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Families of localized modes of Bose-Einstein condensates enabled by incommensurate
optical lattice and photon-atom interactions
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We consider a Bose-Einstein condensate (BEC) loaded into a one-dimensional optical cavity under the
combined action of an external potential and atom-cavity coupling with mutually incommensurate periods. Such
configuration enables the localization of matter waves even in the absence of two-body interactions. We study
families of localized modes within the mean-field approximation for red and blue detunings from atomic and cav-
ity resonances in relatively shallow quasiperiodic lattices, beyond the validity of the tight-binding approximation.
The parameter regimes supporting localization of atomic wave packets are identified. The system exhibits two
types of bistability manifested as distinct photon numbers under otherwise identical conditions. One type arises
from the coexistence of multiple families of localized modes, typical of conservative nonlinear systems, while
the other stems from the multivalued dependence of the families on system parameters, characteristic of systems
exhibiting hysteresis. BEC in a cavity may also display pseudodegeneracy, understood as the existence of two
distinct atomic-density distributions corresponding to the same atomic and photon numbers (although different
chemical potentials). The stability of the localized modes is analyzed. It is shown that, owing to the strong impact
of long-range interactions on stability, a two-localized-mode configuration can operate as an XOR logic gate.

DOI: 10.1103/5hcq-tfjz

I. INTRODUCTION

Optical cavities containing cold atoms or Bose-Einstein
condensates (BECs) [1–3] exhibit intrinsic nonlinearities and
long-range interactions, leading to physical phenomena that
have no counterparts in free space. Atoms in such systems
experience two types of potentials with distinct physical ori-
gins: an external trapping potential, such as an optical lattice
(OL) formed by interfering laser beams, and a cavity-induced
potential arising from photon-atom interactions, which is also
periodic but whose depth depends on the number of pho-
tons. When the total potential becomes incommensurate, i.e.,
when the ratio of periods of the OL and the cavity mode is
irrational, localized one-dimensional (1D) atomic states can
emerge [4–6]. Incommensurability of backaction and a two-
dimensional external lattice enables existence of a Bose-glass
phase [7].

Quasiperiodic 1D potentials for atoms can be created
straightforwardly by using external laser fields with incom-
mensurate periods OLs [8–11]. In such potentials, which share
several features with random ones, extended and localized
states exist for different system parameters, as it is known
due to the celebrated Aubry-André (AA) model [12]. This
model provides a tight-binding approach to the bichromatic
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quasiperiodic lattices, when one constituent component is
much deeper than the other. When the amplitudes of the two
components are comparable, the conventional tight-binding
approximation breaks down, and in the mean-field approx-
imation the system must be described by the continuous
Schrödinger equation with a quasiperiodic potential. In this
regime, localized and extended modes may coexist at the same
values of the system parameters but in different energy do-
mains, as proven mathematically in Refs. [13,14] and studied
numerically in the physical literature over (see, e.g., Refs.
[15–18] and references therein). Note, however, that in shal-
low quasiperiodic potentials bearing localized states it is still
possible to use a basis of localized states reducing description
of the system to nonlinearly coupled discrete lattices [19].

The quantum potential possesses a distinctive property:
Since it originates from the interaction between atoms and
photons, it depends both on the total number of atoms and on
their spatial distribution in the cavity, being inherently nonlo-
cal [2,3]. Consequently, when quasiperiodicity arises from the
incommensurate wavelengths of the optical lattice and cavity
mode, any eventual localization is inherently nonlinear. This
nonlinearity stems from photon-atom interactions and can
therefore manifest itself even in cavities containing only a few
atoms. For example, one-dimensional localization of a single
atom has been reported in Refs. [5,6]. We also note that single
particle localization in a quasiperiodic bichromatic lattice,
without coupling to a cavity field and unaffected by two-body
interactions, was observed experimentally in Refs. [8,10].

The emergence of localized states of a BEC in a cavity
with incommensurate 1D external and quantum potentials was
analyzed in Ref. [4] within the tight-binding approximation
governed by the AA model. It was shown that the mismatch
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between the OL wavelength and the cavity mode induces a
localization-delocalization transition. Moreover, the system
exhibits bistability of the cavity field, involving localized and
extended atomic states. More generally, bistability is an in-
herent property of atomic systems in cavities and does not
necessarily rely on incommensurability, as demonstrated ex-
perimentally for a Fabry-Perot cavity with rubidium atoms
[20], studied theoretically in Ref. [21] within the two-mode
approximation and in Ref. [22] for a continuous model in-
cluding interatomic interactions.

Intrinsic nonlinearity of the photon-atom interactions can
be interpreted as a form of many-body localization (see, e.g.,
Ref. [23] for a review). This aspect for incommensurate po-
tentials in cavities was explored in studies of the effect of
quasiperiodicity and nonlocality on ergodicity breaking [24].
Other effects, like superradiant instability of bosons in a cavity
subject to quasiperiodic potentials, were also demonstrated
recently [25].

While localization induced by the combined action of an
incommensurate OL and cavity backaction is well established,
previous studies have mainly addressed particular stationary
solutions, leaving many nonlinear phenomena unexplored.
These effects, which constitute the main objective of the
present paper, originate from the coupling between a dissipa-
tive cavity field and a condensate with a conserved number of
atoms. First, we show that noninteracting BECs in optical cav-
ities support families of nonlinear modes characterized by a
dependence of the atom number on the chemical potential and,
consequently, on the cavity-field intensity. This contrasts with
conservative BECs loaded into OLs, where families of non-
linear modes (solitons) exist only in the presence of two-body
interactions. Furthermore, the reported families may exhibit
either one or two nonlinear mobility edges (MEs), separat-
ing localized and extended states within the same branch. In
particular, depending on the atomic and cavity detunings, an
increase in the number of atoms may lead either to localization
or to delocalization of the atomic states. We also report the
coexistence of multiple families and their multivalued char-
acter, resulting in two distinct types of bi- or multistability.
Finally, the prominent role of long-range interactions allows
the observation of diverse dynamical regimes, some of which
are analogous to the operation of logic gates, specifically the
XOR gate.

The organization of the paper is as follows. The model
is formulated in Sec. II. Families of localized modes are
described in Sec. III where different types of the probe field
detuning from atom and cavity resonances are discussed. In
Sec. IV, we address the bistability of such systems. Excitation
and dynamics of stable and unstable localized modes are
described in Sec. V. The outcomes are summarized in the
Sec. VI.

II. THE MODEL

The simplest dimensionless equations governing a nonin-
teracting BEC coupled with cavity photons in the mean-field
approximation read [2,3,26,27]

i
∂�

∂t
= −1

2

∂2�

∂x2
+ [V (x) + |α|2U (x)]�, (1)

i
dα

dt
= −�α + i(η − κα) + α

∫
U (x)|�(x, t )|2dx. (2)

Here, �(x, t ) is the macroscopic wavefunction of the BEC and
α is the complex amplitude of the cavity field. The spatial
coordinate is measured in the units of λc/2π , where λc is
the wavelength of the cavity mode creating π -periodic lat-
tice U (x) = U0 cos2 x, while time is measured in the units of
ω−1

r = h̄/(2Er ), where Er = h2/(2mλ2
c ) is the recoil energy

associated with the cavity mode. The single-photon lattice
depth normalized to the recoil frequency is given by U0 =
g2/(�aωr ), where g is the strength of the atom-cavity coupling
and �a = ω − ωa is the detuning between the pump-laser and
the atomic transition frequencies. In the chosen units, � =
�c/ωr , with �c = ω − ωc, is dimensionless cavity detuning.
The rate η of the laser coherently driving the cavity and the
cavity losses κ are measured in the ωr units.

We assume that the external potential created by laser
beams has a spatial period λc/2β, where β is an irrational
number. Respectively, in the dimensionless units (energy is
measured in the units 2Er) we set V (x) = V0 cos2(βx + ϑ ),
where an arbitrary phase shift ϑ is introduced to break the
parity symmetry (physical effects with BEC in even quasiperi-
odic potentials were discussed in Ref. [18]) and V0 is the
lattice depth measured in the units of the recoil energy Er .

Equation (1) will be considered subject to the zero bound-
ary conditions, �(±L/2, t ) = 0, where L is the dimensionless
condensate length, which also defines the integration domain
in Eq. (2). Such setting models a BEC loaded in a sufficiently
deep [28–30] and long 1D potential box. Most importantly,
in this work we focus on localized states that are centered
sufficiently far from the boundaries and are therefore largely
unaffected by the specific boundary conditions, unlike ex-
tended modes. Consequently, the formal limit L → ∞ can
also be considered.

The macroscopic wavefunction �(x, t ) is normalized to the
total number of atoms N :

∫ |�|2dx = N . While we neglected
two-body interactions in the Eq. (1), the number of atoms
still determines the shift of the cavity resonance, given by
the integral

∫
U (x)|�|2dx, and consequently the amplitude

of the backaction U (x). In other words, it remains the main
parameter characterizing the families of the nonlinear modes,
which are discussed in detail in Sec. III.

The dimensionless system [Eqs. (1) and (2)] involves
several control parameters. To reduce their number while an-
alyzing the solutions, we fix the absolute values of the cavity
and atomic detunings, |�c| and |�a|, as well as cavity losses
κ , while allowing the driving amplitude η to vary. This allows
one to scale out |U0| by the ansatz α̃ = |U0|1/2α and redefine
the driving parameter η̃ = |U0|1/2η. Introducing also


(t ) = N
∫ t

0
dτ

∫
dx cos2(x)|�(x, τ )|2, (3)

where N = |U0|N is the rescaled number of atoms, as well
as � = �/

√
N , ensuring the normalization

∫ |�|2dx = 1,
Eq. (2) is readily solved:

α̃ =
[
η̃

∫ t

0
dt ′e−(i�−κ )t ′+iσ
(t ′ ) + α̃0

]
e(i�−κ )t−iσ
(t ), (4)
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where σ = sgn�a = sgnU0 and α̃0 is the initial amplitude
of the photon field (in the chosen units). Equation (1) now
acquires the form

i
∂�

∂t
= −1

2

∂2�

∂x2
+ [V0 cos2(βx + ϑ ) + σ |α̃|2 cos2 x]�. (5)

Stationary solutions of Eqs. (1) and (2) are obtained by the
ansätze �(x, t ) = e−iμtφ(x) and α̃(t ) = α̃st. Now, Eq. (1) is
reduced to the eigenvalue problem

μφ = −1

2

d2φ

dx2
+ [V0 cos2(βx + ϑ ) + σA cos2 x]φ, (6)

where A = A[φ] = |α̃st|2 is the number of cavity photons (in-
tensity of the cavity mode). It is a functional of the atomic
wavefunction: From Eq. (2), it is defined by the well-known
formula

A = η̃2

(σ� − θ )2 + κ2
, (7)

where θ = N 〈cos2 x〉 and the angular brackets are used for
the spatial averaging: 〈 f 〉 ≡ ∫

f (x)|φ|2dx.
All possible atomic distributions are solutions of the linear

eigenvalue problem (6); i.e., they have the forms of the linear
modes of the Schrödinger equation (6) with the incommen-
surate bichromatic potential. It is known that they can be
either localized or extended [13–19], which depends on the
amplitude V0 of the external potential and on the amplitudes
σA of the cavity field. However, unlike in the previous studies,
the peculiarity of the problem at hand is that the strength of
the backaction depends on the atomic distribution, even for a
fixed number of atoms.

Several general conclusions follow directly from Eqs. (6)
and (7). The presence of both periodic lattices of finite am-
plitudes is necessary for the existence of localized solutions
of Eq. (6). Meantime, the number of photons cannot exceed
Amax, where

Amax =
⎧⎨
⎩

η̃2

κ2 , σ� > 0,

η̃2

�2+κ2 , σ� < 0.
(8)

Let us consider the formal limit N → 0. From a physi-
cal point of view, this limit cannot be directly applied to
single-atom localization, as such a case requires a fully quan-
tum treatment, whereas Eqs. (1) and (2) are derived within
the mean-field approximation. However, from the viewpoint
of dynamical systems, this analysis allows one to establish
critical system parameters and number of atoms when the
localization may occur.

At σ� < 0 and N = 0, localized modes can exist only if
the driving amplitude exceeds a critical value η̃LDT at which
the localization-delocalization transition occurs, meaning that
for weaker driving η̃ < η̃LDT all atomic states are extended. In
this case, an increase in the atomic density, leading to increase
in θ , promotes delocalization, as it reduces the number of pho-
tons. Conversely, when the driving amplitude is sufficiently
large, η̃ > η̃LDT, localized modes exist already in the linear
limit but become delocalized as N increases. One can thus
identify a nonlinear ME, NME, above which no localized
states are found.

The existence of the nonlinear ME (regardless of the
sign of σ�) stems form the following more rigorous ar-
guments. There exists a coordinate x∗ ∈ [0, π/2], such that
θ = N cos2 x∗. For smooth (differentiable) distribution |φ|2,
we have that x∗ �= π/2 because otherwise θ = 0, which is
impossible for an integral of the product of two non-negative
differentiable functions. Thus, θ → ∞ when N → ∞ and
consequently A → 0. This means that for N > NME (other
parameters being fixed) all atomic states are extended.

While the described scenario can be realized also for σ� >

0, with smaller η̃LDT, now even if all states are delocalized
at N = 0, when A = A0 = η2/(�2 + κ2) localization may be
induced by increase of the atomic density, if A = Amax enables
localization. In this case, one can define the lower, N l

ME, and
upper, N u

ME, nonlinear mobility edges, such that the localized
states exist for N l

ME < N < N u
ME and do not exist outside this

interval.
As a concluding remark, the localization-delocalization

transition η̃LDT is a property of the entire system, whereas the
nonlinear mobility edge NME (or edges N l,u

ME) is a property of
individual families of solutions, in the sense that its value may
differ from one family to another. This is illustrated below
using numerical examples.

III. LOCALIZED MODES AND THEIR FAMILIES

Families of solutions parametrized by a control parame-
ter provide an overview of the system as a whole, whereas
specific examples of localized modes depend on the chosen
number of atoms, density distributions, number of coupled
cavity photons, etc. Here, we address both aspects. Since the
system under consideration consists of a conservative sub-
system (the BEC) coupled to a dissipative one (the photons),
the families of solutions can be represented either by curves
N (μ), as is customary for conservative systems, or by curves
A(N ), useful for identifying bistability domains [where, for
a given number of atoms N , two distinct values A1(N ) �=
A2(N ) coexist]. The latter parametrization also allows one
to determine the number of atoms that ensures the maximum
number of cavity photons that can couple to localized modes.
Either parametrization makes it possible to establish the max-
imum number of atoms supported by the cavity modes and to
delineate the domains of dynamical stability of the solutions.

The families shown in all figures below are numbered
according to the increasing order of the chemical potentials
computed at N = 0 (regardless whether modes are extended
in this limit, like in Figs. 1 and 3, or localized like in Fig. 4).
In all figures, we show the lowest 88 families that possess
intervals of localization, i.e., featuring nonlinear MEs; all
higher families (checked numerically) correspond to extended
modes only (not shown), in accordance with the discussion
in previous section. Thus, μ1(N = 0) � μ2(N = 0) � · · · �
μ88(N = 0); note that the ordering of μ j (N ) with respect
to their magnitudes at N > 0 may change due to crossings
between families. However, this does not affect the numbering
of the families. To characterize localization of the modes,
we use the inverse participation ratio (IPR): χ = ∫ |φ(x)|4dx
(recall that the modes φ are normalized to one).

Regarding the physical parameter regime for which the
present analysis is applicable, we consider 87Rb atoms
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FIG. 1. (a) Lowest 88 families of stationary modes for σ = +1 and � = 150 on the diagram (A,N ). (b) Examples of three families from
the bundle shown in panel (a) (note that the range of A is changed). The crosses indicate crossing of the families. The colored circles, labeled
“A” through “D,” indicate specific modes that are used as examples below. (c) The families of the modes shown in panel (b) but now using
the alternative parametrization N vs μ. In panels (a)–(c), η̃ = 141. In panels (b) and (c), solid and dashed lines correspond to intervals of
dynamical stability and instability. (d) N (μ) of the family n = 1, for three different values of the driving amplitude η̃ = 100, 122, 141. Here,
and in all figures below, the degree of localization is encoded by the color scale indicated in the IPR color bar.

interacting with a cavity mode of wavelength λc ≈ 780 nm.
The corresponding recoil frequency is estimated as
ωr ≈ 47 kHz. Taking into account that the coupling constant
g can vary in the range of 1–100 MHz and that the atomic

detuning �a ∼ 217–619 GHz for a pump wavelength
λp ∼ 780–780.13 nm (see, e.g., Refs. [31–33]), we estimate
that |U0| � 1. The cavity detuning �c is highly tunable (see,
e.g., Ref. [34]) and values up to |�| � 500 can be considered,

FIG. 2. Distributions of the localized modes for σ = +1, � = 150, and η̃ = 141, with N ≈ 7 × 102 on the diagram (X/L, A) (the leftmost
panel). The panels on the right show the wavefunctions of the modes labeled A and B in the left panel and in Figs. 1(b) and 1(c).
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FIG. 3. (a) Families of the cavity modes A(N ) with intervals of localized solutions for σ = −1, � = −150, and η̃ = 141. Two families
(discussed in the text) are highlighted by color specifying IPR, while the rest of the families are shown by light gray dashed lines. The right
inset shows A(N ) for n = 1 family for η̃ = 103, 121, 141. The lower inset magnifies the intersection between families n = 1 and n = 36.
(b) Number of atoms N vs chemical potential μ for the chosen families (in color, the rest of the families are shown by light gray dashed lines).
Solid (dashed) lines indicate stable (unstable) intervals.

FIG. 4. Cavity-field intensity A vs the number of atoms N for σ = +1 and � = −150 in panel (a) and for σ = −1 and � = 150 in panel
(c). For clarity, three families are highlighted by color indication of the IPR, while the remaining 85 families in each bundle are shown by gray
color. In panels (a) and (c), η̃ = 364, and the bottom left insets show enlarged regions of their respective panel. In the insets in top right corner
of panels (a) and (c), the respective family bifurcating from the lowest linear states, n = 1, is shown for three different driving amplitudes,
η̃ = 264, 312, 364. Panels (b) and (d) show the number of atoms N vs the chemical potential μ for the same parameters and families shown
in panels (a) and (c), respectively. Note that in panel (c), all families are very close to each other (two of them are enlarged in the left inset). In
all panels, κ = 63.
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while the cavity losses can be estimated as κ � 100 (e.g., in
Ref. [34], κ ∼ 18 or ∼0.8 MHz, while in Ref. [35] κ ∼ 0.6
or ∼28 kHz).

Accordingly, in the simulations reported below, we use
|U0| = 0.5, V0 = 0.5 (both are ∼23.5 kHz, in physical
units), |�| = 150 (∼7 MHz, in physical units), and κ = 63
(∼3 MHz, in physical units). The incommensurability of the
periods is chosen in a form of the golden ratio, β = (1 +√

5)/2. This choice, however, is not essential for the exis-
tence of localized modes: Any other irrational number can
be used as well. Moreover, it can be approximated by one
of its best rational approximations, without any significant
impact on the results (see, e.g., discussion in Ref. [19]). One
of these approximations is given by β ≈ 144/89. In that case,
the system can be (formally) periodically extended over the
whole real axis x with the period 89π . This consideration
determines our choice of the dimensionless condensate length
as fixed at L = 89π , which corresponds to 34.71 µm for the
cavity mode chosen for simulations. The constant ϑ does not
qualitatively affect the results, provided it breaks inversion
symmetry; in the simulations shown below, it is arbitrarily
chosen as ϑ = 1.23.

While the estimates presented in the preceding section are
of general character, features of the localization depend qual-
itatively on the signs of the detuning from the atomic and
cavity resonances. In particular, the sign of �a (i.e., σ ) deter-
mines the sign of the quantum potential in Eq. (6). Therefore,
below we consider four different cases, blue-blue (�a,�c >

0), red-red (�a,�c < 0), blue-red (�a > 0, �c < 0), and red-
blue (�a < 0, �c > 0) detunings, separately.

A. Blue-blue detunings

Starting with the case �a,�c > 0 (hence, σ� > 0), in
Fig. 1(a) we present families of the stationary localized modes
on the diagram (A,N ) obtained for the fixed detunings, the
cavity parameters specified above, and for the driving am-
plitude η̃ = 141, which is below the η̃LDT ≈ 270 (while this
value depends on the OL amplitude, it is independent of the
detuning colors), i.e., all linear modes are extended. Only
the intervals corresponding to localized modes (χ � 0.1), i.e.,
N l

ME < N < N u
ME are shown entirely: Outside this interval,

all modes are extended [see also Fig. 1(b)]. The positions of
the nonlinear MEs are identified for each family by a relatively
sharp change of the color corresponding to IPR values: the
darker regions indicating larger spatial extension of states.
We observe that regardless of mode localization, the number
of photons is bounded from above A � Amax (for η̃ = 141,
we have Amax ≈ 5). At the same time, for each family one
can identify mobility edges Al,u

ME such that at Amax � A >

Au
ME all modes are localized, while at A < Al

ME all modes
are extended (numerically, Al

ME and Au
ME are very close to

each other).
The families shown in panel (a) are barely distinguishable

on the scale of the figure. In Fig. 1(b), we illustrate three
well-distinguishable ones. One observes that the families can
cross with each other. At such points, marked by crosses, a
pseudodegeneracy occurs: The system with the same number
of atoms and photons supports two different configurations
(the respective localized modes of the condensate have

different profiles and different chemical potentials). For all
families, the localization occurs around the highest intensities
of the respective cavity mode. In panel (b), we also show
the stability of the modes, which was determined by the
direct propagation (stable and unstable modes are shown by
solid and dashed lines, respectively). To this end, we solved
Eqs. (1) and (2) numerically with initially perturbed cavity
intensity α(t = 0) for times � 19. A mode was considered
stable if α(t ) converged to its stationary value, according to
(|α(t )|2 − |αst|2)/|αst|2 < 0.005 on the timescale 1/κ ∼ 0.01,
while oscillations of the position of the c.m. Xj = ∫

x|φ j |2dx
were below 10−6 (note that change of the c.m. implies
deviation of |α(t )| from its stationary value).

Equation (6) with A replaced by its stationary value from
Eq. (7), represents stationary Schrödinger equations for atoms
only, with a nonlocal nonlinearity. For such conservative
system, a conventional parametrization of the families is
given by the dependence N (μ), which for the families from
Fig. 1(b), is illustrated in Fig. 1(c). For a finite-size cavity,
such families have the linear limit (not shown in the panel)
where they are delocalized, i.e., they bifurcate from the linear
spectrum.

As it was predicted above, the localization is enabled by
the long-range interactions and exhibits a lower nonlinear ME
N l

ME; i.e., localized modes of shown families exist only at
N > N l

ME (for the chosen parameters, individual modes have
N l

ME ≈ 400). Conversely, there is an upper nonlinear ME such
that all states delocalize at N > N u

ME (in the shown modes
N u

ME ≈ 1070).
The above results were obtained for a fixed driving

strength. Localization or delocalization of atomic states can
be efficiently controlled by varying the number of cavity pho-
tons. Figure 1(d) shows the dependence of the lowest family
(n = 1) for three different values of η̃. Increasing the driving
amplitude enhances localization and increases the interval
N ∈ (N l

ME,N u
ME) where modes are localized.

Turning now to the spatial distribution of the localized
modes in the cavity and the corresponding photon numbers,
we present in Fig. 2 the diagram (X/L, A). It shows that
the distribution of modes along the cavity length is nearly
homogeneous, resembling the situation of BECs loaded into
quasiperiodic potentials in the absence of photons [18,19].
The distribution of localized modes (with their centers of
mass indicated by dots) over the interval of cavity-field in-
tensities is nearly homogeneous: Although two modes may
occasionally be found at very close spatial positions, when
considering intervals extending over several periods of either
sublattice, the number of localized modes within such inter-
vals is approximately the same, independent of the position
of the chosen interval. In Sec. V, we provide an example of
a possible application of the mentioned distribution of the
localized modes.

Modes that are spatially close may correspond to very
different photon numbers. Conversely, modes associated with
nearly the same photon number can be localized at widely
separated positions along the cavity. This relation between
the spatial localization of the modes and the cavity-field
intensity implies that information about BEC localization
in the cavity can be inferred from measurements of the
cavity field.
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B. Red-red detunings

The families of nonlinear modes for other detuning con-
figurations are simpler than those considered above for the
blue-blue detuning. We now briefly discuss these other cases.

In Fig. 3, we show the families for the case of red-red
detunings, �a,�c < 0 (corresponding to σ� > 0). Unlike
in the previous case, now the external lattice and backac-
tion potential are out of phase. We observe that A(N ) is a
single-valued nonmonotonic function. Choosing parameters
with η̃ < η̃LDT but enabling localization at Amax, we again
obtain the MEs separating localized and delocalized modes.
In the right inset in Fig. 3(a), the family n = 1 is shown for
three different values of the driving amplitude η̃, illustrating
the general behavior: Increase of the external driving enhances
the localization. Another generic feature is the crossing of the
families A(N ), indicating the pseudodegeneracy of the states.
Recall that, unlike conventional bistability, where different
modes with the same number of atoms are supported by differ-
ent numbers of photons, at a pseudodegeneracy point both the
number of atoms and the number of photons are identical, and
the differences between the degenerate solutions lie in their
spatial atomic distributions and chemical potentials.

In Fig. 3(b), we show the families on the diagram (μ,N ),
where lower and upper nonlinear MEs are clearly seen. Un-
like in the case of blue-blue detuning, the localized modes
now appear at lower chemical potentials, while they become
delocalized for μ > μME [cf. Figs. 1(b) and 1(c)].

Another notable difference in the present case is that the
number of atoms required for localization for red-red detuning
is much smaller than that for blue-blue detuning [cf. Figs. 1(a)
and 3(a)]. This effect is determined by the backaction. To
understand it, let us consider the number of atoms in the
modes corresponding to Amax defined in Eq. (8). In both cases,
this maximum is achieved at N 〈cos2(x)〉 = σ�. In the present
parameter regime, Amax is much larger than U0; hence, the
spatial c.m. of the localized modes in both cases is governed
by the backaction. Thus, it follows from Eq. (6) that atoms are
concentrated in the vicinity of a minimum and a maximum of
cos2(x) for blue (σ = 1) and red (σ = −1) atomic detunings,
respectively. Consequently, 〈cos2(x)〉 is much smaller in the
former case, which requires a much larger N to keep the
product N 〈cos2(x)〉, and thus Amax, unchanged.

C. Detunings of different colors

In Fig. 4, we show families for the cases where cavity
and atomic detunings have different colors: �a > 0, �c < 0
in panels (a) and (b), and �a < 0, �c > 0 in panels (c) and
(d). It follows from Eq. (2) and is evident in Figs. 4(a) and
4(c) that increasing the number of atoms is accompanied by
a decrease in the number of photons coupled to the stationary
modes. Consequently, if the pumping strength is below the
LDT threshold η̃LDT, no localized atomic distributions can
exist. That is why, now we have chosen the driving amplitude
above the localizing-delocalizing transition: η̃ = 364 > η̃LDT.
The localized atomic modes exist in the (formal) linear limit
N = 0. Note that on the diagram (A,N ), all families start
in the same point (N = 0, Amax), where Amax is defined in
Eq. (8) [obviously, this is also true for the families shown in
Figs. 1(a) and 3(a)].

The dependence A(N ) is now monotonic (A � 5): Increase
of the number of atoms results in the decrease of the intensity
of the cavity field. By comparing upper and lower panels, one
observes that the decay of A with N is faster in the case of
red detuning from the atomic resonance, which is explained
by different signs of the external and quantum potentials in
Eq. (6): In this last case, delocalization occurs at smaller
number of atoms due to decrease of the depth of the combined
bi-chromatic lattice. The difference between these two cases
is more pronounced on the diagrams (μ,N ) [cf. Figs. 4(b)
and 4(d)] where the derivatives dN /dμ have opposite
signs.

IV. BISTABILITY

The modes discussed in the preceding section bifurcate
from the linear ones, which can be either extended at η̃ <

η̃LDT (Figs. 1 and 3) or localized at η̃ > η̃LDT (Fig. 4). A
distinctive feature of the cavity system is that each mode
within a given family N (μ) corresponds to a different number
of cavity photons, as it is expressed by A(N ). Consequently,
the situation, which is typical of conservative systems, where
several stable nonlinear modes may coexist for the same
N , manifests here as bi- or multistability, i.e., the exis-
tence of different numbers of photons for identical cavity
parameters (pumping strength, decay rate) and detunings from
resonance.

A bistable regime in a cavity with deep symmetric (ϑ = 0
in our notations) incommensurate lattice for blue atomic de-
tuning was reported in earlier studies [4]. The stable states
were localized and extended ones. Meanwhile, the latter ones
strongly depend on the boundary conditions, i.e., somewhat
artificial for systems subject to periodic or zero Dirichlet
boundary conditions (this constraint can be avoided by using
quasiperiodic boundary conditions [36]). At the same time, at
ϑ = 0, authentic localized states, except possibly the ground
state localized at the origin, which are consistent with the
parity symmetry of the potential, are two-hump ones [18]. The
results presented here reveal the generality of the bistability
phenomenon, which can occur in relatively shallow quasiperi-
odic potentials, manifest itself in different forms, and involve
two localized states (i.e., is not affected by the choice of
the boundary conditions). Furthermore, two types of bi- (or
multi-) stable states can be distinguished.

The first type is multistability arising from multiple pos-
sible distributions of the BEC corresponding to different
families of solutions, which is typical for conservative nonlin-
ear systems. For a given family at fixed N , there corresponds
a certain number of photons A; hence, considering modes
belonging to different families, one obtains different atomic
distributions coupled with different numbers of photons. This
type of bistability can occur for all signs of the detunings.
An example is provided by modes A and B shown in Fig. 2
and marked by the empty circles in Figs. 1(b) and 1(c). A
continuous transition between such states in the parameter
space is not possible.

Irrespective of the signs of the detunings, intersections
between two families can be identified (they are indicated by
crosses in the figures). At these points, a pseudodegeneracy
occurs: Two distinct atomic-density distributions correspond

013194-7



PEDRO S. GIL AND VLADIMIR V. KONOTOP PHYSICAL REVIEW RESEARCH 8, 013194 (2026)

FIG. 5. (a) Evolution of the (numerically) exact unstable state C (see Fig. 1), for σ = +1, � = 150, and η̃ = 141 (η ≈ 200), with α(0) =
0.995αst, where αst ≈ 1.92 − 1.55i (A ≈ 3.03) is the amplitude of the cavity mode corresponding to C, and to N ≈ 990. (b) Evolution of a
Gaussian wave packet (9), with the center of mass and variance equal to those of the mode D [see Fig. 1(b)], excited with an initial cavity
amplitude equal to the stationary value αst corresponding to mode D. (c) The resulting spatial profile at the end of simulation at t ≈ 95 (black
solid line), over the target mode D (red solid line), and the initial Gaussian spatial profile (gray dashed line). (d) Two stationary modes, from
families n = 1 and n = 44, with the same stationary cavity amplitude, αst, are excited at the same time and for an initial α(t = 0) = αst.

to the same number of atoms and the same cavity-field
amplitude.

The second type of bistability refers to multivalued depen-
dence A(N ) for a single family, which is observed in the case
of blue detunings �a,�c > 0 for sufficiently large number
of atoms. In this case, typical for systems with hysteresis
behavior, like the one considered in Ref. [4], bistable states
belong to the same family [see Figs. 1(a) and 1(b)]. In the
parameter space, these states are (formally) connected through
a continuous change of the system parameters.

V. ON DYNAMICS OF LOCALIZED STATES

Now, we address several aspects of the dynamics of lo-
calized states obtained through direct numerical integration
of Eqs. (1) and (2). Starting with the evolution of unsta-
ble modes, Fig. 5(a) illustrates a representative example of
decay where state C, indicated by a circle in Fig. 1(b), is

chosen and the cavity field is initially perturbed as α(0) =
0.995 αst. Owing to the coupling between the field and the
atoms, this perturbation also affects the corresponding station-
ary atomic distribution ψ (x). The perturbed state C disperses
after t ≈ 5 (∼0.1 ms in physical units), evolving toward ex-
tended states. The dispersion continues until atomic density
reaches the boundaries of simulation domain (i.e., |x| = L/2),
beyond which the modeling using a finite interval is no longer
applicable.

Excitation of localized modes in a cavity is a challenging
problem because of both complex shape of atomic distribu-
tions and long-range interactions inherent for such systems.
However, judicious choice of the initial data allows one to
solve this problem. Excitation of stable state D [see Fig. 1(a)]
is illustrated in Fig. 5(b), where we show the evolution, and
in Fig. 5(c), where we show the initial state (dotted line), the
exact mode (solid red line) and the atomic state at t = 103
(solid dark line). To excite this mode, we used the Gaussian
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initial condition

�(x, t = 0) = N1/2
D(

2πσ 2
D

)1/4 e
− (x−XD )2

4σ2
D , (9)

where XD ≈ 89.5, σ 2
D ≈ 0.311, and ND ≈ 1697 denote, re-

spectively, the c.m., the variance, and 105% of the number of
atom number corresponding to the exact mode D. The initial
amplitude of the cavity field was chosen as the respective αst,
which in the case at hand was αst ≈ 2.85 + 0.95i.

Once the Gaussian distribution is excited within the cavity,
it rapidly adapts to the profile of mode D. At the same time, a
residual fraction of atoms spreads throughout the cavity. Their
presence, which is guaranteed by the conservation of total
number of atoms, leads to a weakly oscillating photon number
at a frequency ≈50 kHz in physical units, as illustrated in the
inset in Fig. 5(b).

As the third dynamical effect, Fig. 5(d) presents the evolu-
tion initiated by the simultaneous excitation of two spatially
separated modes, each of which is stable when excited indi-
vidually. The chosen modes φ1 and φ44 belong to different
families, n = 1 and n = 44, with N1 ≈ 1617 (N1 ≈ 808) and
N44 ≈ 1513 (N44 ≈ 757); i.e., the total number of atoms in
the cavity is N = N1 + N2 ≈ 3130. It is important to note,
however, that when these states are excited individually, they
both correspond to the same cavity-field amplitude αst (A ≈
4.5). Thus, the initial wavefunction in simulations shown in
Fig. 5(d) is chosen as �(x, t = 0) = √

N1φ1(x) + √
N44φ44(x)

and α(t = 0) = αst computed from Eq. (7).
We observe that, although the two modes are individually

stable, spatially well separated, and correspond to the same
intensity of the cavity mode, they cannot coexist in the same
cavity due to the long-range interactions mediated by cav-
ity photons. As a result, the modes excited simultaneously
are rapidly destroyed with time, and the number of photons
(shown in the inset) decays from its initial value of |α|2 ≈ 9
to |α|2 ≈ 0.4. This behavior demonstrates that the system
exhibits the characteristics of a logical XOR gate. Indeed, by
assigning a logical “true” (1) to the presence of a localized
mode and “false” (0) to its absence, the output is true only
for the inputs |0, 1〉, |1, 0〉, while it is false for the inputs
|0, 0〉, |1, 1〉. While this emulation of a logic gate was carried
out for a condensate, previous observations of single-atom
localization [5,6] suggest that the proposed scheme should
also be applicable in the regime of a single (or a few) atoms.

VI. CONCLUSIONS

In this work, we described atomic BECs interacting with
cavity photons, which combine features of both conservative
and dissipative systems, remaining inherently nonlinear even
in the absence of interatomic interactions. When an external
lattice potential with a period incommensurate with the back-
action potential is introduced, localized atomic states coupled
to cavity modes can exist within certain ranges of the chemical
potential and, respectively, within certain ranges of pho-
ton numbers. Considering relatively shallow one-dimensional
potentials, where the tight-binding approximation is not ap-
plicable, we have identified families of localized modes for
different signs of the detuning between probe field and cavity
or atomic resonances. The stability (or instability) of these
nonlinear modes was confirmed by direct numerical propa-
gation. Two distinct types of bistability, involving localized
modes and corresponding to the existence of different cavity-
field amplitudes for identical system parameters (including
atom number), were found. The first type arises from the
coexistence of multiple families of nonlinear modes, while
the second results from the multivalued dependence of indi-
vidual families on system parameters. We also have shown
that the long-range interactions mediated by the cavity field
enable regimes where the system functions as a logical gate,
with localized modes representing logical truth values. To
conclude, while in this work we have focused on the simplest
one-dimensional case, extensions to more complicated three-
dimensional models remain open, where other approaches,
such as the potential harmonics expansion [37,38], may
be of use.
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Localization driven superradiant instability, Phys. Rev. Lett.
124, 113601 (2020).

[26] F. Brennecke, S. Ritter, T. Donner, and T. Esslinger, Cavity
optomechanics with a Bose-Einstein condensate, Science 322,
235 (2008).

[27] D. Nagy, G. Szirmai, and P. Domokos, Self-organization of a
Bose-Einstein condensate in an optical cavity, Eur. Phys. J. D
48, 127 (2008).

[28] A. Jaouadi, N. Gaaloul, B. V. de Lesegno, M. Telmini,
L. Pruvost, and E. Charron, Bose-Einstein condensation
in dark power-law laser traps, Phys. Rev. A 82, 023613
(2010).

[29] A. L. Gaunt, T. F. Schmidutz, I. Gotlibovych, R. P. Smith, and Z.
Hadzibabic, Bose-Einstein condensation of atoms in a uniform
potential, Phys. Rev. Lett. 110, 200406 (2013).

[30] N. Navon, R. P. Smith, and Z. Hadzibabic, Quantum gases in
optical boxes, Nat. Phys. 17, 1334 (2021).

[31] A. Öttl, S. Ritter, M. Köhl, and T. Esslinger, Hybrid apparatus
for Bose-Einstein condensation and cavity quantum electrody-
namics: Single atom detection in quantum degenerate gases,
Rev. Sci. Instrum. 77, 063118 (2006).

[32] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger, Dicke
quantum phase transition with a superfluid gas in an optical
cavity, Nature (London) 464, 1301 (2010).

[33] D. A. Steck, Rubidium 87 D line data, revision 2.3.4, 2025, http:
//steck.us/alkalidata.

[34] A. J. Kollár, A. T. Papageorge, K. Baumann, M. A. Armen,
and B. L. Lev, An adjustable-length cavity and Bose–Einstein
condensate apparatus for multimode cavity QED, New J. Phys.
17, 043012 (2015).

[35] H. Keßler, J. Klinder, M. Wolke, and A. Hemmerich, Optome-
chanical atom-cavity interaction in the sub-recoil regime, New
J. Phys. 16, 053008 (2014).

[36] Z. Gao, V. V. Konotop, R. Peng, Z. Xu, Z. Yang, and F. Ye, Low-
dimensional compact states in 3D moiré lattices, Nat. Commun.
16, 6306 (2025).

[37] M. F. de la Ripelle, The potential harmonic expansion method,
Ann. Phys. (NY) 147, 281 (1983).

[38] T. K. Das and B. Chakrabarti, Potential harmonics ex-
pansion method for trapped interacting bosons: Inclu-
sion of two-body correlation, Phys. Rev. A 70, 063601
(2004).

[39] https://doi.org/10.54499/2023.13176.PEX.

013194-10

https://doi.org/10.1038/nature07071
https://doi.org/10.1038/nphys1635
https://doi.org/10.1103/PhysRevLett.120.160404
https://doi.org/10.1103/PhysRevLett.129.103401
https://doi.org/10.1007/BF02277997
https://doi.org/10.1090/S0002-9947-1990-0998358-6
https://doi.org/10.1103/PhysRevA.64.033416
https://doi.org/10.1103/PhysRevLett.104.070601
https://doi.org/10.1088/1367-2630/11/3/033023
https://doi.org/10.1103/PhysRevResearch.4.033219
https://doi.org/10.1103/PhysRevResearch.6.033113
https://doi.org/10.1103/PhysRevLett.99.213601
https://doi.org/10.1088/1054-660X/26/5/055502
https://doi.org/10.1103/PhysRevA.89.033602
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/PhysRevB.103.174208
https://doi.org/10.1103/PhysRevLett.124.113601
https://doi.org/10.1126/science.1163218
https://doi.org/10.1140/epjd/e2008-00074-6
https://doi.org/10.1103/PhysRevA.82.023613
https://doi.org/10.1103/PhysRevLett.110.200406
https://doi.org/10.1038/s41567-021-01403-z
https://doi.org/10.1063/1.2216907
https://doi.org/10.1038/nature09009
http://steck.us/alkalidata
https://doi.org/10.1088/1367-2630/17/4/043012
https://doi.org/10.1088/1367-2630/16/5/053008
https://doi.org/10.1038/s41467-025-61491-w
https://doi.org/10.1016/0003-4916(83)90212-9
https://doi.org/10.1103/PhysRevA.70.063601
https://doi.org/10.54499/2023.13176.PEX

