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We investigate the generation of genuine tripartite entanglement in a triangular spin-qubit system due to
spatially correlated noise. In particular, we demonstrate how the formation of a highly entangled dark state,
a W state, enables robust, long-lived tripartite entanglement. Surprisingly, we find that environmentally induced
coherent coupling does not play a crucial role in sustaining this entanglement. This contrasts sharply with the
two-qubit case, where the induced coupling significantly influences the entanglement dynamics. Furthermore,
we explore two promising approaches to enhance the tripartite entanglement by steering the system toward the
dark state: postselection and coherent driving. Our findings offer a robust method for generating high-fidelity

tripartite entangled states with potential applications in quantum computation.
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I. INTRODUCTION

Quantum computing promises to solve problems in-
tractable for classical computers by harnessing entanglement
[1-4]. Among the various platforms [5—12], spin qubits stand
out due to their long coherence times, scalability, and com-
patibility with existing semiconductor technology [13-18].
However, qubits inevitably interact with noisy environments,
causing errors that require quantum error correction (QEC)
[19]. While QEC can mitigate local uncorrelated noise, spa-
tially correlated noise remains particularly challenging for
existing schemes [20-24]. Such pairwise correlated noise
has been observed in semiconductor spin qubits [25-27],
and possible ways to mitigate it are under active exploration
[28,29]. Interestingly, insights from quantum optics suggest
that properly engineered correlated noise can serve as a re-
source for entanglement generation [30—34]. Recent studies in
spin-qubit systems also demonstrate the dissipative generation
of Bell states via spatially correlated noise [35,36]. How-
ever, this long-lived bipartite entanglement is highly sensitive
to inversion symmetry breaking in the environment, which
induces Dzyaloshinskii-Moriya (DM) interactions that ulti-
mately spoil the steady-state generation of Bell states. Beyond
bipartite entanglement, scalable quantum technologies often
require multipartite entanglement [37-39], nonclassical cor-
relations shared among multiple qubits [40,41], which enables
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quantum secret sharing [42,43], error-resistant protocols [44],
and various quantum tasks [45-47].

This raises an important question: Can pairwise corre-
lated noise be leveraged to generate genuine multipartite
entanglement (GME)? Furthermore, since the multipartite en-
tanglement is of a fundamentally different nature than the
bipartite entanglement in a two-qubit system [48-51], it is
not clear whether an environmentally induced DM interaction
is detrimental also to the generation of multipartite entan-
glement through correlated noise. Beyond the fundamental
significance, understanding how multipartite entanglement
emerges and persists in realistic noisy environments is essen-
tial for the development of scalable and fault-tolerant quantum
technologies.

In this work, we demonstrate that pairwise spatially
correlated noise, arising from a generic noisy medium,
can drive multipartite entanglement generation in a quan-
tum system of three spin qubits, as depicted in Fig. 1(a).
This setup provides the simplest experimentally realizable
[52-58] geometry where the phase of the correlated noise
becomes relevant, which is essential for our proposal. By
microscopically deriving a full master equation governing
the qubit system evolution [59,60], we provide a unified
framework that accounts for both local and spatially cor-
related noise. Surprisingly, we find that, in stark contrast
to Bell-state generation, long-lived genuine tripartite en-
tanglement emerges without precise control over coherent
interactions and is immune to the DM interaction. This en-
tanglement generation is robust and occurs irrespective of
the initial state. Furthermore, we show how to distill a
near-perfect W state with fidelity exceeding 99% via postse-
lection or driving. While the proposal is general, our concrete
near-term target platform is spin qubits in gate-defined
quantum dots.

Published by the American Physical Society
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FIG. 1. (a) A system of three spin qubits is arranged in an equilat-
eral triangle and coupled to a noisy environment. (b) The states of the
three-qubit system [spheres in panel (b)] can be labeled by the eigen-
values x € {0, 1} of the chirality operator § = &, - 3, x &3/2+/3
and the eigenvalues S° € {£3/2, £1/2} of the total spin-z operator
82 =", 67 /2. Noise induces transitions (arrows) between the eigen-
states, while correlated spatial noise introduces an imbalance in the
transition amplitudes. When the nonlocal dissipation is strong, one
type of transition can be suppressed (orange dashed arrows), and this
allows the formation of a dark state (dashed box).

II. MODEL

We consider a model of three driven spin qubits arranged
in an equilateral triangle, weakly coupled to a noisy environ-
ment, as shown in Fig. 1(a). For spin qubits in gate-defined
quantum dots, the dominant qubit-environment coupling is
longitudinal. As shown in Appendix A, however, a coherent
transverse drive maps the laboratory-frame Hamiltonian onto
an effective transverse coupling form within the rotating-
wave approximation, with the qubit splitting replaced by the
Rabi frequency. Therefore, we consider total Hamiltonian to
be H = Hs + Hg + Hsp, where the qubits are governed by
Hs = —A Zf’:l of /2, with energy splitting A > 0. Here, Hg
is an unspecified Hamiltonian describing the noisy environ-
ment, while the system-environment coupling is described by
Hgp = AZ? (0" ®E +0, QE), where A is the cou-
pling strength, ai are the spin ladder operators for qubit i,
and E; * are Hermman conjugate local operators in the envi-
ronment We further assume the spin qubits are separated by
hundreds of nanometers, so both the direct exchange interac-
tion and the dipolar coupling are negligible.

We microscopically derive the Lindblad master equa-
tion for the qubit density matrix [p;;]sxs under the Born-
Markov approximation (see Appendix A), yielding dp/dt =
—(i/h)[Hs + Hetr, p] + L[p]. Here, Hete = ), [T1 (00} +
cr 0 +1) + DZ - 8; X 8;11]/2 describes the effective coherent
couphng induced by the noisy environment, comprising an
in-plane XX interaction and a DM interaction between all
three qubits. This coherent coupling can be recast in the form

eff_JZW toi +e Vool ()

where J =,/ J? + D? denotes the coherent coupling ampli-
tude and Y = arg(J, + iD) denotes the corresponding phase.
Explicit expressions for these couplings in terms of environ-
mental correlation functions are given in Appendix A. The
environment also leads to qubit relaxation through the dissi-
pator

P |
Lipl =) vy (ojpog - 510/0;, p})
ij
+Z%,( ;pO] ——{ @,,p}>, )

where O; € {0,", 0,7, 05"} and 0; € {07, 05,05} are qubit
operators. The first term describes qubit relaxation (i.e., tran-
sitions to states with lower energy, as determined from Hy),
while the second term corresponds to the reverse excitation
processes. Importantly, the elements y;; in the dissipator are
directly related to the positive frequency component of the
noise power spectral density (PSD) S;;(A) of the environment
at the qubit transition frequencies, as given by [35,61]

)\‘2 )\'2 o0 .

In contrast, 7;; is linked to the energy absorption rate, which is
related to y;; via §;; = y;j; exp(—BAA) in accordance with the
fluctuation-dissipation theorem. Thus, only decay processes
are relevant at zero temperature, B = 1/(kgT) — oco. The
auto-PSD corresponding to the diagonal terms (i = j) affect
each qubit individually. In contrast, the cross-PSD associated
with the off-diagonal terms (i £ j) captures correlated noise
between qubits i and j, and arises from shared environmental
modes. We remark that the effect of these off-diagonal ele-
ments is also being actively explored in the large-spin limit,
where they give rise to nonreciprocal phenomena through
dissipative coupling between macrospins [62—66].

For simplicity, we assume a homogeneous environment in
the following, so that the dissipator matrix takes the form

a A A*
vijl=1A" a A, 4
A A* a

where we denote the decay rates induced by local and spatially
correlated noise by a and A, respectively. In Appendix D,
we show that even when we introduce a small asymmetry
in the model, our results remain robust. We further note that
since Sj;(A) = §%(A), a is real valued, while A = |A|e’” can
take on complex values, as also observed experimentally [67].
For the dynamics described by the master equation to remain
physically valid, the evolution must be completely positive
[59]. This imposes the requirement a > 2|A]|.

To elucidate the zero-temperature relaxation dynamics, we
diagonalize the dissipator matrix [y;;] by introducing the jump
operators

Vk(a’ A)

3 (o) +n* oy

+03), (5)
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where k € {—1,0, 1}, n = exp(27i/3), and the amplitudes
vk(a, A) are given by the eigenvalues of [y;;],

vi(@, A) = a + 2|A| cos (¢ + 27k/3). ()

We emphasize that, like an Aharonov-Bohm flux, the phase
¢ is a gauge-invariant quantity associated with a closed tri-
angular loop and cannot be removed by any local change of
qubit basis. This nonremovable loop phase is the essential
ingredient that allows one of the eigenvalues y; to vanish
at |A| = a/2 and ¢ = 7 (or ¢ = £m/3), thus producing the
dark W state. The dissipator then takes the form L[p] =
> Jk,oJ,j - (1/2){]:];(, o}, where the first term describes in-
coherent quantum jumps induced by the environment, while
the second term accounts for the associated damping, ensuring
conservation of probability. At finite temperature, excitations
become relevant. The corresponding jump operators follow
from the diagonalization of the terms in the dissipator that de-
scribe excitations [see Eq. (2)] and are given by the Hermitian
conjugate of the jump operators in Eq. (5) upon the additional
replacement y; — 7. = Y exp(—BhA).

The form of the jump operators suggests that it is useful to
describe the system in terms of chiral basis states. To this end,
we introduce the total spin-z operator (in units of %) and the
scalar spin chirality operator, respectively,

1 1
$ = 5 > ofand § = —=5) - (52 x 53). @)

2.3

These commuting operators have joint eigenstates |S%, x),
labeled by S* € {£1/2, £3/2} and integers y satisfying | x| <
3/2 — |S?|, which form a complete basis of the three-qubit
Hilbert space, as illustrated in Fig. 1(b). Importantly, the oper-
ators S¢ and X also commute with Hg + H., so that the basis
states |S%, x) are also energy eigenstates when the dissipation
is negligible. The states are depicted in the energy diagram in
Fig. 1(b), where the energetic ground state is |[$11) and the
state with highest energy is ||| ). The remaining states are
W states of the form

1 1
§ =y ) = (X + FILA), 8)
> x> NG L) 0t ) + )
while the corresponding basis states with S° = —1/2 are ob-

tained by flipping all spins in the above expression.

Acting on the chirality and total spin-z states, the jump
operators assume the particularly simple form J;|S?, x)
|S* + 1, x + k), where x + k is taken modulo 3 [68]. A pic-
ture now emerges where the environment-induced relaxation
dynamics manifests as transitions between states with dif-
ferent chirality and total spin z. These decay processes are
indicated in Fig. 1(b) for a particular set of parameters such
that yp = 0.

Finally, we stress that our model is distinct from the
standard open Dicke and homogeneous central-spin models
[69,70]. Those models have SU(2) structure where the col-
lective jump operator ) . o;” commutes with the total-spin
operator §? = S’% + S'yz + S'zz Thus, the Hilbert space splits
into three completely decoupled total-spin sectors. In contrast,
our model has a U(1) structure, where the jump operators do
not commute with §2 and the spin sectors do not decouple.
Moreover, the dark state in our model arises because one of

the eigenvalues y; of the dissipator matrix vanishes due to a
finite gauge-invariant loop phase ¢. This has no analog in the
small-sample Dicke limit.

III. ENTANGLEMENT DYNAMICS WITH
CORRELATED NOISE

To quantify genuine tripartite entanglement, we use the
tripartite negativity given by the geometric average [41,71]

Nz = VNusNipNizg)- )

Here, the bipartite negativity N quantifies the entangle-
ment of qubit j with the other two qubits [72] and is defined
by Njji =2, Imin{0, Airj}|, where T; denotes the partial
transpose with respect to qubit j and AiTj is the ith eigenvalue
of p¥.

In the following, we solve the dynamics of the three-qubit
system and its tripartite entanglement analytically at zero
temperature, where only decay processes survive. We also
simulate the finite-temperature dynamics numerically using
QuTip [73] to confirm that the results are robust to tempera-
tures below the qubit splitting A, as discussed in further detail
in Appendix E. We initialize the system in an unentangled
spin product state, and first consider |11 ) for concreteness.
This state can be written as an equal superposition of the
chirality basis states in the subspace defined by S = 1/2. In
the absence of spatially correlated noise, the jump amplitudes
¥k in Eq. (6) are uniform. Thus, the three states |%, x =0, £1)
comprising the superposition decay equally fast, and this
prevents the development of any entanglement. In contrast,
spatially correlated noise introduces an imbalance in the decay
rates. Under time evolution, this distorts the equal superpo-
sition of the initial state and eventually allows a single (or
two) chiral basis state to dominate. Since the chiral basis states
are W states with tripartite negativity N/}, = 2v2/3 2~ 0.94
[71], a genuine tripartite entanglement develops under time
evolution. The decay rate imbalance can change the relaxation
dynamics significantly. In particular, when the nonlocal decay
is |A| = a/2 and the phase of the noise is ¢ = £ /3 or ¢ =
7, one of the jump amplitudes vanishes. This results in the
formation of an entangled dark state, as indicated by a dashed
box (i.e., the achiral W state when ¢ = ) in Fig. 1. We point
out that the required ratio |A|/a = 1/2 between correlated
and local noise is experimentally achievable [25-27]. At this
optimal point, time evolution generates long-lived tripartite
entanglement, as shown for 7 = 0 in Fig. 2(a). As shown in
Fig. 2(b), finite tripartite entanglement is also generated for
weaker correlated noise (i.e., smaller values of |A|/a), with a
lifetime that scales as 1/(a — 2|A[). We stress that only the rel-
ative strength of a and A is essential for achieving long-lived
entanglement. For 1/ f-type noise, we expect that both rates
share the same frequency scaling and that the entanglement
dynamics therefore remains qualitatively similar even if the
two decay rates depend on the effective qubit frequency A, as
shown in Appendix D. The long-time entanglement dynamics
remains essentially unchanged also in the presence of pure
dephasing and realistic qubit-frequency detuning, provided
that the correlated dephasing is comparable to the local de-
phasing and that the detuning is smaller than the strength of
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FIG. 2. Entanglement dynamics demonstrating long-lived entan-
glement for parameters such that one of the jump amplitudes y; in
Eq. (6) vanishes. (a) Evolution of the tripartite negativity N},3 for
different values of ¢ when the system is initialized in the state || 11).
(b) Entanglement dynamics for varying correlated noise. (c) Entan-
glement dynamics for varying coherent interaction amplitude J.
(d) Upon initialization in a spin product state in the total spin-z
sectors §° = —1/2 (red) and S* = —3/2 (green), the system exhibits
revival and bursts of entanglement. Parameters used throughout un-
less stated otherwise: 7 = 0, |A|/a = 0.5, ¢ = w, and A/a = 100.

the correlated noise (see Appendix D). We also remark that
the long-lived entanglement persists even when the nonlo-
cal dissipation on the links is slightly inhomogeneous (see
Appendix D).

In addition to the dissipative decay, environmentally in-
duced coherent interactions H.¢ between qubits typically also
play a crucial role in the entanglement dynamics. In Fig. 2(c),
we show how the entanglement generation is affected by a fi-
nite coherent coupling 7. Interestingly, we note that while the
transient oscillations in tripartite entanglement depend on 7,
the entanglement in the long-time limit remains unaffected.
This occurs because the dark state remains an eigenstate of
the environmentally induced coherent interaction H.g. Thus,
the entanglement in the long-time limit is determined by the
statistical weight of this state immediately after initialization.
We stress that this behavior is fundamentally different from
the two-qubit case [36], where the induced DM interaction
inevitably drives the system out of the dark state and causes
entanglement loss.

Upon initializing the system in spin product states within
the total spin-z sectors §* = —1/2 or —3/2, we find intri-
cate entanglement dynamics qualitatively different from the
result obtained by initialization in the sector S* = 1/2. Specif-
ically, as shown in Fig. 2(d), we find bursts and revival of
entanglement. When the system is initialized in the sector
S§¢=—1/2 (red curve), an imbalance in eigenstate decay
rates within the sector induces an immediate entanglement
increase. As this sector depletes, its contribution to tripartite
entanglement diminishes, corresponding to the dip of the red

curve. Meanwhile, the population transfer to the S° = 1/2
sector enables entanglement generation from the dark state,
leading to a revival of entanglement. When the system is
instead initialized in the sector S = —3/2 (green curve), there
is no immediate development of entanglement, as the sector
only has a single unentangled state. While the states within
the sector S* = —1/2 become unevenly populated, the sub-
sequent decay is sufficiently fast to prevent accumulation of
significant weight in this sector. Entanglement therefore first
emerges due to development of population imbalance within
the sector S = 1/2, and this gives rise to a sudden burst of
entanglement.

While the correlated noise can generate long-lived tripar-
tite entanglement regardless of initialization, the final value
depends on the initial state. In particular, it depends on the
fidelity F of the the dark state |W) in the long-time limit.
Assuming that the density matrix approaches p(tf — 00) =
FIWYW |+ (1 = F) M) {(T11] in the long-time limit, the
tripartite negativity is

Niss(F) = (W F) + (1= FR—(1—F).  (10)

The W-state fidelity in the long-time limit for the different
initializations can be understood based on the rates of decay
between the states in Fig. 1(b). For instance, when the system
is initialized in the S* = 1/2 sector, there is a 1/3 probability
of occupying the W state, corresponding to an entanglement
of M3 = 0.07. Similarly, one may derive analytical expres-
sions for the final entanglement when the system is initialized
in the total spin-z sectors S = —1/2 and §* = —3/2, which
yields N3 ~ 0.009 and N3 ~ 0.02, respectively. In gen-
eral, the tripartite entanglement is clearly enhanced if the
probability of ending up in the dark state increases. Below,
we explore two schemes to achieve this.

IV. ENHANCING TRIPARTITE ENTANGLEMENT

The fidelity of the dark state can be increased by utilizing
measurement and control [74-78]. As we have established,
the decay rates fully control the entanglement generation. The
decay rates can be reduced by measuring the total spin-z com-
ponent of the three-qubit system and postselecting outcomes
within a specific sector, as shown in Fig. 3(a). This process
can be modeled by the equation [79,80]

—(i/ M) Haon, p1+ (1 =) Y " JipJi, (11
k

dp/dt =

where Hyon = Hs + Here — (i/2) ), J,j Ji is a non-Hermitian
Hamiltonian and the corresponding commutator is defined
as [Hyon, p] = Hponp — ,oHnOn The parameter « € [0, 1] de-
scribes the probability of detecting a jump and quantifies the
level of postselection. For o = 0, the system evolves freely,
as given by the full Lindblad master equation. In the opposite
limit « — 1, the system is confined to a given S° sector, with
dynamics fully governed by the non-Hermitian Hamiltonian.
Consider a system initialized in an unentangled state in the
sector §° = 1/2 with parameters such that yy = 0. We solve
the dynamics analytically and find that the fidelity of the final
W state is F = 1/(3 — 2a). Thus, as also shown in Fig. 3(b),
the final tripartite entanglement increases with the level of
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FIG. 3. Enhancement of entanglement generation: (a), (b) post
selection and (c), (d) driving. (a) By periodically measuring the total
spin-z and postselecting states with S° = 1/2, the decay from the
spin sector S = 1/2 to the spin sector S* = 3/2 is inhibited. Since
the decay rates are imbalanced, this effectively leads to transfer of
probability to the state with the slowest decay rate. (b) Entanglement
dynamics determined by Eq. (11) for |A|/a = 0.5, and various «.
Postselection increases the tripartite entanglement. (c) Energy level
diagram in the presence of coherent coupling with vy = 0. The states
within a given total spin-z sector are split. The system is driven with
frequency corresponding to the splitting between the ground state
and a single W state. (d) Entanglement dynamics in the presence of
driving for J /a = 10 and various values of the correlated noise. Pa-
rameters used throughout: ¢ = 7, J/a =0, and A/a = 100 unless
specified otherwise.

postselection. This behavior emerges because postselection
suppresses decay rates and steers the system dynamics toward
that induced by H,o,. Within the non-Hermitian dynamics,
the imaginary components of the eigenvalues dictate how
fast an eigenstate decays. While the imaginary part of the
eigenvalues of the chiral W states is —3a/2, the eigenvalue
for the achiral W state has a vanishing imaginary component
and remains immune to decay. This mechanism increases
the relative population of the dark state and causes a larger
tripartite entanglement.

This increase comes at the expense of a lower success rate
for the generation of states with tripartite entanglement. For
the ideal case |A|/a = 0.5, the success rate initially decays ex-
ponentially from 1. Subsequently, it saturates at the dark-state
fidelity F of order 10%—-30%, which is not particularly small
[81]. Departing from the ideal case, the fidelity F should
be somewhat smaller due to decay from the dark state. Yet,
as long as the decay rate of the dark state is much smaller
than the other decay rates, there should be a time window
where the fidelity (and success rate) is of similar order. This
shows that the success rate is not severely suppressed, and
postselection remains a promising route to enhance tripartite
entanglement.

Another strategy for high-fidelity generation of a W state
is to initialize the system in the ground state [111) and

selectively drive transitions toward a specific W state, while
the spatially correlated noise suppresses dissipative decay. In
the absence of environmentally induced coherent coupling,
energy levels within a given S° sector are degenerate, while
the qubit splitting A splits states with different S°. As shown
in Fig. 3(c), a nonzero coherent coupling J introduces a rel-
ative shift 3.7 between the chiral and achiral W states within
the sectors S = £1/2, while maintaining a fixed energy dif-
ference between states in different total spin-z sectors. This
coherent coupling enables selective driving of an effective
two-level system, consisting of [111) and a target W state.
Specifically, to drive transitions to the achiral W state, we
consider the drive Hamiltonian

Hasive = |C|(Jurive + Jji0) cOS[(A +2)t],  (12)

with Jyrive = Z?:l af and driving amplitude |C| comparable
to the decay rate a. Considering J/A = 0.1 and applying
a /2 pulse, the time dependence of the resulting tripartite
entanglement is shown in Fig. 3(d), demonstrating the gen-
eration of a highly entangled state with over 99% fidelity in
the case of |A|/a = 0.5. For weaker correlated noise, the sys-
tem exhibits reduced entanglement due to leakage back into
the ground state |111). However, the driving protocol still
enhances the entanglement significantly compared to passive
evolution under the same conditions.

We remark that the two approaches to enhance the
tripartite entanglement are complementary. The coherent
drive provides an active and deterministic scheme, but re-
quires precise frequency control. Postselection does not
require additional control fields and is simpler to im-
plement, but its probabilistic nature reduces the overall
success rate.

V. DISCUSSION

The essential requirement of our proposal is controlled bal-
ance between local and nonlocal noise [82], which determines
the relative size of the effective jump operators. Notably, siz-
able correlated noise has been reported in gate-defined quan-
tum dots. The strength varies with interdot separation and may
reach values comparable to the local noise [25-27]. More-
over, triangular triple-dot geometries have also been studied
experimentally [52-58], and in these systems, the phase of the
correlated noise is relevant. Although experimental aspects
such as tuning the phase of the noise and optimizing the
triangular layout merit further experimental investigation, the
rapid progress in quantum dot platforms indicates that the
ingredients required by our proposal are already emerging
in current devices. This makes the implementation of our
scheme a realistic goal. Beyond gate-defined quantum dots,
our scheme is also applicable to platforms in which complex
cross-correlations can be engineered, such as superconduct-
ing qubits coupled to a shared transmission-line (waveguide)
environment [67].
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APPENDIXES

In the following Appendixes, we present in Appendix A
the microscopic derivation of the master equation for the
three-qubit system, in Appendix B its analytical solutions
at zero temperature, in Appendix C the tripartite negativ-
ity as a measure for the genuine tripartite entanglement,
in Appendix D the robustness of the entanglement dynam-
ics against imperfections in the environment and control,
and in Appendix E the entanglement dynamics at finite
temperature.

APPENDIX A: MICROSCOPIC DERIVATION OF THE
MASTER EQUATION FOR A THREE-QUBIT SYSTEM

In this Appendix, we outline the derivation of the master
equation for a three-qubit system interacting with a generic
noisy medium. The system Hamiltonian is given by Hy =
—(A/2)Y)_, o, with a global magnetic field B = AZ.
The qubit-environment interaction is described by Hsp =
A _(0FE; + 0 E]), where 6* = (0% £ i0?)/2 and E*
are operators acting on the environment. In the interaction
picture, the Hamiltonian becomes

3
Hse(—1) =1 Y [0, E, (=)™ + 0 Ef (—1)e 7).

a=1

(AD)
By using the following Redfield master equation [59,83,84]

dpty i R
28— o - o [ ar

x Trg{[Hse, [Hse(—1), p(t) @ pg']]}

(A2)

and subsequently making the secular approximation, we find
that

dp(t) i A2 s [
7——ﬁ[HS,p(f)]—?a;I/0 dt

x (B Eg (—1) e (0, 05 p(t) — o p(1)oy)
+ (B E; (—1)) €% (0, 05 p(1) — o p(t)oy)

+ He.). (A3)

We regroup the terms and write the master equation in the
following Lindblad form:

dp(t ’
Zi ) _ _ % [Hs + Hys, p(t)]

s {7us] 07 P00

«o,f=1

(o o7, p)}]

| =

1
+ Yo 07 P00y = Slog o PN} (A

where we introduced the dissipation rates
2

e ¢}
Vep =7 /0 dt (ESE; (—1)) &7

220 .
+ F/ dt (EfE; (=1)) e'nT
—00

)\2 o0 )
== dt (EJE; (—1)) &,

P (A5)

—00
2

o0
Tup :Ffo dt (EyEf (—1)) e AT

)\2 0 )
+ / dt (EyEf (—1) e
oo

A2 [ ‘
=ﬁ[mdr (E Ef (1) e, (A6)

and the effective coherent interaction

3
HLS = Z (jotﬂO'D[_O'; + jo[ﬂo—(j_o'ﬂ_)?
o,p=1

(A7)

with in-plane exchange coupling strengths

B )\‘2 00
jot = _l_/
P 252 Jo

X dT((E;E;(_T))efiA‘C _ (E(;(—‘l:)E;)e"AT ).

(AB)
) )\.2 00
TJap = — lﬁ/o

X dr((E(jEl;(_f))eiAT CEF(—D)ED)e AT,
(A9)

In the following, we discuss the Lindbladian and the induced
coherent interaction in further detail.

Induced coherent interaction. The induced coherent inter-
action Hyg can be decomposed into a local part Hi%c arising
from terms with « = B and a nonlocal part Hg due to terms
with & # B. The local contribution results in a frequency shift
of the bare qubit splitting, as seen from

HY =Y (Jua0y 0y +He)
o
A2 o0 .
== Z Im/ dr e MT(E; (v), Ef Yo, (A10)
0
o

where we have omitted a constant term. This Lamb shift can
be absorbed into a redefinition of the qubit splitting, and we
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neglect it in the subsequent discussion. We therefore only con-
sider H.s, which describes environmentally induced coherent
interactions between qubits. It is straightforward to show that
it takes the form

3

Her= Y (T +iD*")ofoy + (T — D)o o],

(A11)

where the symmetric and antisymmetric coupling coefficients
are given by

o _ A
I = I[GU;*E*(A) +Giirp (M)
+ G (M) + G (M), (A12)
)\2
D = — iI[G‘g;EJ(A)+ G ()
G;‘EJEE(A) - GEJEE(A)]. (A13)

Here, we use the standard definitions of the retarded and
advanced Green’s functions:

GRy(A) = —i / " dr et ([A(z), B(0)]),
0
0
Ghp(A) =i f dt e ([A(t), B(0)]). (Al14)

The Hamiltonian can also be rewritten as

3 af o
J D
Hy = E [%(o aﬂ + U(faﬁ) + 5 2 (04 X Gﬁ):|

a=1
B=a+1

(A15)
and clearly corresponds to an in-plane exchange interaction
and out-of-plane DM interaction.

We remark that the induced coupling arises purely from
quantum noise correlations in the environment. This is evi-
dent from the fact that the coupling coefficients are expressed
in terms of anticommutators of the environmental operators,
which directly encode the quantum correlations of the noise.

Lindbladian. The Lindbladian can be written in the form

1
Llp] = Z Yap (Oﬁpol - 5{(920;3, ,0}>
af

~ s 1 -
Vo b — = Al6
+ 27 ﬁ(oﬂpoa $10,05 p}) (A16)

ap
with the operator basis {al ,02 , } and O =
{0, ,0,,05 }. The environmental correlators 1n Eq. (A6) can
be expressed in terms of power spectral densities
Sii(A) =/ dt eiA’<E,.+(t)Ej—>, (A17)
—00

which connect the dissipative coefficients directly to mea-
surable spectral properties of the environment. Then, one
can immediately observe that y,5 = A2Sys(A) /1%, By invok-

ing the fluctuation-dissipation theorem, one may show that
V80 = exp(—BhA)y,s. Assuming a homogeneous medium,

such that every qubit experiences the same noise, we have
Yoo = a, wWith real valued local dissipation a and nonlocal
dissipation yj» = y»3 = y31 = A, which is generally complex
valued. For the reverse processes, we introduce yoa = a
and 713 = $32 = 721 = A, such that A = exp(—BAA)A and
a = exp(—pBhA)a. As aresult, we have the two transition rate
matrices

a A A a A* A
y=[a a Al y=|4d a i), @18
A A" a A* A a

where y is the probability rate related to decay processes
in the system and j is the rate related to excitations in the
system. To diagonalize the Lindbladian, we introduce jump
operators J; and Ji through the transformation Oy = R
and Oy = 3, Uy J;, where we choose the matrices Uy; and Uy,
such that UTyU and U U are diagonal, while UTU o 1 and
U'U o 1 (i.e., unitary up to overall normalization). Choosing
the normalization of U and U appropriately, the Lindbla-
dian then takes the form L[p] = ), (Dy,[p] + Dy [p]), with
Dy, = Jk,oJ; — %{J;Jk, p}. The operators J; are the jump op-
erators that take the system from one eigenstate of the full
unitary dynamics (Hs + H.g) to another and are given by

a,
J = ,/Vk( )( nfo" +n7* o, + o),

where k € {—1, 0, 1}, n = exp(27i/3), and the decay rates are
the eigenvalues of the matrix y . After introducing the notation
that A = |A|e’?, these decay rates are given by

vi(a,A) = a+2|A|cos (¢ + 2mk/3).

(A19)

(A20)

Since the matrix ¥ is proportional to the matrix y, it is di-
agonalized by the same transformation. The jump operators
therefore assume the same form

- [yi(@, A)
Jr = yk3 (n~ O'l +n02 +05),

where the jump amplitude has been modified according to
a— aand A — A.

A feature that is distinct from the two-qubit case [36] is
the appearance of the phase ¢ in the decay rates. This arises
because the phase cannot be absorbed into operators oii (i.e.,
gauged away) due to the triangular geometry.

We finally remark that our analysis has focused on
transverse qubit-environment coupling. When the dominant
coupling is longitudinal, that is, when the total Hamiltonian
takes the form

H= —%Xa:aé—i—)»;a;Ea—}-HE,

(A21)

(A22)

we can effectively rotate the qubit quantization axis such
that the longitudinal coupling becomes effectively transverse
through a resonance drive [35]. To see this, assuming we have
a drive ), Q2cos(At/h)oy, the Hamiltonian in the rotating
frame then is given by

. . | At
H = i(hd,R)R" + RHR', with R(t) =exp <— lz_h Xa:a(i).

(A23)
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We note that the unitary operator R(¢) commutes with the
coupling A )", 0ZE, and Hg, leaving them invariant in the
rotating frame. After applying the rotating-wave approxima-
tion by neglecting counterrotating terms that oscillate fast
at frequency 2A/h, the total Hamiltonian becomes H =
Yoo R05/2+ A1), 02E, + Hg. Thus, the qubit-environment
coupling effectively becomes transverse. One can further ro-
tate the spin axis in spin space and write the Hamiltonian as
H=—(R/2)>,0;+1) ,0sE, + Hg, where the environ-
ment only leads to energy relaxation. In Appendix D, we also
discuss in detail the entanglement dynamics in the presence
of both transverse and longitudinal couplings (both energy
relaxation and pure dephasing).

APPENDIX B: ANALYTICAL SOLUTION OF SYSTEM
DYNAMICS AT ZERO TEMPERATURE

In this Appendix, we solve the master equation for the
three-qubit system [p;;lsxs analytically at zero temperature.
Then, one only needs to consider three out of six jump oper-
ators, as & and A vanish. We solve the master equation in the
eigenbasis of the full unitary dynamics. These states can be
labeled by their total spin, S%, and the chirality eigenvalue, .
This basis consists not only of the states |S* = 3/2, x =0) =
[t1) and |S* = —3/2, x =0) = ||} ]), but also of the en-
tangled chiral states of the form

1 1
S=_x)=—=0* x , (Bl
> X> ﬁ(n T+ 0 M) + [L11), (BD)

1 1
SZ:——’ = — _X X .
2 X> \/g(n N+ 071t + 110D
(B2)

Here, we have n = exp(2wi/3) and x € {—1,0, 1}. To sim-
plify notation in the density matrix evolution, we introduce
the quantities

yj =a+2|Alcos (¢ + 27 j/3), and
fi=2J cos (¥ +2mj/3), (B3)

with j € {—1,0, 1}. For the y parameters, we have the prop-
erty that ) .y, = 3a. The order of the basis in which we
solve for the density matrix is {|[t11), [1/2,0), |1/2, —1),
11/2,1), 1-1/2,0), |-1/2,=1), |-1/2,1), L{{)}, where
we used the notation |S?, x) for all W states. The density
matrix takes a block-diagonal structure with blocks structured
according to S, such that we have two blocks of a single
element corresponding to $* = £3/2 and two blocks of 3 x 3
matrices corresponding to S* = £1/2. We denote the blocks
by a superscript containing its corresponding sector as pISJ .
One can also introduce matrices containing the amplitudes
of the jumps between one sector and another. These are the
matrices T, where the superscript denotes the sectors between
which the jumps occur. Its basis is given in terms of chirality
in the order x € {0, —1, 1}, as they describe Y;; = [(§* =
S+ 1, x =il >, JkIS* =S, x = j)I*. For the jump between
sector S = —3/2 and §° = —1/2, we obtain that

Yo
v-1 |- (B4)
Y1

T3—>2 —

For the jumps between sector S* = —1/2 and S° = 1/2, the
matrix is
1 (4 r v
Tl = 3l w 4yi |- (B5)
i 4v-i %
Next, we also introduce some matrices related to exponential
decay rates that will be useful in the following:

)/0—261
F3~>2= )/_1—2a ,
—2a
- —a Yo—V-1—a Yo— V1 —a
r~"=v-w-a yi—-yi—a —a
YV-1—Y0o—a —a Y-1—71—a
(B6)

We will denote the different density matrix elements with
a superscript denoting the total S* sector in the system, and as
subscript the matrix element within the sector. For notational
convenience, we set here i = 1.

Initial condition S* = 1/2. We will start with solution to
the density matrix elements when we consider our initial den-
sity matrix to be a pure spin state in the sector §* = 1/2. With
the parameters introduced above, the density matrix elements
become

P = 2() = p =2 () expl— (i + )t /2] expli(f; — £,
(B7)
where indices indicate the.chirality in the order {0, 1, —1},
and p5=32(t) =1 — Tr p5=1/2(¢), following directly from
the constraint Tr p = 1.
Initial condition S* = —1/2. Next, we can go one step up
and start in the S* = —1/2 sector. The solutions for the density
matrix elements corresponding to each of the sectors labeled

by S°¢ are presented below. First, the matrix elements in the
sector §* = —1/2 are given by

03" = pf 720y expl—(a + v, (B8)
P50y = pS =20 expl—(a+yo)],  (BY)
Py () = p3y= 2 (0) expl—(a + )l (B10)

§=—-1/2 Si=—1/2
P12 / @)= =P /

x expli(fo — f-)tl,

(0)exp[—Qa + yo + y-1)t/2]
(BI11)

Si=—1/2 §i=—1/2
P13 / @) =03 /

x expli(fo — fi)tl,

(0)exp[—(2a + yo + y1)t/2]
(B12)

Py 6y =poy 20y expl—(2a+ y-1 +71)1/2]
x expli(f-1 — fit]. (B13)
For the sector §¢° = 1/2, we have occupations

3 2»1

,05::1/2(1‘) Z FZHI [1—exp(—

C57 el o,

(B14)
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while the off-diagonal terms are given by

Py ()
! S ==1/2 2y0[1 — @ /2y /Di=i(fa =1
-3 @ .
3 —a+yi/2—y_1/24+i(f-1 — fi)
== 1 = e®=2ilf~1=fo
+ o5 Y i . ]
—a+2i(f-1 = fo)

S :_1/2( " 2y1[1 — el @/ 24y-1/=ilfi—fo)r]

—a+y/2—vy-1/2+i(f1 — fo)
(B15)

Pz (0)

B 1 S _71/2( 9 2yl — e(a*V—l/2+Vl/2)ffi(f1*f—1)f]

3 —a+y1/2—=yn/2+i(fi — f-1)
B pS :_]/2( 0 2y_1[1 — el ro/24n/Di=ilf1=folr]
32 —a+y/2—y/2+i(f-1 — fo)

nll — e —2ifi —fo)l]
—a+2i(fi — fo)

+ 05 ) (B16)

Py ()
_ 1 S —71/2( ))/0[1 — e H2hi—f0n
—a+2i(fi — f-1)

2y 1[1 — el@n/2p/Di+ilho—f-nr)
(—a+71/2 = yo/2) +i(fo — f-1)
pS= 12 gy 2p1[1 — el@r-1/2Hn/Dtifi=for ]

(=a+y-1/2 = wn/2) +i(fi = fo)

(B17)

S§i=—1/2
— Ppp /()

Finally, the element in the block corresponding to S° = 3/2 is
given by
p* =) =1~ Ti[p®

SO =TT,

Altogether, this completely specifies the time evolution of the
density matrix.

Initial condition S* = —3/2. Initializing from this state
means that one cannot reach any off-diagonal elements in the
density matrix in the Hamiltonian eigenbasis as jump opera-
tors only take you from a diagonal term to another diagonal
one. For the initial state ||| ), the density matrix element
evolves in time according to

(B18)

5=ty = expl—(yo + y-1 + vl =%(0)

= e pS=32(0). (B19)
Within the sector S° = —1/2, the nonzero matrix elements are
given by
§i=—1/2 3—>2 2 ¢ 2
Pii - (1) = 1“3H2 [1 — eXp ( - Ff’_) t)]ps = ).

(B20)

Now, we get for the diagonal elements in the S = 1/2 sector
using the matrices introduced above that

S§i=1/2
i)

3 T3—>2T2—>l

Z F3—>21'*2—>l |: — &xp ( - Fjsézt) -

j=l1
% {1 — exp [ _ (F;az + Fizjal)t]}ilpszzyz(t)’

(B21)

1—*3—>2

32 2—1
=242

and finally
PP =1 =Tl p" 2 (0] = Trlp™ =12 (0)

— pS= ). (B22)

With these explicit solutions for the time evolution of the
three-qubit density matrix, we are ready to extract the dynam-
ics of the tripartite entanglement in the system for different
initial conditions.

APPENDIX C: TRIPARTITE NEGATIVITY AS A
TRIPARTITE ENTANGLEMENT MEASURE

To study the entanglement dynamics of the three spin-qubit
system described by the Lindblad equation, one needs an
entanglement measure that is applicable to both pure and
mixed states. The negativity defined by Vidal and Werner
is a measure that can do this [72]. It is defined via the
partial transpose 7; of the density matrix p with respect to
qubit j. For a density matrix, which in the Pauli basis takes
the form

Z pm(rzag;p]pgpg|010203)(p1102;03|a (Cl)
{oj}{p)}

the partial transform gives, e.g., ,og-l‘am; 010213
The bipartite negativity is then given by

Nj=22|min{o,xff}

where AiT’ are the eigenvalues of pli. However, when one
calculates the negativity with a particular choice of j, one
qubit is separated out explicitly from the rest of the sys-
tem; thus, the resulting entanglement dynamics will be
dependent on the initial condition, as well as the chosen
qubit.

This measure does not in itself capture the entanglement
among all three qubits, and one cannot separate the entangle-
ment among pairs of qubits from entanglement across all three
qubits. An entanglement measure that can do this is referred
to as a GME measure [85]. We use the geometrically averaged
version of all bipartite negativities as introduced by Sabin and
Garcia-Alcaine [71],

Nizs = JNuipsNipNioga), (C3)

which naturally makes this distinction since it will be zero
if any of the bipartite negativities is zero. Second, to qualify
as a GME measure, it must also rank the Greenberger-
Horne-Zeilinger (GHZ) state (|(GHZ) = f{|TTT) [L44h

= Poi02p3:01203*

(€2
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as more entangled than the W state (|W) = \/%{ITH,) +

[LA4) + 144N} [41,86]. The measure in Eq. (C3) also ful-
fills this requirement, as Ni»3(GHZ) =1 and Nipx(W) =
24/2/3 2 0.94. Since the above measure is fairly easy to
compute, can be applied to both mixed and pure states, and

J

pS =21 0
§:=1/2
p(t) — ['OU (t)]3><3
0 0
0 0

The partially transposed density matrix is still block diagonal
with two 3 x 3 matrices and two single diagonal elements.
For example, when the partial transpose is taken with respect
to qubit 3, the two 3 x 3 matrices are of the form

1si’:l/z ;OIS;ZI/Z pZS;=—1/2
M= T e
L
M351:1/2: pzs;:—l/z pg;:—l/z pIS;:I/Z (C5)
| pg;:l/z p3s;=1/2 pS=3/2

The negative eigenvalues of these matrices are the ones
that cause nonzero entanglement in the negativity entan-
glement measure. However, in our analytical solution (see
Appendix B), the density matrix is obtained in the eigenbasis
of the Hamiltonian H = Hg + H.g governing the full unitary
dynamics, where Hs represents the system Hamiltonian and
H_.¢ describes the induced coherent dynamics. This eigenbasis
corresponds to entangled eigenstates. Therefore, the transfor-
mation from this eigenbasis to the Pauli basis is nonlocal with
respect to different qubits.

When determining the time evolution of the eigenstates, it
is useful to work in the eigenstate basis. Yet, this is not a con-
venient basis to work in when we calculate the entanglement.
Since the definition of the multipartite entanglement involves
the partial transpose with respect to a given qubit, it is more
convenient to work in the Pauli basis. Let U denote the unitary
basis transformation from the eigenbasis to the Pauli basis, so

J

captures GME, it is an effective metric to study entanglement
dynamics in multipartite systems.

Calculation of tripartite negativity. For the evolution
of the density matrix considered here, in the Pauli basis

D) AL I, AL IR ) ) D)

the density matrix generally takes a block-diagonal form

0 0

0 0 (4
(o5 0], 0

0 pS=T ()

(

that ppauti = U PeigenU . In the case where U can be factor-
ized as U = U; ® U, ® Us, the partial transpose with respect
to any qubit is left invariant under the basis transformation.
Howeyver, in our case it is nonlocal—it does not factorize as
U, ® U, ® Us—due to the entanglement of the eigenstates.
For further details on the invariance properties under local uni-
taries and consequences of nonlocal transformations, we refer
to Refs. [40,72]. To calculate the multipartite entanglement,
we always determine the time evolution in the eigenbasis first,
and then rotate back to the Pauli basis before we determine the
multipartite entanglement as described above.

An example density matrix that arises frequently in our
system is a density matrix of the form

p=FIW)W|+dA=F)Nt{T111, (Co)

where W) = |S* = 1/2, x = 0), as given in Eq. (B1). It is
straightforward to write out this equation in the Pauli basis
and, with the procedure outlined above, one can calculate the
tripartite negativity in terms of the W-state fidelity /. The
result is

N3 (F) = \/(J\/lvg3f)2 +(1=FP—=(1-F).

In principle, one can also calculate the tripartite negativity
according to the density matrix solution above, analytically as
well. However, these expressions become cumbersome due to
the needed basis transformation before evaluating the eigen-
values of the partial transpose. As an example, we describe the
procedure for the initial state || 11) in the sector S* = 1/2, so
that the density matrix in the eigenstate basis is plsj 0)=1/3
for all i, j. The bipartite negativities can then be written in
terms of the matrix elements pf,:;l/ 2(t) of the Pauli basis
density matrix within the sector §* = 1/2:

€N

M1]23 = \/(1 _ Tr[pgz:l/Z(t)])Z +4(|p}5;1:21/2

N1[2]3 = \/(1 - Tf[pizzuz(f)])z + 4(|:01§Z|=21/2

N = \/(1 —Te[op = 2@0]) +4(|ops

s

The trace is invariant under the basis transformation and thus
Tr[pIS,“:l/ 2(1)] = > .e /3. However, for the off-diagonal

OF + |opn " O) = (1 = Te[op =7 ®)]). (C8)
OF + i O = (1 = Te[op =7 ®)]), (C9)
O + oz *OF) = (1 = Te[op = @) (C10)

(

matrix elements directly entering the bipartite negativities, we
need to explicitly perform the basis transformation pp(t) =
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| — 0| Apa|/|A] =0.04
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FIG. 4. Entanglement dynamics for nonhomogeneous nonlocal correlated noise for (a) varying correlated noise amplitude |[6A;,| and
(b) phase §¢». Initialization in a spin product state in the sector S* = 1/2, with parameters such that y, = 0 in the symmetric case, i.e.,

8A1, =0, 8¢, = 0. Parameters: |A|/a = 0.5, ¢ =7, T /a=0
U'pU, with
1 1 1
U=—[1 n »n*] (C11)

Vil

where n = exp(2mwi/3). With this transformation, one may
explicitly write the density matrix elements as
3
—(a—1)(i— b—1)(j—
Z n (a=1)( I)Pab(t)fl( HG-1D
a,b=1

§¢=1/2
Pt/ / (t) -

1
= §Si71(t)57,1(t), (C12)

J

where we defined Sy(r) = Y)_, e 7!/2eilal p=k@=1)_ We are
only interested in the square moduli of these density matrix
elements, which can be very concisely written using the intro-
duced quantities Sy as

105520 = 1SoPIS1 ()2 /81,
oo 2L 0) = 1S PIS2 ()12 /81,
s 20 = 1510 PIS2(0)2/81. (C13)

With the introduction of these new quantities, the bipartite
negativities can be written as

Mips =
\

2
1 L 4 1 —yit
(1 - 5} e %t) + g ISP (11 P +15:12) - (1 -3 Y e ) (C14)

i

i

2
1 o 4 1 i
,/\/'][2]3 = <1 — 526 y,t) + §|S1|2(|SO|2+ |52|2) _ (1 — 526 Vi >, (C15)

\

Nz =

L

Generally, the values for |S;|? are different for different k, and
these bipartite negativities may therefore be different.

APPENDIX D: ROBUSTNESS OF ENTANGLEMENT
DYNAMICS TO IMPERFECTIONS

In this Appendix, we go beyond the ideal homogeneous
limit discussed in Appendixes A—-C and investigate how
various imperfections and control fluctuations affect the gen-
eration of tripartite entanglement. We focus on deviations
that are relevant for realistic devices, including nonuniform
correlated dissipation, asymmetries in the induced coherent
interaction, additional dephasing channels, qubit-frequency
detuning, and noise in the coherent drive. Throughout, we
monitor the entanglement dynamics using the genuine tripar-
tite negativity N},3 defined in Appendix C.

(1—%Ze—wt>2 —|52|2(|So|2+|51| (——Ze V').

(C16)

(

First, we explore the impact of having nonuniform cor-
related noise. To simulate this, we consider the case where
the nonlocal dissipation on the link between qubits 1 and 2
differs from the remaining links. We therefore consider the
noise correlation matrix

a A— (SA12 A*
y = | A* -84, a Al, (D1)
A A* a

which means that the correlated noise associated with qubits
1 and 2 is slightly different from the noise affecting the other
pairs. Because this modifies the matrix y, the corresponding
jump operators in the master equation also change. This di-
rectly influences the entanglement dynamics of the system.
Solving the master equation numerically, we find the mul-
tipartite entanglement dynamics in Fig. 4. Initially, at short
times, the entanglement dynamics remains nearly unchanged.
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FIG. 5. Dynamics of the tripartite negativity for different values of ¥ under an asymmetry in the effective coherent interaction described

by Hamiltonian H' = § J12(eV 0;t 0, + eV o] 0,}). (a) Time evolution for ¥ = 0. (b) Time evolution for ¢ = 7 /3. (c) Decay rate (i.e., slope)
of the tripartite negativity at time at = 12 as function of ¥. Parameters: |[A|/a = 0.5, T /a=1,¢ = 7.

As time increases, the differences become more pronounced
because the new jump operators allow the system to decay into
the nonentangled ground state. Nonetheless, if the deviation
8A1; is small compared to |A|, the overall entanglement behav-
ior is weakly affected. A nonhomogeneous environment can
also induce asymmetric coherent interactions in the effective
Hamiltonian, such that He.y — H = Hye + H', with

H =800, +e Vo, o)) (D2)

As discussed in the main text, the effective Hamiltonian Heg
has the W states as eigenstates and therefore does not af-
fect the entanglement dynamics. However, the W states are
not eigenstates of the perturbation H'. Instead, for |W) =
|$* =1/2, x = 0), we obtain

8J12
V3

Hence, the perturbation maps the W state with genuine tri-
partite entanglement to a state that is entangled only between
qubit 1 and qubit 2. Thus, we expect that the perturbation will
reduce the tripartite entanglement. As shown in Fig. 5(a), this
is indeed the case, but the effect is not dramatic as long as
the perturbation is small. Also, the state |£) is not orthogonal
to the |W) state, which contrasts with the two-qubit case. In
the two-qubit case, the induced interaction takes you between
parity sectors, which consequently leads to a fast decay to the
energetic ground state which is not entangled. In the plots in
Fig. 5(a), however, we observe that the tripartite entanglement
saturates over time and the decay is negligible. The decay
dynamics are fully governed by the jump operators J;, which
take you from one of the W states to |11 1). Thus, the relevant
quantity to look at is the overlap between the state |£) and
these W states. We will denote the achiral W state as |W),
which is the decoherence-free state, and the chiral W states as
|x = %£1). The overlaps are given by

H'|W) = EV ML) + e VLI = IE).

(D3)

wie) = 22 cosy,
(=516 = 2 2 cosp £ 2m/3), D4

such that the overlap between the decoherence-free state and
the state induced by the asymmetry is maximal at ¢ = 0,
leading to minimal decay to the energetic ground state |111).
Therefore, with an increase in v, the decay is expected to
increase, which is indeed observed in Fig. 5(b). To observe

how this decay depends on ¥, we plot the slope at time
at = 12 of the tripartite negativity evolution in Fig. 5(c) as
function of . It may be observed that the decay is small,
but nonzero, for yy = 0. This value for the slope varies very
slowly with varying ¢, and therefore the decay dynamics
shown in Fig. 5(a) are robust to variations in the phase i of
the induced coherent interaction.

Next, we investigate the entanglement dynamics in the
presence of pure dephasing channels arising from longitudinal
couplings to the environment of the form ¢ ® E,. For a
homogeneous environment, the corresponding jump operators
can be written as

; \/d+2|D|cos (¢ +27/3)
l =
3

27 /3 . b /3
x(alze’ ™/ + oje' ™/ +o3z),

d + 2|D| cos
Jh=,/ —| 3' (¢) (Uf +o; + 031), (D6)

; \/d—i-ZIchos (¢ —271/3)
3 =
3

% (0,1181471/3 + O,zzetZJr/3 +0,3z)’

(D5)

D7)

where d and D are determined by local and nonlocal corre-
lations of the environmental operators E, at zero frequency
and ¢ is the corresponding phase. We compare the dynamics
for purely local dephasing (D = 0) with the case of signifi-
cant collective dephasing D ~ d. As shown in Fig. 6, local
dephasing leads to a gradual decay of A3, while collec-
tive dephasing can strongly suppress this decay. In particular,
when the correlated dephasing is the same as the local de-
phasing, the long-time tripartite entanglement is unchanged
compared with the purely dissipative case without dephasing,
as observed in Fig. 7.

We now relax the assumption of perfectly identical qubits
and study the effect of detuning one of the qubit splittings.
For concreteness, we add a small Zeeman shift on qubit 1 and
consider the Hamiltonian

H(e) = Ho + €oy, (D)

where Hy 1is the symmetric Hamiltonian used in
Appendixes A—C. The detuning breaks permutation symmetry
and tends to decouple qubit 1 from the collective modes that
form the W state. The results presented in Fig. 8 show the
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FIG. 6. Tripartite negativity V},3 as a function of time for finite
local dephasing d and varying collective dephasing strength D. One
observes that adding collective dephasing suppresses the decay of
tripartite entanglement compared to purely local dephasing. Parame-
ters: |A|/a=0.5,T/a=1,¢ =m,¢ =0.
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FIG. 7. Tripartite negativity AN},3 as a function of time for
dynamics without dephasing and for finite local and collective de-
phasing of equal strength. Parameters: |A|/a = 0.5, J/a=1, ¢ =
w,9 =0.
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FIG. 8. Tripartite negativity plotted for finite detuning: It can
be observed that the detunings can become rather significant with
respect to the correlated noise before the dynamics change much.
Parameters: |[A|/a =0.5,T/a=1,¢ = .
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FIG. 9. Tripartite negativity for a noisy coherent drive. The
curves correspond to varying correlated noise strength, with (a) noise
parameters 6 /a = 0.1 and at = 1, illustrating the impact of experi-
mentally realistic amplitude fluctuations, where 7 is the correlation
time of the noise & (¢); and (b) with noise parameters §/ 7 = 0.05 and
at = 1, illustrating the impact of experimentally realistic frequency
fluctuations on the buildup and decay of genuine tripartite entangle-
ment. Parameters: 7 /a = 10, ¢ = 7.
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FIG. 10. Tripartite negativity with postselection « = 1 for vary-
ing correlated noise strength: While the same maximum tripartite
entanglement is ultimately reached for all |A|, smaller |A| leads
to a slower convergence toward this asymptotic state. Parameters:

Jja=1,¢ =m.
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FIG. 11. Tripartite negativity under non-Markovian dissipation:
The time-dependent dissipation rates lead to deviations from purely
exponential Markovian behavior and give rise to oscillatory features
in the entanglement dynamics, indicative of environmental memory
and information backflow. Parameters: 7 /a =1, ¢ = m.
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FIG. 12. Entanglement dynamics for varying temperature 7" and initialization in S* = 1/2 sector in the eigenstate with x = 0, and choosing
parameters such that y, = 0. (a) Density plot of the entanglement as function of time and temperature. (b) Line cuts of the tripartite negativity

at different temperatures. Parameters: |A|/a = 0.5, J/a =0,¢ = 7.

evolution of tripartite entanglement for different values of
€/]A]. We find that as long as the detuning is small enough
compared to the correlated noise strength, the tripartite
entanglement dynamics is only weakly modified. For larger
detunings, the maximum AN7,3 decreases and the long-time
entanglement decays faster, reflecting a gradual crossover to
effectively independent qubits.

Moreover, we consider imperfections in the coherent-drive
protocol used to boost the W-state fidelity. In realistic devices,
both the amplitude and the frequency of the drive suffer from
noise. To model amplitude noise, we replace the ideal drive
amplitude |C|/a = 1 by a stochastic amplitude,

IC(®)|/a =1+ 388(), D9)

where £(¢) is a zero-mean Gaussian process with correlations
(E(1)E(s)) = exp[—(t — 5)?/27?%]. For the frequency noise,

1.01
i lAl/a = 0.50
= 05 —— |Al/a=0.40
2 —— 1Al/a=0.30
0.0 ‘ - : =
0 2 4 6 8
at

FIG. 13. Tripartite negativity at finite temperature (7/A = 0.2)
for different correlated noise strength: In this finite-temperature
regime, the dynamics are highly sensitive to |A|: For [A|/a = 0.5, the
entanglement decays only slowly, whereas for smaller |A| it shows
an almost exponential decay, strongly suppressing the long-time tri-
partite entanglement. At 7 = 0, the W state (JA|/a = 0.5) becomes
a true dark state and N,; remains constant, while for |A|/a < 0.5
it decays exponentially with lifetime ~1/(a — 2|A|). Parameters:

Jla=1,¢=m.

we let the detuning fluctuate as A +27 — A+27 +&(t)
with the same statistics. Representative results for a moderate
noise levels are shown in Figs. 9(a) (amplitude noise) and 9(b)
(frequency noise). We observe that the maximal tripartite neg-
ativity is reduced but the qualitative buildup of entanglement
remains intact. This indicates that the coherent-drive scheme
is robust against realistic fluctuations, provided that the noise
level does not exceed a few percent of the characteristic drive
scale.

As a final robustness check, we vary the magnitude of
the spatially correlated noise |A| away from its optimal value
|A| = 0.5a identified in the main text. For the postselection
protocol at zero temperature, we find that changing |A| does
not qualitatively change the dynamics. The same maximal
tripartite entangled state is reached for all |A[, but smaller
|A| leads to a slower convergence to the asymptotic state (see
Fig. 10).

1.0

012345678
at

FIG. 14. Tripartite negativity under coherent drive at finite tem-
perature 7 /A = 0.2: Compared to the zero-temperature case, finite
temperature reduces the maximal achievable entanglement negativity
and fidelity but the entanglement generation remains robust and
the qualitative dynamics are preserved. The corresponding zero-
temperature dynamics under the same drive protocol is shown in
Fig. 3(d). Parameters: J/a =10, ¢ = 7.
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So far, we have described the dynamics within the stan-
dard Markovian Lindblad framework, where the dissipation
rates are time independent and the entanglement decays ex-
ponentially at long times. To assess the robustness of our
entanglement-generation mechanism beyond this limit, we
also considered a non-Markovian extension based on the time-
convolutionless master equation [35,87]. In this approach,
the environmental memory is encoded in explicitly time-
dependent dissipation rates, leading to deviations from purely
exponential decay.

Concretely, we implemented Eq. (40) of Ref. [35] for a
1/f noise spectrum, characterized by the parameters /i/o =
10ns, w; /27 = 1 MHz, and /27 = 1 GHz. The resulting
tripartite negativity N23(¢) is shown in Fig. 11, where
one clearly observes oscillatory features induced by the
time-dependent rates. These oscillations are signatures of en-
vironmental memory and information backflow from the bath
to the system. While the overall entanglement generation
mechanism remains qualitatively the same as in the Marko-
vian case, non-Markovian effects can transiently enhance or
suppress the entanglement compared to a purely exponential
decay, which is the signature of Markovian dynamics.

APPENDIX E: ENTANGLEMENT DYNAMICS AT
FINITE TEMPERATURE

In this Appendix, we briefly discuss the entanglement dy-
namics at finite temperature 7. We assume that the system
is prepared in the highly entangled achiral W state |S° =
1/2, x = 0) att = 0. We further choose the parameters such
that the amplitude yp = 0. At zero temperatures,the system
therefore remains in the initial state. At nonzero tempera-
ture, however, thermal excitations can trigger processes to the
sector S° = —1/2, followed by decay toward the energetic
ground state |[?11) of the system. As a consequence, the

finite temperature destroys the entanglement. The resulting
entanglement dynamics is shown in Fig. 12 for different tem-
peratures. For sufficiently low temperature, large multipartite
entanglement can persist over a significant period of time.

To investigate how finite temperature affects the dissipa-
tive entanglement generation protocol for nonlocal dissipation
deviating from |A|/a = 0.5, we also simulated the dynam-
ics at T /A = 0.2 for different values of the correlated noise
strength |A|. The resulting entanglement dynamics are shown
in Fig. 13. When |A|/a = 0.5, the entanglement decays only
slowly in time. Detuning |A| from this optimal value (here by
20% and 40%) leads to a noticeably faster decay, approaching
an almost exponential suppression of the long-time tripartite
entanglement. This behavior demonstrates that, in the finite-
temperature regime, maintaining |A| close to its optimal value
is important to ensure long-lived multipartite entanglement.

We also studied the effect of finite temperature on the
coherent-drive protocol that enhances the W-state fidelity.
Figure 14 shows MNix(t) for a temperature of T/A = 0.2
using the same drive parameters as in Appendix D. Com-
pared to the zero-temperature case, finite temperature reduces
the maximal achievable entanglement negativity and fidelity,
since thermal excitations populate additional states that do not
participate in the driven W-state manifold. Nevertheless, the
entanglement generation remains robust and the qualitative
dynamics are preserved: The coherent drive still produces a
pronounced entanglement peak and a long-lived plateau. For
the postselection approach, we expect the influence of finite
temperature to be weaker because postselection effectively
filters out trajectories with thermal excitations; in that case,
the maximum entanglement can still be reached, although the
approach to the asymptotic state is slower. Overall, both the
dissipative and drive-assisted schemes remain effective in the
experimentally relevant temperature range 7 /A ~ 0.1-0.5.
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