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Thermodynamic approach to quantum cooling limit of continuous Gaussian feedback
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Feedback cooling plays a critical role in stabilizing quantum systems and achieving low temperatures, where
a key question is to determine the fundamental thermodynamic limits on cooling performance. We establish a
fundamental bound on quantum feedback cooling in Gaussian systems, by deriving a generalized second law
of thermodynamics involving the kinetic temperatures of the system and a measure of quantum information
flow obtained by continuous measurement. In contrast to previously known bounds, the obtained bound can
be saturated by experimentally feasible situations using the quantum Kalman filter with a large feedback
gain, where the cooling efficiency approaches its maximum. Our theoretical result is numerically demonstrated
using parameters from an experiment of levitated nanoparticles. Our theory provides a general framework for
understanding the thermodynamic constraints on quantum feedback cooling.
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I. INTRODUCTION

Measurement and feedback are fundamental tools that
enable noise suppression, stabilization, optimal control, and
adaptive control in diverse applications. In quantum systems,
continuous measurement and feedback based on real-time
data have been theoretically studied [1–6] and experimentally
realized for qubit stabilization [7,8], error correction [9], and
cooling of oscillatory systems [10–13]. In nanomechanical
resonators [10] and optically trapped nanoparticles [11–14],
state-based feedback control reduces vibrational energy, en-
abling cooling close to the ground state. In Gaussian systems,
the quantum Kalman filter [15] provides optimal filtering that
enhances the precision of feedback and has been demonstrated
experimentally [12].

In feedback cooling, the energy of the system is reduced by
extracting work through measurement-based control, which
can be interpreted as a “Maxwell’s demon” setup in the
context of thermodynamics of information [16]. By in-
corporating information terms, fundamental thermodynamic
relations, such as the second law and the fluctuation theo-
rem, have been generalized to systems under measurement
and feedback in both classical and quantum regimes [17–22],
including the case of continuous measurement and feedback
[23–29]. Experimental studies have further validated those
information-thermodynamic relations [30–40].

A fundamental challenge in feedback cooling is to deter-
mine the ultimate limits imposed by thermodynamics. While
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the standard formulation of the second law relates entropy
production to the temperature of the heat bath, the primary
objective in feedback cooling is to reduce the temperature of
the system below the bath temperature. Thermodynamics of
information for classical systems have revealed second-law-
like inequalities for Langevin systems, which relate the kinetic
temperatures of the system itself to the rate of information ac-
quisition through measurement, quantified by transfer entropy
[41–43]. However, a quantum counterpart to these results re-
mains elusive, and a general characterization of cooling limits
based on thermodynamic laws is still lacking for quantum
systems.

In this study, we consider a setup in which cooling is
achieved by a continuous position measurement [2] together
with feedback based on its measurement outcomes [1,5] (see
Fig. 1). In this framework, we establish a fundamental bound
of feedback cooling in Gaussian quantum systems. Specifi-
cally, we derive a second-law-like inequality that imposes a
constraint on work extraction by a measure of quantum infor-
mation flow called quantum-classical-transfer (QC-transfer)
entropy [29]. Since the obtained bound is based on the ki-
netic temperatures of the system, it enables characterization
of feedback cooling (i.e., reduction of the temperature of the
system) and is achievable with a sufficiently large feedback
gain along with using the quantum Kalman filter, in contrast to
previously known bounds [29]. We numerically demonstrate
these results with experimentally relevant parameters adopted
from a recent nanoparticle experiment [12]. Our results pro-
vide a theoretical foundation for the limits of feedback cooling
from the perspective of thermodynamics of information in the
quantum regime.

This paper is organized as follows. In Sec. II, we in-
troduce the setup for Gaussian feedback cooling and define
key quantities including the transfer entropy and kinetic
temperatures. In Sec. III, we present the main result, i.e.,
the information-thermodynamic limit of quantum feedback
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FIG. 1. Schematic of the setup. The system undergoes feedback
control based on estimated values obtained from the outcomes of
position measurements. The system is also coupled to a heat bath at
temperature T .

cooling. In Sec. IV, we discuss the asymptotic achievement
of the equality condition of the obtained bound. Finally, in
Sec. V, we summarize our results and outline possible future
directions.

II. SETUP

A. Model of continuous Gaussian feedback cooling

We describe the framework for feedback cooling in Gaus-
sian systems, where the state remains Gaussian throughout
its evolution. We consider continuous position measurement,
whose measurement operator commutes with x̂, and real-time
feedback control based on the measurement record, applied to
a Gaussian system coupled to a single heat bath that satisfies
detailed balance (see Fig. 1). Specifically, the Hamiltonian of
the system is supposed to be harmonic: ĤHO = h̄ω

2 ( p̂2 + x̂2).
Here, x̂ and p̂ represent the dimensionless position and mo-
mentum operators, respectively, satisfying the commutation
relation [x̂, p̂] = i, and ω is the angular frequency of the
oscillator. In addition, the system is externally controlled by a
feedback Hamiltonian ĤFB(t ) based on the past measurement
outcomes. We assume that the expectation values of the initial
position and momentum are zero. The dynamics of feedback
cooling are governed by the stochastic master equation [2]:

d ρ̂c(t ) = − i

h̄
[ĤHO + ĤFB(t ), ρ̂c(t )]dt + Lbath[ρ̂c(t )]dt

+ 2kDx̂[ρ̂c(t )]dt +
√

2kηHx̂[ρ̂c(t )]dW, (1)

where Dẑ[ρ̂c] := ẑρ̂cẑ† − 1
2 {ẑ†ẑ, ρ̂c} is the dissipator and ρ̂c(t )

represents a state conditioned on all measurement out-
comes up to time t . The superoperator Lbath[ρ̂c] := γ (n̄ +
1)Dâ[ρ̂c] + γ n̄Dâ† [ρ̂c] represents the contribution of the heat
bath, where â and â† represent the annihilation and cre-
ation operators, respectively, and γ is the dissipation rate.
The ratio between n̄ and n̄ + 1 satisfies the detailed balance
condition n̄/(n̄ + 1) = e−h̄ω/T , where T is the temperature
of the heat bath and the Boltzmann constant is set equal
to unity for the sake of simplicity. The third term on the
right-hand side of Eq. (1) represents momentum diffusion
at a rate 2k, resulting from the backaction of the position
measurement, while the fourth term represents the informa-
tion obtained from the measurement process [2]. Because the
measurement operator

√
2kx̂ commutes with x̂, the measure-

ment is a quantum-nondemolition position measurement if
the Hamiltonian term ĤHO is absent. The superoperator Hx is
defined as Hx̂[ρ̂c] := x̂ρ̂c + ρ̂cx̂ − 2tr(x̂ρ̂c)ρ̂c. The parameter

k represents the measurement rate, while the Wiener incre-
ment dW is a Gaussian random variable with zero mean and
variance dt . The measurement outcome obtained via mea-
surement of the position over an infinitesimal time interval
dt is described by dy(t ) = 〈x̂(t )〉cdt + dW/

√
8kη, where η

represents the detection efficiency and 〈·(t )〉c := tr(ρ̂c(t ) ·)
denotes the expectation value under the conditional state. The
set of all measurement outcomes until time t is defined as
Yt := {dy(s)}t−

s=0. Note that ρ̂c(t ) is the state of the system
for a given realization of measurement outcomes Yt . We also
denote ρ̂ = EYt [ρ̂c] as the averaged state by taking average
over all measurement outcomes, where EX represents taking
the expectation value over a random variable X .

Estimates of the observable are constructed from the set
of obtained measurement outcomes and used for feedback.
Using measurement outcomes Yt , estimates are defined as et =
h(Yt ), where h(·) compresses the past measurement data into
estimates et . The posterior state conditioned on this estimate
is denoted by ρ̂

et
t . Using the estimates, the feedback action is

determined. The linear feedback Hamiltonian ĤFB is given by

ĤFB(t ) = h̄cx(et )x̂ + h̄cp(et ) p̂, (2)

where cx and cp are linear functions of the estimate et , defining
the feedback coefficients. The special case of the estimate
is the quantum Kalman filter [15], which is given by the
conditional expectation values

et = (〈x̂(t )〉c, 〈p̂(t )〉c). (3)

Note that obtaining the measurement outcomes reduces the
uncertainty in position, although 〈x̂〉c and 〈p̂〉c fluctuate due to
random measurement outcomes. The feedback Hamiltonian is
then designed to decrease the absolute values of 〈x̂〉c and 〈p̂〉c,
and thus the fluctuation of position and momentum is reduced
at the ensemble average level. Therefore, the dynamics de-
scribed by Eq. (1) allows reducing the energy of the system
and realizes feedback cooling.

B. QC-transfer entropy

As our goal is to obtain an information-thermodynamic
relation to characterize the cooling limit of Gaussian systems,
we consider the QC-transfer entropy introduced in Ref. [29],
which quantifies the amount of information gain through con-
tinuous measurement. It is defined as

İQCT := lim
dt→0

1

dt
EYt [IQC(ρ̂c : dy(t ))]. (4)

Here, IQC(ρ̂c : dy(t )) is the quantum-classical-mutual (QC-
mutual) information [44,45] given by

IQC(ρ̂c : dy(t )) := S(ρ̂c) − Edy(t )[S(ρ̂c,M)], (5)

where ρ̂c,M := ρ̂c + 2k Dx̂ [ρ̂c] dt + 4k ηHx̂[ρ̂c](dy(t ) −
〈x̂(t )〉cdt ) is the conditional state after measurement at time t
and S(ρ̂ ) := −tr[ρ̂ ln ρ̂] represents the von Neumann entropy.
We note that Eq. (5) is regarded as the conditional QC-mutual
information given all prior measurement outcomes Yt ,
because ρ̂c is the conditional state. Since the QC-transfer
entropy quantifies the total information gain, it provides an
upper bound for the information available in the multiple
feedback processes.
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FIG. 2. Schematic of the distribution of a Gaussian state ρ̂(t ) in
the phase space (i.e., the Wigner distribution). The kinetic temper-
atures Tu and Tv characterize the variances in the eigendirections of
the covariance matrix σ.

C. Kinetic temperatures

We here introduce kinetic temperatures and work rate.
We begin by defining the kinetic temperatures of a given
Gaussian state. The one-mode Gaussian state is fully charac-
terized by the mean values of position and momentum and
the variance-covariance matrix. Let σ := [σi j]i, j=x,p denote
the covariance matrix of the averaged state ρ̂(t ). The posi-
tion and momentum variances are given by σxx := 〈x̂2〉 − 〈x̂〉2

and σpp := 〈p̂2〉 − 〈p̂〉2, respectively, while the covariance is
defined as σxp := 1

2 〈{x̂, p̂}〉 − 〈x̂〉〈p̂〉, where 〈·〉 denotes the
expectation value with respect to ρ̂(t ). Let the eigenvalues
of σ be σuu and σvv . Noting that a single-mode Gaussian
state can always be expressed as a squeezed thermal state
[46], we define the kinetic temperatures along eigendirections.
The single-mode squeezed thermal state is generated by ap-
plying a squeezing operation Ŝ(ξ ) := exp( 1

2ξ (â†)2 − 1
2ξ ∗â2),

with a squeezing parameter ξ = reiθ to the Gibbs state
ρ̂G := exp(−ĤHO/T G)/tr[exp(−ĤHO/T G)] [47], where T G

is the temperature of the Gibbs state, as ρ̂t = Ŝ(ξ )ρ̂GŜ(ξ )†.
The eigenvalues of σ satisfy σuu = e2rσ G and σvv = e−2rσ G,
where

σ G := tr(x̂2ρ̂G) = tr( p̂2ρ̂G) = 1

2
coth

h̄ωβG

2
(6)

is the common position and momentum variance of the state
ρ̂G. Accordingly, the kinetic temperatures Tu and Tv , associ-
ated with these eigenvalues, are defined as

Tu := e2rT G, Tv := e−2rT G. (7)

A schematic of kinetic temperatures is shown in Fig. 2. The
kinetic temperatures Tu and Tv correspond to scaling the Gibbs
state temperature

T G = h̄ω

[
ln

(
2
√

det σ + 1

2
√

det σ − 1

)]−1

, (8)

according to the widths in eigendirections of the distribution.
We further note that

ln ρ̂t = Ŝ(ξ )(ln ρ̂G)Ŝ(ξ )†

= −βGŜ(ξ )ĤHOŜ(ξ )† − ln Z (βG)

= − h̄ωû2

2Tu
− h̄ωv̂2

2Tv

− ln Z (βG), (9)

where

û := erŜ(ξ )x̂Ŝ(ξ )†, (10)

v̂ := e−r Ŝ(ξ ) p̂Ŝ(ξ )† (11)

are the quadratures that correspond to the eigenvalues σuu

and σvv , i.e., σuu = tr(û2ρ̂t ) − tr(ûρ̂t )2 and σvv = tr(v̂2ρ̂t ) −
tr(v̂ρ̂t )2, respectively.

We next define the work rate as follows. First, the internal
energy of the system is given by E (t ) = tr[ĤHOρ̂(t )]. Then,
based on the first law of thermodynamics, the work rate cor-
responding to the energy extracted from the system is defined
as Ẇext := Q̇ − d

dt E (t ), where

Q̇ := tr(ĤHOLbath[ρ]) (12)

is the heat [22]. The time variation of the energy can be
expressed as contributions along the directions of σuu and σvv ,
using the quadrature operators û and v̂ associated with these
directions, as d

dt E (t ) = h̄ω
2

d
dt tr[ρ̂û2] + h̄ω

2
d
dt tr[ρ̂v̂2]. Simi-

larly, the work rate can be further decomposed as

Ẇext = Ẇext,u + Ẇext,v, (13)

where the terms Ẇext,u and Ẇext,v represent the contributions
of the work rate along the directions of σuu and σvv , defined
by Eqs. (B7) and (B8).

III. MAIN RESULTS

A. Information-thermodynamic cooling limit

We now present the main result of this study, a fundamental
bound of the work rate in terms of kinetic temperatures. Sup-
pose that the system is in the steady state; the averaged state
ρ̂ is given by the steady solution of Eq. (1). Then, we have a
generalized second law of thermodynamics in the form

Ẇext,u

Tu
+ Ẇext,v

Tv

� İQCT. (14)

This inequality indicates how much QC-transfer entropy can
be utilized to enhance work extraction and lower the kinetic
temperatures, and serves as a quantum generalization of the
second-law-like bound for classical Langevin systems [41].
Since cooling is achieved by extracting work from the system
and lowering its kinetic temperatures, inequality (14) repre-
sents the fundamental cooling limit.

We compare our result (14) with the generalized second
law using the temperature T of the heat bath, given in the form
[29]

Ẇext

T
� İQCT. (15)

In Appendix B 3, we show that the following relation holds in
the steady state:

Ẇext

T
� Ẇext,u

Tu
+ Ẇext,v

Tv

. (16)

This relation shows that inequality (14) provides a tighter
bound compared to Eq. (15) in the steady-state regime, since
the former explicitly involves the kinetic temperatures of the
system itself.
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We next consider the conditions for achieving the equality
in Eq. (14). A key ingredient is the quantum Kalman filter,
which provides the conditional expectation values as the esti-
mates, as presented in Eq. (3). Note that ρ̂

et
t = ρ̂c holds in this

case. By using this estimate based on the quantum Kalman
filter, one can implement the so-called state-based feedback
[5,12], where the feedback Hamiltonian (2) is given by the
coefficients cx = bx〈x̂〉c + bp〈p̂〉c and cp = −ax〈x̂〉c − ap〈p̂〉c.
This feedback Hamiltonian aims to reduce the mean position
and momentum to the origin in the phase space. Another
requirement for achieving the equality in Eq. (14) is a large
feedback gain. In fact, the equality in Eq. (14) is asymptot-
ically achieved as the feedback gain goes to infinity if the
estimate is implemented by the quantum Kalman filter (see
Sec. IV for the proof). For simplicity, let the parameters of
the feedback Hamiltonian be ax = bp = g and ap = bx = 0.
In this case, the equality in Eq. (14) is asymptotically achieved
in the limit g → ∞. This implies that, under these conditions,
the feedback system perfectly converts the acquired informa-
tion into work.

Under the same conditions, the occupancy number of the
harmonic Hamiltonian ĤHO, 〈a†a〉 also reaches its minimal
value determined by the bath temperature and the measure-
ment rate (see Sec. IV), as the optimal feedback minimizes
the sum of the variances of position and momentum, which
is equivalent to the occupation number in our setup. This
highlights the connection between the information-theoretic
bound on thermodynamic energy conversion and the cooling
limit of Gaussian systems.

B. Numerical demonstration

We present a numerical demonstration of our main inequal-
ity (14), by numerically implementing the quantum Kalman
filter. Figure 3 shows the behavior of Ẇext,u/Tu + Ẇext,v/Tv

and Ẇext/T as functions of the feedback gain in the steady
state of Eq. (1). The parameters are taken from Ref. [12], an
experiment of feedback cooling of levitated nanoparticles.

Figure 3 compares the two feedback Hamiltonians and
shows that only Hx̂,p̂

FB = h̄g(−〈x〉c p̂ + 〈p〉cx̂), plotted in the
orange curve, ensures that Ẇext,u/Tu + Ẇext,v/Tv approaches
the upper bound İQCT, as g → ∞. Since feedback proportional
to x̂ is commonly used in experiments, we also consider
the Hamiltonian of the form Hx̂

FB = h̄g(〈x〉c + 〈p〉c)x̂ (blue
dashed curve), but it does not allow the system to reach the
information-theoretic bound of Eq. (14). Moreover, Ẇext/T
with feedback Hamiltonian Hx̂,p̂

FB (green curve) fails to asymp-
totically approach İQCT, indicating that the naive bound (15)
without using the kinetic temperatures is not achievable.

In addition, we compared our measurement scheme with
an alternative scheme that produces the same heating rate for
the occupation number. We performed numerical simulations
for both methods and demonstrated that our protocol has an
advantage in cooling (see Appendix E).

C. Outline of the proof and more on quantum information flow

To outline the derivation of our main inequality (14) and
to clarify the structure behind its equality condition, here
we introduce yet another information quantity, named the
quantum-classical (QC) information flow, which is slightly

FIG. 3. The behavior of Ẇext,u/Tu + Ẇext,v/Tv as a function of
the feedback gain g in the steady state of Eq. (1). The feedback
protocol is based on the quantum Kalman filter, where the feedback
Hamiltonian is given by Hx̂, p̂

FB = h̄g(−〈x〉c p̂ + 〈p〉cx̂) (orange curve).
In addition, we demonstrate another feedback Hamiltonian Hx̂

FB =
h̄g(〈x〉c + 〈p〉c )x̂ (blue dashed curve) for the sake of comparison.
The behavior of Ẇext/T is also shown (green curve). The black line
represents the QC-transfer entropy, the bound of Eq. (14), to which
only the orange curve approaches in large g. The parameters are
chosen as k/ω = 0.18, η = 0.34, T = 292 K, and n̄γ /ω = 0.0058
[12]. Note that the kinetic temperatures Tu and Tv are orders of
magnitude smaller than the bath temperature, and thus the green line
becomes approximately equal to zero. The vertical axis is normalized
by İQCT.

different from the QC-transfer entropy. The QC information
flow is defined as

İS
QCI := lim

dt→0

1

dt
[χ (ρ̂t+dt : et ) − χ (ρ̂t : et )], (17)

where χ (ρ : e) := S(ρ) − Ee[S(ρe)] is the Holevo informa-
tion [48]. Since the Holevo information is the measure of the
correlation between a quantum state and a classical memory,
the QC information flow −İS

QCI quantifies the change in the
system-memory correlation induced by the time evolution of
the system during the feedback. We note that the QC informa-
tion flow is a quantum version of the classical information
flow [25], which is defined as the partial derivative of the
classical mutual information.

Based on the QC information flow, we can derive a gener-
alized second law that is also applicable to nonsteady states:

Ẇext,u

Tu
+ Ẇext,v

Tv

� −İ S
QCI − ṠBA. (18)

Here, ṠBA represents the entropy change due to measurement
backaction, defined as

ṠBA := lim
dt→0

1

dt
Eet

[(
S
(
ρ̂

et
t,BA

) − S
(
ρ̂et

t

))]
, (19)

where ρ̂
et
t,BA := ρ̂

et
t + 2kDx̂[ρ̂et

t ]dt is the state evolved for
a time interval dt under the contributions of measurement
backaction. The term −İS

QCI − ṠBA quantifies the information
available for feedback control, because the unavoidable en-
tropy change due to the measurement backaction is subtracted
from the change in correlation originating from the dynamics
of the system. The detailed derivation of Eq. (18) is provided
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in Appendix B 1. A sufficient condition to achieve the equality
of Eq. (18) is the quantum Kalman filter and a large feedback
gain.

We next relate the two measures of quantum information
flow: QC-transfer entropy and QC information flow. Again
suppose that the system is in the steady state of Eq. (1). Then,
the QC-transfer entropy provides an upper bound of the QC
information flow:

−İS
QCI − ṠBA � İQCT. (20)

See Appendix B 2 for the derivation. A sufficient condition
for the equality in Eq. (20) is the quantum Kalman filter. For
the classical case of Eq. (20), the equality condition can be
expressed in terms of sufficient statistics [49].

Now, by combining inequalities (18) and (20), our main
result (14) is obtained. The equality condition for Eq. (14)
directly follows from the equality conditions for inequalities
(18) and (20).

IV. ACHIEVEMENT OF THE COOLING LIMIT BASED
ON THE QUANTUM KALMAN FILTER

An example of experimental systems that obey the stochas-
tic master equation (1) is the levitated nanoparticle system
[12]. In nanoparticle systems, the degree of cooling is often
evaluated by how small the occupation number of the particle,
〈n〉 = 〈a†a〉, can be made. Using the variances of the state,
this can be expressed as 〈n〉 = 1

2 (σxx + σpp) − 1/2. Defin-
ing the occupation number corresponding to σc as 〈n〉min :=
1
2 (σxx,c + σpp,c), we obtain

〈n〉 � 〈n〉min := 1
2

(
σ 2

xx,c + σ 2
pp,c

) − 1
2 . (21)

Here, 〈n〉min represents the cooling limit. The equation of
inequality (21) is fulfilled when σ = σc holds. In the absence
of a heat bath, the equality condition for Eq. (21) is known to
be satisfied in the limit of strong feedback using the quantum
Kalman filter estimates [5]. A similar sufficient condition can
also be demonstrated in this case. At the same time, the equal-
ity condition of inequality (14) holds. This means that the
information-thermodynamic bound obtained in this study and
the cooling limit of nanoparticle systems are reached simulta-
neously. In what follows, we show the equality conditions of
Eqs. (21) and (14).

We now briefly introduce the quantum Kalman filter, in
which the estimated value et = {〈x̂〉c, 〈p̂〉c} is obtained. We
assume that a feedback Hamiltonian ĤFB(t ) = −(ax〈x〉c +
ap〈p〉c) p̂ + (bx〈x〉c + bp〈p〉c)x̂ is applied using this estimated
value. Then, time evolutions of the expected values 〈x̂〉c and
〈p̂〉c governed by Eq. (1) are expressed as

d〈x̂〉c =
(

ω〈p̂〉c − ax〈x̂〉c − ap〈p̂〉c − γ

2
〈x̂〉c

)
dt

+ 8kησxx,c · (dy − 〈x〉cdt ), (22)

d〈p̂〉c =
(

−ω〈x̂〉c − bx〈x̂〉c − bp〈p̂〉c − γ

2
〈p̂〉c

)
dt

+ 8kησxp,c · (dy − 〈x〉cdt ). (23)

This stochastic differential equation allows us to determine
the expected values of the position and momentum at the

next time step based on current expected values and the
measurement outcome dy. In the quantum Kalman filter, this
mechanism is used to sequentially obtain the estimate et =
{〈x̂〉c, 〈p̂〉c}. Here, the variance and covariance of the posterior
state appearing in the filtering coefficients can be determined
in advance because the differential equations of σc are closed
with respect to σc [see Eqs. (B24)–(B26)].

We further analyze the fluctuations inherent in the
estimates of the quantum Kalman filter et = {〈x̂〉c, 〈p̂〉c}.
The variance and covariance of the estimates are defined
as σxx,m := Eet [〈x̂〉2

c] − (Eet [〈x̂〉c])2, σpp,m := Eet [〈p̂〉2
c] −

(Eet [〈p̂〉c])2, and σxp,m := Eet [〈x̂〉c〈p̂〉c] − Eet [〈x̂〉c]Eet [〈p̂〉c].
We define the covariance matrix of these as σm. The
covariance matrix can be decomposed as σ = σc + σm.
From Eqs. (22) and (23), the differential equations governing
the time evolution of σm are obtained as

d

dt
σxx,m = 2ωσxp,m − 2axσxx,m − 2apσxp,m

− γ σxx,m + 8kησ 2
xx,c, (24)

d

dt
σpp,m = − 2ωσxp,m − 2bxσxp,m − 2bpσpp,m

− γ σpp,m + 8kησ 2
xp,c, (25)

d

dt
σxp,m = − (ω + bx )σxx,m + (ω − ap)σpp,m

− (ax + bp + γ )σxp,m + 8kησxx,cσxp,c. (26)

In these equations, terms involving ax, ap, bx, and bp represent
the contributions from feedback control. We note that the
steady-state value of σc does not depend on feedback gains
[see Eqs. (B24)–(B26)]. Therefore, the reduction of 〈n〉 is
solely determined by how much σm can be reduced via feed-
back control. For simplicity, let ax = bp = g and ap = bx = 0,
and assume that g is a constant. Under these conditions, it
can be shown that, in the limit g → ∞, each component of
σm scales as O(1/g). This implies that σm can be arbitrarily
small in the limit of an infinite feedback rate. Since σ → σc

holds in this regime, the cooling limit determined by Eq. (21)
is achieved. In this case, ρ̂

et
t = ρ̂t also holds and the equality

in Eq. (18) is achieved. Moreover, since Eq. (20) holds in the
steady state with quantum Kalman filter, the equality in Eq.
(14) is also achieved.

We now prove the asymptotic property σm = O(1/g). The
time evolution equations for σm, as described by Eqs. (24)–
(26), can be rewritten in vector form as follows:

d

dt
sm = Asm + v, (27)

where

sm := [σxx,m, σpp,m, σxp,m]T (28)

represents the variances and covariances of σm. Here, v :=
[8kησ 2

xx,c, 8kησ 2
xp,c, 8kησxx,cσxp,c]T and the matrix A is given

by

A :=
⎛
⎝−2ax − γ 0 2ω

0 −2bp − γ −2ω

−ω ω −ax − bp − γ

⎞
⎠.
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FIG. 4. The behavior of average occupation number 〈n〉 (left plot) and Ẇext,u/Tu + Ẇext,v/Tv (right plot) as a function of the feedback gain
g in the steady state of Eq. (1). The feedback protocol is based on the quantum Kalman filter, where the feedback Hamiltonian is given by
Hx̂, p̂

FB = h̄g(−〈x〉c p̂ + 〈p〉cx̂) (orange curve). In addition, we demonstrate another feedback Hamiltonian Hx̂
FB = h̄g(〈x〉c + 〈p〉c )x̂ (blue dashed

curve). In the left plot, the black line represents cooling limit 〈n〉min. In the right plot, the black line represents the QC-transfer entropy, and the
vertical axis is normalized by İQCT. The parameters are chosen as k/ω = 0.18, η = 0.34, T = 292 K, and n̄γ /ω = 0.0058 [12].

The eigenvalues of A are given by

λ1 = −(ax + bp + γ ), (29)

λ2 = −(ax + bp + γ ) +
√

(ax − bp)2 − 4ω2, (30)

λ3 = −(ax + bp + γ ) −
√

(ax − bp)2 − 4ω2. (31)

Using a matrix P, A can be diagonalized as P−1AP =
diag(λ1, λ2, λ3). Defining s̃ := Psm and ṽ := Pv, the compo-
nents of s̃ satisfy

d

dt
s̃i(t ) = λi s̃i(t ) + ṽi(t ). (32)

Assuming s̃i(0) = 0, the solution is

s̃i(t ) = eλit
∫ t

0
dτ e−λiτ ṽi(τ ). (33)

Applying the triangle inequality to Eq. (32), we obtain

|s̃i(t )| � |ṽi,max|
|λi| |1 − eλit |, (34)

where |ṽi,max| = max0�τ�t |ṽi(τ )|. For ax = bp = g, we have
1/λi = O(1/g) and P = O(1), so the right-hand side of
Eq. (34) is O(1/g). Therefore, s̃(t ) = O(1/g). Since sm =
P−1s̃, we conclude that sm = O(1/g). We present a numerical
demonstration regarding the achievement of the cooling limit.
Figure 4 illustrates the behavior of the average occupation
number 〈n〉 as a function of the feedback gain in the steady
state described by Eq. (1). We compute the behavior for
the two Hamiltonians Hx̂,p̂

FB = g(−〈x〉c p̂ + 〈p〉cx̂) and Hx̂
FB =

g(〈x〉c + 〈p〉c)x̂. It is evident that when using Hx̂,p̂
FB , the cooling

limit 〈n〉min is asymptotically achieved as the feedback gain
g approaches infinity. In contrast, for Hx̂

FB, the occupation
number 〈n〉 asymptotically approaches a value larger than
the cooling limit 〈n〉min. In practical experiments, feedback
proportional to x̂ is commonly employed. However, such feed-
back does not allow the system to reach the cooling limit
〈n〉min. A similar trend is observed in the relationship between
Ẇext,u/Tu + Ẇext,v/Tv and QC-transfer entropy.

V. CONCLUSION AND OUTLOOK

In this study, we established a fundamental limit of
quantum feedback cooling in Gaussian systems under con-
tinuous measurement, by linking work extraction, kinetic
temperatures, and QC-transfer entropy (14). Since the de-
rived inequality is based on the kinetic temperatures rather
than the bath temperature, it imposes a stricter constraint on
cooling performance than known information-thermodynamic
inequalities and can be saturated through a sufficiently large
feedback gain with the quantum Kalman filter (Fig. 3). In
addition, we discussed the relationship between QC-transfer
entropy and yet another quantity called QC information flow,
as characterized by inequality (20). These results elucidate
to what extent information acquired from the measurement
can enhance the extraction of the work and reduce the kinetic
temperatures.

Our results can be experimentally verified using cur-
rent or near-future experimental technologies. Low-frequency
optomechanical systems, such as cantilever systems and
nanoparticle systems, are suitable for implementing the quan-
tum Kalman filter. In particular, feedback cooling based on
the quantum Kalman filter has been realized [12], making
experimental verification promising. However, current exper-
iments typically utilize feedback proportional only to the
position operator, whereas achieving the theoretical limit re-
quires feedback proportional to the momentum operator as
well. Realizing this optimal feedback is experimentally chal-
lenging, but is anticipated to lead to the verification of the
fundamental connection between information and thermody-
namics in feedback cooling.
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APPENDIX A: QUANTUM INFORMATION
FLOW IN GENERAL SETUP

In this section, we introduce the measures of quantum
information flow and derive the generalized second law, in
the setup of multiple quantum measurement and feedback,
which includes the continuous feedback case, mainly ad-
dressed in this manuscript, as a special case. In Appendix A 1,
we introduce QC information flow and derive the generalized
second law. In Appendix A 2, we introduce QC-transfer en-
tropy and discuss its relationship with QC information flow. In
Appendix A 3, we demonstrate that the continuous feedback
control setup discussed in the main text is a special case of the
general multiple feedback setup.

1. Generalized second law with QC information flow

We here consider the general setup of multiple measure-
ment and feedback, as shown in Fig. 5. The process starts at
the time t = t0, and the nth measurement and feedback are
conducted during the time interval [tn, tn+1). The nth measure-
ment outcome is represented as ytn , and all the measurement
outcomes until ytn aredenoted as Ytn := (yt0 , yt1 , . . . , ytn ). The
conditional density operators right before and after the

(n + 1)th measurement are denoted as τ̂
Ytn
tn and ρ̂

Ytn+1
tn+1

, re-
spectively, whose superscript represents the corresponding
measurement outcomes. The nth feedback process depends

on the nth estimator, which is determined as a function of
Ytn as etn := h(Ytn ), and Eetn

tn is the superoperator representing
the feedback process. The density operator conditioned on
the estimator etn is represented as ρ̂

etn
tn , where the relationship∑

h(Ytn )=etn
P(Ytn )ρ̂Ytn

tn = P(etn )ρ̂etn
tn is satisfied. The feedback

process consists of the heat-bath interaction and external driv-
ing, and therefore the superoperator can be decomposed as
Eetn

tn = Eetn
drv ◦ Eetn

bath.
In such a setup, we derive the generalized second law for

the time interval spanning from the (ni + 1)th to the n f th
measurement and feedback process. The QC information flow
during this period can be described as

IS
QCI :=

n f −1∑
n=ni

χ
(
ρ̂tn+1 : etn

) − χ
(
ρ̂tn : etn

)
, (A1)

where χ (ρ̂ : e) := S(ρ̂ ) − Ee[S(ρ̂e)] represents the Holevo
information [48], S(ρ̂ ) := −tr[ρ̂ ln ρ̂] is the von Neumann
entropy, EX represents taking the expectation value over a
random variable X , and ρ̂tn := Eetn

[ρ̂etn
tn ]. Since the Holevo

information quantifies the correlation between the quantum
system and the (classical) estimator, −IS

QCI is the total in-
formation utilized in the multiple feedback. The effect of
measurement backaction is quantified as

SBA :=
n f −1∑
n=ni

Eetn

[
S
(
ρ̂

etn
tn+1

) − S
(
τ̂

etn
tn

)]
. (A2)

Since ρ̂
etn
tn+1

is described as ρ̂
etn
tn+1

= MBA,tn (τ̂ etn
tn ), where MBA,tn

is the superoperator representing the measurement backac-
tion, SBA is the accumulation of the entropy increase due to
the measurement backaction.

By denoting the system Hamiltonian as H , the averaged
heat transferred from the heat bath is defined as

Q :=
n f −1∑
n=ni

Eetn
[Qetn ]

=
n f −1∑
n=ni

Eetn

[
tr
[
H

(
Eetn

bath

(
ρ̂

etn
tn

) − ρ̂
etn
tn

)]]
, (A3)

which quantifies the total energy increase due to the interac-
tion with the heat bath. The extracted work and free energy
change can also be defined as Wext := −E (ρ̂tn f

) + E (ρ̂tni
) +

Q and 
F := E (ρ̂tn f
) − E (ρ̂tni

) − β−1(S(ρ̂tn f
) − S(ρ̂tni

)), re-
spectively, where E (ρ̂) := tr[H ρ̂] represents the internal
energy of the system.

By explicitly describing the expectation value of the func-
tion g, Ee[g(etn )], as the sum

∑
etn

P[etn ]g(etn ), we can derive
the generalized second law as follows:

β(Wext + 
F ) + IS
QCI + SBA

= −S
(
ρ̂tn f

) + S
(
ρ̂tni

) + βQ + IS
QCI + SBA

= −
n f −1∑
n=ni

{
Eetn

[
S
(
τ̂

etn
tn

) − S
(
ρ̂

etn
tn

) − βQetn
]}

043147-7



KUMASAKI, YADA, FUNO, AND SAGAWA PHYSICAL REVIEW RESEARCH 7, 043147 (2025)

= −
n f −1∑
n=ni

{
Eetn

[
S
(
Eetn

bath(ρ̂etn
tn )

) − S
(
ρ̂

etn
tn

)
− tr

[(
Eetn

bath

(
ρ̂

etn
tn

) − ρ̂
etn
tn

)
ln ρ̂G

]]}
= −

n f −1∑
n=ni

{
Eetn

[
S
(
ρ̂

etn
tn

∥∥ρ̂G
) − S

(
Eetn

bath

(
ρ̂

etn
tn

)∥∥ρ̂G
)]}

� 0, (A4)

where S(ρ̂‖σ̂ ) := tr[ρ̂(ln ρ̂ − ln σ̂ )] represents the quantum
relative entropy and ρ̂G ∝ exp(−βH ) is a Gibbs state with the
inverse temperature β. The equality in the third line follows
from the fact that τ̂

etn
tn = Eetn

drv ◦ Eetn
bath(ρ̂etn

tn ) with the superop-
erator Eetn

drv representing purely unitary driving, and therefore
S(τ̂ etn

tn ) = S(Eetn
bath(ρ̂etn

tn )). The inequality in the final line fol-
lows from the fact that ρ̂G is the fixed point of the heat-bath
interaction Eetn

bath, and the monotonicity of quantum relative
entropy under a completely positive and trace-preserving
(CPTP) map [50].

2. QC-transfer entropy

The QC-transfer entropy [29] for the time interval from the
(ni + 1)th to n f th process is described as

IQCT :=
n f −1∑
n=ni

EYtn

[
IQC

(
τ̂

Ytn
tn : ytn+1

)]
, (A5)

where IQC represents the QC-mutual information [44,45], de-
fined as IQC(τ̂ : y) := S(τ̂ ) − Ey[S(ρ̂y)], with the postselected
state ρ̂y for measurement outcome y. The QC-mutual infor-
mation IQC quantifies the information obtained by a single
measurement, and the QC-transfer entropy IQCT is the total
information transferred through the multiple measurements.

The QC-transfer entropy and the QC information flow sat-
isfy the inequality

IQCT − 
χ � −IS
QCI − SBA, (A6)

where 
χ := χ (ρ̂tn f
: Ytn f

) − χ (ρ̂tni
: Ytni

) is the change in
correlation from n = ni to n = n f . By explicitly describing
the expectation value EYtn

[g(Ytn )] as the sum
∑

Ytn
P[Ytn ]g(Ytn ),

we can derive this inequality as follows:

IQCT − 
χ + IS
QCI + SBA

=
n f −1∑
n=ni

EYtn

[
S
(
ρ̂

Ytn
tn

∥∥ρ̂
etn
tn

) − S
(
τ̂

Ytn
tn

∥∥τ̂
etn
tn

)]
� 0, (A7)

where the first line follows from a straightforward rearrange-
ment of terms and the second line follows from the equalities
Eetn

tn (ρ̂etn
tn ) = τ̂

etn
tn and Eetn

tn (ρ̂Ytn
tn ) = τ̂

Ytn
tn , along with the mono-

tonicity of quantum relative entropy under a CPTP map. As
can be seen from Eq. (A7), a simple equality condition for
Eq. (A6) is that ρ̂

etn
tn = ρ̂

Ytn
tn holds for all Ytn . This condition

implies that the feedback estimator etn = h(Ytn ) is optimally
designed, which is known to be achieved by a Kalman filter.

3. Correspondence to the continuous feedback setup
considered in the main text

We note that the definitions of thermodynamic quantities
and information terms in the main text are consistent with
those in Appendixes A 1 and A 2. In particular, the consistency
of the heat income Q, work extraction Wext, and QC infor-
mation flow IS

QCI can be directly verified by substituting the
discrete time index tn with the continuous time variable t as
is demonstrated in Appendix B 1. While the correspondence
is less straightforward for the measurement backaction term
SBA [Eq. (19)] and the QC-transfer entropy IQCT [Eq. (4)], it
can still be demonstrated by neglecting terms of order O(dt ).
It is comprehensive to represent Eqs. (A2) and (A5) in the
following forms taking the limit of dt → 0:

ṠBA = Eet

[
lim

dt→0

S(MBA,t (ρ̂)) − S(ρ̂ )

dt

∣∣∣∣
ρ̂=τ̂

et
t

]
, (A8)

İQCT = EYt

[
lim

dt→0

IQC(ρ̂ : dy(t ))

dt

∣∣∣∣
ρ̂=τ̂

Yt
t

]
. (A9)

From the equalities τ̂
et
t = ρ̂

et
t − i

h̄ [ĤHO + ĤFB(t ), ρ̂et
t ]dt +

Lbath[ρ̂et
t ]dt and τ̂

Yt
t = ρ̂

Yt
t − i

h̄ [ĤHO + ĤFB(t ), ρ̂Yt
t ]dt + Lbath

[ρ̂Yt
t ]dt, and the fact that the terms in the square brackets

are smooth at the respective points ρ̂ = τ̂
et
t and ρ̂ = τ̂

Yt
t , we

can replace τ̂
et
t and τ̂

Yt
t in these equations with ρ̂

et
t and ρ̂

Yt
t ,

respectively, introducing only negligible additional terms of
order O(dt ). We also note that in the main text, we use the
notations ρ̂c(t ) = ρ̂

Yt
t and ρ̂

et
t,BA = MBA,t (ρ̂

et
t ) for simplicity.

In Sec. III C, we use expressions (A8) and (A9) to derive the
main results presented in the main text.

APPENDIX B: PROOF OF THE RESULTS

In this section, we derive inequalities (16), (18), and (20)
These inequalities are derived for a Gaussian system that
obeys the following stochastic master equation (1). We note
that the dynamics of the system described by Eq. (1) is a
special case of the general setup discussed in Appendix A 1,
where the explicit form of the superoperators for the heat-bath
interaction, external driving, and measurement backaction are,
respectively, given by

Eet
bath(ρ̂ ) = ρ̂ − i

h̄
[ĤHO, ρ̂]dt + Lbath[ρ̂]dt, (B1)

Eet
drv(ρ̂) = ρ̂ − i

h̄
[ĤFB(t ), ρ̂]dt, (B2)

MBA,t (ρ̂) = ρ̂ + 2kDx̂[ρ̂]dt, (B3)

and the time interval dt := tn+1 − tn is taken to the limit
dt → 0. Using these superoperators, the time evolution of the
quantum state ρ

et
t from t to t + dt for given et reads

ρ̂et
t → Eet

bath

(
ρ̂et

t

) =: π̂ et
t → Eet

drv

(
π̂ et

t

) =: τ̂ et
t

→ MBA,t
(
τ̂ et

t

)
:= ρ̂

et
t+dt . (B4)

We further assume that the feedback Hamiltonian is chosen so
that, when the initial state satisfies 〈x̂〉(0) = 〈p̂〉(0) = 0, the
expectation values at later times satisfy 〈x̂〉(t ) = 〈p̂〉(t ) = 0.
Intuitively, such a condition is satisfied when the feedback
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FIG. 6. Schematic of the change in variance along the eigenvalue
directions. For simplicity, only the change along the u direction is
illustrated in the figure. The work extracted in the eigenvalue direc-
tion is defined from the energy change associated with the variance
change due to the feedback and backaction.

Hamiltonian is designed to reduce the mean position and
momentum to the origin of the phase space. Note that the
averaged state ρ̂ converges to a well-defined steady state under
this feedback Hamiltonian, and the condition 〈x̂〉 = 〈p̂〉 = 0
is satisfied in the steady state as well. On the other hand,
the condition 〈x̂〉(t ) = 〈p̂〉(t ) = 0 is not satisfied when the
feedback Hamiltonian realizes a constant displacement of the
position ĤFB(t ) = ax̂, where a is a constant. In this case, the
averaged state ρ̂ also fails to reach a steady state.

1. Derivation of inequality (18)

In the following, we derive Eq. (18). We start by noting that
from the definition of the heat (12), the heat rate reads

Q̇ := Eet

[
lim

dt→0

1

dt

{
tr
[(

π̂ et
t − ρ̂et

t

)
ĤHO

]}]
. (B5)

Similarly, the work rate reads

Ẇext := −Eet

[
lim

dt→0

1

dt

{
tr
[(

ρ̂
et
t+dt − π̂ et

t

)
ĤHO

]}]
. (B6)

We then define the work rate along û (10) and v̂ (11) as

Ẇext,u := − h̄ω

2
Eet

[
lim

dt→0

1

dt

{
tr
[(

ρ̂
et
t+dt − π̂ et

t

)
û2

]}]
, (B7)

Ẇext,v := − h̄ω

2
Eet

[
lim

dt→0

1

dt

{
tr
[(

ρ̂
et
t+dt − π̂ et

t

)
v̂2

]}]
. (B8)

Here, Ẇext,u quantifies the energy extracted along the u axis by
feedback and measurement backaction as the variance σuu is
reduced (see Fig. 6); in this direction, the first law of thermo-
dynamics is satisfied. We now combine with the expression
(9) and find that the left-hand side of Eq. (18) is expressed as

Ẇext,u

Tu
+ Ẇext,v

Tv

= Eet

[
lim

dt→0

d

dt

{
tr
[(

ρ̂
et
t+dt − π̂ et

t

)
ln ρ̂t

]}]

= lim
dt→0

1

dt
[tr[(ρ̂t+dt − π̂t ) ln ρ̂t ]]

= lim
dt→0

1

dt
[−S(ρ̂t+dt ) + S(π̂t )], (B9)

where we used the condition 〈x̂〉(t ) = 〈p̂〉(t ) = 0 and the fact
that S(ρ̂t+dt ) = −tr[ρ̂t+dt ln ρ̂t ] + O(dt2), etc.

We next discuss the QC information flow (17) for the time
evolution given by Eq. (B4), which reads

İS
QCI := lim

dt→0

χ (ρ̂t+dt : et ) − χ (ρ̂t : et )

dt
. (B10)

We further decompose Eq. (B10) into each step in Eq. (B4),
as

İS
QCI = İS

QCI,B + İS
QCI,D + İS

QCI,BA, (B11)

where each term is defined as

İS
QCI,B := lim

dt→0

χ (π̂t : et ) − χ (ρ̂t : et )

dt
, (B12)

İS
QCI,D := lim

dt→0

χ (τ̂t : et ) − χ (π̂t : et )

dt
, (B13)

İS
QCI,BA := lim

dt→0

χ (ρ̂t+dt : et ) − χ (τ̂t : et )

dt
. (B14)

Since the von Neumann entropy of the system is unchanged
under the unitary time evolution (B2), i.e., S(π̂ et

t ) = S(τ̂ et
t ),

Eq. (B13) simplifies to

İS
QCI,D = lim

dt→0

S(τ̂t ) − S(π̂t )

dt
. (B15)

From Eqs. (B11) and (B15), we obtain the relation

İS
QCI = İS

QCI,B − ṠBA + lim
dt→0

S(ρ̂t+dt ) − S(π̂t )

dt
, (B16)

where the entropy change of the system due to the measure-
ment backaction ṠBA is given by Eq. (A8). We now show the
following relation:

İS
QCI,B � 0, (B17)

which follows from

χ (π̂t : et ) − χ (ρ̂t : et )

= S(Ebath(ρ̂t )) − S(ρ̂t ) − Eet

[
S
(
Eet

bath

(
ρ̂et

t

)) − S
(
ρ̂et

t

))]
= Eet

[
S
(
Eet

bath

(
ρ̂et

t

)∥∥Eet
bath(ρ̂t )

) − S
(
ρ̂et

t

∥∥ρ̂t
)]

� 0. (B18)

Here, we used the relation Eet [Eet
bath(ρ̂et

t )] = Eet
bath(Eet [ρ̂

et
t ])

that directly follows from Eq. (B1) and the monotonicity of
the quantum relative entropy, and obtained the last inequality
in Eq. (B18). By combining Eqs. (B9), (B16), and (B18), we
have

Ẇext,u

Tu
+ Ẇext,v

Tv

= − lim
dt→0

S(ρ̂t+dt ) − S(π̂t )

dt

� − İS
QCI − ṠBA, (B19)

which completes the proof of Eq. (18).

2. Derivation of inequality (20)

We shall now prove Eq. (20) by considering an infinitesi-
mal time step shown in Eq. (B4) and the monotonicity of the
quantum relative entropy:

İQCT − χ̇ + İS
QCI + ṠBA

= lim
dt→0

EYt

[
S
(
ρ̂Yt

t

∥∥ρ̂et
t

) − S
(
τ̂Yt

t

∥∥τ̂ et
t

)]
� 0, (B20)

where the QC-transfer entropy İQCT is given by Eq. (A9)
and the infinitesimal variation of the Holevo information
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reads

χ̇ := lim
dt→0

1

dt

[
S(ρ̂t+dt ) − EYt+dt

[
S
(
ρ̂

Yt+dt

t+dt

)]
− S(ρ̂t ) + EYt

[
S
(
ρ̂Yt

t

)]]
. (B21)

In what follows, we show that χ̇ vanishes in the steady state
of the Gaussian time evolution described by Eq. (1), thereby
proving Eq. (20). In doing so, we first note that the von
Neumann entropy of a single-mode Gaussian state can be
expressed using its covariance matrix σ as [47]

S(ρ̂t ) = f (
√

det σ), (B22)

where f is a single-variable function defined as

f (x) := (
x + 1

2

)
ln

(
x + 1

2

) − (
x − 1

2

)
ln

(
x − 1

2

)
. (B23)

In particular, the von Neumann entropy of the conditional
state ρ̂

Yt
t is solely determined by σc(t ) := [σi j,c(t )]i, j=x,p,

where σxx,c(t ) := tr(x̂2ρ̂
Yt
t ) − [tr(x̂ρ̂Yt

t )]2, and similar defini-
tion applies to σpp,c(t ) and σxp,c(t ). For Gaussian dynamics
described by Eq. (1), we note that σc does not depend on the
measurement outcome dy, as their time evolution explicitly
reads

d

dt
σxx,c = 2ωσxp,c − γ σxx,c + γ

2
(2n̄ + 1) − 8kησ 2

xx,c,

(B24)
d

dt
σpp,c = −2ωσxp,c − γ σpp,c + γ

2
(2n̄ + 1)+2k − 8kησ 2

xp,c,

(B25)
d

dt
σxp,c = −ωσxx,c + ωσpp,c − γ σxp,c − 8kησxx,cσxp,c.

(B26)

Therefore, in the steady state, we have

ρ̂t = ρ̂t+dt , σc(t ) = σc(t + dt ). (B27)

By combining Eqs. (B20), (B21), and (B27), we complete the
proof of Eq. (20). As discussed in Appendix A 2, the equality
in Eq. (20) is achieved by a quantum Kalman filter.

3. Derivation of inequality (16)

In this section, we prove inequality (16) in the steady state.
Using the fact that the free energy change vanishes in the
steady state, we obtain

Ẇext,u

Tu
+ Ẇext,v

Tv

− Ẇext

T

= lim
dt→0

1

dt
Eet

[
tr
(
Ebath

(
ρ̂et

t

)
(ln ρ̂G − ln Ebath(ρ̂t ))

− ρ̂et
t (ln ρ̂G − ln ρ̂t )

)]
= lim

dt→0

1

dt
tr(Ebath(ρ̂t )(ln ρ̂G − ln Ebath(ρ̂t ))

− ρ̂t (ln ρ̂G − ln ρ̂t ))

= − lim
dt→0

1

dt
(S(Ebath(ρ̂t )‖ρ̂G) − S(ρ̂t‖ρ̂G))

� 0, (B28)

where the final inequality follows from the monotonicity of
the quantum relative entropy [50]. Note that this relation holds
regardless of any ordering between T and Tu, Tv .

4. Technical notes

For a single-mode Gaussian state, the kinetic temperature
introduced in this study plays the role of converting entropy
into energy. For higher-dimensional systems or non-Gaussian
states, it may be possible to generalize this relationship by
extending the concept of kinetic temperature. However, a
comprehensive method for defining kinetic temperatures in
such scenarios remains elusive and requires further explo-
ration. In particular, for extensions to multimodes, one can
exploit the fact that any zero-mean multimode Gaussian state
can be regarded as a Gibbs state subjected to generalized
squeezing [51]; thus, one can define effective temperatures
along each eigenvector direction in the same manner of this
study, making such generalizations feasible.

In this work, we employ a linear feedback Hamiltonian.
If one uses a nonlinear feedback Hamiltonian that contains
quadratic or higher-order terms in x̂ and p̂, the averaged state
ρ̂ becomes non-Gaussian. Since the definition of kinetic tem-
peratures relies on the Gaussianity of the state, extending the
present framework to such non-Gaussian cases is an important
future direction of research.

APPENDIX C: DIRECT FEEDBACK

We consider the dynamics of direct feedback using the
measurement outcome dy. In other words, dy itself is used
as an estimate in this feedback scheme. The time evolution
for the direct feedback is given by

Eet
drv(ρ̂c(t )) = ρ̂c(t ) − i

h̄
[−ax p̂ + bxx̂, ρ̂c(t )] ◦ dy(t − τFB),

(C1)

where ax and bx are the feedback gains, ◦ denotes the
Stratonovich product [52], and τFB is the feedback delay
time. The Stratonovich product is a stochastic differential
defined with midpoint sampling, ensuring that the usual
chain rule of ordinary calculus still applies. We consider the
limit of τFB → 0 that corresponds to the case of Markovian
feedback [1,4].

Figure 7 illustrates the behavior of the steady-state average
occupation number 〈n〉 of the harmonic oscillator and the
quantity Ẇext,u/Tu + Ẇext,v/Tv as functions of the feedback
gain g under direct feedback. Unlike the case where the quan-
tum Kalman filter is used, the equality in Eq. (20) does not
hold for direct feedback and the cooling limit is not achieved.
Additionally, it is observed that the best cooling is achieved at
a finite value of the feedback gain g, in contrast to the case of
using the quantum Kalman filter, where the optimal cooling is
achieved when the feedback gain becomes infinite.

APPENDIX D: CONTINUOUS POSITION MEASUREMENT

Here we review, following Ref. [2], how the continuous
position measurement used in the main text [Eq. (1)] can be
obtained as the infinitesimal time limit of a discrete position
measurement. Let |ψ (t )〉c denote the state conditioned on all
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FIG. 7. Behavior of the steady-state average occupation number of the harmonic oscillator, 〈n〉 (left plot), and the quantity Ẇext,u/Tu +
Ẇext,v/Tv (right plot) as functions of the feedback gain g under direct feedback. The parameters are the same as in Fig. 3. Therefore, the values
of 〈n〉min and İQCT are identical to those in Fig. 3.

measurement outcomes up to time t . First, suppose that over a
time interval 
t the measurement is described by the operator

Â(α) =
(

4k 
t

π

)1/4 ∫ ∞

−∞
dx e−2k 
t (x−α)2 |x〉〈x|. (D1)

This corresponds to a measurement whose outcome α has
a Gaussian error centered at α. Since Â(α) commutes with
x̂, it induces no backaction on the position. However, in the
presence of the harmonic potential, the position operator in
the Heisenberg picture x(t ) at time t incorporates the effects
of backaction on the momentum. When 
t is small, the prob-
ability density for obtaining outcome α is approximately

P(α) ≈
√

4k 
t

π
exp[−4k 
t (α − 〈x̂〉c)2]. (D2)

Hence, one may write the random outcome as

αs = 〈x̂〉c + 
W√
8k 
t

. (D3)

Taking the 
t → 0 limit, the conditioned pure state evolves
as

|ψ (t + dt )〉c ∝ {1 − [kx̂2 − 4kx̂〈x̂〉c]dt +
√

2k x̂ dW }|ψ (t )〉c.

(D4)

Converting to the density operator yields the familiar contin-
uous measurement form

d ρ̂c = −k[x̂, [x̂, ρ̂c]] dt +
√

2k (x̂ρ̂c + ρ̂cx̂ − 2〈x̂〉cρ̂c) dW.

(D5)

In the main text, we include an efficiency η < 1 multiplying
the stochastic term, reflecting the assumption that finite mea-
surement efficiency reduces the size of the state update. With
efficiency η, the corresponding covariance dynamics become

d

dt
σxx,c = −8kη σ 2

xx,c, (D6)

d

dt
σpp,c = 2k − 8kη σ 2

xp,c, (D7)

d

dt
σxp,c = −8kη σxx,cσxp,c. (D8)

In each equation, the term proportional to −8kη corresponds
to the reduction of fluctuations due to conditioning on the in-
stantaneous position measurement. Note that only in Eq. (D7)
does a backaction term of size 2k appear, representing the
momentum kick from the position measurement.

APPENDIX E: CASE OF ANOTHER MEASUREMENT

So far, we have considered only cases involving position
measurements, which induce no backaction on the position
by the measurement itself. We here examine the effect of
replacing the measurement with other measurements of the
position that disturb the position and investigate how this
change influences feedback cooling performance. First, we
consider the position measurement related to the operator â,
which is given by [1]

d ρ̂c(t ) = − i

h̄
[ĤHO + ĤFB(t ), ρ̂c(t )]dt

+ Lbath[ρ̂c(t )]dt + 2kDâ[ρ̂c(t )]dt

+
√

2kη(âρ̂c + ρ̂câ† −
√

2〈x̂〉cρ̂c)dW. (E1)

The measurement signal is given by dy(t ) = 〈x̂(t )〉cdt +
dW/

√
8kη. Assuming a feedback Hamiltonian of the form

ĤFB(t ) = −(ax〈x〉c + ap〈p〉c) p̂ + (bx〈x〉c + bp〈p〉c)x̂, the
time evolution of 〈x〉c and 〈p〉c is governed by the following
stochastic differential equations:

d〈x̂〉c =
(

ω〈p̂〉c − ax〈x̂〉c − ap〈p̂〉c − γ

2
〈x̂〉c − k〈x̂〉c

)
dt

+ 4
√

2kη

(
σxx,c − 1

2

)
· (dy − 〈x〉cdt ), (E2)

d〈p̂〉c =
(

−ω〈x̂〉c − bx〈x̂〉c − bp〈p̂〉c − γ

2
〈p̂〉c − k〈p̂〉c

)
dt

+ 4
√

2kησxp,c · (dy − 〈x〉cdt ). (E3)

Assuming Gaussian states, the dynamics of covariance matri-
ces σc and σm are given by

d

dt
σxx,c = 2ωσxp,c − γ σxx,c + γ

2
(2n̄ + 1)

− 2kσxx,c + k − 4kη

(
σxx,c − 1

2

)2

, (E4)
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FIG. 8. Steady-state average occupation number 〈n〉 (left) and Ẇext,u/Tu + Ẇext,v/Tv (right) vs feedback gain g, obtained from the dynamics
in Eq. (E1). The parameters are the same as in Fig. 3.

d

dt
σpp,c = − 2ωσxp,c − γ σpp,c + γ

2
(2n̄ + 1)

− 2kσpp,c + k − 4kησ 2
xp,c, (E5)

d

dt
σxp,c = − ωσxx,c + ωσpp,c − γ σxp,c

− 2kσxp,c − 4kη

(
σxx,c − 1

2

)
σxp,c (E6)

and

d

dt
σxx,m = 2ωσxp,m − 2axσxx,m − 2apσxp,m − γ σxx,m

− 2kσxx,m + 4kη

(
σxx,c − 1

2

)2

, (E7)

d

dt
σpp,m = − 2ωσxp,m − 2bxσxp,m − 2bpσpp,m − γ σpp,m

− 2kσpp,m + 4kησ 2
xp,c, (E8)

d

dt
σxp,m = − (ω + bx )σxx,m + (ω − ap)σpp,m

− (ax + bp + γ + 2k)σxp,m

+ 4kη

(
σxx,c − 1

2

)
σxp,c. (E9)

From Eqs. (E4) and (E6), we observe that σc forms a closed
set of differential equations. This allows us to construct the
quantum Kalman filter estimate using Eqs. (E2) and (E3),
in a manner analogous to the previous case. Thus, the feed-
back Hamiltonian adopted here is well justified. Moreover,
an information-theoretic cooling limit can be derived using
the same approach as in Appendix B 1. The bound given in
Eq. (10) remains valid in this case.

A key distinction from our original scheme arises from
the damping term 2kDâ[ρ̂c(t )]dt in Eq. (E1), which
effectively describes coupling to a zero-temperature bath.
Consequently, part of the observed cooling originates from
this measurement-induced damping rather than from feedback
alone, complicating direct comparisons with our original
scheme. Figure 8 shows numerical results for the steady-state
cooling performance under this dynamics. The minimum
occupation number achieved is 〈n〉min = 0.016, which is lower

than in the original case (〈n〉min = 0.39). This improvement
is likely attributable to the additional damping provided by
the measurement process itself. To compare the effect of
the measurement method, it is desirable to eliminate the
associated damping. To this end, we consider simultaneous
detection of both the annihilation and creation operators.
By construction, this setup cancels the damping terms while
preserving the measurement backaction. Furthermore, we
ensure that the resulting increase in 〈n〉 due to backaction
matches that of the original case. The stochastic master
equation for this situation is

d ρ̂c(t )

= − i

h̄
[ĤHO + ĤFB(t ), ρ̂c(t )]dt + Lbath[ρ̂c(t )]dt

+ kDâ[ρ̂c(t )]dt +
√

kη

2
(âρ̂c + ρ̂câ† −

√
2〈x〉cρ̂c)dW1

+ kDâ† [ρ̂c(t )]dt +
√

kη

2
(â†ρ̂c + ρ̂câ −

√
2〈x〉cρ̂c)dW2.

(E10)

Here, dW1 and dW2 are independent Wiener increments,
and the corresponding signals are dy1 = 〈x̂〉cdt + dW/2

√
kη

and dy2(t ) = 〈x̂〉cdt + dW/2
√

kη, which statistically yield
the same information as that for the original case, i.e.,
dy = 〈x̂〉cdt + dW/

√
8kη. The corresponding dynamics of

covariance matrices σc and σm under Eq. (E10) are given by

d

dt
σxx,c = 2ωσxp,c − γ σxx,c + γ

2
(2n̄ + 1)

+ k − 4kη

(
σ 2

xx,c + 1

4

)
, (E11)

d

dt
σpp,c = − 2ωσxp,c − γ σpp,c + γ

2
(2n̄ + 1)

+ k − 4kησ 2
xp,c, (E12)

d

dt
σxp,c = − ωσxx,c + ωσpp,c − γ σxp,c

− 4kσxx,cσxp,c (E13)
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FIG. 9. Steady-state occupation number 〈n〉 (left) and Ẇext,u/Tu + Ẇext,v/Tv (right) as functions of feedback gain g. Solid lines: Measure-
ment without position disturbance by the measurement itself [Eq. (1)]. Dashed lines: Measurement on a and a† without damping [Eq. (E10)].
Vertical axes are not normalized. The parameters are the same as in Fig. 3.

and
d

dt
σxx,m = 2ωσxp,m − 2axσxx,m − 2apσxp,m

− γ σxx,m + 4kη

(
σ 2

xx,c + 1

4

)
, (E14)

d

dt
σpp,m = −2ωσxp,m − 2bxσxp,m − 2bpσpp,m

− γ σpp,m + 4kησ 2
xp,c, (E15)

d

dt
σxp,m = −(ω + bx )σxx,m + (ω − ap)σpp,m

− (ax + bp + γ + 2k)σxp,m + 4kησxx,cσxp,c.

(E16)

These equations confirm that the simultaneous detection of â
and â† eliminates the effective damping while retaining the
measurement backaction. Compared to our original scheme,
two key differences arise: (1) the backaction now affects both
position and momentum, and (2) the terms governing the
measurement-induced reduction of conditional variances are
different. In particular, the final term on the right-hand side of

Eq. (E13) is proportional to 4kησxx,cσxp,c, while in the original
case, the corresponding coefficient is 8kησxx,cσxp,c, resulting
in a stronger suppression of uncertainty in the latter case.
This highlights that our original scheme is more effective in
reducing the conditional state variance.

Figure 9 presents numerical results comparing the cooling
performance under measurement with no position disturbance
by the measurement itself and measurement related to â and
â† without damping. In the left panel, the minimum occu-
pation number is lower in the original case (〈n〉min = 0.39)
than in the latter case (〈n〉min = 0.63), indicating that original
measurement is better in terms of feedback cooling. Since
the rate of heating due to measurement backaction is the
same in both scenarios, this difference in the performance is
attributable to the greater reduction of conditional uncertainty
achieved in the original scheme. The right panel compares
Ẇext,u/Tu + Ẇext,v/Tv and İQCT. Notably, İQCT differs between
the two cases, with original measurements yielding higher
information gain. This supports the interpretation that original
measurements allow obtaining larger amount of information
that can be utilized for feedback, thereby achieving lower
steady-state occupation numbers.
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