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Extracting useful work from quantum systems is a fundamental problem in quantum thermodynamics. In
scenarios where rapid protocols are desired—whether due to practical constraints or deliberate design choices—a
fundamental trade-off between power and efficiency is yet to be established. Here, we investigate the problem
of finite-time optimal work extraction from closed quantum systems, subject to a constraint on the magnitude of
the control Hamiltonian. We first reveal the trade-off relation between power and work under a general setup,
showing that these fundamental performance metrics cannot be maximized simultaneously. We then identify a
solvable class of finite-time optimal work-extraction problems. This class includes nontrivial many-body models
such as the Heisenberg model and the SU(n)-Hubbard model. The key assumption is that the control Hamiltonian
is optimized over a Lie algebra preserved by the uncontrolled dynamics. Within this class, the optimal work-
extraction problem admits an exact reduction to a nonlinear self-consistent equation, circumventing extensive
search over time-dependent control paths. The resulting optimal protocol turns out to be particularly simple: It
suffices to use a time-independent control Hamiltonian in the interaction picture, determined by that equation. By
exploiting the Lie-algebraic structure of the controllable terms, our approach is applicable to quantum many-body
systems through efficient numerical computation. Our results highlight the necessity of rapid protocols to achieve
the maximum power and provide an exact route to finite-time optimal work extraction in many-body quantum
systems.
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I. INTRODUCTION

Work extraction is a fundamental problem in thermo-
dynamics, central to understanding how nonequilibrium
resources can be transformed into useful work. According to
Planck’s formulation of the second law of thermodynamics,
no work can be extracted from a closed system in thermal
equilibrium through any adiabatic cycle. In quantum mechan-
ics, this principle is captured by the passivity of thermal
equilibrium states [1–4]. In contrast, the extractable work
from nonpassive states has been actively studied in quantum
thermodynamics for decades [5–11], partially motivated by
the experimental advancements in quantum batteries [12–16].
Without control limitations, the maximum extractable work is
known as ergotropy [5,17,18].

In real experimental setups, however, work extraction is
often constrained by finite-time limitations due to factors
such as decoherence, system stability, experimental control
limitations, or the need for rapid processing. In this context,
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determining the maximum work extractable within a fixed
operational time is a highly nontrivial task, given that the
magnitude of the control Hamiltonian, which is relevant for
the control timescale, is constrained. There are several efforts
[19–22] to estimate the extractable work for finite-time closed
quantum dynamics, on the basis of the exact bounds (i.e.,
speed limits) on the dynamics [23–26]. However, these studies
provide only lower bounds, and it remains unclear whether
they are close to the truly achievable maximum extractable
work.

This raises the fundamental question of determining the
optimal extractable work within a given finite time T and
the optimal protocol to achieve it. While the previous work
[27] focuses on determining the minimum time required to
fully extract ergotropy, our focus here is on the finite-time
optimization of work extraction, where both the extractable
work and the optimal control Hamiltonian depend on the
imposed time constraint T . Note that, to approach such
optimization problems, it is common to use direct opti-
mization methods over time-dependent protocols, such as
Krotov’s method [28–32], GRAPE (Gradient Ascent Pulse
Engineering) [33], among others [34–39]. However, these
methods involve computationally intensive searches over
time-dependent control paths and are often intractable. It
is therefore crucial to establish general principles that do
not rely on direct numerical optimizations of time-dependent
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FIG. 1. Schematic of the finite-time work extraction. The dynamics of a closed quantum system are governed by a time-dependent
Hamiltonian of the form H (t ) = Hc(t ) + Hu(t ), where Hc(t ) is the controllable part subject to optimization (green arrows) and Hu(t ) denotes
the uncontrollable part not subject to optimization (gray curves). Under the norm constraint ‖Hc(t )‖f � ω, the power attains its maximum
strictly before the time T∗ required for the maximum work extraction, indicating the trade-off relation between work and power. This relation
highlights the importance of considering fast control processes with T < T∗ to enhance the power (Proposition 1). We derive the optimal
work-extraction protocol under Lie-algebraic control, where Hc(t ) is optimized over a subspace V closed under the commutation relation and
Hu(t ) leaves V invariant, i.e., i[Hu(t ),V] ⊆ V (Theorem 1). The optimal protocol is remarkably simple and consists of three steps: (1) turn on
the control via a quench to Hc(t = +0) = ωH; (2) steer the system under the control Hamiltonian HI

c (t ) = ωH, which is time independent in
the interaction picture; and (3) switch off the control at the final time t = T . Here, H is a time-independent, rescaled Hamiltonian that satisfies
the closed-form self-consistent equation (20).

dynamics. In this article, we develop a general theory of
finite-time optimal work extraction in closed quantum systems
controlled by a Hamiltonian whose magnitude is constrained
(see Fig. 1). We first prove the trade-off relation between the
power and the work, which are two fundamental performance
metrics for control schemes (Proposition 1). Specifically, we
show that these two quantities cannot be maximized simul-
taneously. This fact justifies the importance of the finite-time
control setting we consider: To achieve high power, we should
adopt rapid control protocols while sacrificing the work ex-
tracted from a single resource.

We then introduce a framework of Lie-algebraic control,
which allows us to solve the time dependence of the optimal
protocol (Theorem 1). This can be regarded as a solvable
class of finite-time optimal control problems, analogous to
solvable (i.e., integrable) models in condensed-matter physics.
We find that, among the infinitely many possible control pro-
tocols, an optimal control protocol is remarkably simple: It
is driven by a time-independent control Hamiltonian in the
interaction picture with respect to the uncontrollable part.
The form of the optimal Hamiltonian is determined by a sin-
gle self-consistent equation, which is dramatically simplified
from the original optimization problem. Importantly, the self-
consistent equation admits efficient numerical solutions, from
which the optimal extractable work also follows. As a direct
consequence, we obtain an exact and saturable quantum speed
limit for work extraction, in contrast to conventional bounds
that are generally not attainable.

The key assumption underlying this framework is that
the uncontrollable Hamiltonian preserves the subspace over
which the controllable Hamiltonian is optimized, a con-
dition that naturally arises in physically relevant models
such as Heisenberg models with controlled magnetic fields
[40] and SU(n)-Hubbard models with controllable fermion
flavors [41].

As a demonstration, we analytically solve the self-
consistent equation in the case of su(2) control, including
the fully controlled two-level systems and magnetic control
of the Heisenberg model. We find an exact expression for
the optimal extractable work, which exhibits a cosine depen-
dence on T . Even for more complex control algebras, such
as su(n), we show that the equation is numerically tractable
using gradient descent and demonstrate it for the fully con-
trolled three-level systems. Crucially, the approach extends
to many-body systems, e.g., SU(n)-Hubbard models, where
the number of controllable degrees of freedom is independent
of the system size. In such cases, the Lie-algebraic struc-
ture allows the self-consistent equation to be solved within
a reduced representation, so that each iteration step in the
gradient method requires no access to the full many-body
Hilbert space.

Moreover, in the case where the controllable parts span all
Hermitian or all traceless Hermitian operators, our framework
naturally extends to the optimization of expectation values of
general observables at final time. This enables applications
to a broad class of tasks, such as fidelity maximization with
respect to a target state.

This paper is organized as follows. In Sec. II, we set up the
problem of finite-time work extraction under the norm con-
straint. In Sec. III, we establish a trade-off relation between
power and work under the norm constraint (Proposition 1),
whose proof is given in Appendix A. In Sec. IV, we introduce
the framework of Lie-algebraic control and derive both the
optimal work-extraction protocol and the self-consistent equa-
tion (20) for its generator, presented as Theorem 1; the proof
is deferred to Appendix C. We then provide an analytical so-
lution to the self-consistent equation in the simplest nontrivial
case of su(2) control, as well as a numerical solution for more
complex control algebras. In Sec. V, we demonstrate that
numerical solutions are also feasible for many-body systems
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without diagonalizing candidate control operators in the full
Hilbert space, by employing the representation theory of Lie
algebras. In Sec. VI, we discuss an extension of the framework
beyond work extraction to the optimization of expectation val-
ues of general observables, with applications such as fidelity
maximization. Finally, in Sec. VII, we conclude the paper with
a summary and outlook.

II. FINITE-TIME WORK EXTRACTION
UNDER CONSTRAINTS

We consider the problem of extracting the maximum pos-
sible work from a closed quantum system within a finite time
T . Such finite-time constraints are physically motivated: In
realistic setting, operations must be completed within a finite
duration due to experimental or environmental limitations.
Moreover, for a given task, faster protocols are typically more
desirable, making time an essential resource to be accounted
for. Specifically, let us consider the following setting: Prepare
an initial state ρ i with an initial Hamiltonian H (0) = H i;
control the system by a time-dependent Hamiltonian H (t )
for t ∈ (0, T ); and calculate the extracted work W on the
condition that the final Hamiltonian is set to be H (T ) = H f .
In this setting, W is given by [1,5]

W (U ) := −tr[H fUρ iU †] + tr[H iρ i]. (1)

Here, the time-evolution operator is given by U (t ) =
Texp[−i

∫ t
0 H (s)ds], where Texp denotes the time-ordered ex-

ponential. We remark that, within this setting, extracting work
is equivalent to lowering the system’s energy and can there-
fore also be regarded as a cooling problem in a finite time. In
the following, we consider only the finite-dimensional Hilbert
space H, whose dimension is denoted as D. The space of all
Hermitian operators acting on H is then denoted as B(H). We
also set h̄ = 1 throughout the paper.

If there are no constraints on the controllability of the
Hamiltonian, i.e., if H (t ) can take any operators in B(H),
the maximal extractable work becomes the ergotropy [5].
To see this, we first recall that the ergotropy is obtained by
transforming the initial state ρ i into the passive state ρerg

via a unitary operation Uerg, i.e., ρerg = Uergρ
iU†

erg. Here, the
passive state ρerg is defined as follows: By performing spectral
decompositions of the initial state and the final Hamilto-
nian as ρ i = ∑

n qn|qn〉〈qn| (q1 � q2 � · · · � qD) and H f =∑
n En|En〉〈En| (E1 � E2 � · · · � ED), respectively, ρerg is

given by

ρerg =
∑

n

qn|En〉〈En|. (2)

Accordingly, the ergotropy is obtained as Werg = W (Uerg).
Then, if there is no constraint on the Hamiltonian H (t ), we
can choose, for instance,

Herg(t ) = i

T
lnUerg, (3)

for t ∈ (0, T ), with which we indeed obtain Werg within
time T . Note that we allow a sudden quench of the Hamil-
tonian, i.e., H (t ) may not be continuous at time t = 0 and
T . This construction shows that, without constraints, the er-
gotropy can always be achieved within arbitrarily short times.

However, the Hamiltonian in Eq. (3) diverges in the limit
T → 0, implying that arbitrarily strong control fields would
be required. Since such unbounded fields are physically un-
realizable, this construction does not represent a feasible
protocol when T is not large enough. These considerations
motivate us to consider more realistic control settings, in
which the Hamiltonian is not freely tunable, as we address
in the following paragraphs.

In realistic control settings, it is usually infeasible to dy-
namically set all components of the system Hamiltonian at our
will, which significantly influences the optimization problem
[42]. For example, while certain components of the Hamil-
tonian (e.g., external fields or tunable local potentials) can
be dynamically controlled, other components (e.g., confining
potentials, background fields, or intrinsic couplings in many-
body systems) are not dynamically controllable. To reflect this
limitation, we decompose the time-dependent Hamiltonian as

H (t ) = Hc(t ) + Hu(t ), (4)

where Hc(t ) is the controllable part subject to optimization
and Hu(t ) is the uncontrollable part not subject to opti-
mization. This decomposition becomes particularly relevant
when considering work extraction from many-body systems,
where full control over all degrees of freedom is formidable.
Mathematically, Hc(t ) is constrained to take values in a sub-
space V ⊂ B(H). In the following, we assume that V is
time independent, which is often the case for the practical
control scenarios (including the examples discussed later).
The extent to which Hu(t ) must be known for implementing
an optimal protocol in our Lie-algebraic control framework
will be discussed after Theorem 1. Here, we emphasize that
“uncontrollable” means not dynamically tunable, rather than
unknown, consistent with standard practice in quantum con-
trol and optimization theory [30,33,43–45]. The formulation
in this section is general and underlies Proposition 1; the
additional Lie-algebraic conditions required for the exact
finite-time solution will be introduced separately in Sec. IV.

Furthermore, as a key constraint considered in our work,
we impose that the magnitude of the controllable Hamiltonian
is bounded from above, which is represented as

‖Hc(t )‖f � ω, (5)

where ‖X‖f :=
√

tr(X †X )/trI denotes the normalized Frobe-
nius norm [46,47]. This constraint reflects physical limitations
on available control resources, such as the intrinsic difficulty
of generating strong control fields in experimental setups,
which leads to bounds on the amplitude of externally applied
fields. Moreover, the norm constraint plays a fundamental
role in the optimization problem within the finite time T ,
since ω−1 is relevant for the intrinsic timescale for the con-
trol operation. Note that we choose the normalized Frobenius
norm because it is analytically tractable and scales naturally in
many-body systems. The normalization by

√
trI ensures that

typical values of the norm ‖Hc(t )‖f avoid exponential growth
in many-body systems, thereby facilitating natural compari-
son across systems of different sizes. For instance, in the case
of a global magnetic-field control Hc(t ) = B(t ) ·∑N

j=1 S j ,

the normalized norm becomes ‖Hc(t )‖f = √
N |B(t )|, which

scales only polynomially with the system size.
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With the above setting, we now formalize optimal ex-
tractable work within the finite operational time T under the
constrained control of {Hc(t )}t∈(0,T ). The control Hamiltonian
acts only during t ∈ (0, T ) and is switched off at the initial
and final times, Hc(0) = Hc(T ) = 0. We fix the initial and
final Hamiltonians, denoted by H i and H f , respectively. The
uncontrollable Hamiltonian {Hu(t )}t∈[0,T ] is fixed, not subject
to optimization, and satisfies the boundary conditions Hu(0) =
H i and Hu(T ) = H f . We also fix the initial state, denoted by
ρ i. Then, we define

W (T ; ω) := max
{Hc(t )}t∈(0,T ), ‖Hc(t )‖f �ω

W (U (T )), (6)

as the optimal extractable work. Note that, while we explicitly
write down the norm constraint to highlight its importance, we
also implicitly assume that {Hc(t )}t∈(0,T ) is constrained within
V . For brevity, we write W (T ) ≡ W (T ; ω) whenever the ω

dependence is irrelevant. Since the second term in Eq. (1) just
gives a constant and does not affect the optimization in Eq. (6),
we replace it with tr[H fρ i] without loss of generality, which
ensures W (U = I ) = 0 and W (0) = 0 with I being the iden-
tity operator. Note that W (T ) is not necessarily monotonic as
a function of operational time T , owing to the effect of the
uncontrollable dynamics.

III. TRADE-OFF BETWEEN POWER AND WORK

As our first main result, we show that a rapid protocol is
necessary to achieve the maximum power of work extraction,
which demonstrates the importance of our finite-time opti-
mization setting. To be specific, we consider two fundamental
performance metrics of the quantum battery, work W (T ) and
power P (T ) [16,48], the latter of which is defined as the
optimized extractable work per time,

P (T ) := W (T )

T
. (7)

As for work, we denote its maximum amount when there is
no time constraint as

W∗ := max
T

W (T ) =: W (T∗). (8)

Here, T∗ is the minimal time for W (T ) to achieve W∗. This
is typically finite, although it can be infinite depending on the
setup [Hu(t ) and V].

A crucial question is whether we can simultaneously maxi-
mize these two performance metrics, the power and the work.
Since the maximum work extraction W∗ = W (T ) is already
obtained by T = T∗, this question is equivalent to asking
whether P (T ) reaches its maximum at T = T∗. If that were
the case, the best protocol for given independent batteries
would be trivial: Just extract the maximal work W∗ with time
T∗ for one battery and repeat the protocol for the other ones,
and then the total time to extract a certain amount of work
would also be minimized.

However, we can generally show the following no-go the-
orem for the simultaneous maximization of the power and
the work, which highlights the importance of considering fast
control processes within T < T∗ (see Appendix A for a proof).

Proposition 1 (Trade-off between power and work). The
power P (T ) becomes maximum strictly before the time

T = T∗. Consequently, maxima of the power P (T ) and the
work W (T ) cannot be achieved simultaneously.

Note that this trade-off differs in nature from that in
classical heat engines, where the maximum conversion effi-
ciency between heat and work (Carnot efficiency) can only be
reached in the quasistatic limit, resulting in vanishing power
[49]. In quantum systems with finite Hilbert-space dimension,
the maximum work can often be achieved within finite time,
meaning that maximum work is compatible with nonzero
power. That being said, our trade-off relation reveals a fun-
damental need to balance power and work in the design of
work-extraction protocols.

As detailed in Appendix A, the essential and nontrivial step
in the proof (in the case of finite T∗) is to show that W (T ) is
differentiable at time T = T∗ once and

Ẇ (T∗) = 0. (9)

Note that such differentiability is far from obvious because
W (T ) is defined as the optimal value of a maximization prob-
lem over control protocols. As such, it can lose higher-order
differentiability when the optimal protocol does not change
smoothly as T varies. In fact, even twice differentiability of
W (T ) at T = T∗ is not guaranteed. This already fails in the
analytically solvable case of the controlled Heisenberg model
discussed around Eq. (36), where the left-hand second deriva-
tive of W (T ) at T = T∗ is strictly negative, but the right-hand
second derivative vanishes. Once we obtain Ẇ (T∗) = 0, the
proposition follows from

Ṗ (T∗) = −W (T∗)

T 2∗
< 0, (10)

which implies that the power P achieves its maximum strictly
before T = T∗.

Proposition 1 clarifies the role of the finite-time optimiza-
tion problem studied in the rest of this paper. Since the
maximum power is attained strictly before T∗, the regime
relevant for high-power operation is necessarily a finite-
time regime with T < T∗, where the extractable work has
not yet saturated. This motivates the need to determine the
optimal work-extraction protocol at a given finite opera-
tional time, rather than only characterizing the unconstrained
maximum-work limit. In Sec. IV, we show that this finite-time
optimization problem becomes tractable under Lie-algebraic
control.

IV. LIE-ALGEBRAIC CONTROL

A. Setup

While Proposition 1 offers a conceptually important no-go
theorem that generally holds under the norm constraint, it does
not provide explicit values for extractable work and power.
Here, we identify a solvable class of finite-time optimal work-
extraction problems, for which the generally complicated and
often intractable optimization problem in Eq. (6) reduces to a
fundamental self-consistent equation [see Eq. (20)]. This class
is defined by the following two Lie-algebraic assumptions:

(1) The controllable part Hc(t ) is optimized over a sub-
space V of B(H) closed under the commutator, i.e., i[X,Y ] ∈
V for all X,Y ∈ V .
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(2) The uncontrollable part Hu(t ) leaves V invariant, i.e.,
i[Hu(t ), X ] ∈ V for all X ∈ V and all t ∈ [0, T ].

Mathematically, Hc(t ) is optimized over a Lie algebra V
(we adopt a convention that a compact Lie algebra consists of
Hermitian operators), and Hu(t ) lies in its normalizer algebra.
In particular, Hu(t ) may contain components within V itself,
such as fixed background fields along the controllable direc-
tions and V components of confining potentials, which are not
subject to optimization. In contrast, the other components of
Hu(t ) commute with all of V and therefore have the symmetry
of the Lie group eiV .

Since the above conditions are formalized in a mathemat-
ical way, we illustrate them with physical examples. One
extreme case of such control setups is the control over all Her-
mitian operators under norm constraint, which corresponds
to V ∼= u(D). Another example is the control over all trace-
less operators under norm constraint, which corresponds to
V ∼= su(D). Here, u(D) and su(D) denote the Lie algebras of
the unitary and special unitary groups, respectively. We can
even consider many-body systems, such as Heisenberg-type
models with controlled magnetic fields:

Hc(t ) = B(t ) · S,

Hu(t ) =
∑
x,y

Jxy(t )Sx · Sy + B0(t ) · S, (11)

where S := ∑
x Sx is the total spin operator. Here, B(t ) is

a controllable magnetic field subject to the norm constraint,
while B0(t ) represents a background field that is not subject to
optimization. This exemplifies the part of Hu(t ) lying within V
and reflects experimental situations where a background field
coexists with the controllable drive. In this case, we confirm
that V ∼= su(2), independent of the system size.

Under assumption (2), the time-evolution operator fac-
torizes as U (t ) = Uu(t )Uc(t ), where Uu(t ) is the unitary
generated by Hu(t ) and

Uc(t ) := Texp

[
−i

∫ t

0
Uu(s)†Hc(s)Uu(s)ds

]

=: Texp

[
−i

∫ t

0
HI

c (s)ds

]
∈ eiV . (12)

Here, the fact that Uc(t ) ∈ eiV follows from assumption (2) of
Lie-algebraic control, which implies that the control Hamil-
tonian in the interaction picture, HI

c (t ) := Uu(t )†Hc(t )Uu(t ),
belongs to V . When Hu(t ) commutes with V for all t ∈ [0, T ],
the interaction picture coincides with the original picture, i.e.,
HI

c (t ) ≡ Hc(t ), and hence an explicit transformation to the
interaction picture is unnecessary. A representative example is
the Heisenberg model in Eq. (11) with vanishing background
field during the control period, B0(t ) ≡ 0 for t ∈ (0, T ).

We decompose both the initial state and the final Hamil-
tonian as ρ i = ρ i

V + ρ i
⊥ and H f = H f

V + H f
⊥, where the

subscript V denotes the projection onto V [see Eq. (B1)]
and the subscript ⊥ indicates the orthogonal complement.
Under assumption (2), this decomposition implies that the
work separates into the controllable and uncontrollable parts
as W (U ) = Wc(Uc,Uu) + W (Uu), where (see Appendix B)

Wc(Uc,Uu) := −tr
[(

U †
u H f

VUu
)

Ucρ
iU †

c

]+ tr
[(

U †
u H f

VUu
)
ρ i
]
.

(13)

Here, Wc(Uc,Uu) represents the additional work, relative to
the uncontrolled dynamics, arising from the control. It coin-
cides with the work (1) evaluated with the final Hamiltonian
U †

u H f
VUu, the initial state ρ i, and the time-evolution opera-

tor Uc. Since the uncontrollable part Hu(t ) is fixed and not
subject to optimization, we focus solely on the contribution
from the controllable part Wc, which is denoted as Wc(Uc) ≡
Wc(Uc,Uu) for brevity. Its optimized value is denoted as

Wc(T ) := W (T ) − W (Uu(T )). (14)

We also denote the final Hamiltonian in the interaction picture
by H f,I

V (T ) := Uu(T )†H f
VUu(T ). Again, when Hu(t ) com-

mutes with V for all t ∈ [0, T ], this reduces to H f,I
V (T ) ≡ H f

V ,
and an explicit transformation to the interaction picture is
unnecessary.

In the interval of T such that H f,I
V (T ) is independent of

time, i.e., H f,I
V (T ) ≡ H f

V , the optimized contribution Wc(T )
from the controllable part is nondecreasing. This is in contrast
with the optimal total work W (T ), which is not necessar-
ily monotonic owing to the uncontrollable part W (Uu(T )).
The monotonicity is because Wc(Uc,Uu(T )) does not depend
on Uu(T ) in this case, and any unitary Uc implementable
within an operational time T remains implementable within
any larger operational time. Indeed, if HI

c (t ) implements the
unitary Uc(T ) within time T , then the control Hamiltonian

H̃ I
c (t ) =

{
HI

c (t ) (0 < t < T ),

0 (T � t < T ′),
(15)

implements the same unitary within any larger T ′(>T ). We
note that the time-independence condition, H f,I

V (T ) ≡ H f
V ,

can be satisfied beyond the commuting case described above.
For example, this equality also holds in the Heisenberg-type
model in Eq. (11) with a static background field B0(t ) ≡ B0

and a final Hamiltonian H f
V = B0 · S.

To assess whether the norm constraint is active, i.e.,
whether optimal control Hamiltonians saturate the constraint,
it is useful to quantify how far the optimal unitaries are from
the identity. We therefore define

�T := min
Uc∈argmaxVc∈eiV Wc(Vc,Uu (T ))

‖ln Uc‖f , (16)

where ln denotes the inverse of the exponential map in the
vicinity of the identity. This �T is the shortest distance on
eiV between the identity and the unitaries that maximize the
controllable work [50,51]. For each fixed operational time
T , the effective final operator H f,I

V (T ) is already fixed, and
the optimization in Eq. (16) is therefore a static optimiza-
tion problem on the compact Lie group eiV . This problem
is independent of the finite-time constrained optimization,
and a detailed Lie-theoretic treatment will be reported else-
where. Accordingly, �T can be determined before applying
Theorem 1 below. For brevity, we simply write � if �T does
not depend on T .

Once �T is determined from the static optimization prob-
lem in Eq. (16), one first checks whether ωT > �T . If so,
the norm constraint is not active; i.e., there exists an optimal
control Hamiltonian that does not saturate the constraint. To
see this, let Ũc be an optimal time-evolution operator achiev-
ing the minimum in Eq. (16), ‖ln Ũc‖f = �T . Then, it can be
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implemented by the following control Hamiltonian that does
not saturate the constraint:

HI
c (t ) = iln Ũc

T
, with

∥∥HI
c (t )

∥∥
f = �T

T
< ω. (17)

Only in the complementary regime ωT � �T does the finite-
time constrained optimization remain nontrivial.

As an example, consider the case where Hc(t ) can take
arbitrary operators and Hu ≡ 0. In this case, the final Hamil-
tonian is independent of T , i.e., H f,I

V (T ) ≡ H f
V . Consequently,

Wc(T ) = W (T ) is a nondecreasing function of T , and the
distance �T defined in Eq. (16) is independent of T . As
discussed around Eq. (2), the maximum work (ergotropy)
is achieved by a unitary Uc = Uerg, which is represented as
Uerg({φn}) = ∑

n eiφn |En〉〈qn| with arbitrary real phases φn.
Then, the distance � ≡ �T is given by

� = min
{φn}

‖ln Uerg({φn})‖f =: ‖ln Uerg({φ̃n})‖f , (18)

where Ũc = Uerg({φ̃n}). By definition of � in Eq. (16), we
cannot achieve the ergotropy Werg for T < �/ω. In contrast,
we can extract Werg for T � �/ω with the control Hamiltonian
defined in Eq. (17).

B. Optimal protocol under the Lie-algebraic control

After determining �T from the static optimization prob-
lem in Eq. (16), we now turn to the complementary regime
ωT � �T , in which the norm constraint is active. In this non-
trivial case, we present our main theorem for maximum work
extraction within finite time, which dramatically simplifies the
optimization problem in Eq. (6) into the problem of solving a
time-independent nonlinear equation.

Theorem 1. When 0 < ωT � �T , the optimal work-
extraction protocol proceeds in the following three steps
(Fig. 1): (1) turn on the control via a quench to Hc(+0) = ωH;
(2) steer the system under the control Hamiltonian

HI
c (t ) = ωH for all t ∈ (0, T ), (19)

which is time independent in the interaction picture; and (3)
switch off the control at the final time t = T . Here, H is
the time-independent rescaled Hamiltonian that satisfies the
following closed nonlinear equation:

CH = −i
[
H f,I
V (T ), e−iωT Hρ i

Ve+iωT H], ‖H‖f = 1, (20)

for some scalar C � 0.
Moreover, the optimal work is explicitly given as

Wc(T ) = Wc(Uc = e−iωT H) = T D
∫ ω

0
C(T ; ω′)dω′, (21)

where C(T ; ω′) denotes the scalar C determined by Eq. (20)
for the norm constraint ‖Hc(t )‖f � ω′ (instead of ω) and
D denotes the Hilbert space dimension. In this sense, the
scalar C quantifies the power gain achievable by increas-
ing the admissible control strength. When H f,I

V (T ) ≡ H f
V , C

is also proportional to ∂Wc/∂T almost everywhere because
the operational time T enters Eq. (20) only through the
product ωT .

Unlike typical optimal control problems where the opti-
mal Hamiltonian exhibits highly complex time dependence

[38,42,52–58], the optimal protocol here is remarkably sim-
ple: The rescaled Hamiltonian H is independent of time t ∈
(0, T ). As discussed in later subsections, the optimal Hamil-
tonian determined from Eq. (20) is analytically obtained for
su(2) control and numerically solved for a more general Lie
algebra.

Another relevant aspect is the knowledge of the uncon-
trollable Hamiltonian required to implement the optimal
protocol (19). In typical control problems, full knowledge
of Hu(t ) is required to determine an optimal protocol
[30,33,43–45], whereas in our Lie-algebraic control frame-
work only the V component of Hu(t ) needs to be known.
To make this explicit, we decompose Hu(t ) orthogonally
as Hu,V (t ) + Hu,⊥(t ). Then, only Hu,V (t ) must be specified,
while no precise knowledge of Hu,⊥(t ) is required [other
than that Hu(t ) itself satisfies assumption (2) of Lie-algebraic
control]. This is because we can show that the orthogonal
component Hu,⊥(t ) commutes with all of V and therefore does
not affect the dynamics in V (see Appendix B). Consequently,
the optimal control Hamiltonian can be written as

Hc(t ) = Uu(t )HI
c (t )U †

u (t ) = Uu,V (t )HI
c (t )U †

u,V (t ),

where Uu,V (t ) := Texp[−i
∫ t

0 Hu,V (s)ds] is the unitary gener-
ated by the V component alone. Therefore, precise knowledge
of Hu,⊥(t ) is unnecessary, making the optimal protocol in
Eq. (19) robust against uncertainty or noise in this component
and enhancing its practical relevance.

We remark that the required knowledge of Hu,V (t ) can be
obtained in different ways. For instance, it may be accessed
either by direct measurement of the V component, or inferred
from symmetry considerations that imply Hu,V (t ) effectively
vanishes [more precisely, [Hu,V (t ),V] ≡ 0]. In the latter case,
no explicit transformation to the interaction picture is needed,
since it then coincides with the original picture.

The above robustness with respect to Hu,⊥(t ) relies on
assumption (2) of Lie-algebraic control. A natural question
is then how the optimal work extraction is affected when this
assumption is weakly violated. Suppose that the Hamiltonian
contains an additional perturbation εK (t ) with ‖K (t )‖f � 1,
so that

H (t ) = [Hu(t ) + εK (t )] + Hc(t ), (22)

where possibly i[K (t ),V] �⊂ V . For a fixed admissible control
protocol Hc(t ), the corresponding time-evolution operator is
written as

U (T ) = Uu(T )Uc(T )

(
I − iε

∫ T

0
Uc(t )†KI (t )Uc(t ) dt

)
+ O(ε2).

Therefore, the extracted work is modified only at order εT :

W (U (T )) = W (Uu(T )Uc(T )) + O(εT ). (23)

To see the implication for the optimal value, let

Wε[Hc] := W (Uε(T ; Hc)), W0[Hc] := W (U0(T ; Hc)),
(24)

where Uε(T ; Hc) and U0(T ; Hc) denote the final-time uni-
taries generated by [Hu(t ) + εK (t )] + Hc(t ) and Hu(t ) +
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Hc(t ), respectively. Let H (0)
c (t ) and H (ε)

c (t ) be optimal con-
trol protocols for the unperturbed and perturbed problems,
respectively. Since the above expansion applies to any fixed
admissible protocol, we have

Wε

[
H (ε)

c

]− W0
[
H (0)

c

]
� Wε

[
H (ε)

c

]− W0
[
H (ε)

c

] = O(εT ),

(25)

where we used the optimality of H (0)
c (t ) for the unperturbed

problem. Similarly,

Wε

[
H (ε)

c

]− W0
[
H (0)

c

]
� Wε

[
H (0)

c

]− W0
[
H (0)

c

] = O(εT ),

(26)

where we used the optimality of H (ε)
c (t ) for the perturbed

problem. Therefore, the optimal extractable work itself is
modified only perturbatively:

Wε

[
H (ε)

c

]− W0
[
H (0)

c

] = O(εT ). (27)

Moreover, the protocol optimal in the unperturbed case re-
mains O(εT ) optimal in the presence of weak perturbations:

Wε

[
H (0)

c

] = Wε

[
H (ε)

c

]+ (
Wε

[
H (0)

c

]− W0
[
H (0)

c

])
+ (

W0
[
H (0)

c

]− Wε

[
H (ε)

c

])
= Wε

[
H (ε)

c

]+ O(εT ). (28)

On the other hand, the optimal protocol itself may vary dis-
continuously with ε in the presence of near degeneracies or
flat directions of the control landscape. A systematic analysis
of such protocol-level robustness is left for future work.

As shown in Appendix C, the proof of Theorem 1 employs
the Lagrange multiplier method with inequality constraints
[45] to maximize the extracted work under the norm con-
straint. The stationary condition of the Lagrangian, together
with the Lie-algebraic assumption, leads to the nonlinear
equation given in Eq. (20). The relation between Wc and C
in Eq. (21) is regarded as the so-called envelope theorem
[59] in the optimization theory: This is proven by carefully
showing the differentiability of the optimal work Wc(T ; ω)
as a function of ω and obtaining ∂Wc/∂ω = T DC from the
direct calculation.

C. Analytical solution in su(2) control

To illustrate the general theory in the simplest nontrivial
setting that allows for analytical treatment, we now consider
the case where the control algebra is V ∼= su(2), i.e.,

V = spanR{S1, S2, S3}, (29)

with [Sα, Sβ ] = i
∑

γ εαβγ Sγ . An example of such a setup is a
two-level system where all of the traceless control operations
are possible under the norm constraint. In this case, Sα is
given by the spin-1/2 operators. Another nontrivial example
is the Heisenberg-type models with controlled magnetic fields
introduced in Eq. (11). In this case, Sα corresponds to the three
components of S.

For the su(2) control, we can obtain the optimal Hamil-
tonian H analytically. To see this, we first observe from the
self-consistent equation (20) that the optimal rescaled Hamil-
tonian must be orthogonal to the final Hamiltonian in the

FIG. 2. Optimal work-extraction protocol within time T under
su(2) control. We analytically find that the solution (31) is to rotate
the projected density operator from ρ i

V to ρf
c := Uc(T )ρ i

VUc(T )†

along the shortest possible path in the Bloch sphere so that ρf
c

becomes maximally aligned with −H f,I
V (T ). Here, we describe op-

erators as vectors in the three-dimensional space of controllable
operators.

Hilbert-Schmidt inner product, i.e., tr[H H f,I
V (T )] = 0. More-

over, since H commutes with the time-evolution operator
e−iωT H, Eq. (20) is written as

CH = −i
[
e+iωT HH f,I

V (T )e−iωT H, ρ i
V
]
. (30)

This equation further implies that H is orthogonal to ρ i
V ,

tr[H ρ i
V ] = 0. Since the controllable space of operators is

three dimensional, these two orthogonality relations deter-
mine the optimal Hamiltonian H up to an overall sign: It
must be parallel or antiparallel to i[H f,I

V (T ), ρ i
V ] (except when

they commute) in the operator space. This sign is fixed by
the non-negativity of the coefficient C � 0 in Eq. (20), which
yields the unique solution (see Appendix D)

H = −i
[
H f,I
V (T ), ρ i

V
]∥∥[H f,I

V (T ), ρ i
V
]∥∥

f

. (31)

Geometrically, this solution corresponds to rotating ρ i
V along

the shortest Bloch-sphere path so that the final state aligns as
closely as possible with −H f,I

V (T ) (Fig. 2).
With this explicit solution, the optimal extractable work

Wc(T ) under su(2) control admits a closed-form expression.
Let φT ∈ [0, π ] be the angle between H f,I

V (T ) and ρ i
V in the

operator space, defined by

φT := arccos

⎛
⎜⎝ tr

[
H f,I
V (T )ρ i

V
]√

tr
[(

H f
V
)2]

tr
[(

ρ i
V
)2]

⎞
⎟⎠. (32)

Then, the extractable work for operational times T � �T /ω is
obtained as

Wc(T ) = D
∥∥H f

V
∥∥

f

∥∥ρ i
V
∥∥

f

[
cos φT − cos

(
ωT

‖Sα‖f
+ φT

)]
,

(33)

where Sα is any of the orthonormal generators {S1, S2, S3} of
V ∼= su(2).

Importantly, the above results are applicable to both few-
level and many-body systems. For the case with the two-level
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system (i.e., full control of traceless operators under norm
constraint), we can apply the above results with D = 2, H f

V =
H f − tr[H f ]/2, ρ i

V = ρ i − I/2, and ‖Sα‖f = 1/2. For su(2)
control of the Heisenberg model given in Eq. (11) with
static background field, B0(t ) = B0 for all t ∈ [0, T ]. The
final Hamiltonian is given by H f

V = Hu(T ) = B0 · S. In this
case, the uncontrollable contribution W (Uu(T )) vanishes un-
der the convention introduced below Eq. (6), so that we have
Wc(T ) = W (T ). Under these settings, a direct calculation
shows

H = (B0 × 〈S〉i ) · S
‖(B0 × 〈S〉i ) · S‖f

(34)

and

Hc(t ) = e−itB0·S ωH eitB0·S

= ωH cos(|B0| t ) − i

[
B0

|B0| · S, ωH
]

sin(|B0| t ). (35)

The corresponding optimal extractable work is

W (T ) = |B0| · |〈S〉i|
[

cos φ − cos

(
ωT

‖Sα‖f
+ φ

)]
, (36)

where 〈S〉i := tr[Sρ i], and φ := arccos( B0·〈S〉i

|B0|·|〈S〉i| ) is indepen-

dent of T . Since ‖Sα‖f = O(V 1/2), ω = O(V 1/2), and 〈S〉i =
O(V ), we find that the extensive work extraction W (T ) =
O(V ) is possible with operational times T = O(V 0). In par-
ticular, the minimum time for the maximum work extraction
is given by

T∗ = �

ω
= ‖Sα‖f (π − φ)

ω
, (37)

where we note that � ≡ �T does not depend on T in this case.
The maximum work is given by

W∗ = |B0| · |〈S〉i|(cos φ + 1). (38)

As seen from the above results, our method shows how
to design the time dependence of the optimal control Hc(t )
using the time-independent operator H given in Eq. (34).
Specifically, as demonstrated in Eq. (35), an optimal protocol
can be implemented by dynamically adjusting the direction
of the control field, even in the presence of a (possibly large)
background field B0.

From another perspective, our result also provides a quanti-
tative bound on finite-time cooling of this many-body system,
where the objective is to drive the system close to its
ground state. Specifically, if the system with Heisenberg in-
teractions [Eq. (11)] can only be controlled by global (i.e.,
translation-invariant) magnetic fields, then the energy reduc-
tion achievable within time T under such protocols is strictly
bounded above by W (T ) in Eq. (36). Moreover, the optimal
cooling protocol is realized using the time-independent con-
trol operator in Eq. (34).

D. Numerical solution for higher-dimensional V
While Eq. (20) becomes analytically intractable for

dim V > 3, its solution can still be obtained via a gradient-
based numerical method. For this purpose, we introduce a cost

FIG. 3. Optimal work extraction from a random three-level sys-
tem under the full control [V ∼= su(3)]. (a) Optimal amount of
extracted work as a function of T (the green curve). The blue curve
shows the constant C in Eq. (20), which is proportional to the
derivative of the optimal work. It remains finite for T ∈ (0, �/ω)
and vanishes as T → �/ω. (b) Minimum time Tc(Wc ) required to
extract a given amount of work Wc, which is obtained by inverting
Wc = Wc(T ). (c) Optimal power Pc(T ) := Wc(T )/T of work ex-
traction within time T , normalized by the reference power Pc∗ :=
Wc∗/(�/ω). Its maximum is attained strictly before the minimum
time for the maximum work extraction. (d) Optimal power Pc as
a function of the extracted work Wc. It decreases rapidly to Pc∗ as
Wc → Wc∗.

function

g(X ) := min
C�0

‖CX − F (X )‖2
f (X ∈ V ), (39)

where a candidate control operator X satisfies ‖X‖f = 1 and
F (X ) := −i[H f,I

V (T ), e−iωT X ρ i
V e+iωT X ] is the right-hand side

of Eq. (20). This cost function quantifies how well a candidate
control operator X satisfies the self-consistent equation (20).
A zero value of g(X ) implies that X solves the equation for
some C � 0, and hence serves as a candidate for the optimal
control operator H.

The minimization over C for the above function g(X ) can
be carried out analytically, and we obtain

g(X ) = ‖F (X )‖2
f −

(
1

D
tr[XF (X )]+

)2

, (40)

where x+ := max{0, x} for x ∈ R. Importantly, the expression
for the gradient of g(X ) can be obtained analytically, enabling
a gradient-based search for a solution of the self-consistent
equation (see Appendix E). With the gradient at hand, we
implement the standard steepest descent algorithm to numer-
ically solve the self-consistent equation. We emphasize that
this numerical algorithm is much more straightforward than
the direct numerical optimization of time-dependent dynamics
in the original problem.

Figure 3(a) shows the optimal work Wc(T ) obtained from
the above numerical method, for full control of a random
three-level system. Here, we assume control over all trace-
less Hermitian operators, corresponding to V = su(3). The
uncontrollable Hamiltonian is fixed as Hu(t ) = H f for all t ∈
[0, T ]. Consequently, H f,I

V (T ) = H f
V for any T , and �T ≡ �

is independent of T . Both the optimal work Wc(T ) and the
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optimal operator H exhibit a nontrivial dependence on T . This
is more complicated than su(2) control, where the condition
H f,I
V (T ) ≡ H f

V results in a simple cosine curve for the op-
timal extractable work Wc(T ), and the optimal operator H
becomes independent of T . Consistent with the discussions
around Eqs. (15)–(17), Wc(T ) is nondecreasing in T and
attains its maximum at T = �/ω.We also show the normalized
value of C, which is proportional to ∂Wc/∂T as discussed in
Theorem 1. Note that C becomes zero at T = �/ω because
Wc(T ) attains its maximum there.

By inverting the function Wc(T ), we obtain the minimum
time Tc(Wc) required to extract a given amount of work Wc,
as shown in Fig. 3(b). This yields the exact speed limit for
finite-time work extraction from closed quantum systems:
T � Tc(Wc), where equality is attainable. This is in contrast
with previous attempts [19–22,25] to evaluate the time for
work extraction via quantum speed limits, for which the at-
tainability of equality remained unclear. Note that the speed
limit becomes steeper as T approaches �/ω. Indeed, we have
dTc/dWc = (dWc/dT )−1 → ∞, since dWc/dT ∝ C → 0 in
this case.

Furthermore, our results reveal a nontrivial relationship
between power, operational time, and extractable work, as
shown in Figs. 3(c) and 3(d). As given in Proposition 1, the
power attains its maximum at some time strictly before the
minimum time required for the maximum work extraction
[note that Proposition 1 similarly applies to Wc(T ) and Pc(T ),
in place of W (T ) and P (T )]. This implies that extracting
a modest amount of energy from each system and rapidly
switching to fresh systems yields higher power than fully
extracting the available energy Wc∗ from each system.

V. EFFICIENT NUMERICAL SOLUTION
FOR MANY-BODY SYSTEMS

The numerical method introduced above is general and ap-
plicable to any finite-dimensional system under Lie-algebraic
control. However, for physically relevant many-body systems,
the cost of computing the gradient ∇g(X ), required at each
iteration step, scales exponentially in system size as O(D3).
This fact makes it infeasible to employ the naive gradient-
based method in many-body systems.

However, the number of controllable degrees of freedom,
given by dim V in our case of Lie-algebraic control, typically
remains constant with system size; we can exploit this fact
to devise an efficient numerical solution of the self-consistent
equation even for many-body systems. Crucially, all relevant
operations in the optimization problem, such as commutators,
matrix exponentials, and the Hilbert-Schmidt inner product,
can be evaluated entirely within a much smaller representation
of V whose dimension is independent of system size. That
is, all computations involved in the cost function (40) and its
gradient can be performed within this reduced representation.

A. Case study for SU(n)-Hubbard models

While the reduction of the representation generally fol-
lows from several facts from the theory of Lie algebras, we
first illustrate how it applies to a concrete physical model.
As an example, we consider an SU(n)-Hubbard model with

controllable fermion flavors defined on a lattice � of size
V := |�|. The total particle number is denoted by N , and
the Hilbert space dimension is given by D = (nV

N

)
, which is

exponentially large in system size. As we will see below, the
reduction can be carried out analytically in this case, with the
dimension of the reduced representation being n, independent
of D. The Hamiltonian is given by H (t ) = Hc(t ) + Hu(t ), with

Hc(t ) =
∑
αβ

uαβ (t )
∑
x∈�

c†
xαcxβ

⎛
⎝=:

∑
αβ

uαβ (t )Eαβ

⎞
⎠

and

Hu(t ) = − J (t )
∑
〈x,y〉

n∑
α=1

(c†
xαcyα + H.c.)

+ U (t )

2

∑
α �=β

∑
x∈�

nxαnxβ +
∑

α

hα (t )

(∑
x∈�

nxα

)
.

(41)

Here, cxα denotes the fermionic annihilation operator of the
αth flavor at site x,

Eαβ :=
∑
x∈�

c†
xαcxβ, (42)

〈x, y〉 denotes the nearest-neighboring sites, nxα := c†
xαcxα ,

hα (t ) are flavor-dependent potentials, and uαβ (t ) ∈ C is a
control field satisfying uαβ (t ) = uβα (t )∗ and

∑n
α=1 uαα (t ) =

0. One can also directly verify that Hu leaves V invariant,
ensuring that the system falls within the Lie-algebraic con-
trol. The V component of the final Hamiltonian is given by
H f
V = ∑

α hf
αEαα .

We choose as the initial state ρ i = |ψ〉〈ψ |, where each
flavor has a definite particle number, i.e., Eαα|ψ〉 = Nα|ψ〉 for
all α. Here, we note that the operators Eαα represent the total
particle number of the αth flavor, and Nα ∈ N are their values
in |ψ〉 satisfying N = ∑

α Nα . As shown in Appendix F, the
orthogonal projection of ρ i onto V is given by

ρ i
V = N

C(n)
V,N

n∑
α=1

(
Nα

N
− 1

n

)
Eαα, (43)

where C(n)
V,N := V

(nV −2
N−1

)
.

With the above setup, we now translate the original prob-
lem concerning D × D matrices into that concerning n × n
matrices. For this purpose, we introduce the standard repre-
sentation of V ∼= su(n), defined as a linear map satisfying

π (Eαβ ) := |eα〉〈eβ |. (44)

Here, {|eα〉}n
α=1 is an orthonormal basis of an n-dimensional

Hilbert space. Therefore, π reduces the dimensionality of the
Hilbert space, on which the operators act, from D to n.

Let us consider rewriting the work to optimize with the
reduced representation. As we will explain below, we find that
Eq. (13) is written as

Wc(Uc) = − C(n)
V,N tr

[
π
(
H f,I
V (T )

)
Ucππ

(
ρ i
V
)
U †

cπ

]
+ tr

[
H f
Vρ i

V
]
, (45)
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where π (H f,I
V (T )) = U †

uππ (H f
V )Uuπ and

Uuπ (T ) := Texp

[
−i

∫ T

0
π (Hu,V (t ))dt

]
,

Ucπ (T ) := Texp

[
−i

∫ T

0
π
(
HI

c (t )
)
dt

]
. (46)

Here, the only V-component Hu,V of the uncontrollable
Hamiltonian appears in Eq. (46) because the orthogonal com-
ponent Hu,⊥ commutes with all of V and does not affect
the dynamics in V (see Appendix B). Moreover, the norm
constraint ‖Hc(t )‖f translates into

‖π (Hc(t ))‖f = κ‖Hc(t )‖f � κω, (47)

where κ := (nC(n)
V,N/D)−1/2 (see below). Therefore, all the

inputs (the work and the norm constraint) to the optimiza-
tion problem are expressed in the reduced n-dimensional
representation.

We can then apply Theorem 1 to this n-dimensional opti-
mization problem to obtain an optimal control Hamiltonian
π (HI

c (t )) = κωHπ , where Hπ satisfies the self-consistent
equation (20):

CπHπ = −i
[
π
(
H f,I
V (T )

)
, e−iκωT Hπ π

(
ρ i
V
)
eiκωT Hπ

]
, (48)

with ‖Hπ‖f = 1 and Cπ being some non-negative scalar. As
discussed earlier, this equation can be solved numerically
based on the gradient method at a cost that does not scale
with system size. Once the solution Hπ is obtained in this
n-dimensional representation, the optimal control Hamilto-
nian in the original representation can be reconstructed as
HI

c (t ) = κω π−1(Hπ ).
We note that, in Eq. (47), we have ‖π (Hc(t ))‖2

f =∑n
α,β=1 |uαβ (t )|2, which represents the strength of the control

field {uαβ (t )}n
α,β=1. Therefore, the natural scaling of ω is such

that κω = O(V 0). On the other hand, the operational time T
appears in Eq. (48) only through the combination κωT , except
for the explicit T dependence in H f,I

V (T ). Taken together,
these observations imply that the exact speed limit Tc(Wc)
is also of O(V 0) for Wc = O(Wc∗) when H f,I

V (T ) does not
depend on T .

To obtain Eq. (45), we first note that

π ([Eαβ, Eμν]) = [π (Eαβ ), π (Eμν )], (49)

for any Eαβ and Eμν , manifesting that π is indeed a repre-
sentation of V . From the Baker-Campbell-Hausdorff formula,
this also implies that

π (e−iXYeiX ) = e−iπ (X )π (Y )eiπ (X ), (50)

for any X,Y ∈ V . Therefore, the matrix exponential e−iX can
be evaluated as e−iπ (X ) in the standard representation π . In
the same vein, the time-ordered exponential in the reduced
representation can be evaluated as in Eq. (46), so that we have

π
(
H f,I
V (T )

) = Uuπ (T )† π
(
H f
V
)

Uuπ (T ),

π
(
Uc(T )ρ i

VUc(T )†
) = Ucπ (T ) π

(
ρ i
V
)

Ucπ (T )†. (51)

Moreover, we can verify that the Hilbert-Schmidt inner
product in the original Hilbert space and the standard repre-
sentation are proportional to each other for traceless operators:

FIG. 4. Optimal work extraction from an SU(6)-Hubbard
model with static flavor-dependent potentials hα (t ) ≡ hα . The
values of hα and the flavor fractions Nα/N in Eq. (43) are
randomly sampled as hα � {0, 0.11, 0.34, 0.54, 0.84, 1.17} and
Nα/N � {0.022, 0.078, 0.15, 0.24, 0.25, 0.26}. The initial state is
chosen as the one maximizing the energy expectation value. Accord-
ing to Eqs. (43) and (45), the optimal work scales extensively with
particle number for fixed flavor fractions and is independent of the
lattice size V and the parameters J (t ) and U (t ) in Eq. (41). Moreover,
C has several cusps as a function of operational time T , where a
discontinuous transition of the optimal operator H occurs.

There exists a constant C(n)
V,N such that

tr[XY ] = C(n)
V,N tr[π (X )π (Y )], (52)

for all X and Y in V (see Appendix F). Therefore, the normal-
ized Frobenius norm in the standard representation is related
to the original norm by ‖π (X )‖f = κ‖X‖f , with the rescaling
factor κ := (nC(n)

V,N/D)−1/2. This also implies that the norm
constraint translates to ‖π (Hc(t ))‖f � κω as in Eq. (47). Fi-
nally, the final Hamiltonian H f

V and the initial state ρ i
V are

trivially mapped by applying π . This completes the reformu-
lation of the problem in the reduced representation with n × n
matrices [as in Eq. (45)], to which the numerical solution
discussed earlier can be efficiently applied.

Figure 4 illustrates the scaling of optimal work extraction
in an SU(6)-Hubbard model, which has been realized experi-
mentally [60]. We consider static flavor-dependent potentials
hα (t ) ≡ hα and randomly choose both the values of hα and
the flavor fractions Nα/N . The initial state is chosen as the
one that maximizes the energy expectation value. According
to Eqs. (43) and (45), the optimal work scales extensively with
particle number at fixed flavor fractions and is independent of
the lattice size V and the parameters J (t ) and U (t ) in Eq. (41).

Interestingly, C has several cusps as a function of oper-
ational time T , where we find that the optimal operator H
exhibits a discontinuous change. These control phase transi-
tions of the optimal Hamiltonian reflect the complexity of the
optimal work-extraction problem, while our method offers a
way to solve it.
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B. Generalization via changing representations

Let us now discuss our general method for the reduction of
the representation by employing three facts from the represen-
tation theory of Lie algebras:

(1) Any subalgebra V of a compact Lie algebra [in our
case, B(H) = u(D)] can be orthogonally decomposed into its
semisimple part Vss := [V,V] and its center z[V] := {X ∈ V :
[X,V] = 0} [61,62]. In the example above, this decomposi-
tion is trivial because V ∼= su(n) is itself simple.

(2) Any semisimple Lie algebra Vss can be orthogonally
decomposed into a direct sum of simple Lie algebras as Vss =
⊕ jV j [61,63,64]. In the example above, this decomposition is
trivial because Vss

∼= su(n) is already simple.
(3) For any representation π j of a simple Lie algebra V j ,

there exists a positive constant Cπ j satisfying

Cπ j tr[π j (X )π j (Y )] = tr[XY ] (53)

for all X,Y ∈ V j [63]. In the example above, we confirm this
property with Cπ = C(n)

V,N .
From (1) and (2), the control algebra V decomposes as

V =
⊕

j

V j ⊕ z[V], (54)

where each V j is simple and z[V] is the center of V . Corre-
spondingly, any operator X ∈ V decomposes as X = ∑

j Xj +
Xz, with Xj ∈ V j and Xz ∈ z[V]. Combining this fact with (3),
the Hilbert-Schmidt inner product can be expressed as

tr[XY ] =
∑

j

Cπ j tr[π j (Xj )π j (Yj )] + tr[XzYz] (55)

for any X,Y ∈ V . The last term involving the center must still
be evaluated in the full Hilbert space. However, it can be safely
disregarded for the purpose of optimization, since the center
is invariant under any control within V , and conversely, any
operator in the center cannot contribute to nontrivial dynamics
in the work W (U (T )).

As practical representations, one may employ the stan-
dard representation by n × n skew-Hermitian matrices for
su(n), n × n skew-symmetric matrices for so(n), and 2n × 2n
Hamiltonian matrices for sp(n), for example. The point is
that the dimensions of these representations depend only
on that of the controllable subspace V and are independent
of D. Given any X ∈ V j , its representation π j (X ) can be
computed as follows. Let {�β}β be an orthonormal basis
of V j . Then, we have π j (X ) = ∑

β cβπ j (�β ), where cβ :=
tr[�βX ]/tr[(�β )2]. The computation of each cβ costs O(D2)
operations, and this needs to be done only once at the
initial stage of the numerical calculation. Without this re-
duction, each iteration of the gradient descent would require
O(D3) operations due to diagonalization in the full Hilbert
space, resulting in a total cost of O(NstepD3) with Nstep be-
ing the number of iterations. In contrast, once the π j (X )
are computed, all subsequent calculations proceed within the
reduced representation, requiring only O(

∑
j n3

j ) operations
per iteration, with n j the dimension of the representation
π j . This significantly reduces the total computational cost to
O(D2 + Nstep

∑
j n3

j ).

VI. EXTENSION TO OPTIMIZATION OF GENERAL
EXPECTATION VALUES

While we have so far focused on the work-extraction prob-
lem, the framework also straightforwardly applies to a broader
class of control problems beyond work extraction. As the
simplest example, by reversing the sign of the final Hamil-
tonian (H f �→ −H f ), our framework equally applies to the
finite-time charging process of a quantum battery, where we
aim to control the system so that its internal energy becomes
as large as possible [16,56,65,66].

When the control algebra is the space of all Hermitian
operators [i.e., B(H)] or all traceless Hermitian operators,
the objective function can be generalized to the expectation
value of an arbitrary observable A ∈ B(H) at the final time.
By replacing H f with −A in Eq. (1), the objective function is
given by

f (U ) := tr[AUρ iU †] − tr[A ρ i]. (56)

This extended framework encompasses a variety of physically
relevant tasks through appropriate choices of A. Theorem 1
applies to the optimization of f (U ) as well, in which case the
self-consistent equation (20) takes the form

CH = i[AI (T ), e−iωT Hρ ie+iωT H], ‖H‖f = 1. (57)

Here, AI
V (T ) = AI (T ) and ρ i

V = ρ i for the full control B(H),
and AI

V (T ) = AI (T ) − (trA)I/D and ρ i
V = ρ i − I/D for the

control of all traceless Hermitian operators. Equation (57)
applies to both cases. Again, we stress that this approach
provides an achievable speed limit, in contrast with previ-
ous speed-limit approaches to obtain bounds for observables
[20,21,67–70].

As an example, consider the task of maximizing the fidelity
with respect to a given pure target state |ψt〉 [46]. In this case,
the fidelity is given by

F (U ) = 〈ψt|Uρ iU †|ψt〉, (58)

which is the expectation value of the projection operator onto
the target state. This corresponds to choosing A = |ψt〉〈ψt| in
Eq. (56) without the second term, which is irrelevant to the
optimization. Now, consider the two-level system under the
full control of traceless Hermitian operators, where the control
algebra is V = su(2) and the uncontrollable Hamiltonian is
proportional to the identity, Hu(t ) ∝ I . The V and orthogonal
components of A and ρ i are given by AV = |ψt〉〈ψt| − I/2,
ρ i
V = ρ i − I/2, and A⊥ = ρ i

⊥ = I/2. Substituting these into
the analytical solution (33) for su(2) control, we obtain the
optimal fidelity F (T ) achievable within time T as

F (T ) = −
√

2tr[(ρ i )2] − 1

2
cos(2ωT + φ) + 1

2
, (59)

where the second term 1/2 originates from the contribution
of the orthogonal components A⊥ and ρ i

⊥. Here, φ is the
angle between AV and ρ i

V and determines the minimum time
required to maximize the fidelity via

T∗ = π − φ

2ω
= 1

2ω
arccos

(
2〈ψt|ρ i|ψt〉 − 1√

2tr[(ρ i )2] − 1

)
. (60)
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If the initial state is also pure, ρ i = |ψi〉〈ψi|, the self-
consistent equation admits an analytical solution even for
general D-level systems under full control. Substituting
AI (T ) = |ψt〉〈ψt| and ρ i = |ψi〉〈ψi| into Eq. (57), the optimal
control operator H is shown to be of rank two:

CH = i(|ψt〉〈ψf (H)| − |ψf (H)〉〈ψt|), (61)

where |ψf (H)〉 := e−iωT H|ψi〉 denotes the final state. To iden-
tify the two-dimensional subspace on which H acts, we
apply this equation to the vector |ψf (H)〉 − |ψt〉〈ψt|ψf (H)〉,
obtaining

H(|ψf (H)〉 − |ψt〉〈ψt|ψf (H)〉)

= i

C
(1 − |〈ψt|ψf (H)〉|2)|ψt〉. (62)

This shows that the target state |ψt〉 lies in the image of H.
We then consider an equivalent form of the self-consistent
equation (57):

CH = i[e+iωT HAI (T )e−iωT H, ρ i], ‖H‖f = 1, (63)

which follows from [H, e−iωT H] = 0. This form allows us to
apply the same reasoning as above with the roles of the target
and initial states reversed: The initial state |ψi〉 also lies in the
image of H. Since H is a rank-2 traceless Hermitian operator,
its image is span{|ψi〉, |ψt〉}. In particular, we can expand the
final state |ψf (H)〉 as

|ψf (H)〉 = α(H)|ψi〉 + β(H)|ψt〉 (64)

for some coefficients α(H), β(H) ∈ C. Substituting this ex-
pansion into Eq. (61) and using ‖H‖f = 1, the solution is
obtained as

H = i

√
D

2

e−iθ |ψi〉〈ψt| − eiθ |ψt〉〈ψi|√
1 − |〈ψt|ψi〉|2

, (65)

where the phase θ is determined to be θ = arg〈ψt|ψi〉 by
taking the trace of Eq. (57). (It is arbitrary when 〈ψt|ψi〉 = 0.)

The resulting optimal fidelity is

F (T ) = 1
2 cos(

√
2D ωT − 2 arccos |〈ψt|ψi〉|) + 1

2 . (66)

This recovers the well-known result for the minimum time to
reach the target pure state from an initial pure state [46], up to
the difference in the normalization of the control Hamiltonian:

T∗ = 1

ω
√

D/2
arccos |〈ψt|ψi〉|. (67)

However, we stress that Eq. (66) also provides the optimal
fidelity for times shorter than T∗.

Beyond the analytically solvable cases discussed above, the
numerical method introduced in Sec. IV D enables us to obtain
optimal solutions for general D-level systems with D � 3 and
mixed initial states, where analytical solutions are generally
unavailable. Therefore, the results in Secs. II–IV extend to the
optimization of general expectation values, under full control
over all Hermitian or all traceless Hermitian operators as con-
sidered in this section. In many-body settings, however, such
full control is generally unrealistic, and whether our frame-
work further extends to such many-body settings remains to
be explored.

VII. CONCLUSION AND OUTLOOK

In this work, we considered finite-time work extraction
from closed quantum systems. We first established the trade-
off between power and extractable work under a general
setup (Proposition 1), showing that they cannot be maxi-
mized simultaneously. This demonstrates the advantage of
our finite-time control setting in enhancing the power. We
then derived the optimal protocol for finite-time work ex-
traction from closed quantum systems within the framework
of Lie-algebraic control (Theorem 1). The optimal control
Hamiltonian takes a remarkably simple form: it is time inde-
pendent in the interaction picture, and it is determined by the
closed-form self-consistent equation (20). We then presented
an analytical solution in the simplest nontrivial case of su(2)
control and applied it to fully controlled two-level systems
and the Heisenberg-type model under magnetic-field control
with norm constraints. We also demonstrated that the self-
consistent equation remains numerically tractable for larger
control algebras, such as su(3), where analytical solutions are
no longer available. Thanks to the properties of Lie algebras,
the numerical solution to the self-consistent equation (20) re-
mains computationally efficient even for quantum many-body
systems.

Notably, examples of Lie-algebraic controls include sys-
tems with only local and few-body interactions, such as
Heisenberg-type models with controlled magnetic fields and
SU(n)-Hubbard model with controllable fermion flavors. In
this sense, our theory identifies a physically meaningful class
of settings in which a rigorous treatment is available for
the optimal work extraction of quantum many-body systems
within a finite time.

Note that our problem can equally be regarded as a
cooling task, since extracting work from a closed system
is equivalent to lowering the system’s energy with respect
to the final Hamiltonian. From this perspective, our results
provide quantitative upper bounds on the cooling capabil-
ity (i.e., the controllable energy reduction) achievable within
finite time for the many-body systems discussed above. More-
over, by replacing H f with −H f , our framework also applies
to the problem of charging a quantum battery within a fi-
nite time, where the objective is to steer the system into
a high-energy state with respect to a given Hamiltonian
[16,56,65,66].

As we have discussed in Sec. VI, our framework readily
extends from work extraction to the optimization of general
expectation values when the control algebra spans all Her-
mitian or all traceless Hermitian operators. In addition to
the analytically solvable examples discussed in Sec. VI, the
numerical method introduced in Sec. IV D enables the com-
putation of optimal solutions for finite-time control in more
complex systems, such as D-level systems with D � 3 and
mixed initial states.

Another important open problem is, as mentioned before,
whether the extended framework in Sec. VI further gen-
eralizes to many-body settings, where full control over all
Hermitian or traceless Hermitian operators is generally un-
realistic. If so, a further question is whether the resulting
self-consistent equation can be solved efficiently, analogous
to the method established for work extraction in Sec. V.
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It would also be worthwhile to explore generalizations of
the current framework to situations where the assumptions
of Lie-algebraic control are not fully satisfied, as in general
many-body systems, and to determine when optimal solutions
can still be obtained.
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APPENDIX A: PROOF OF PROPOSITION 1

We first consider the case with T∗ = ∞. Since the work
W (T ) is bounded above by the ergotropy Werg, the power at
any time T is bounded above as

P (T ) = W (T )

T
� Werg

T
. (A1)

We choose a reference time T0 that satisfies P (T0) > 0 (i.e.,
nonzero power). We also define another time T1 through T1 :=
Werg/P (T0), where Eq. (A1) indicates T0 � T1. Then, for any
T longer than T1 (i.e., T > T1), we obtain that the power
cannot attain its maximum, since it is strictly smaller than the
power at time T0:

P (T ) � Werg

T
<

Werg

T1
= P (T0) (T > T1). (A2)

Therefore, the maximum power is attained somewhere in the
interval [0, T1]:

sup
T �0

P (T ) = sup
T ∈[0,T1]

P (T ). (A3)

Since the interval [0, T1] is closed, the supremum is attained
somewhere in this region:

0 � argmax
T �0

P (T ) � T1 < T∗ = ∞. (A4)

This completes the proof for the case T∗ = ∞.
The case with T∗ < ∞ requires a separate argument to ex-

clude the possibility that argmaxT �0 P (T ) = T∗. We first view
the extractable work W (U (T )) as a function of the rescaled
path ϕ(λ) := Hc(λT ) (λ ∈ [0, 1]) and T and write

f (ϕ, T ) := W (U (T )). (A5)

Then, f (ϕ, T ) is bounded and continuous with respect to both
arguments.

In Eq. (6), the control Hamiltonian Hc : [0, T ] → V is op-
timized under the norm constraint ‖Hc(t )‖f � ω. In terms of
the rescaled path ϕ : [0, 1] → V , we can rewrite Eq. (6) as

W (T ) = max
ϕ∈PVω

f (ϕ, T ), (A6)

where the set of admissible paths

PVω := {ϕ : [0, 1] → Vω}, (A7)

with

Vω := {X ∈ V : ‖X‖f � ω} (A8)

is now independent of the operational time T .
For each T , let ϕT ∈ PVω denote an optimal control

path, i.e.,

ϕT = argmax
ϕ∈PVω

f (ϕ, T ). (A9)

Such a maximizer exists because Vω is a closed ball of radius
ω in the finite-dimensional space V , which is compact; hence,
PVω is also compact.

At this stage, we can apply Theorem 1 of Ref. [59], which
applies when the admissible set PVω is independent of T (see
below), and yields

∂−W (T ) � ∂ f

∂T
(ϕT , T ) � ∂+W (T ). (A10)

Here, ∂−/+ denotes the left/right derivative. At the maximum
point T = T∗ of W (T ), we obtain W (T∗ + δ) � W (T∗) for
any δ ∈ R by definition. This implies that

∂+W (T∗) � 0 � ∂−W (T∗). (A11)

Combining this inequality with Eq. (A10), we conclude that
W is differentiable at T = T∗ with derivative

Ẇ (T∗) = 0. (A12)

Then, the claim of Proposition 1 follows from

Ṗ (T∗) = −W (T∗)

T 2∗
< 0, (A13)

implying that the power P attains its maximum strictly before
T = T∗.

Since the proof of Eq. (A10) is elementary, we include it
for completeness. From the maximality of ϕT for any given T
and the fact that PVω is independent of T , we have

f (ϕT , T ′) − f (ϕT , T ) � W (T ′) − W (T ), (A14)

for any T ′. Dividing both sides by T ′ − T and taking the limit
as T ′ → T ± 0 yields Eq. (A10). �

APPENDIX B: DECOMPOSITION OF WORK INTO
CONTROLLABLE AND UNCONTROLLABLE PARTS

Given an arbitrary orthonormal basis {� j} of V , the orthog-
onal projection of an arbitrary operator X onto V (with respect
to the Hilbert-Schmidt inner product) is given by

XV =
∑

j

tr(X� j )

tr[(� j )2]
� j . (B1)

The orthogonal complement X⊥ is then given by
X⊥ := X − XV .

For the decomposition of the uncontrollable Hamiltonian,
Hu(t ) = Hu,V (t ) + Hu,⊥(t ), we can show that

∀t ∈ [0, T ], Hu,V (t ) ∈ V, [Hu,⊥(t ),V] ≡ 0, (B2)
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where [Hu,⊥(t ),V] ≡ 0 means that [Hu,⊥(t ), X ] ≡ 0 for all
X ∈ V . Indeed, assumption (2) of Lie-algebraic control im-
plies that

i[Hu,⊥(t ),V] = i[Hu(t ),V] − i[Hu,V (t ),V] ⊆ V . (B3)

On the other hand, by assumption (1) of Lie-algebraic control
and the cyclic property of the trace, we obtain

tr(i[Hu,⊥(t ),V]V ) = tr(Hu,⊥(t ) i[V,V]) = 0. (B4)

Therefore, i[Hu,⊥(t ),V] lies in both V and its orthogonal
complement, and thus vanishes.

As stated in Sec. IV A, assumption (2) of Lie-algebraic
control implies that the time-evolution operator factorizes
as U = UuUc, where U †

u VUu = V and Uc ∈ eiV . Applying
Eq. (B2) to the final Hamiltonian H f = Hu(T ), we obtain

U †H fU = U †
c

(
U †

u H f
VUu

)
Uc + U †

c

(
U †

u H f
⊥Uu

)
Uc

= U †
c

(
U †

u H f
VUu

)
Uc + U †

u H f
⊥Uu,

= [
U †

c

(
U †

u H f
VUu

)
Uc − (

U †
u H f

VUu
)]+ U †

u H fUu,

(B5)

where we use[
U †

u H f
⊥Uu,V

] = U †
u

[
H f

⊥,UuVU †
u

]
Uu = U †

u

[
H f

⊥,V
]
Uu = 0

(B6)

from Eq. (B2). Substituting this decomposition into the defi-
nition of the work (1), we obtain

W (U ) = −tr
[
U †

c

(
U †

u H f
VUu

)
Ucρ

i
]+ tr

[
U †

u H f
VUuρ

i
]

− tr[U †
u H fUuρ

i] + tr[H iρ i]

=: Wc(Uc,Uu) + W (Uu), (B7)

where

Wc(Uc,Uu) := −tr
[
U †

c

(
U †

u H f
VUu

)
Ucρ

i]+ tr
[
U †

u H f
VUuρ

i].
(B8)

Since U †
c (U †

u H f
VUu)Uc ∈ V and ρ i

⊥ is orthogonal to V by
definition, we can equivalently write

Wc(Uc,Uu) = −tr
[
U †

c

(
U †

u H f
VUu

)
Ucρ

i
V
]+ tr

[
U †

u H f
VUuρ

i
V
]
.

(B9)

APPENDIX C: PROOF OF THEOREM 1

1. Optimal protocol

We employ the Lagrange multiplier method with inequality
constraints [45] to maximize the extracted work under the
norm constraint. The corresponding Lagrangian is given by

L[Hc] := Wc(Uc(T )) −
∫ T

0
α(t )

(‖Hc(t )‖2
f − ω2

)
dt . (C1)

Here, α(t ) is a Lagrange multiplier, which is required to sat-
isfy α(t ) � 0 for the maximization problem [45].

To obtain the stationary condition δL = 0, we first consider
the variation of the time-evolution operator with respect to the
control Hamiltonian, which is given by

δUc(T ) = −iUc(T )
∫ T

0
Uc(t )†δHI

c (t )Uc(t )dt . (C2)

Then, by using δU †
c = −U †

c δUcU †
c [obtained from the varia-

tion δ(U †
c Uc) = 0], the variation of the work is given by

δWc(Uc(T )) = tr
(
Uc(T )†δUc(T )

[
Uc(T )†H f,I

V (T )Uc(T ), ρ i
V
])

= tr[iUc(T )†δUc(T )M]

=
∫ T

0
tr
[
δHI

c (t )Uc(t )MUc(t )†]dt, (C3)

where we introduce a time-independent operator M by

M := −i
[
Uc(T )†H f,I

V (T )Uc(T ), ρ i
V
]
. (C4)

The variation of the Lagrangian is then given by

δL =
∫ T

0
tr

[
δHI

c (t )

(
Uc(t )MUc(t )† − 2α(t )

trI
HI

c (t )

)]
dt .

(C5)

Here, assumption (1) of Lie-algebraic control, which the
controllable subspace V is closed under the commutator, im-
plies that Uc(t )MUc(t )† belongs to V . Since the variation
δHI

c (t ) is taken over all V under the norm constraint due to
assumptions (1) and (2), we may, in particular, choose

δHI
c (t ) ∝

(
Uc(t )MUc(t )† − 2α(t )

trI
HI

c (t )

)
, ∀t ∈ (0, T ).

Substituting this choice into Eq. (C5), we obtain

δL ∝
∫ T

0

∥∥∥∥Uc(t )MUc(t )† − 2α(t )

trI
HI

c (t )

∥∥∥∥2

f

dt .

Therefore, the stationary condition, δL = 0 for all
δHI

c (t ) ∈ V , is equivalent to the equation

2α(t )

trI
HI

c (t ) = Uc(t )MUc(t )†. (C6)

First, consider the case M �= 0. Then, we have α(t ) �= 0 for
all t ∈ (0, T ). According to the theory of Lagrange multiplier
method with inequality constraints, this implies that the norm
constraint must be saturated for all t ∈ (0, T ) [45]. Therefore,
we obtain

HI
c (t ) = ωUc(t )HUc(t )†, H := M

‖M‖f
. (C7)

Solving this equation in conjunction with the Schrödinger
equation, iU̇c(t ) = HI

c (t )Uc(t ), we obtain

HI
c (t ) = ωH, Uc(T ) = e−iωT H. (C8)

Substituting this solution back into the definition of the oper-
ator M in Eq. (C4), we obtain the self-consistent equation that
determines the optimal control direction as

CH = −i
[
H f,I
V (T ), e−iωT Hρ i

VeiωT H], ‖H‖f = 1, (C9)

where C := ‖M‖f > 0, and we use [H, e−iωT H] = 0.
Next, consider M = 0, which corresponds to

α(t ) ≡ 0. Then, the optimal time-evolution operator satisfies
[H f,I

V (T ),Uc(T )ρ i
VUc(T )†] = 0 from Eq. (C4). Now, the

minimum time required to implement Uc(T ) is given
by TU = ω−1‖ln Uc(T )‖f , where ln is the inverse of the
exponential map X �→ eX in the vicinity of the identity.
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Indeed, from the norm constraint and the Schrödinger
equation, we obtain

ωT �
∫ T

0

∥∥HI
c (t )

∥∥
f dt =

∫ T

0

∥∥∥∥dUc

dt
U †

c

∥∥∥∥
f

dt . (C10)

The quantity on the right-hand side represents the length of the
path Uc(t ) (t ∈ [0, T ]) on eiV . Then, the standard characteri-
zation of geodesics on compact Lie groups [50,51] shows that
the minimum length is given by ‖ln Uc(T )‖f , which provides
the lower bound for the right-hand side of Eq. (C10).

Therefore, we have TU = ω−1‖ln Uc(T )‖f � T by assump-
tion that Uc(T ) can be implemented within time T . When
T � �T /ω, this inequality must in fact be saturated: TU =
ω−1‖ln Uc(T )‖f = T (see Appendix G for the proof). Now,
if we take the control Hamiltonian as HI

c (t ) = ωH with
H := iln Uc(T )/ωT , it indeed implements the optimal unitary
Uc(T ) = e−iωT H for time T . Moreover, it satisfies our norm
constraint ‖H‖f = 1. Finally, we can see that H satisfies the
self-consistent equation (20) with C = 0 due to the assump-
tion M = 0.

2. Relation between optimal work and C

For the second part [Eq. (21)], we write the optimal
work as

Wc(T ; ω) = max
X∈V, ‖X‖f �1

fT (X, ω), (C11)

where we define fT (X, ω) := Wc(e−iωT X ). Here, we explicitly
write the ω dependence of the optimal work since we here
vary ω with fixed T . Let Hω be the maximizer for the param-
eter ω, i.e., fT (Hω, ω) = Wc(T ; ω). Note that Hω was simply
denoted as H in the main text and the former part of the proof
of Theorem 1 for brevity.

The partial derivative of fT with respect to ω is given by

∂ fT

∂ω
(X, ω) = −tr

[
H f,I
V (T )

∂
(
e−iωT X ρ i

Ve+iωT X
)

∂ω

]

= iT tr
(
H f,I
V (T )

[
X, e−iωT X ρ i

Ve+iωT X
])

= −iT tr
(
X
[
H f,I
V (T ), e−iωT X ρ i

Ve+iωT X
])

. (C12)

Then, the Cauchy-Schwarz inequality yields∣∣∣∣∂ fT

∂ω
(X, ω)

∣∣∣∣ = T
∣∣tr([H f,I

V (T ), X
]
e−iωT X ρ i

Ve+iωT X
)∣∣

� T D
∥∥[H f,I

V (T ), X
]∥∥

f

∥∥ρ i
V
∥∥

f

� 2T D
∥∥H f

V
∥∥

f , (C13)

where we use ‖X‖f � 1 and ‖ρ i
V‖f � ‖ρ i‖f � 1/

√
D in

deriving the last inequality. This shows that fT (X, ω) is Lip-
schitz continuous with respect to ω for any X . Therefore, we
can apply Theorem 2 of Ref. [59] to obtain

Wc(T ; ω) = T
∫ ω

0

∂ fT

∂ω
(Hω′ , ω′)dω′. (C14)

Setting X = Hω in Eq. (C12), substituting the self-
consistent equation (20), and using ‖Hω‖f = 1, we obtain

∂ fT

∂ω
(Hω, ω) = T DC(ω), D := dim H. (C15)

Substituting this result into Eq. (C14) completes the proof of
the second part of the theorem.

For completeness, we include the proof of Eq. (C14) in our
setting. From the bound (C13), we obtain

|Wc(T ; ω′) − Wc(T ; ω)| � max
X∈V‖X‖f �1

| fT (X, ω′) − fT (X, ω)|

� max
X∈V‖X‖f �1

∣∣∣∣
∫ ω′

ω

∂ fT

∂ω
(X, λ)dλ

∣∣∣∣
� 2T D

∥∥H f
V
∥∥

f |ω′ − ω|, (C16)

where the first inequality follows from the bound
|maxx∈X g(x) − maxx∈X h(x)| � maxx∈X |g(x) − h(x)| for
any functions g and h on a common domain X . This implies
that Wc is Lipschitz continuous with respect to ω and
hence differentiable with respect to ω almost everywhere
by Rademacher’s theorem [71]. Then, the same argument
leading to the inequality (A10) implies

∂Wc(T ; ω)

∂ω
= ∂ fT

∂ω
(Hω, ω), almost everywhere. (C17)

Integrating this equation with Wc(T ; 0) = 0 yields Eq. (C14).

APPENDIX D: OPTIMAL CONTROL OPERATOR
IN su(2) CONTROL

Here, we derive the optimal control operator

H = − i
[
H f,I
V (T ), ρ i

V
]∥∥[H f,I

V (T ), ρ i
V
]∥∥

f

(D1)

in su(2) control. To this end, we first choose, without loss
of generality, a standard basis {S1, S2, S3} of V ∼= su(2) with
commutation relations [Sα, Sβ ] = i

∑
γ εαβγ Sγ and

H f,I
V (T ) = CH S1, ρ i

V = Cρ (S1 cos φT + S2 sin φT ), (D2)

where φT ∈ [0, π ] denotes the angle between H f,I
V (T ) and

ρ i
V in the Hilbert-Schmidt inner product. The coefficients are

given by CH = ‖H f
V‖f/c and Cρ = ‖ρ i

V‖f/c with c := ‖Sα‖f .
As discussed in Sec. IV C, the self-consistent equation (20)

implies that the optimal H must be orthogonal to both H f,I
V (T )

and ρ i
V with respect to the Hilbert-Schmidt inner product.

Thus, when H f,I
V (T ) and ρ i

V do not commute, the optimal
direction satisfies

H = ±S3/c, (D3)

which follows from Eq. (D2). Equivalently, H can be writ-
ten as H = ∓i[H f,I

V (T ), ρ i
V ]/‖[H f,I

V (T ), ρ i
V ]‖f . When H f,I

V (T )
and ρ i

V commute with each other, the optimal direction H lies
in the plane perpendicular to S1, and there remains a degree of
freedom in choosing a basis in that plane. We may therefore
again choose H as in Eq. (D3) without loss of generality.

With Eq. (D3), the time-evolution operator e−iωT H gener-
ates the rotation around the S3 axis by an angle ±ωT/c, and
the final state becomes

e−iωT Hρ i
VeiωT H

= Cρ

[
S1 cos

(±ωT

c
+ φT

)
+ S2 sin

(±ωT

c
+ φT

)]
.
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Therefore, the right-hand side of the self-consistent equa-
tion (20) evaluates to

− i
[
H f,I
V (T ), e−iωT Hρ i

VeiωT H]
= ±c CHCρ sin

(
±ωT

c
+ φT

)
H. (D4)

Since the scalar C on the left-hand side of Eq. (20) must
be non-negative, the sign in Eq. (D3) is chosen so that
± sin(±ωT/c + φT ) � 0. For that purpose, below we sum-
marize the sign of ± sin(±x + φT ) as a function of x:

From this result, we should choose the + sign in Eq. (D3)
when 0 � ωT/c � min{φT , π − φT }. When φT < ωT/c <

π − φT , both signs satisfy the self-consistent equation. How-
ever, a direct evaluation of the extractable work shows that
the + sign always yields a larger value. Therefore, the + sign
should be chosen when 0 � ωT/c � π − φT .

The optimal control operator is thus given by

H = S3

‖Sα‖f
, (D5)

which coincides with Eq. (D1) when [H f,I
V (T ), ρ i

V ] �= 0. Then,
corresponding extractable work is given by

Wc(T ) = D
∥∥H f

V
∥∥

f

∥∥ρ i
V
∥∥

f

×
[

cos φT − cos

(
ωT

‖Sα‖f
+ φT

)]
, (D6)

when 0 � ωT/c � π − φT .
Finally, we show that the complementary case ωT/c >

π − φT corresponds to the trivial case where an optimal con-
trol Hamiltonian does not saturate the norm constraint. We
first note that the extractable work is bounded from above as

Wc(Uc) � D
∥∥H f

V
∥∥

f

∥∥ρ i
V
∥∥

f + tr
[
H f,I
V (T )ρ i

V
]
, (D7)

which is a consequence of the Cauchy-Schwarz inequality.
This upper bound is attained by the following protocol:

HI
c (t ) = c(π − φT )

T

S3

‖S3‖f
, with

∥∥HI
c (t )

∥∥
f < ω, (D8)

which realizes an optimal control unitary Ũc = e−i(π−φT )S3

that saturates the upper bound (D7). This implies that �T �
c(π − φT ). Therefore, the case ωT/c > π − φT corresponds
to the trivial case ωT > �T where the maximum work extrac-
tion is possible by Eq. (17). [Although it is not necessary for
the proof, we remark that the argument here combined with
Eq. (D6) implies that �T = c(π − φT ).]

APPENDIX E: NUMERICAL SOLUTION
TO THE SELF-CONSISTENT EQUATION

As mentioned in Sec. IV D, when dim V > 3, an ana-
lytical solution to the self-consistent equation is generally

infeasible. Nevertheless, we can solve the equation numeri-
cally using a gradient-based method, with the gradient of the
cost function in Eq. (40) obtained analytically as given in
Eq. (E1). Before presenting the result, we recall that F (X ) :=
−i[H f,I

V (T ), e−iωT X ρ i
VeiωT X ] is the right-hand side of the self-

consistent equation (20).
Proposition E1 (Gradient of the cost function). The gradi-

ent of the cost function g(X ) in Eq. (40) is given by

∇g(X ) = 2

{
KX ◦ JX

(
F (X ) − tr[XF (X )]+

D
X

)

− tr[XF (X )]+

D
F (X )

}
, (E1)

where the linear maps KX and JX are defined by

KX : Z �→ ω

∫ T

0
eiωtX Ze−iωtX dt,

JX : Z �→ [
e−iωT X ρ i

VeiωT X ,
[
H f,I
V (T ), Z

]]
.

Proof. The proof proceeds by direct calculation. We begin
by recalling that the gradient ∇g(X ) of the cost function is
defined through the first variation:

dg(X ) = 1

D
tr[dX ∇g(X )] (E2)

for any variation dX ∈ V . Using the explicit form of g(X )
given in Eq. (40), its differential can be written as

dg(X ) = 2

D
tr

[(
F (X ) − tr[XF (X )]+

D
X

)
dF (X )

]

− 2

D
tr

(
dX

tr[XF (X )]+

D
F (X )

)
. (E3)

Therefore, the task is to calculate tr[AdF (X )].
For that purpose, we use the following identity:

d
(
e−iωT X ρ i

VeiωT X
)

= −i
[
K†

X (dX ), e−iωT X ρ i
VeiωT X

]
, (E4)

where K†
X denotes the adjoint of KX defined via

tr[AKX (B)] = tr[K†
X (A)B]. By employing this equation,

we calculate

tr[AdF (X )] = −itr
{
A
[
H f,I
V (T ), d

(
e−iωT X ρ i

Ve+iωT X
)]}

= itr
{
d
(
e−iωT X ρ i

Ve+iωT X
)[

H f,I
V (T ), A

]}
= tr

{
K†

X (dX )
[
e−iωT X ρ i

VeiωT X ,
[
H f,I
V (T ), A

]]}
= tr[dX KX ◦ JX (A)]. (E5)

Substituting this result into Eq. (E3) completes the proof of
Eq. (E1). �

The linear maps KX and JX in the proposition can be evalu-
ated using the spectral decomposition of X . Let X = ∑

j x j� j

be the spectral decomposition of X , where � j denotes the
projection operator onto the eigenspace with an eigenvalue x j .
Then, the map KX is given by

KX (Z ) = ωT
∑

j

� jZ� j +
∑
j �=k

e−iωT (x j−xk ) − 1

−i(x j − xk )
� jZ�k .

(E6)
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Similarly, the final state under the evolution generated by X
reads

e−iωT X ρ i
VeiωT X =

∑
jk

e−iωT (x j−xk )� jρ
i
V�k, (E7)

which enables the evaluation of both JX and F (X ). Since
the above procedure involves diagonalizing the matrix X , the
computational cost for evaluating the gradient scales as O(d3)
when X is a d × d matrix. As we have seen in Sec. V, we
have d = D when solving with the original representation and
d = n when utilizing the standard representation.

Being nonlinear, the self-consistent equation (20) may ad-
mit multiple solutions. In fact, as the operational time T
increases, we find several critical times at which the num-
ber of solutions increases. Since the solutions correspond to
the stationary points of the Lagrangian L, this phenomenon
is regarded as a transition in the control landscape, which
attracts recent attention [72,73]. In this case, the choice of
the initial guess is crucial to obtain a solution that maximizes
work extraction within time T . To determine the best initial
guess, let us begin by considering the small-T regime.

For small T , the self-consistent equation (20) can be ex-
panded as

CH = −i
[
H f
V , ρ i

V
]+ T

[
H f
V ,
[
ρ i
V , ωH + Hu(0)

]]+ O(T 2).

(E8)

Accordingly, when [H f
V , ρ i

V ] �= 0, the solution in the small-T
regime is obtained as

CH � −i
[
H f
V , ρ i

V
]
. (E9)

On the other hand, when [H f
V , ρ i

V ] = 0, any solution of the
linear equation

(
ad
(
H f
V
) ◦ ad

(
ρ i
V
)− μ

)
(H) = − 1

ω

[
H f
V ,
[
ρ i
V , Hu(0)

]]
(E10)

satisfies the self-consistent equation up to first order in T
with C = μωT . Here, we introduce the linear map ad(H f

V ) ◦
ad(ρ i

V ) : Z �→ [H f
V , [ρ i

V , Z]]. Therefore, one should select the
one that achieves the optimal work extraction.

In general, solutions of Eq. (E10) may be found by working
with the simultaneous eigenbasis of H f

V and ρ i
V as follows.

(Recall that we are considering the case where they commute.)
Let {| j〉} j be a simultaneous eigenbasis of H f

V and ρ i
V satisfy-

ing H f
V | j〉 = Ej and ρ i

V | j〉 = q j | j〉. Then, we have

ad
(
H f
V
) ◦ ad

(
ρ i
V
)
(| j〉〈k|) = λ jk| j〉〈k|, (E11)

with λ jk := (Ej − Ek )(q j − qk ). If the right-hand side of
Eq. (E10) is nonzero, we can solve it for H by expanding both
H and Hu(0) in the operator basis {| j〉〈k|} jk , obtaining

H = − 1

ω

∑
jk

λ jk

λ jk − μ
| j〉〈 j|Hu(0)|k〉〈k|. (E12)

Here, the parameter μ is determined from the condition
‖H‖f = 1, which results in the following equation for the

parameter μ:

∑
jk

λ2
jk

(λ jk − μ)2
|〈 j|Hu(0)|k〉|2 = Dω2. (E13)

This equation has at most D2 solutions and can be solved
numerically by, e.g., bisection search or Newton’s method.

If the right-hand side of Eq. (E10) vanishes, Eq. (E10)
is just the eigenvalue equation for the linear map ad(H f

V ) ◦
ad(ρ i

V ), which is solved in Eq. (E11). In this case, we can also
explicitly obtain the work Wc(e−iωT H) extracted by a solution
H as follows (note that we assume [H f

V , ρ i
V ] = 0):

Wc(e−iωT H) = ω2T 2

2
tr
(
H
[
H f
V ,
[
ρ i
V , H

]])+ O(T 3)

= ω2T 2

2
Dμ + O(T 3). (E14)

Therefore, among the candidates, choosing H to be a nor-
malized eigenvector of the composite map ad(H f

V ) ◦ ad(ρ i
V )

belonging to the largest eigenvalue λmax yields the optimal
work extraction up to O(T 2), with the corresponding parame-
ter μ = λmax.

Based on the above analysis in the small-T regime, we
adopt the following initial guess at T = 0:

H ∝
{−i

[
H f
V , ρ i

V
]
,

[
H f
V , ρ i

V
] �= 0,

�max,
[
H f
V , ρ i

V
] = 0,

(E15)

where �max ∈ V denotes a solution of Eq. (E10) that yields
the largest work extraction up to O(T 2). Given the optimal
solution H at time T , it is used as the initial guess to compute
a solution at T + dT . If this guess fails to yield a larger ex-
tractable work than in the previous step, we switch to random
initial guesses, chosen to be orthogonal to both H f,I

V (T + dT )
and ρ i

V and normalized as ‖X‖f = 1, until a solution yielding
larger work than Wc(e−iω(T +dT )H,Uu(T + dT )) is found.

APPENDIX F: DERIVATION OF EQS. (43) AND (52)
IN THE SU(n)-HUBBARD MODEL

Here, we provide a derivation of Eqs. (43) and (52). Since
both equations can be derived straightforwardly using an or-
thonormal basis of V ∼= su(n), we first construct such a basis,
and then use it to derive Eqs. (43) and (52).

We first take an orthonormal basis of the Hilbert space,
which will be used to calculate the Hilbert-Schmidt inner
product. For the SU(n)-Hubbard model on a V -site lattice �,
the Hilbert space is given by

H := spanC
{
c†

xN αN
· · · c†

x1α1
|0〉 : x j ∈ �, α j ∈ {1, . . . , n}},

where |0〉 is the vacuum state, and c†
xα denotes the fermionic

creation operator of flavor α at site x, satisfying {c†
xα, cyβ} =

δxyδαβ and {cxα, cyβ} = 0. Let ξ = (ξxα ) ∈ {0, 1}nV be an nV -
dimensional vector satisfying N = ∑

x,α ξxα , where N is the
total particle number. Then, a basis of H can be written as
{|ξ〉 := ∏

x∈�

∏n
α=1(c†

xα )ξxα |0〉}, where the products of non-
commuting operators {c†

xα} are arranged in an arbitrary but
fixed order.

We then calculate the Hilbert-Schmidt inner products for
the generators {Eμν := ∑

x∈� c†
xμcxν} of V ∼= su(n). For this
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purpose, we note that the operator Eμν with μ �= ν annihilates
a fermion with flavor ν and creates a fermion with flavor μ.
Consequently, we have 〈ξ|EαβEμν |ξ〉 = 0 for any ξ, unless
(β, ν) = (α,μ) or (μ, α). Therefore, we have

tr[EαβEμν] = 0, unless (β, ν) = (α,μ) or (μ, α). (F1)

Let us consider the case (β, ν) = (μ, α) and μ �= ν. In this
case, the inner product can be written as

tr[EνμEμν] =
∑

ξ

∑
y,z∈�

〈ξ|c†
yνcyμc†

zμczν |ξ〉. (F2)

Here, we have

〈ξ|c†
yνcyμc†

zμczν |ξ〉 =
{

0, (y �= z),
(1 − ξyμ)ξyν, (y = z). (F3)

Therefore, we obtain

tr[EνμEμν] =
∑

ξ

∑
y∈�

(1 − ξyμ)ξyν =
∑
y∈�

(
nV − 2

N − 1

)

= V

(
nV − 2

N − 1

)
. (F4)

Since Eνμ = E†
μν , this result shows that {Eμν}μ �=ν are mutu-

ally orthonormal and normalized. Since the Hilbert-Schmidt
inner product is invariant under any unitary transformation,
we conclude that Hermitian operators

Xμν := Eμν + E†
μν√

2
, Yμν := i(Eμν − E†

μν )√
2

(μ < ν)

form an orthonormal set and satisfy tr[X 2
μν] = tr[Y 2

μν] =
V
(nV −2

N−1

)
.

We next consider the other case (β, ν) = (α,μ), including
the case with α = μ. In this case, the action of the operator
Eμμ can be easily calculated as

Eμμ|ξ〉 = Nμ(ξ)|ξ〉, (F5)

where Nμ(ξ) := ∑
x∈� ξxμ denotes the number of fermions of

the μth flavor in the state |ξ〉. Then, we obtain

tr[EμμEνν] =
∑

ξ

Nμ(ξ)Nν (ξ) =
∑

x,y∈�

∑
ξ

ξxμξyν . (F6)

Here, we have

∑
ξ

ξxμξyν, =
{(nV −2

N−2

)
, (x, μ) �= (y, ν),(nV −1

N−1

)
, (x, μ) = (y, ν)

= δxyδμν

(
nV − 2

N − 1

)
+
(

nV − 2

N − 2

)
. (F7)

Therefore, we obtain

tr[EμμEνν] = δμνV

(
nV − 2

N − 1

)
+ V 2

(
nV − 2

N − 2

)
. (F8)

This result shows that the operators {Eμμ}n
μ=1 are not orthog-

onal to each other. However, their Fourier transforms

Fk := 1√
n

n∑
μ=1

e−2π ikμ/nEμμ (F9)

can be verified to be orthogonal to each other. Indeed, we have

tr[F †
k Fp] = 1

n

n∑
μ,ν=1

e2π i(kμ−pν)/ntr[EμμEνν]

= δkpV

(
nV − 2

N − 1

)
+ δk0δp0 nV 2

(
nV − 2

N − 2

)
. (F10)

This result further shows that the operators {Fk}n−1
k=1 are or-

thonormal to each other, unlike F0, which is proportional to the
particle number operator and thus proportional to the identity
operator: F0 = N/

√
n. Again, since the Hilbert-Schmidt inner

product is invariant under any unitary transformation, we con-
clude that Hermitian operators

Z2m :=
√

2

n

n∑
μ=1

Eμμ cos

(
2πmμ

n

) (
1 � m �

⌊
n

2

⌋)

Z2m+1 :=
√

2

n

n∑
μ=1

Eμμ sin

(
2πmμ

n

) (
1 � m �

⌊
n − 1

2

⌋)

are orthonormal to each other and satisfy tr[Z2
k ] = V

(nV −2
N−1

)
for

any k ∈ {1, . . . , n − 1}.
From these results, we construct an orthonormal basis

B := {Xμν,Yμν}μ<ν
∪ {Zk}n−1

k=1 (F11)

satisfying, for all �a,�b ∈ B, the orthonormality condition

tr[�a�b] = δabV

(
nV − 2

N − 1

)
=: δabC

(n)
V,N . (F12)

Now, we derive Eq. (43). We first note that

tr[ρ iXμν] = tr[ρ iYμν] = 0, (F13)

for μ �= ν, since Eμν alters the particle numbers of the μth
and νth flavors. For Eμμ, we trivially have tr[ρ iEμμ] = Nμ.
Therefore, the orthogonal projection of ρ i onto V is obtained
from Eq. (B1) as

ρ i
V = 1

C(n)
V,N

n−1∑
k=1

tr[ρ iZk]Zk

= 1

C(n)
V,N

(
n−1∑
k=0

tr[ρ iZk]Zk − tr[ρ iZ0]Z0

)

= 1

C(n)
V,N

⎛
⎝ n∑

μ=1

tr[ρ iEμμ]Eμμ − N2

n

⎞
⎠

= 1

C(n)
V,N

n∑
μ=1

(
Nμ − N

n

)
Eμμ, (F14)

which reproduces Eq. (43). Here, we write Z0 := F0 = N/
√

n,
and the third equality follows because {Eμμ}n

μ=1 and {Zk}n−1
k=0

are related by a unitary transformation preserving the Hilbert-
Schmidt inner product.

To derive Eq. (52), we begin by noting that

tr[π (Eαβ )π (Eμν )] = tr[|α〉〈β| |μ〉〈ν|] = δανδβμ. (F15)

023321-18



OPTIMAL WORK EXTRACTION FROM FINITE-TIME … PHYSICAL REVIEW RESEARCH 8, 023321 (2026)

Comparing this equation with Eqs. (F1) and (F4), for α �= β

and μ �= ν, we obtain

tr[π (Eαβ )π (Eμν )] = 1

C(n)
V,N

tr[EαβEμν]. (F16)

We also have

tr[π (F †
k )π (Fp)] = 1

n

n∑
μ,ν=1

e2π i kμ−pν
n tr[π (Eμμ)π (Eνν )]

= 1

n

n∑
μ,ν=1

e2π i kμ−pν
n δμν

= 1

n

n∑
μ=1

e2π i (k−p)μ
n

= δkp. (F17)

Comparing this equation with Eq. (F10), we obtain for
k, p ∈ {1, . . . , n − 1},

tr[π (F †
k )π (Fp)] = 1

C(n)
V,N

tr[F †
k Fp]. (F18)

Combined together, Eqs. (F16) and (F18) imply that

tr[�̃a�̃b] = C(n)
V,N tr[π (�̃a)π (�̃b)], (F19)

for arbitrary �̃a, �̃b ∈ {Eμν}μ �=ν ∪ {Fk}n−1
k=1. Since these oper-

ators are related to the orthonormal basis B of V given in
Eq. (F11) via a unitary transformation, Eq. (F19) implies

tr[�a�b] = C(n)
V,N tr[π (�a)π (�b)], (F20)

for any �a,�b ∈ B. Finally, any traceless operators in V can
be written as a linear combination of elements in B. Therefore,
Eq. (F20) implies Eq. (52) for any traceless operators in V .

APPENDIX G: PROOF OF ‖ln Uc(T)‖f = ωT
WHEN ωT � �T

Here, we provide a proof of ‖ln Uc(T )‖f = ωT when
ωT � �T , which is required to complete the proof of
Theorem 1 in Appendix C. We recall that Uc(T ) is assumed
to achieve the optimal work extraction for the operational time
T so that Wc(T ) = Wc(Uc(T )). Throughout the Appendix, the
parameter T is fixed, and we simply write HV = H f,I

V (T ) for
brevity.

The claim follows from Lemma G1, which formalizes the
intuition that, for fixed T , tightening the constraint on control
strength yields strictly less extractable work. In the main text,
the optimal work Wc(T ; ω′) was mainly written as Wc(T )
to emphasize its dependence on T , while the dependence on
the norm constraint ω′ was kept implicit. Here, since T is
fixed and we vary the norm constraint ω′, we instead write
Wc(ω′) ≡ Wc(T ; ω′).

Lemma G1. Suppose that ωT � �T . Then, Wc(ω′) is
strictly increasing in ω′ for 0 < ω′ � ω, i.e., we have

Wc(ω′′) < Wc(ω′), (G1)

whenever ω′′ < ω′ � ω.

1. Proof of ‖ln Uc(T )‖f = ωT when ωT � �T given Lemma G1

Suppose by contradiction that we had ω′T :=
‖ln Uc(T )‖f < ωT . Then, the same work extraction
Wc(ω) could be achieved under a tighter norm constraint
‖Hc(t )‖f � ω′ by the control Hamiltonian

HI
c (t ) = ω′ iln Uc(T )

‖ln Uc(T )‖f
, t ∈ (0, T ). (G2)

That is, we would have

Wc(ω′) � Wc(ω). (G3)

However, since ω′ < ω by assumption, this contradicts the
strict monotonicity (G1) from Lemma G1. Hence, we must
have ‖ln Uc(T )‖f = ωT . (Note that we have already shown
‖ln Uc(T )‖f � ωT in Appendix C.) �

2. Proof of Lemma G1

Unlike the other parts of the proof of Theorem 1, this part
requires concepts and results from the theory of Lie algebras,
such as Cartan subalgebras and roots.

a. Preliminaries on Lie algebras for the proof of Lemma G1

In the following, we assume that a Lie algebra V is finite
dimensional, as is the case in the main text.

Definition G1 (Simple Lie algebra). A Lie algebra V is
called simple if there exists no subalgebra h ⊂ V such that

h �= {0},V and i[X, h] ⊆ h for all X ∈ V . (G4)

Definition G2 (Semisimple Lie algebra). A Lie algebra V
is called semisimple if there exists no subalgebra h ⊂ V satis-
fying the following two conditions:

(1) h �= {0},V and i[X, h] ⊆ h for all X ∈ V;
(2) [h, . . . , [h︸ ︷︷ ︸

n

, h]] = 0 for some n � 2.

This is equivalent to the standard definition of semisimple
Lie algebras as those having no nontrivial solvable ideals.

As mentioned in the main text (Sec. V B), every semisim-
ple Lie algebra can be decomposed into a direct sum of simple
Lie algebras [61,63,64].

Definition G3 (Cartan subalgebra). A Cartan subalgebra
of a Lie algebra V is a maximal abelian subalgebra h of V
such that ad(X ) : Z ∈ V �→ [X, Z] is diagonalizable over C
for any X ∈ h.

Definition G4 (Compact Lie algebra). A Lie algebra V is
called compact if a corresponding Lie group eiV is compact.
Note that a compact Lie algebra is a Lie algebra over R but
not over C.

Definition G5. (Root space decomposition for compact Lie
algebras). Let h be a Cartan subalgebra of a compact Lie
algebra V . Then, the operators i ad(X ) with X ∈ h are anti-
symmetric and commute with each other. Therefore, they can
be simultaneously block diagonalized into two-dimensional
invariant subspaces and the kernel. This implies that there
exists a linearly independent set {Xα,Yα} such that

∀A ∈ h, i[A, Xα] = α(A)Yα, i[A,Yα] = −α(A)Xα, (G5)
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for some nonzero linear functional α : h → R called a root.
Then, V can be decomposed as

V = h ⊕
⊕
α �=0

Vα, Vα := spanR{Xα,Yα}. (G6)

As an example, consider the su(2) algebra with [Si, S j] =
i
∑

k εi jkSk . For a Cartan subalgebra h = span S3, we have

i[S3, S2] = S1, i[S3, S1] = −S2. (G7)

Therefore, the su(2) algebra has one root (up to sign) satisfy-
ing α(S3) = 1 with Xα = S2 and Yα = S1.

As another example, consider the su(3) algebra consisting
of 3 × 3 traceless Hermitian matrices. For a Cartan subalgebra
h := {∑3

j=1 a j | j〉〈 j| :
∑3

j=1 a j = 0} consisting of diagonal
matrices, the operators {Xα,Yα} are given by

Xα1 := |1〉〈2| + |2〉〈1|√
2

, Yα1 := i(|1〉〈2| − |2〉〈1|)√
2

,

Xα2 := |2〉〈3| + |3〉〈2|√
2

, Yα2 := i(|2〉〈3| − |3〉〈2|)√
2

,

Xα3 := |1〉〈3| + |3〉〈1|√
2

, Yα3 := i(|1〉〈3| − |3〉〈1|)√
2

.

Indeed, one can directly verify, e.g.,

i[A, Xα1 ] = (a1 − a2)Yα1 , i[A,Yα1 ] = −(a1 − a2)Xα1 ,

for arbitrary A = ∑
j a j | j〉〈 j| ∈ h, so that

α1(A) = a1 − a2, α2(A) = a2 − a3, α3(A) = a1 − a3.

b. Proof of Lemma G1

We first show that Wc(ω′) is nondecreasing in ω′. This
is trivial because any control Hamiltonian Hc(t ) satisfying a
tighter norm constraint automatically satisfies any looser one.
Then, the maximum in the definition of the optimal work (6)
implies that Wc(ω′) is nondecreasing in ω′.

To elevate this monotonicity to the strict monotonicity, we
use the facts from the theory of Lie algebras. Let Uc(ω′′)
be an optimal time-evolution operator such that Wc(ω′′) =
Wc(Uc(ω′′)). In this proof, we use the notation Uc(ω′′) instead
of Uc(ω′′) to emphasize that we do not use any information
about the optimal unitary that depends on Lemma G1, includ-
ing the relation ‖ln Uc(T )‖f = ωT . Let H̃ I

c (t ) be the optimal
control Hamiltonian in the interaction picture corresponding
to Uc(ω′′), and write ρf

V (ω′′) := Uc(ω′′)ρ i
VUc(ω′′)†.

Consider Vε := e−iεT ZUc(ω′′) for some Z ∈ V with
‖Z‖f � 1, which can be realized under the looser norm
constraint ‖HI

c (t )‖f � ω′′ + ε by the following control Hamil-
tonian:

HI
c (t ) =

{
ω′′+ε
ω′′ H̃ I

c

(
ω′′+ε
ω′′ t

) (
0 < t � ω′′

ω′′+ε
T
)
,

(ω′′ + ε)Z
(

ω′′
ω′′+ε

T < t < T
)
.

(G8)

Then, the work extractable by the unitary Vε is evaluated to be

Wc(Vε ) = Wc(ω′′) + εT tr
(
Z (−i)

[
HV , ρf

V (ω′′)
])

+ ε2T 2

2
tr
(
Z
[
HV ,

[
ρf
V (ω′′), Z

]])+ O(ε3). (G9)

Below, we prove that there exists a constant δ > 0 and
Z ∈ V such that Wc(Vε ) > Wc(ω′′) for all ε ∈ (0, δ). If
[HV , ρf

V (ω′′)] �= 0, this holds trivially: It suffices to choose

Z = −i
[
HV , ρf

V (ω′′)
]∥∥[HV , ρf

V (ω′′)
]∥∥

f

∈ V . (G10)

If [HV , ρf
V (ω′′)] = 0, we use the following lemma to find a

suitable Z ∈ V .
Lemma G2. (Condition for the maximum work extraction).

Suppose that a unitary Vc ∈ eiV satisfies [HV ,Vcρ
i
VV †

c ] = 0.
Let h be a Cartan subalgebra containing both HV and Vcρ

i
VV †

c ,
and let � := {α} be the associated root system. Then, it holds
that

∀α ∈ �, α(HV )α
(
Vcρ

i
VV †

c

)
� 0

�⇒ Wc(Vc) = max
V ′

c ∈eiV
Wc(V ′

c ). (G11)

Here, the assumptions ω′′ < ω′ � ω and ωT � �T imply
that the unitary Uc(ω′′) satisfies ‖lnUc(ω′′)‖f � ω′′T < �T

[see Eq. (C10) and the surrounding discussion]. Then,
the minimality of �T implies that Wc(Uc(ω′′)) <

maxV ′
c ∈eiV Wc(V ′

c ). Now, Lemma G2 combined with
[HV , ρf

V (ω′′)] = 0 implies that there exists a root β such
that β(HV )β(ρf

V (ω′′)) > 0.
We choose Z to be an element of the root space Vβ associ-

ated with the root β, such as

Z = Xβ

‖Xβ‖f
, (G12)

where Xβ is that in Eq. (G5). Using Eqs. (G5) and (G9), we
obtain

Wc(Vε ) = Wc(ω′′) + Dε2T 2

2
β(HV )β

(
ρf
V (ω′′)

)
︸ ︷︷ ︸

>0

+O(ε3).

(G13)

This implies that there exists a constant δ > 0 and Z ∈ V such
that Wc(Vε ) > Wc(ω′′) for all ε ∈ (0, δ).

Then, we can choose ε′ such that 0 < ε′ < min{δ, ω′ −
ω′′}, and obtain the following chain of inequalities:

Wc(ω′′) < Wc(Vε′ ) � Wc(ω′′ + ε′) � Wc(ω′), (G14)

where the third inequality follows because Wc(ω′) is nonde-
creasing. This completes the proof of Eq. (G1). �

3. Proof of Lemma G2

a. Additional preliminaries on Lie algebras
for the proof of Lemma G2

For the proof of Lemma G2, we employ the following
additional concepts and facts about Lie algebras [61–64].

Proposition G1. Any two Cartan subalgebras h and h′ of a
compact Lie algebra V are conjugate to each other, meaning
that there exists V ∈ eiV such that h′ = V hV † (Theorem 4.34
in Ref. [61]).

Definition G6 (Weyl group). The Weyl group W of a Car-
tan subalgebra h is the group of automorphisms of h generated
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FIG. 5. Weyl chambers for the su(3) algebra, labeled
W1, . . . , W6. The algebra has three roots up to sign, α1, α2, α3, with
the relation α3 = α1 + α2, and their dual elements denoted by Tα j .
The Weyl group is generated by reflections about the hyperplanes
α j (X ) = 0 ( j = 1, 2, 3) defined in Eq. (G15). (One can confirm
Proposition G3 by inspection.) Black dots show the Weyl group
orbit of an element X0 ∈ h, which coincides with the intersection of
the adjoint orbit of X0 with h (Proposition G4).

by the following reflections:

sα (X ) := X − 2α(X )
Tα

trT 2
α

, ∀X ∈ h, (G15)

where Tα is the dual of the root α defined by

tr[XTα] = α(X ), ∀X ∈ h. (G16)

Proposition G2. For any σ ∈ W, there exists Vσ ∈ eiV

such that σ (X ) = Vσ XV †
σ for all X ∈ h (Theorem 4.54 in

Ref. [61]).
Definition G7 (Weyl chamber). Let h be a Cartan subalge-

bra and � := {α} be the associated root system. Then, h is
decomposed into disjoint regions, called the Weyl chambers,
by hyperplanes determined by the equations α(X ) = 0 for
each α ∈ �. In other words, any A and B in h lie in the closure
of the same Weyl chamber if and only if α(A)α(B) � 0 for all
α ∈ �.

Proposition G3. Each element of W maps a Weyl chamber
to another. Moreover, for any two Weyl chambers W1 and W2,
there exists exactly one element σ ∈ W such that σ (W1) = W2

(Theorem 6.43 in Ref. [62] and Proposition 8.23 in Ref. [74]).
Proposition G4. Let h be a Cartan subalgebra and W be its

Weyl group. For arbitrary X ∈ h, the intersection of h and the
adjoint orbit of X coincides with the Weyl group orbit of X

(Theorem 6.36 in Ref. [62]):

{V XV † : V ∈ eiV} ∩ h = {σ (X ) : σ ∈ W} (=: W · X ).

Moreover, the closure of each Weyl chamber contains exactly
one element of W · X (Proposition 8.29 in Ref. [74]).

We show the Weyl chambers for su(3) algebra in Fig. 5.

b. Proof of Lemma G2

Let Ũc ∈ eiV be a maximizer: Wc(Ũc) = maxV ′
c ∈eiV Wc(V ′

c ).
From the argument around Eqs. (G8)–(G10), Ũc must satisfy
[HV , Ũcρ

i
VŨ †

c ] = 0; otherwise, we could find a unitary that
leads to the work larger than Wc(Ũc). Here, we can assume that
Ũcρ

i
VŨ †

c ∈ h without loss of generality. To see this, consider
the centralizer algebra of HV defined by

c[HV ] := {X ∈ V : [HV , X ] = 0}, (G17)

which is compact as it is a subalgebra of a compact algebra V .
The subalgebra h is a Cartan subalgebra of c[HV ] as well be-
cause it is a maximal abelian subalgebra containing HV . Then,
from Proposition G1, there exists an element V ∈ eic[HV ] that
maps a Cartan subalgebra containing both −HV and Ũcρ

i
VŨ †

c
to h: in particular, we have

(VŨc)ρ i
V (VŨc)† ∈ h. (G18)

Since V ∈ eic[HV ] commutes with HV , it does not alter the
extractable work:

tr
[
HV (VŨc)ρ i

V (VŨc)†] = tr
[
HVŨcρ

i
VŨ †

c

]
. (G19)

Rewriting VŨc as Ũc, we can assume without loss of general-
ity that Ũcρ

i
VŨ †

c also belongs to h.
If Vcρ

i
VV †

c and Ũcρ
i
VŨ †

c belong to the closure of the same
Weyl chamber, the claim of Lemma G2 follows immediately:
Proposition G4 implies Vcρ

i
VV †

c = Ũcρ
i
VŨ †

c , and hence we
obtain Wc(Vc) = Wc(Ũc).

Consider the other case where Vcρ
i
VV †

c and Ũcρ
i
VŨ †

c be-
long to the closure of different Weyl chambers, say W 1

and W 2, respectively. Here, we note that Ũc must satisfy
α(HV )α(Ũcρ

i
VŨ †

c ) � 0 for all α ∈ �. Otherwise, if there ex-
isted β ∈ � such that β(HV )β(Ũcρ

i
VŨ †

c ) > 0, then we could
extract more work by an argument similar to that around
Eq. (G13), which contradicts the maximality of Wc(Ũc).
From the definition of the Weyl chamber and the rela-
tion α(X ) = −α(−X ), this fact and the assumption that
α(HV )α(Vcρ

i
VV †

c ) � 0 for all α ∈ � imply that −HV belongs
to both W 1 and W 2. (Note that HV can belong to the closure of
multiple Weyl chambers, if HV lies on their boundaries.) Let
σ ∈ W satisfy σ (W 1) = W 2, which exists from Proposition
G3. Then, Propositions G2 and G4 imply that

σ (HV ) = HV and σ
(
Vcρ

i
VV †

c

) = Ũcρ
i
VŨ †

c . (G20)

Here, the first relation follows because both −HV and
σ (−HV ) belong to the closure W 2. Since σ ∈ W preserves
the inner product due to Proposition G2, these relations imply
Wc(Vc) = Wc(Ũc), completing the proof. �
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