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Motivated by a putative model of black holes as quantum objects, we consider what types of operators would
have a corresponding spectrum. We find that there are indeed such operators, but of a rather unusual type, and
for which the wave functions are only barely localized. We point out a tension between such almost delocalized

states and black holes as compact objects.
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I. INTRODUCTION

According to Bekenstein and Hawking, a black hole has
a (nondimensional) entropy }H%, where A is the area of the
P

black hole horizon and £p ~ 1.6 x 1073 m is the Planck
length. For an electrically neutral spherically symmetric

(Schwarzschild) black hole, this is also 47 Amig, where M is the
black hole mass and mp & 2.2 x 1078 kg is the Planck mass.
If Boltzmann’s formula holds for this entropy, for a solar mass
black hole (M ~ 2.0 x 10 kg), it would correspond to about
¢! activated degrees of freedom. It is a major unsolved
problem of modern fundamental physics what these degrees
of freedom are.

Let us note that the estimate of the black hole entropy can
be arrived at in several ways. The most immediate is to use the
classical thermodynamic formula % = % in a setting where
E = Mc? is the energy and T is the Hawking temperature,
determined by Bogolyubov transformation between ingoing
and outgoing states of elementary particles propagating in the
curved spacetime around the black hole [1-4]. It makes no
reference to anything happening inside the black hole. The
second is to estimate the number of quantum states of matter
that could collapse and give rise to a black hole with given
macroscopic black hole parameters (mass, electric charge,
angular momentum). Such an estimate was first carried out
by Bekenstein in the very first paper on black hole entropy
[5], and later refined by Mukhanov [6]. From the viewpoint of
statistical mechanics, this is a coarse-grained entropy (coarse
graining by the outside observer only knowing about mass,
electric charge, and angular momentum). As it is based on
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ignorance of what goes on inside, it also makes no statement
on what the excited degrees of freedom of the black hole may
be.

The number of hypotheses that have been put forward to
describe quantum black holes is vast. Some of the approaches
taken are holography [7-9], loop quantum gravity [10-12],
fuzzballs [13,14], counting quasinormal mode states [15-18],
D-branes [19,20], and graviton condensates [21,22]; see also
well-known reviews for a comprehensive picture [23-27]. Re-
cent high-profile contributions and gravitational path integrals
and the “island model” include Refs. [28—36]; another branch
of the recent literature is the connection to quantum codes,
random matrix theory, and related topics [37—40].

For all these interpretations (and other) if they are based on
quantum mechanics, a black hole with mass about M would,
as a quantum object, have a number of states of approximately
that mass, and the black hole entropy would be the logarithm
of the density of states (ignoring the other two macroscopic
parameters, electric charge and angular momentum).

Mukhanov and Bekenstein [41-43], see also Ref. [44],
proposed a minimum model of this kind where the masses
of black holes are quantized in multiples of the Planck mass
(as M,, ~ /nmp), each state being exponentially degenerate
(D,, ~ €*™). Adjusting suitably the constants, one can thus
arrive at an interpretation of black hole entropy as S(M) =
log D,, where n = ZZ_; Since E = Mc¢?, this translates to hav-

ing a many-body quantum system whose spectral density
Q(E) (i.e., the number of microstates associated with energy
E) scales superexponentially as ~eConst-E? for large E, mo-
tivating the title of this article. The physical models cited
above aim for more than the Bekenstein-Mukhanov model, at
the price of increased complexity. Holography and counting
quasinormal mode states are perhaps the furthest away, as
the horizon and its properties then enter prominently, while
fuzzballs and graviton condensates perhaps are the least dis-
tant; we will later comment on the latter. Nevertheless, what
has not been discussed previously in the literature is whether
and when such spectra of operators can actually occur in
reasonable mathematical models. To do so is our main goal
here.

Published by the American Physical Society
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II. A SIMPLE MODEL

We consider a quantum gas of N noninteracting bosons. As
we will see, it will make no difference if the particles would be
fermions. Since the bosons are noninteracting, this many-body
system can be described in terms of the energy levels of a
single particle and the associated occupation numbers. More
precisely, let {¢;} denote the single particle spectrum. For
convenience, we choose ¢; > 0 without any loss of generality.
Then, a microscopic state of the system can be labeled by
{n;}, where n; > 0 is the occupation number of the ith single
particle level. The microcanonical partition function Q(E),
associated with a total energy E of the many-body system,
can then be simply expressed as

Q(E):ZS(E—Zn,-e,»). 1)

n; >0

This model of noninteracting bosons has appeared in many
contexts, most recently in the context of cold-atom exper-
iments. It has numerous applications in many domains of
physics and mathematics, including even in number theory.
For example, how many ways an integer E can be partitioned,
i.e., expressed as a sum of smaller integers? This corresponds
to the choice ¢; =i in Eq. (1). In this case, Hardy and Ra-
manujam showed that Q(E) ~ exp[r +/2/3 VE] for large E
[45]. This problem and many of its generalizations concerning
combinatorial aspects of the integer partition problem have
been studied in the literature [46—49]. It turns out that this
integer partition problem and its variations can be mapped
into the model of noninteracting bosons, which helped explore
many interesting questions in both physics and mathematics
[50-55]. For example, using this mapping, a very interesting
connection was found between the integer partition problem
and the extreme value statistics [51].

To compute Q(E) in Eq. (1), we first take its Laplace
transform with respect to E and then sum over all n; > 0. This
gives

@

— e*ﬂfi :

[o.¢]
1
Z(B) = / e PEQ(E)dE =
pr=| Hl
Inverting formally this Laplace transform, one gets
QE) = / B pr-xm(-er) _ / B e 3
r 2mi r 2mi

where I' denotes the Bromwich contour in the complex-8
plane, and we denote

F(B)=BE - In(l—e ). (4)

To evaluate this integral in Eq. (3), we employ the standard
saddle-point method by assuming F(8) to be large (to be
justified a posteriori). Minimizing F(8) with respect to 3,
i.e., setting F'(B) =0 at B = B*, leads to the saddle-point
equation

€;
E:Z—eﬂ*ﬂ—l' (5)

Note that (n;) = 1/(e’3*€f — 1) in Eq. (5) is simply the Bose
factor associated with the canonical partition function of the

gas at an inverse temperature §*. For a given E, one needs
to first solve the saddle-point equation (5) to express S* in
terms of E and then evaluate F'(8*). Consequently, Q2(E) can
be estimated (up to pre-exponential factors) as

QE) ~ P ED, (©6)

For large E, one can approximate the discrete sum in
Eq. (5) by an integral over the single particle energy €

E

d

Em/ €pe)de )
0 eﬁf—l

where p(€) denotes the density of energy states in the single
particle problem. We have deliberately kept the upper limit
E since one cannot occupy levels higher than E if the total
energy is E. Clearly, if p(e) grows slower than e€ for large ¢,
to leading order for large E, one can replace the upper cutoff
in the integral in Eq. (7) by oco. For example, if p(e) ~ €% as
€ — oo with @ > 0, one estimates

OOE(H—]dG w
E%f —— ~ [BTT, ®)
0 6’35—1

implying B*(E) ~ E~Y©@*2 for large E. This then leads to
F(B*(E)) ~ E@*tD/(@+2) "and hence, for large E,

Q(E) ~ exp[E@TV/ @] for p(e) ~ €. 9)

For instance, for the integer partition problem, one can
show that o = 0 [51], leading to the Hardy-Ramanujam re-
sult Q(E) ~ exp[«/f ] [45]. Since the growth exponent (o +
1)(a + 2) < 1, an algebraically growing p(¢€) cannot give rise
to an Q(E) growing faster than exponential for large E, and in
particular, it cannot give rise to an Q ~ e E* a5 required for
a black hole. This remains true for any p(¢) that grows slower
than an exponential for large €.

III. A HIGH-ENERGY CONDENSATION SCENARIO
THAT LEADS TO THE RIGHT SPECTRUM

To reproduce an Q(E) that grows faster than exponen-
tial for large E, we need a p(€) that also grows faster than
exponential for large €. In that case, we need to keep the
upper cutoff E in the integral in Eq. (7) (as otherwise the
integral will be divergent), and the integral will be completely
dominated by the contribution coming from the vicinity of
this upper cutoff. Indeed, to leading order in E, one can then
approximate the integral in Eq. (7) by

E p(E)

~ 2PE) —p'E
E FE ] Ep(E)e™" =, (10)
leading to
. In[p(E)]
prE) ~ ——/—. 1D
E
Consequently, from Egs. (4) and (6) it follows that
QE) ~ p(E). (12)

This result has a very simple and nice physical picture
associated with it. This is an example of a “high energy
condensation,” where one or few particles at a very high single
particle level need to occupy a macroscopically large fraction
of the total energy E. Thus, most of the energy is carried by
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this high-energy condensate consisting of one or few particles.
This is a counterpart to the standard Bose-Einstein condensa-
tion that occurs in Bose gases at low energy and low density.
The particularity of the current model is that each mode is
occupied by zero or one particle, and thus behaves like a
fermion, although at the outset assumed a boson, while the
number of modes in this set is large. Loosely speaking, the
modes are so many at a given energy that each of them by
chance is only picked once or not at all. Thus, this high-energy
condensation is the physical mechanism that can produce an
Q(E) growing faster than an exponential for large E. Accord-
ing to this mechanism and the result in Eq. (12), if we want to
reproduce the black hole result Q(E) ~ exp[CoE?] for large
E within this simple noninteracting quantum Bose gas model,
we need to have a single particle quantum spectrum whose
density of states p(e) grows also as p(e) ~ exp[Cp €?] for
large €.

IV. THE QUANTUM POTENTIAL THAT LEADS
TO p(e) ~ ¢

As a warm up, let us first discuss two well-known sim-
ple examples: (1) a d-dimensional harmonic oscillator with
V(r) = r? and (2) a d-dimensional box of size L¢. In case (1),
the single particle energies are given by € = Z‘j m; (up to a
constant and in suitable units), where m; =0, 1,2, ... are the
quantum numbers. Consequently,

[e'e) d
ple)=> 8[e=>"m;|. (13)
j=1

m;=0

Taking a Laplace transform with respect to € and carrying out
the sums, one finds trivially

p(s) = / ple)e ™ de ~ s ass— 0, (14)
0

leading to the well-known density of states for a d-
dimensional harmonic oscillator

pe) ~ €7l ase > 0. (15)

Example (2), i.e., the d-dimensional box, can be solved in
a similar way by noting that in this case € = Z?=1 m? (in
suitable units where L = 1). Proceeding as in case (1), it is
easy to show that for the d-dimensional box

dj2—1

ple) ~ € as € — 00. (16)

In both examples, p(e) grows algebraically for large €.

To estimate p(e) for a general confining central poten-
tial V(r) in d dimensions, we can use the semiclassical
Bohr-Sommerfeld quantization formula that gives an accurate
estimate for large €. To make this estimate, it is convenient
to work with the cumulative density of states up to level
€, i.e., N(e) = [; p(¢')de. Then, the integrated density of
states scales as NV (¢) ~ [n(€)]? in d dimensions, where n(¢)
is the quantum number (radial) associated with the energy
level . The latter can be estimated from the Bohr-Sommerfeld
quantization rule (again in appropriate units)

/Oow/e—V(r)dr%n(e)N[N(e)]l/d‘ (17)
0

It is easy to check that this general result reproduces correctly
the exact estimate in Eq. (15) for the harmonic oscillator case
V(r) = r?, as well as the result in Eq. (16) for the box case,
where V (r) = 0. Now, we want p(¢) ~ €% € This means, up
to pre-exponential factors, AV (¢) ~ 90’ Substituting this on
the right-hand side (rhs) of Eq. (17) gives for large €

o0
/ e —V(r)dr~ o<l (18)
0

A little inspection shows that a potential V () that reproduces
the rhs of Eq. (18) is of the form

V(r)~B~Inr,

where the prefactor B can be determined as follows. We sub-
stitute this ansatz on the left-hand side (lhs) of Eq. (18) and
make a change of variable B +/Inr = € y. Consequently, the
lhs of Eq. (18) reads

862/82 265/2 ! 2.2 /2
/0 Ve Vindr =25 /O STy ye™ /B ay,
(20)
For large €, the dominant contribution to the integral over y
comes from the vicinity of y = 1 and one can easily show that
up to inconsequential factors

as r — 0o, (19)

2,52
o<2/B

Je—Vrydr= et

Comparing it to the rhs of Eq. (18) fixes the prefactor B =
/d/Cy uniquely. Hence, the required potential to produce
Q(E) ~ ¢“F for large E is given by

d
Vir)y~ |— Inr, asr— oo. (22)
\ Go

V. EIGENFUNCTIONS IN A POTENTIAL «./In |x|

as € — oo. 21
0

The potential in Eq. (22) grows extremely slowly with
distance from the origin. It may be questioned if a potential
increasing as slowly as the square root of the logarithm is
even confining and hence has discrete eigenvalues. In other
words, are the eigenfunctions sufficiently localized and square
integrable? We now show that they are indeed localized, and
for simplicity, we just show this in d = 1. Generalization
to higher dimensions is straightforward. We then consider
a single quantum particle in one dimension in a potential
V(x) = a /In |x] with @ > 0. The eigenfunction ¥ (x) asso-
ciated with an eigenvalue € satisfies the Schrodinger equation

" d*(x)
2m  dx?

where V (x) = a+/In [x]. According to the WKB approxima-
tion, a good estimate of the symmetric wave function for
x > 0 can be expressed as

exp [% V2m Jo e =VIX)dx']
2m (e — V(x))

where C; is a constant. The real line is thus divided
into a “classically allowed” region where V(x) < € and a

F V() Ye(x) = € Ye(x), (23)

Ve(x) = Cy , (24)
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“classically forbidden” region where V (x) > €. The two re-
gions are separated by the “turning point” x. given by € =

a+/In x|, i.e.,
x. = exp(e?/a?). (25)

We are interested in the large x regime, i.e., when x > x, (clas-
sically forbidden region) such that V(x) > €. If V(x) > €, we
see from Eq. (24) that to leading order for large x, the wave
function (up to inconsequential prefactors) decays as

Ye(x) o exp [—@ /Ox,/V(xf)dx/i|, (26)

Substituting V (x) = « +/In |x| in Eq. (26), we get for x > x,

Ve (x) o exp {— v 2];”“ (Inx)"/ xi|, 27)

which, of course, is square integrable. Hence, the poten-
tial V(x) = a +/In |x]| is indeed “confining” and has discrete
eigenvalues.

VI. CONSIDERATIONS OF INTERACTIONS

So far, we have considered black holes as putative quantum
objects and discussed which confining potentials could give
rise to spectra that in turn would be similar to Bekenstein-
Hawking entropy. We have shown that there exist very shallow
potentials growing as +/Inr with the distance that give rise
to such spectra via a high-energy condensation mechanism.
However, such shallow potentials lead to states with wave
functions that, although square integrable, have a large spatial
extension, which contradicts the idea of compact black holes.
One way out could be to relax the ansatz of noninteracting
bosons and to postulate that self-interactions could at the same
time lead to the right spectral degeneracy and the right spatial
extent, both considered as functions of black hole mass. Such
a scenario was indeed suggested some time ago by Dvali and
Gomez [21], see also Ref. [22], where the central quantity is
N, the number of gravitons of wavelength approximately the
Schwarzschild radius making up the black hole. This quan-
tity N scales in the Dvali-Gomez theory with mass M like
Bekenstein-Hawking entropy (NZ—;) and is supposed to lead

to eV possible states when the gravitons are interacting. The
argument is similar to the counting estimate first advanced
in Ref. [41], and, like that one, not straightforwardly related
to spectral degeneracy, which is our focus here. Also note
that the conjectured graviton condensate is a low-temperature
phenomenon; essentially, the black hole is at absolute zero.
Within our approach, since the relevant states that contribute
to the superexponential density of states via the high-energy
condensation mechanism occur at very high energies, interac-
tions are unlikely to play any role there. Similarly, we expect
the same conclusion to hold even for models of fermions (with
or without interactions). Thus, the tension between locality
or compactness and reproducing superexponential density of
states is rather robust, and not just restricted to the simple
model of noninteracting bosons discussed above. The main
point is that the physical mechanism responsible for the super-
exponential density of states is the high-energy condensation

as demonstrated above. At such high-energy scales, neither
the interaction between the quantum particles nor their statis-
tics will play a major role.

Finally, let us also point out another important general
physical fact that emerged from the analysis of our toy model.
One of the findings of our paper is that one needs shallow
(and yet confining) quantum potential growing as /Inr for
large r in order to have a superexponential high-energy spectra
in a quantum many-body system, not necessarily limited to
Bekenstein-Hawking black hole physics. We hope this will
serve as a benchmark for future studies of many-body spec-
tra in quantum systems, thus going beyond the black hole
physics.

VII. MICROCANONICAL VERSUS CANONICAL
ENSEMBLE

For black holes with Bekenstein-Hawking entropy such
that Q(E) ~ £ for large E, canonical ensemble does not
exist since the partition function Z(8) = [ e #F Q(E)dE is
always divergent. This means that if indeed one attempts to
study a canonical ensemble, it will lead to a physical instabil-
ity: if a black hole is in a bath at a higher temperature than its
own, it will absorb energy from the bath, and yet become even
cooler, in a runaway process. Hawking temperature can hence
not be identified with a temperature of the bath as in standard
thermodynamics, but rather it will correspond to the effec-
tive temperature associated with a microcanonical ensemble,
as considered in our model. We note that such an effective
temperature associated with a microcanonical ensemble and
the breakdown of ensemble equivalence has been discussed
in a number of different physical contexts [56—60]. Indeed,
Bekenstein-Mukhanov model is inherently of this “micro-
canonical” type as it relates entropy to spectral degeneracy.
The inverse relationship between the effective temperature
and entropy (T ~ 1/E) and the negative heat capacity of a
black hole are simple consequences of the thermodynamic
definitions of these quantities and a dependence S(R) ~ E?;
the subtle point, however, is that such an entropy cannot be
the standard entropy of a canonical ensemble.

VIII. THE SIZE OF INTERNAL SPACE

The above discussion supposes that the internal space of
a black hole can be assimilated to an object like an atom,
figuratively that the Schwarzschild radius of a black hole is
analogous to the Bohr radius. This does not have to be the
case, as the geometry of a black hole interior may be quali-
tatively different from the domain of ordinary space occluded
by the black hole. Indeed, the mathematical structure of space-
time inside a (classical) black hole is still an open problem and
the focus of a substantial literature; see, e.g., Refs. [61-65].
Recently, the possibility of the (classical) gravitational dy-
namics inside a black hole being chaotic has been discussed
[66-68] in specific models, in which case analytical solutions
are likely to remain elusive. The (semiclassical) quantum
structure of black hole interiors is also actively investigated;
see, e.g., Refs. [69,70].

The internal volume of black hole might hence be large,
often referred to as a “bag-of-gold” scenario [71], and, if
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so, may accommodate many internal states without running
into the conceptual problem outlined above. It is, however,
not known why the internal volume should then always be
of just the amount of vastness required to match Bekenstein-
Hawking entropy, and in the recent literature, the issue is
raised that it may even be too large; one then has to explain
why black hole entropy is not even larger [72]. If a (classical)
singularity is taken seriously as an end point of (classical) evo-
lution in the black hole interior, one is further presumably not
limited to internal spaces of finite dimension, but could also
contemplate infinite-dimensional internal spaces, for instance,
the locally treelike structures favored in disordered system
theory [73,74], where the density of local ground states is
known to be an exponentially increasing function of energy
[75] [Eq. (20)]. In the context of Eq. (9), this corresponds to
the same linear exponential scaling as in the limit ¢ — oo.
Following Kac [76], a spectral density increasing as ¢“°mst-*E
combined with locality can in fact be conjectured to always
require models in infinite dimensions. By analogy, one may
hence hypothesize that localized models with spectral density
growing even faster as ¢Const-xE? have to be super-infinite-
dimensional, in a sense that is yet to be made mathematically
precise.

IX. CONCLUSION

Motivated by the spectral degeneracy of a black hole as
a quantum object, we have considered the general question
which Hermitian operators can have spectral density grow-
ing with energy E as ~ exp[Const. E?]. We have shown that
typically such quickly increasing degeneracy and concomitant
cumulant state counting function lead to the phenomenon of

high-energy condensation. We have further shown an explicit
family of Hamiltonian operators in finite dimensions (includ-
ing one dimension) with these properties. As we also show,
these examples lead to very extended states, and therefore
cannot be reasonable models of quantum black holes, as their
support would extend (very) far outside the Schwarzschild
radius. We have briefly considered these conclusions in the
perspective of interacting bosons and have pointed out that
to change the conclusions qualitatively the interactions would
have to shrink the spatial extent of the relevant states in a
major way. We have also commented on the possibility of dif-
ferent geometries inside black holes, which can correspond to
these highly degenerate spectra. It is important to emphasize
that in our toy model, there are no gravitational components
such as curved spacetime, redshift, etc. that have important
effects on black hole physics. Here, our goal was different:
inspired by the Hawking-Bekenstein-Mukhanov entropy for
black holes, we wanted to seek a simple model that illustrates
the difficulty of reproducing a superexponential spectral den-
sity in a quantum many-body system. On a general level, our
work serves to highlight what an unusual and indeed extreme
mathematical object a quantum system must be to have the
Bekenstein-Hawking-Mukhanov energy spectrum.
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