine which can be naturally considered as
solving an oracle problem, i.e., phase estimation. We study
this important example in Sec. IV E.

D. Information-theoretic quantities in Simon’s algorithm

Recall the description of Simon’s problem: We are given
oracle access to a function f : {0, 1}n → {0, 1}n, with the
promise that for some unknown s ∈ {0, 1}n, we have f (x) =
f (y) iff x ⊕ y ∈ {0n, s}. The goal is to identify s. This is an
instance of the hidden subgroup problem with G = (Z/2Z)n,
where the subgroup is promised to be of the form Hs = {0, s}.
Note that s may be zero, in which case Hs has only one
element. We consider the uniform distribution and apply the
results of the previous section.

The information-theoretic quantities after a single query
are summarized in Table III. Details of the computation appear
in Sec. 8 of the Supplemental Material [56]. Note that the
evolution of the information-theoretic quantities throughout
the algorithm somewhat differs from those of the Bernstein-
Vazirani algorithm (see Table II). In Simon’s algorithm,
the intermediate coherence vanishes, whereas in Bernstein-
Vazirani it is maximal. Moreover, the amount of information

TABLE IV. Information-theoretic quantities at the final step of
Simon’s algorithm, for 2 � n � 4 and t � 24/n. Since simulating
the run of the algorithm over all possible inputs is intractable,
we have utilized the analytical findings of Sec. IV C 3. Numerical
computations were used to find the eigenvalues of ρ

(t )
Y by evalu-

ating equation (37), to compute the entropy H (Yt ) = S(ρ (t )
Y ) using

these eigenvalues, and then use it to find I (J;Yt ) = χ via Eq. (38).
Note that we have assumed the identities C(ρ (t )

Y ) = 0 and DY = 0.
It is noteworthy that for fixed n, H (Yt ) grows slightly faster than
H (Yt |J ) (which grows linearly with t), thus increasing the mutual
information.

n t H (Yt ) C(ρ (t )
Y ) H (Yt |J ) χ I (J;Yt ) DY

2 1 1.8802 0 1.25 0.6302 0.6302 0
2 2 3.6157 0 2.5 1.1157 1.1157 0
2 3 5.2062 0 3.75 1.4562 1.4562 0
2 4 6.6777 0 5 1.6777 1.6777 0
2 5 8.0641 0 6.25 1.8141 1.8141 0
2 6 9.3949 0 7.5 1.8949 1.8949 0
2 7 10.6914 0 8.75 1.9414 1.9414 0
2 8 11.9678 0 10 1.9678 1.9678 0
2 9 13.2324 0 11.25 1.9824 1.9824 0
2 10 14.4905 0 12.5 1.9905 1.9905 0
2 11 15.7449 0 13.75 1.9949 1.9949 0
2 12 16.9972 0 15 1.9972 1.9972 0

3 1 2.9349 0 2.125 0.8099 0.8099 0
3 2 5.7994 0 4.25 1.5494 1.5494 0
3 3 8.4822 0 6.375 2.1072 2.1072 0
3 4 10.9777 0 8.5 2.4777 2.4777 0
3 5 13.3294 0 10.625 2.7044 2.7044 0
3 6 15.5863 0 12.75 2.8363 2.8363 0
3 7 17.7857 0 14.875 2.9107 2.9107 0
3 8 19.9517 0 17 2.9517 2.9517 0

4 1 3.9663 0 3.0625 0.9038 0.9038 0
4 2 7.8975 0 6.125 1.7725 1.7725 0
4 3 11.7534 0 9.1875 2.5659 2.5659 0
4 4 15.3994 0 12.25 3.1494 3.1494 0
4 5 18.8334 0 15.3125 3.5209 3.5209 0
4 6 22.1133 0 18.375 3.7383 3.7383 0

extracted in one query of Simon’s algorithm is only of the
order of a single bit, while in Bernstein-Vazirani it is n. This
is reflected directly in comparing the last three rows: indeed,
replacing 1 by n in the values for H (Y |F ), the mutual infor-
mation and the discord in Simon’s algorithm would provide
the appropriate values for Bernstein-Vazirani.

These single-query quantities highlight a key advantage of
measuring performance via mutual information. After a single
query in Simon’s algorithm, the probability of successfully
identifying the hidden string s is exponentially small (roughly
2−n+1). A traditional success-probability metric would there-
fore suggest that virtually no computational progress has been
made. However, our framework reveals that 1 bit of mutual in-
formation about the oracle class has been concretely extracted.

Combining analytic and numerical methods, we can also
find the information-theoretic quantities for t queries, at the
final step of the algorithm, for sufficiently small values of n, t .
The figures thus obtained are depicted in Table IV.
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E. Information-theoretic quantities for the phase
estimation algorithm

As mentioned in Sec. IV C 4, the procedure of phase es-
timation forms a key part of the order finding and factoring
algorithms. Here, we wish to study phase estimation as an
oracle problem.

The standard formulation of the problem is as follows:
Suppose a unitary operator U has an eigenvector |u〉 with
eigenvalue e2π iϕ for ϕ ∈ [0, 1). We have available an oracle
that prepares the state |u〉, as well as oracles the perform
controlled-U 2k

for any value of k, and we are tasked with find-
ing ϕ using as few queries as possible. The standard quantum
algorithm for this problem uses a controlled-U 2k

gate, where
the control qubit is set to |+〉 and the target register is set
to |u〉. This results in a phase of 2kϕ being “kicked back”
to the control qubit. This procedure is performed for k =
0, . . . , t − 1 using t separate control qubits, where t depends
on our desired precision. The final state of these qubits is
(up to normalization)

∑2t −1
l=0 e2π iϕl |l〉, and an inverse quantum

Fourier transform is utilized to extract the phase.
It is not straightforward to cast this problem in our terms,

since our formalism dictates that there should be only one
family of oracles, and that the oracle identity is the only
hidden information. In what follows, we suggest an alterna-
tive formulation of phase estimation that solves both of these
issues, while retaining the essential features of the original
problem and its quantum algorithm.

The idea is as follows: Deviating from our usual assump-
tion that F is a finite set, let it be the interval of possible
phases, i.e., F = [0, 1), and suppose the random variable
F has the uniform distribution on this interval. For a fixed
positive integer n, we want to define that the problem of
finding the first n binary digits of the unknown phase f . That
is, f = 0 · f1 f2 f3 · · · and we wish to find f1, . . . , fn. This
is equivalent to finding the class of f with respect to the
partition F = ⊔

j∈J Aj , where J = {0, 1, 2, . . . , 2n − 1} and

Aj := { f ∈ F | j
2n � f <

j+1
2n }. Finally, we should describe

the oracles Uf . These act on a register comprising t qubits
and are diagonal in the computational basis with the following
entries:

Uf |k〉 = e2π i f k|k〉, k ∈ {0, 1, 2, . . . , 2t − 1}, (40)

where t � n depends on the amount of information we wish
to extract. Note that here we deviate from another one of our
usual assumptions, i.e., that the oracle gates Uf should only
have entries 0 or 1 in the computational basis. We usually
assume this to ensure that the oracle can be accessed by a clas-
sical algorithm; indeed, the problem of finding an unknown
phase of a unitary gate does not directly apply to classical
algorithms.

While this problem does not quite fall into the framework
of the hidden subgroup problem, it can be solved with high
probability using a single-query algorithm. This algorithm
is given by V = H⊗t and W , the inverse quantum Fourier
transform with respect to the group Z/2tZ, i.e.,

〈k|W |l〉 = 1

2t/2
e− 2π ikl

2t , k, l ∈ {0, 1, 2, . . . , 2t − 1}. (41)

Let us briefly present the information-theoretic quantities
throughout this algorithm, which we find using a combination
of analytic and numerical methods. The details appear in
Sec. 9 of the Supplemental Material [56].

For the prequery state, we find

C
(
ρ1

Y

) = H (Y1|J ) = H (Y1) = t (42)

and

S
(
ρ1

Y

) = χ1 = I (J;Y1) = DY (ρJY ; Z⊗t ) = 0. (43)

After the query, we have H (Y2|J ) = t , C(ρ2
Y ) = 0, and

H (Y2) = S(ρ2
Y ) = t , implying I (J;Y2) = 0. The value of χ2,

which equals D2
Y (ρJY ; Z⊗n), was found numerically. For suffi-

ciently large difference t − n, χ2 seems to approach n (see χ

in Table V), i.e., it is fairly close to the upper bound H (J ) = n.
Right before the final measurement, we have C(ρY ) = 0,

H (Y ) = S(ρY ) = t , and χ = χ2. Finding H (Y |J ) analytically
is challenging, but numerical simulations show that this value
approaches t − n for large values of t − n. Hence, increasing
the difference t − n contributes to increasing the mutual infor-
mation in two ways: It increases the Holevo quantity χ while
decreasing the discord DY (ρJY ; Z⊗n). Table V depicts the
information-theoretic quantities in the final step, for several
values of n and t .

V. DISCUSSION

In this work, we analyzed an insightful connection between
oracle problems and quantum communication. We found a re-
lation between optimality of single-query quantum algorithms
and the optimization part in the definition of quantum discord.
The measurement basis that minimizes quantum discord is
also optimal in terms of the algorithm’s performance (when
measured by mutual information). This link is revealed only
when formally considering the oracle as a separate physi-
cal subsystem with its own Hilbert space. Thus, Holevo’s
communication task bridges between quantum nonlocality
and quantum computation. Curiously, we have also found a
lower bound on the mutual information, equivalent to the
non-negativity of the relative entropy of coherence. Thus,
quantum informational quantities arise naturally in the study
of quantum algorithms for black-box problems, when choos-
ing mutual information as the figure of merit.

Our results apply not only for single-query algorithms but
also for nonadaptive multiple-query algorithms. This is imme-
diate from the insight detailed in Sec. II C. Indeed, to study a
t-query nonadaptive algorithm, one needs only to substitute
the oracle unitary Uf by its t th tensor power everywhere.

This paper yields an intuitive, physical heuristic for an
optimal postquery unitary in any nonadaptive algorithm for
an oracle problem. We also supply a function (19) of the
prequery state, whose maximization is a necessary condi-
tion for optimality. However, the maximization here seems to
be difficult to perform in practice. Nonetheless, as demon-
strated by the successful application of our framework to
quantum likelihood estimation (discussed in Sec. III C),
this mutual-information perspective provides a highly effec-
tive, exact objective function for optimizing iterative, hybrid
quantum-classical subroutines, where continuous accumula-
tion of partial information is paramount.
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TABLE V. Information-theoretic quantities for the final step of
the phase estimation algorithm, found by simulating the algorithm’s
run over all possible inputs for 2 � n � 7 and n � t � 10. Notably,
as t increases χ approaches n while the discord decreases [DY is
shorthand notation for DY (ρJY ; Z⊗n)], resulting in the mutual infor-
mation approaching n. Note that D2

Y = χ2 = χ , and all the other
quantities for the first and second steps were found analytically, with
the exact values given within the main body.

n t H (Y ) S(ρY ) C(ρY ) H (Y |J ) χ I (J;Y ) DY

2 2 2 2 0 1.3864 1.2090 0.6136 0.5954
2 3 3 3 0 1.9096 1.5250 1.0904 0.4346
2 4 4 4 0 2.5802 1.7220 1.4198 0.3022
2 5 5 5 0 3.3615 1.8405 1.6385 0.2019
2 6 6 6 0 4.2208 1.9099 1.7792 0.1306
2 7 7 7 0 5.1326 1.9498 1.8674 0.0823
2 8 8 8 0 6.0785 1.9723 1.9215 0.0507
2 9 9 9 0 7.0459 1.9848 1.9541 0.0307
2 10 10 10 0 8.0265 1.9918 1.9735 0.0183

3 3 3 3 0 1.5718 2.1865 1.4282 0.7583
3 4 4 4 0 2.0077 2.5146 1.9923 0.5223
3 5 5 5 0 2.6317 2.7170 2.3683 0.3487
3 6 6 6 0 3.3883 2.8380 2.6117 0.2263
3 7 7 7 0 4.2347 2.9087 2.7653 0.1434
3 8 8 8 0 5.1398 2.9492 2.8602 0.0890
3 9 9 9 0 6.0822 2.9720 2.9178 0.0542
3 10 10 10 0 7.0478 2.9847 2.9522 0.0325

4 4 4 4 0 1.6631 3.1810 2.3369 0.8441
4 5 5 5 0 2.0548 3.5120 2.9452 0.5668
4 6 6 6 0 2.6558 3.7157 3.3442 0.3716
4 7 7 7 0 3.4007 3.8374 3.5993 0.2381
4 8 8 8 0 4.2410 3.9084 3.7590 0.1494
4 9 9 9 0 5.1430 3.9490 3.8570 0.0920
4 10 10 10 0 6.0838 3.9719 3.9162 0.0558

5 5 5 5 0 1.7085 4.1797 3.2915 0.8881
5 6 6 6 0 2.0778 4.5114 3.9222 0.5892
5 7 7 7 0 2.6675 4.7154 4.3325 0.3829
5 8 8 8 0 3.4066 4.8373 4.5934 0.2438
5 9 9 9 0 4.2440 4.9083 4.7560 0.1523
5 10 10 10 0 5.1445 4.9490 4.8555 0.0935

6 6 6 6 0 1.7311 5.1793 4.2689 0.9104
6 7 7 7 0 2.0892 5.5112 4.9108 0.6004
6 8 8 8 0 2.6732 5.7154 5.3268 0.3886
6 9 9 9 0 3.4094 5.8372 5.5906 0.2467
6 10 10 10 0 4.2454 5.9083 5.7546 0.1537

7 7 7 7 0 1.7424 6.1793 5.2576 0.9216
7 8 8 8 0 2.0948 6.5112 5.9052 0.6060
7 9 9 9 0 2.6760 6.7153 6.3240 0.3914
7 10 10 10 0 3.4109 6.8372 6.5891 0.2481

To illustrate our results, we depicted the information-
theoretic quantities for several known quantum algorithms.
This includes a thorough examination of the hidden subgroup
problem for finite Abelian groups. These examples may be
used to develop intuition regarding the structure of successful
algorithms. Let us elaborate on what these examples all have
in common. First, the mutual information always vanishes
in the postquery phase. The measurement outcome entropy
H (Y ) remains high throughout all three stages. The condi-

tional entropy H (Y |J ) seems to follow a pattern of being
initially high, remaining high in the intermediate step, and
then reducing by the final value of the mutual information,
I (J;Y ). The Holevo quantity χ follows a somewhat contrast-
ing pattern: It starts out as zero, obtaining the value I (J;Y ) in
the postquery phase, and then retaining this value in the final
phase. The discord, however, is nonmonotonous: It is initially
zero, rises to a high value after the query, and then reduces to a
low value in the final step. This postquery gap, χ − I (J;Y ) =
DY , provides a clear, stage-by-stage mechanical interpretation
of the algorithm: The oracle query “stores” information in
the quantum state (reflected by a high Holevo quantity χ and
high discord, while accessible information remains low). The
final unitary then serves to “unlock” this stored information,
minimizing the discord and allowing the extracted mutual
information to reach its upper bound. The coherence C(ρY )
always starts out with high value and ends up being zero in the
final step. However, its postquery may be either low or high;
in fact, it seems that high postquery coherence is the exception
(that is the case in the Bernstein-Vazirani algorithm).

Furthermore, our comparative analysis of these algorithms
reveals deeper structural connections regarding deterministic
success. For instance, the Bernstein-Vazirani problem, as well
as the Deutsch-Jozsa problem for small input sizes (k = 1, 2),
can be viewed as specific instances of the hidden subgroup
problem where the hidden subgroup H is promised to have
either index 1 or 2, and the oracle function’s codomain X
has cardinality 2. In these specific cases, the existing algo-
rithms utilize these algebraic promises to solve the problem
with probability one using a single query. Motivated by these
observations, a subsequent study [86] introduces the general
index-q hidden subgroup problem. In that follow-up work,
we derived exact one-query algorithms that decide between
index 1 and q for arbitrary Abelian codomain structures, and
exactly identify the hidden subgroup under explicit cyclicity
and compatibility conditions, further illustrating the profound
role of algebraic promises in one-query solvability.

Future work could seek to tackle broader questions. It
would be interesting to identify conditions for an oracle
problem to admit a quantum algorithm that succeeds with
probability 1. Alternatively, one may seek conditions for a
problem to admit a quantum algorithm that outperforms any
classical algorithm (i.e., a problem with quantum advantage).

While our framework successfully characterizes non-
adaptive algorithms, fully adaptive algorithms—specifically
“quantumly adaptive” protocols like Grover’s algorithm,
where multiple queries are applied sequentially with inter-
mediate unitaries and no intermediate measurements—are
currently outside its scope. Tracking the exact information-
theoretic evolution of the state across multiple coherent,
sequential channels presents a significant mathematical
challenge.

However, our framework provides a conceptual roadmap
for how this might be achieved in principle. An adaptive t-
query algorithm can be modeled as an alternating sequence
of operations, Tf = WtUf Wt−1Uf · · ·W1Uf V . The classical-
quantum state ρJFY would continue to track the information
flow across these stages, but the optimization landscape ex-
pands from a single pre- and postquery pair to a global,
multistage parameter space. Within this lens, the intermediate
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unitaries {W1, . . . ,Wt−1} must serve a dual, coherent purpose:
They must steer the ensemble to maximize the Holevo infor-
mation (χ ) injected by subsequent queries, while preserving
a geometric structure that allows the final unitary Wt to suc-
cessfully minimize the quantum discord (DY ). Formulating
this sequential interaction as an optimal control or dynamic
programming problem remains a highly interesting direction
for future work, potentially offering a systematic method for
discovering adaptive algorithms.

Finally, let us note that optimizing over the mutual infor-
mation is not equivalent to optimizing over the probability
of success (which is arguably a more natural performance
measure). It is conceivable that studying the latter may lead
to analogous insights and results. It may also be interesting to
try adapting our framework and using it to study alternative
models of quantum computation, e.g., adiabatic, one-way, or
topological quantum computers.
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