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Far-field heat transfer and monochromatic thermal currents in a cylindrical nonreciprocal cavity
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Breaking Kirchhoff’s law of thermal radiation yields opportunities in one-way radiative thermal transport and
circuitry. We investigate its consequences in the far-field regime in cylindrical cavities, by employing a specular
ray-tracing algorithm. At thermal equilibrium, we show that violation of Kirchhoft’s law yields nonvanishing
heat rectification coefficients within different sections of the cavity, which can be tuned for perfect rectification
and circulation, while internal monochromatic currents vanish due to the intrinsic coupling between emission
and absorption at specular surfaces. This constraint is lifted under nonequilibrium conditions, where rotational
heat fluxes within the cavity can be precisely controlled by appropriately combining reciprocal and nonreciprocal
materials. These findings open avenues for thermal management and provide design principles for nonreciprocal

photonic devices.
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I. INTRODUCTION

The classical form of Kirchhoff’s law of thermal radiation
[1] states that, at a given frequency w, monochromatic radia-
tion absorbed from a polar-azimuthal direction (6, ¢ ) must be
reemitted equally in that same direction:

€(,0,9)=a(,0,9). ey

Recent works have shown that Kirchhoff’s law can be vio-
lated along certain directions [2-5]. This effect finds practical
applications in renewable energy, circuitry, and communi-
cations [6,7]. Within the context of radiative heat engines,
nonreciprocal thermal emission enables dramatic perfor-
mance enhancement [8—10] due to improved light harvesting.
For example, breaking reciprocity between absorption and
thermal emission improves performance in photovoltaics
[11-13], thermophotovoltaics [14—16], and radiative cooling
[17] via redirecting emitted radiation toward directions and
channels where it can be maximally utilized. Beyond light har-
vesting, breaking Kirchhoff’s law becomes relevant in thermal
circuitry and potentially information technology, via effects
such as the the photon thermal Hall effect [18-21], gyrotropic
heat engines [22], and persistent equilibrium heat currents in
many-body systems [23-25].

Breaking reciprocity between thermal emission and ab-
sorption can also lead to nonreciprocal radiative heat transfer
[20,24,26]. Several material systems have been explored,
theoretically, as platforms for nonreciprocal radiative heat
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flow, ranging from magneto-optical materials [27-29] to
Weyl semimetals [30-32], and metasurface-based designs
that leverage multiple diffraction channels and predict near-
complete violation of Kirchhoff’s law [33], and recent
experimental results [34-36] confirm the suitability of these
systems for breaking reciprocity in thermal radiation. Mea-
surements have confirmed pronounced differences between
emission and absorption, per direction, with several works
reporting broadband and high-temperature demonstrations of
nonreciprocal thermal emission [37,38]. In order to maxi-
mize this nonreciprocal effect, multilayer architectures and
optimization-based emitter designs are being considered
[39,40].

In parallel to progress in uncovering nonreciprocal thermal
effects, considerable effort has been devoted to revisiting the
theoretical foundations of Kirchhoff’s law. Its classical for-
mulation is fundamentally grounded in Lorentz reciprocity
[41] and the linear constitutive relations governing material
response [42]. Recent studies have introduced a symmetry-
based classification of nonreciprocal thermal emitters and
absorbers [43,44] and revealed that, under certain conditions,
directional emission and absorption can be tuned indepen-
dently [45]. Mathematically, this distinction originates from
the structure of the constitutive relations and asymmetries of
the dielectric and magnetic response tensors [45-47]. Ma-
terials that allow fully independent control of directional
emission and absorption must support multiple reflection
channels, typically through diffraction [33]. In contrast, bod-
ies displaying specular reflection, whether reciprocal or not,
obey a generalized form of Kirchhoff’s law: Emissivity in a
given direction is equal to absorptivity in the opposite one
[33,48]:

€(w,0,p)=co(w, 0,9+ m). 2)

When the permittivity and magnetic permeability tensors
are symmetric, specifically, when the material is invariant
under the adjoint transformation [45], the emissivity and
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absorptivity profiles become symmetric with respect to the
normal direction. In this case, the generalized law reduces to
the classical form of Kirchhoff’s law in Eq. (1).

So far, studies investigating nonreciprocal radiative heat
transfer and radiative thermal conductance remain mostly
limited to planar and near-field regimes [23,24,26], with the
exception of the recent work in Ref. [49], which considers
a two-dimensional, triangular geometry. The implications of
nonreciprocal radiative heat flow in nonplanar and more com-
plex configurations remain less understood.

In this work, we investigate how nonreciprocity mani-
fests in far-field radiative heat transfer in a hollow, infinitely
long cylindrical cavity. This geometry is chosen as a simple
and suitable platform for hosting persistent thermal currents;
however, it resists analytical treatment. To make the prob-
lem tractable, we discretize the cavity walls into vertically
aligned, identical elements composed of either reciprocal or
nonreciprocal materials. Using a custom-made ray-tracing
algorithm tailored to this geometry, we demonstrate that non-
reciprocity yields nonvanishing heat rectification coefficients,
even at thermal equilibrium. Despite these nonvanishing heat
rectification coefficients, owing to the generalized form of
Kirchhoff’s law in Eq. (2), persistent thermal currents do
not arise within the cavity. Under nonequilibrium conditions,
incontrast, nonreciprocity enables controllable, rotational heat
fluxes, providing pathways for directional thermal transport in
the far field.

The paper is structured as follows: Section II introduces
the mathematical formalism. Section III presents the numer-
ical simulations and validates the theoretical constraints. We
conclude in Sec. IV.

II. FORMALISM

Throughout this work, we consider a cylindrical cavity that
is infinite along the z direction, with optically thick walls,
and immersed in vacuum (Fig. 1). This geometry is chosen
over other convex geometries, such as the triangular one [49],
because it allows for analytical interpretations and a straight-
forward implementation of a ray tracing algorithm. Its surface
is defined by

(@,2) €[0,2m) x R % (Rcosa, Rsina, z) € R?,

where the radius R > 0 is fixed and assumed to be much larger
than the thermal wavelength, thereby ensuring operation in
the far-field regime. Our analysis is restricted to the cavity by
assuming the surface to be opaque.

The cylindrical surface is partitioned into n adjacent ele-
ments €2; of identical geometry, defined as

Q = w([%’f(z‘— D, %”z)ﬂa) (L. )

Each element €2; is assigned either a reciprocal or non-
reciprocal material, specified through its permittivity tensor,
as well as a temperature 7;. As indicated in Fig. 1, at each
point on the cylinder’s surface, the thermal emissivity is de-
fined with respect to the local azimuthal-polar coordinates
(0, ), relative to the normal vector fi. At thermal equilibrium,
no conduction occurs between adjacent elements, since the

FIG. 1. Representation of the geometry under consideration. The
cylindrical surface is partitioned into n = 8 evenly spaced vertical
elements, assumed infinite along the z direction. Each element €2;, for
i=1,...,n,is defined in Eq. (3) and assigned either a reciprocal or
nonreciprocal material exhibiting specular reflection. At each surface
point r, emission and absorption obey the generalized Kirchhoff’s
law in Eq. (2), and are specified for every direction § by the polar
and azimuthal angles (0, ¢), measured relative to the local surface
normal f. The horizontal angle 8 € (—m /2, m /2) characterizes the
projection of § on to the xy plane with respect to f.

absence of temperature gradients precludes any net heat flow
according to Fourier’s law.

We develop a specular ray-tracing algorithm tailored to the
cylindrical cavity, constrained by the generalized Kirchhoff’s
law in Eq. (2). This approach is well suited to materials ex-
hibiting specular reflection [48]. Moreover, although standard
ray-tracing techniques can incorporate interference effects
such as Fabry-Pérot resonances, these contributions are negli-
gible in the present context owing to the incoherent character
of thermal radiation and the large separation between surfaces
with respect to the thermal wavelength.

This study employs two primary metrics, introduced in
Secs I A and IIB: the monochromatic transmission coeffi-
cient S;_, j(w) between elements 2; and 2; of the cylindrical
cavity, expressing the normalized electromagnetic energy re-
ceived by element 2; from element ; at frequency w, and
the heat-flux vector field q, expressing the net thermal flow
obtained (at each point) by integrating the radiative contribu-
tions from all directions. Both are defined inside the cavity and
along its boundary. Without loss of generality, the analysis is
restricted to monochromatic radiation.
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A. Monochromatic transmission coefficient

The average heat absorbed by an element €2;, denoted by
Q;, is computed as the time-ensemble average of the Poynting
vector flux through its surface [50,51]:

0 = f (S(r.1) - ) A,
Q;

where r € ;, S(r, t) is the instantaneous Poynting vector at
point r and time ¢, fi(r) is the inward unit normal at r, and
(-) denotes the time-ensemble average. Using the Poynting
theorem to relate the energy flux to the work performed by the
fluctuating fields, and employing the fluctuation-dissipation
theorem, these fluctuations are expressed in terms of the mean
photon energy ®(w, T') [47]. Finally, using the generalized
reciprocity theorem for propagating waves [26], the integrand
takes the form

S i) = [ 0w [ K gk 4
<(r,r>~n>—/0 0152 [ S swk0. G
Sk, @) =Y S(r.ky, 0,0), (4b)

where O(w,T) = hw[% + m] denotes the mean
photon energy at frequency w and T is the temperature of the
radiation source (e.g., 7; when radiation is emitted by element
Q;), with /i and kg representing the reduced Planck con-
stant and the Boltzmann constant, respectively. The function
S(r, k), ®) is henceforth termed directional monochromatic
transmission coefficient at position r and frequency w, for
propagation direction defined by the local angles (6, ¢), en-
coded in the in-plane wave vector k| and it is the sum of the
values from all polarization states as noted in Eq. (4b) [26,50].
Calculating the overall absorption and emission is essential for
Eq. (2) to remain valid in nonreciprocal media [48].

At thermal equilibrium, the absorbed heat at a pointr € €2;
can be expressed as the sum of contributions from all other
elements 2; by decomposing the transmission coefficient into
element-specific contributions:

Sk, o)=Y S;(r.ky, w), )
j=1

where S (r, k|, ) represents the directional transmission co-
efficient at point r due to element ;. The corresponding
spectral transmission coefficient at r, associated with €2}, is
defined as

1 2
Si(r,w) = ;(2) /dkn S (r, K|, o),

where the prefactor ensures normalization with respect to
blackbody transmission [52]. Exploiting translational invari-
ance along the z axis, the transmission coefficient from £2;
to £2;, denoted by §;_,;(w), is obtained by averaging S;(r, w)
over the arc corresponding to €2;:
n [ ERGHD
Sisi(w) = o /LRI Si(r,w)da. ©6)
The resulting heat rectification coefficient between ele-
ments £2; and 2;, denoted by H;;(w), is defined as the
directional imbalance of their mutual exchange,

Hij(w) = Siss j(@) — Sj—i(w). (N

By construction, H;;(w) = —H;i{(w) and can therefore take
both positive and negative values. A positive value indicates
a net monochromatic heat flux from element i to element j,
while a negative value corresponds to a monochromatic net
flux in the opposite direction.

In two-body systems, such directional asymmetries are
quantified via the heat rectification ratio [49]. However, this
pairwise metric is not directly applicable to a many-body
configurations. To alleviate this restriction, we introduce the
nonreciprocity factor ¢, defined as

1 n

¢ = ni—D) Z Vij- ()

i#]
Here, yij = |Si»j — Sj=il/(Si j + §j-i). The quantity ¢ can
thus be viewed as a generalization of the heat rectifica-
tion ratio to a many body configuration, accounting for all
pairwise contributions. For reciprocal configurations, { = 0,
while nonreciprocal materials yield 0 < ¢ < 1 owing to the

presence of nonvanishing terms in y;;.

B. Monochromatic heat-flux vector field
Let C denote the hollow cylindrical region defined as
C={(rcosf,rsin€,z)|0<r <R, 0<6 <2m, z€R},

with boundary
0C = {(Rcosf,Rsin6,2)|0 <0 <2m, z € R}

and interior C = C \ 9C. The monochromatic heat-flux vector
at point p € C, denoted by q(p, w), is defined as the direc-
tional average of the spectral heat flux over all directions of the
unit sphere. In particular, for points inside the cavity (p € C),
emission and absorption at p are neglected, so the flux reduces
to the contribution from incoming radiation:

1
qp, ) = —/ S(p, 8, w)8ds, ©)]
T Js?

whereas for points on the boundary (p € 9C), the flux ac-
counts for both directional emission and incident radiation:

1
ap.0) = fS 6.8, 0) ~ S, 8, B (10)

Here, S? is the unit sphere in R?, and S2 = {§ € S? |
§ -0 > 0} denotes the inward-facing hemisphere at a bound-
ary point p, defined with respect to the local inward unit
normal f. The direction vector § is parametrized by spher-
ical angles (6, ¢), and the differential solid angle element
is given by dS§ =sinfd0de. The function S(p,§, ®) de-
notes the monochromatic directional transmission coefficient
at point p in direction §, while €(p, §, w) denotes the corre-
sponding directional emissivity, defined only on the boundary.
The factor 7 ensures normalization with respect to blackbody
emission.

In Eq. (9), S(p, 8, w) includes only incoming radiative
contributions from the surfaces, whereas Eq. (10) also in-
corporates absorption at point p. Further details of the
computations are provided in Appendix A, and numerical
simulations of these quantities are presented in the following
section.

023293-3



MASDEMONT, LEGENDRE, AND PAPADAKIS

PHYSICAL REVIEW RESEARCH 8, 023293 (2026)

2
22
5 1
i
3

FIG. 2. Schematic representation of a directed graph illustrating
the monochromatic heat exchange in a three-element partition of the
cylinder at thermal equilibrium. Each node i corresponds to an ele-
ment £2;, while arrows indicate the directional imbalance in the heat
rectification coefficient H;;. For a reciprocal material configuration,
symmetry in the emissivity profile with respect to 6 ensures S,_,; =
S;_i, leading to H;; = 0, and thus balanced radiative exchange. In
contrast, nonreciprocal materials with asymmetric emissivity profiles
yield S;.; # S;_;, resulting in H;; # 0, i.e, a nonzero heat recti-

fication coefficient. For the idealized on-off material, |H;;| = 0.26,
whereas for a Weyl semimetal it is reduced to |H;;| = 0.028 (see
Appendix C).

III. RESULTS AND DISCUSSION

We present numerical simulations of the monochromatic
transmission coefficient and the corresponding monochro-
matic heat-flux vector field for the the cylindrical configura-
tion introduced in Sec. II. We prescribe an emissivity profile
€(0, p) for each element of the configuration, according to
the azimuthal-polar angle convention illustrated in Fig. 1,
and restrict our analysis to specularly reflecting media that
satisfy the generalized Kirchhoff’s law given in Eq. (2). As a
benchmark, we consider reciprocal blackbody emission with
uniform emissivity, €(6, ¢) = 1. This blackbody case is com-
pared with an ideal nonreciprocal scenario based on which
radiation is predominantly absorbed when incident from the
left hemisphere and emitted preferentially into the right hemi-
sphere, termed on-off henceforth.

Mathematically, this behavior is modeled by the smooth,
angle-dependent emissivity profile €(6, ¢) = % + %‘“kﬁ),
where k > 1 and 8 € (—m /2, w/2) is a function of the spher-
ical coordinates (6, ¢) representing the azimuthal angle of the
emission direction § projected onto the xy plane, as illustrated
in Fig. 1. In this parametrization,¢ < las 8 — w/2and € 2
0 as B — —m /2. This describes a strong directional asymme-
try and maximal violation of Kirchhoff’s law in its classical
form. For completeness, Appendix C presents results for a
realistic Weyl semimetal, whose emissivity profile is simi-
lar to the on-off material but with lower emission-absorption
contrasts [30]. These results reproduce the behavior of the
on-off material, but exhibit reduced directional selectivity in
radiative exchange.

We begin by analyzing a configuration at thermal equi-
librium (7; is the same for all 2;), in which the cylinder is
partitioned into three elements composed of the same mate-
rial. To visualize the results, we employ the directed graph
representation shown in Fig. 2, where each node corresponds

to an individual element and the arrows denote the heat recti-
fication coefficient between element pairs.

The heat rectification coefficient H;; quantifies the di-
rectional imbalance in monochromatic radiative exchange
between elements i and j. For reciprocal materials, the sym-
metry of the emissivity profile with respect to the polar
angle 6 guarantees S;_,; = S;_,;, yielding H;; = 0. In con-
trast, for nonreciprocal materials, this symmetry is broken,
hence S;_.; # S;_.;, and consequently, H;; # 0. Owing to the
C? rotational symmetry of the system, such imbalance gives
rise to closed-loop heat-exchange channels that exhibit net
circulation, with the orientation set by the asymmetric emis-
sivity profile. This phenomenon is analogous to the cyclic
transmission coefficient reported in a three-body configura-
tion in the near field in Ref. [23], and in a triangular geometry
in the far field in Ref. [49]. Our results remain consistent
with the second law of thermodynamics, as the heat recti-
fication coefficients satisfy Hi, = Hp3 = H3; as expected in
equilibrium. Quantitatively, for the on-off material, we obtain
|H;j| = 0.26.

Next, we extend the analysis to a configuration in which
the cylinder is partitioned into eight elements, considering
three distinct scenarios: a fully reciprocal configuration, a
fully nonreciprocal configuration, and a mixed configuration
combining reciprocal and nonreciprocal elements. The corre-
sponding results are presented in Fig. 3. Panel (a) shows the
directed graph for a fully reciprocal blackbody configuration.
As in the three-element case of Fig. 2, reciprocity enforces
a symmetric emissivity profile. Consequently, the radiative
exchange between any pair of elements is balanced, i.e.,
Si—.; = S, and the heat rectification coefficient vanishes,
H;; = 0. Simulations performed for other reciprocal materials
yield qualitatively identical results.

Panels (b) and (c) correspond to configurations involving
nonreciprocal materials, which exhibit asymmetric emissivity
profiles. In panel (b), the cylinder is entirely composed of the
on-off material. Owing to the Cg rotational symmetry of the
system, the resulting directed graph inherits rotational invari-
ance. The nonvanishing heat rectification coefficients (H;; #
0) reveal the emergence of closed heat-exchange channels in
nonplanar geometries, which appear as circulation patterns in
the directed graph and stem from the asymmetric emissivity
profile. The strongest transmission occurs in directions close
to the surface normal, in accordance with Lambert’s cosine
law. The on-off material produces the highest heat rectifica-
tion coefficients, exceeding those of realistic Weyl semimetals
by approximately an order of magnitude as detailed in
Appendix C.

In panel (c), we examine a configuration in which recip-
rocal and nonreciprocal elements alternate: Elements with
odd indices (green nodes) are assigned the on-off nonre-
ciprocal material, while even-indexed elements (blue nodes)
are modeled as reciprocal blackbodies. The results exhibit
nonzero heat rectification coefficient not only between nonre-
ciprocal elements, but also between reciprocal ones, although
the latter remain significantly weaker as compared to the
fully nonreciprocal case shown in panel (b). This occurs
because, while direct exchange between reciprocal elements
vanishes due to reciprocity, as enforced by the ray-tracing
algorithm, indirect coupling through reflections involving
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FIG. 3. Graph representations of the heat rectification coefficient

, defined as H;; = S;_.; — S;_.;, for a cylindrical configuration partitioned

into eight elements. Arrows indicate the direction and magnitude of net radiative exchange between element pairs; absence of an arrow implies
H;; = 0. (a) A reciprocal material with a symmetric emission and absorption profile is considered. Due to reciprocity and angular symmetry,

the heat rectification coefficients vanish for all element pairs, i.e., H;
nonreciprocal idealized on-off emitter is used, characterized by high

; = 0, consistent with detailed balance and reciprocity constraints. (b) A
emissivity into the right hemisphere (8 > 0) and high absorptivity from

the left (8 < 0). This asymmetry leads to a pronounced directional transmission pattern, with significant nonzero values of H;;, forming
circular heat channels. The configuration exhibits Cg rotational symmetry and enhances directional heat rectification coefficients by nearly
an order of magnitude compared to realistic nonreciprocal materials. (¢) A mixed configuration where odd-numbered elements in green are
nonreciprocal (on-off type) and even-numbered elements in blue are reciprocal blackbodies. Despite the presence of only four nonreciprocal
elements, nonzero heat rectification coefficients emerge across nearly all element pairs due to indirect radiative coupling mediated by reflection
and emission. In all cases, the total net power exchange at each element vanishes, as required by the second law of thermodynamics.

nonreciprocal elements generally yields H;; # 0. Conse-
quently, even configurations containing a single nonreciprocal
element embedded in a reciprocal background can exhibit
nonvanishing heat rectification coefficients across the entire
system.

The deviation from reciprocity in each configuration is
quantified by the nonreciprocity factor ¢g, as defined in
Eq. (8). For the reciprocal configuration in panel (a), we obtain
gg = 0, as expected. The fully nonreciprocal on-off config-
uration in panel (b) yields ¢g = 0.85, which asymptotically
approaches the theoretical maximum s, = 1 in the limit of
infinitely many elements (n — oo). In this case, y;; = 1 for
all pairs of elements; hence, perfect rectification is achieved
throughout the cylinder. This is in contrast to the triangular
geometry reported in Ref. [49], which requires an angu-
larly selective emissivity profile, acting as a perfect mirror
at specific angles while exhibiting the on-off behavior that
we introduced above at others. The mixed configuration in
panel (c), consisting of alternating reciprocal and nonrecip-
rocal elements, gives {3 = 0.72. This demonstrates that even
with fewer nonreciprocal elements, substantial directional im-
balance in the heat flow can be induced.

Our findings are consistent with the second law of ther-
modynamics, since the sum of heat rectification coefficients
entering and leaving each element vanishes in all cases con-
sidered. This consistency is further validated by symmetry
considerations and local energy conservation at every surface
point.

In the thermal near field, the topics of thermal rectifi-
cation and persistent heat flow have been more extensively
explored [23,26]. Here, we extend results on monochromatic
thermal currents to the far-field regime for the previously
discussed reciprocal and nonreciprocal configurations, both at
and out of equilibrium. Owing to translational invariance and

the symmetric emissivity profile along the vertical axis, the
thermal current possesses no axial component. As a result, the
monochromatic heat-flux vector field q is entirely confined to
the transverse xy plane.

The results are shown in Fig. 4. Panels (a) and (b) cor-
respond to equilibrium conditions. Panel (a) simulates heat
flux corresponding to the fully reciprocal blackbody case
of Fig. 3(a). As expected, the simulation yields vanishing
internal thermal currents and zero net boundary flux, fully
consistent with thermodynamic equilibrium.

Panel (b) shows the on-off nonreciprocal case at equilib-
rium, corresponding to Fig. 3(b). Although one might expect
persistent thermal currents (i.e., heat circulation at thermal
equilibrium) in the cylindrical cavity, similar to near-field
many-body systems [23,24], no such effect is observed here.
In specularly reflecting media, radiation in a given direction
(0, ¢) consists of both direct emission and reflected rays
coming from the opposite direction (6, ¢ + 7). Owing to
the constraint €(w, 0, ¢) = a(w, 8, ¢ + m), strong emission
in one direction necessarily implies strong absorption (i.e.,
weak reflection) from the opposite direction, and vice versa.
As a result, the total outgoing radiation defined as the sum of
the emitted and reflected components is independent of ma-
terial properties. Hence, the magnitude of the monochromatic
heat flux within the cavity remains isotropic, causing internal
thermal currents to vanish, due to Eq. (9). This cancellation
applies for any arrangement of reciprocal and nonrecipro-
cal materials and directly reflects the directional balance
imposed by the generalized Kirchhoff’s law in Eq. (2),
which holds regardless of the material’s reciprocal or non-
reciprocal character. Nevertheless, a preferential direction of
emission persists, as underlined by the presence of a nonzero
tangential component at the boundary, even at thermal
equilibrium.
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Nonreciprocal

Reciprocal

(b)

Equilibrium

Nonequilibrium

FIG. 4. Monochromatic heat-flux vector fields in an eight-
element cylindrical configuration under different thermal and
material conditions. (a) At thermal equilibrium, with all elements
composed of reciprocal blackbody material, no net thermal cur-
rents are observed, either in the interior or at the boundary. (b) At
thermal equilibrium, with a nonreciprocal on-off elements (green),
the internal thermal currents vanish, but a nonzero boundary inflow
monochromatic heat appears, reflecting a directional imbalance in
surface absorption and emission due to the asymmetric emissivity
profile. (c) Out of equilibrium, with reciprocal blackbody elements
at even indices (light blue, cold) and odd indices (blue, hot), the heat-
flux vectors point symmetrically from hot to cold elements, yielding
no preferred rotational direction. (d) In the same nonequilibrium
configuration, but with nonreciprocal elements (green, hot), the heat-
flux vectors form a counterclockwise rotational pattern, driven by an
asymmetric emissivity that favors emission into the right hemisphere.

Finally, we proceed to analyze the internal thermal cur-
rents in a cylindrical configuration under nonequilibrium
conditions, where different elements might have different
temperatures. In this scenario, we focus exclusively on the
radiative flux arising from a prescribed spatially nonuniform
temperature distribution. Since this temperature distribution
is fixed, modeling thermal conduction between the elements
is not required. The even-numbered elements [light blue,
panels (c) and (d)] are modeled as reciprocal blackbody ma-
terials maintained at a significantly lower temperature than
the remaining elements. As such, their thermal emission is
neglected. In contrast, the odd-numbered elements are as-
signed either reciprocal or nonreciprocal emission properties.
When the hot elements are reciprocal [dark blue, panel (c)]
the monochromatic heat-flux vector field exhibits directional
symmetry: Heat flows from each hot element toward the adja-
cent cold elements in both directions, resulting in a balanced
exchange. In contrast, when the hot elements are composed of
nonreciprocal materials [green, panel (d)], the heat-flux vector

field organizes into a counterclockwise circulation. This rota-
tional behavior originates from the asymmetric enhancement
of emissivity into the right hemisphere, which originates from
the nonreciprocal on-off emissivity profile selected earlier.

Our results are fully consistent with the fundamental laws
of thermodynamics. At thermal equilibrium, the Poynting vec-
tor is divergence-free, and the heat flux remains tangential to
the boundary, ensuring the absence of net energy exchange. In
contrast, under nonequilibrium conditions, energy flows from
the surface of the hotter elements to the colder ones; therefore,
the heat flux is no longer tangential, resulting in a net energy
transfer, as illustrated in Fig. 4.

IV. CONCLUSION

We have investigated radiative heat transfer in a cylin-
drical cavity composed of both reciprocal and nonreciprocal
materials, developing a numerical framework that discretizes
the cavity into vertical elements and incorporates a ray-
tracing algorithm. Our results demonstrate that nonreciprocity
can induce maximal heat rectification coefficients between
the cylinder’s elements, even when only a subset of them
breaks reciprocity while the rest remain reciprocal. At ther-
mal equilibrium, internal thermal currents vanish in both
reciprocal and nonreciprocal cases, due to the balance im-
posed by specular reflection. Out of equilibrium, however,
nonreciprocity gives rise to directional, rotating heat fluxes
within the cavity. These results advance the understanding
of nonreciprocal heat transfer in the context of equilibrium
but also out of equilibrium conditions that further contribute
to thermal radiation control. These findings are applicable to
convex, sufficiently regular geometries and specularly reflect-
ing materials, consistent with the underlying computational
framework. Extensions of this work will include the study
of more complex geometries that emulate realistic configura-
tions where the observed phenomena may be enhanced under
realistic nonreciprocal conditions, such as concentric multi-
cavity systems, as well as the interplay between near-field
and far-field interactions by varying the radius ratio in the
configuration considered. In addition, incorporating thermal
conduction and time-dependent effects to capture dynamic
heat transport will be crucial for establishing a realistic pa-
rameter space of material properties for practical applications
[24,53].
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APPENDIX A: COMPUTATION OF THE TRANSMISSION
COEFFICIENT AND NUMERICAL IMPLEMENTATION

We detail the computation of the monochromatic transmis-
sion coefficient S;_,;(w) [see Eq. (6)] and the monochromatic
heat-flux vector field q(p, @) [see Eqgs. (9) and (10)]. In the
first case, the cylindrical boundary is discretized into vertical
surface elements €2; following Eq. (3). Each element is further
subdivided into a set of mesh cells along its width, forming
a one-dimensional mesh at a fixed height, owing to the z
invariance of the cylinder. Each cell is approximated as a
locally flat differential surface acting as an independent emit-
ter. Radiation from each cell is sampled by launching a large
ensemble of rays distributed over the inward hemisphere. The
intensity of each ray is weighted by the prescribed directional
emissivity profile. The distribution of directions is obtained
through a regular local (dk,, dk;) grid, under the constraint
k2 + k? < |[k||?, where u is the direction orthogonal to z in
the tangential plane. Lambert’s cosine law can be incorporated
through the standard change of variables from momentum
space to angular coordinates.

The propagation of rays is performed with a dedicated
ray-tracing algorithm adapted to the cylindrical geometry. A
cylindrical configuration is preferred for its closed-form ge-
ometry and its symmetry, which makes the incidence angle of
light invariant upon multireflection. This allows for efficient
computation by making the simulation for each incidence
angle independent of one another. This algorithm could be
extended to any convex, closed regular surface by taking into
account the change of incidence angle undergone by light
during propagation due to the lack of complete rotational
symmetry.

The algorithm accounts for successive reflections and
transmissions at material interfaces, while consistently en-
forcing the decomposition introduced in Eq. (5). To ensure
numerical stability, the trajectory of a given ray is truncated
once its residual intensity falls below 107>, Simulations em-
ploy a spatial mesh of approximately 50 cells per surface
element €2;. From each cell, 10* rays are launched with
uniformly sampled directions. This resolution provides an
accurate approximation of the underlying angular integrals
while maintaining computational feasibility. A sufficiently
large number of rays is essential to guarantee convergence,
since approximating the integral by a Riemann sum introduces
an error that typically decays as O(n~'), where n denotes the
number of discretization points [55].

A distinct procedure is employed to compute q(p, w), re-
quiring a modification of the ray-tracing algorithm. Instead of
launching rays outward from each point p, we evaluate the
contributions coming from uniformly sampled directions. In
such case, the analytical expression for the monochromatic
heat flux in a given direction § at a point p € C [see Eq. (9)]
can be written as

i—1

S.8,0)=Y |[[R®;. 0,0 +m) e, 0,0). (AD
i=1 \j=1

> (0
_1—
- 0 1
X
[ —
0 1
[[vl]

FIG. 5. Monochromatic heat-flux vector field in an eight-element
cylindrical configuration using an abrupt, nonphysical emissivity
profile defined by e(8) = 1 for B > 0 and €(8) = 0 for B < 0. This
artificial discontinuity leads to unbalanced emission and absorption:
Rays are strongly emitted in the right hemisphere but cannot be ab-
sorbed from the same directions. As a result, the simulation produces
unrealistic internal thermal currents that violate detailed balance.

Here, the infinite series accounts for successive contribu-
tions from radiation emitted at r; that, after undergoing i — 1
reflections at intermediate points r; (j € {1,...,7 — 1}), ar-
rives at p in direction 8. The propagation direction (6, ¢)
is uniquely determined by the pair (p, §) and is consistently
preserved across emission and reflection events. Specifically,
a ray absorbed at p from direction § must have been emitted
at r; in a given direction (@, ¢), and reflected at intermedi-
ate points with directions (6, ¢ + 7). Absorbed and reflected
intensities are evaluated in accordance with the constraint im-
posed by Eq. (2). For the monochromatic boundary heat-flux
vector field in Eq. (10), we include the absorptivity factor in
Eq. (Al).

APPENDIX B: UNREALISTIC THERMAL CURRENTS
ARISING FROM ZERO-EMISSIVITY PROFILES

We note that unrealistic results arise when the emissivity is
unitary in one hemisphere and zero in the other. This phe-
nomenon is illustrated in Fig. 5. In our ray-tracing model,
a configuration where the surface emits only into the right
hemisphere and not into the left is unrealistic: It elimi-
nates any radiation that would propagate clockwise, causing
the appearance of internal thermal currents that are not ob-
served in other cases. Indeed, when the emissivity is low but
nonzero in the left hemisphere (as discussed in Sec. III), the
specular relation €(w, 8, ¢) = a(w, 6, ¢ + ) ensures a small
but finite absorptivity for radiation incident from the right
hemisphere. Because rays emitted into the left hemisphere
inevitably reach the right hemisphere, they experience strong
reflection, such that even weak left-hemisphere emission is
efficiently recirculated within the cavity. This mechanism re-
stores closed radiative exchange channels in all directions,
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thereby suppressing net thermal currents and producing the
results displayed in Fig. 4.

APPENDIX C: NUMERICAL RESULTS FOR A REALISTIC
WEYL SEMIMETAL

We employ a Weyl semimetal in the Voigt configuration
[30,39] to simulate realistic radiative exchange profiles. This
material is nonmagnetic (4 = o) and characterized by a
complex, anisotropic dielectric permittivity tensor. Qualita-
tively, the behavior of Weyl semimetals resembles that of
the idealized on-off emitter, though with significantly reduced
emission asymmetry. In this work, we use [39]

9 +0.3i 0 9i
€= 0 9+ 0.3 o | (C1)
—9; 0 9+ 0.3i

Weyl semimetals in this configuration break Lorentz reci-
procity without the application of an external magnetic field.
This phenomena is manifested in the nondiagonal complex
elements of the permittivity tensor in Eq. (C1). According
to the adjoint transformation framework proposed by Guo
et al. [45], a nonmagnetic material is reciprocal only if its per-

mittivity tensor is symmetric (¢ = &7). In symmetric tensors,
the spectral decomposition theorem ensures real eigenvalues,
enabling a standard index ellipsoid representation that satisfies
Fresnel’s laws, ultimately leading to reciprocity. However,
the nonsymmetric nature of the Weyl tensor breaks this
invariance, leading to asymmetric wave propagation and, con-
sequently, nonreciprocal thermal behavior.

The reflection coefficients r; and 7, at the air-Weyl
semimetal interface are evaluated numerically using the
in-house GeneralizedTransferMatrixMethod.jl Julia
package. The mean absorption profile is directly obtained
from the mean reflection coefficient, while the mean emissiv-
ity profile is computed via Eq. (2), as the two are related in
specular media [48].

The three-element configuration shown in Fig. 2 yields a
heat rectification coefficient of approximately H;; = 0.028.
Similarly, in a full cylindrical configuration analogous to
Fig. 3(b), the resulting heat rectification coefficient H;; is
approximately an order of magnitude smaller and yields
a nonreciprocity factor of ¢ =0.061 (9.0% of the ide-
alized on-off emitter). Note that, of course, these values
are subject to change for Weyl semimetals with different
permittivities.
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