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We present a native approach for realizing multiqubit parity phase gates in neutral-atom systems through
global phase modulation of a Rydberg excitation laser. By shaping the temporal profile of the laser’s phase, we
enable high-fidelity, time efficient entangling operations between multiple qubits without requiring individual
qubit addressing. To mitigate intrinsic noise sources including spontaneous decay and motional effects, we
develop a noise-aware optimal control framework that reduces gate errors under the presence of noise while
maintaining smooth pulse profiles suitable for experimental implementation. In addition to equidistant qubit
arrangements, we explore the impact of nonequidistant atomic configurations, where interaction inhomogeneity
becomes significant. In these cases, the flexibility of our control approach helps to compensate for such varia-
tions, supporting reliable gate performance across different spatial layouts. These results facilitate the practical
implementation of complex, multiqubit quantum operations in near-term neutral-atom quantum processors.
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I. INTRODUCTION

The ability to perform multiqubit quantum gates directly,
without decomposing them into sequences of primitive op-
erations, holds significant promise for advancing quantum
computing. Traditionally, quantum circuits are constructed
from a universal set of single- and two-qubit gates, which
are well understood and relatively easier to implement. How-
ever, decomposing higher-order operations into such primitive
gates leads to longer circuit depths and increased suscep-
tibility to noise, particularly in near-term quantum devices
where coherence times are limited. Direct implementation
of multiqubit gates can circumvent these issues by enabling
faster execution with fewer error-prone operations, ultimately
enhancing fidelity and reducing overhead [1,2].

Several theoretical and experimental works have explored
the implementation of multiqubit gates in different physi-
cal platforms. In particular, neutral-atom arrays provide a
promising architecture for this purpose, thanks to their flexible
connectivity and strong, controllable interactions via Rydberg
excitations. Experimental demonstrations of multiqubit gates
have been reported in systems using Rydberg atoms such as
rubidium [3,4] and strontium [5], showcasing the feasibility
of scaling up to more complex entangling operations.

In this work, we focus on a specific class of multiqubit
gates, namely, parity phase gates, which have various ap-
plications in quantum computation and simulation. Families
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of parity phase gates play a key role in the simulation of
complex quantum systems [6,7], such as those described by
lattice gauge theories, where multibody interactions naturally
arise [8–10]. Beyond quantum simulation, parity-based oper-
ations are central to the concept of parity quantum computing
and its applications [11–17], where it introduces an alterna-
tive computational approach for efficiently encoding arbitrary
interaction graphs on quantum devices with only local
connectivity.

In this paper, we consider neutral-atom quantum proces-
sors to implement parity phase gates. This versatile quantum
computing platform, which utilizes neutral atoms that are
individually trapped in optical tweezers, has seen substan-
tial progress in recent years, including the demonstration
of high-fidelity operations [4,18–20], the ability to coher-
ently reconfigure atom positions [7,21], demonstrations of
scalability to large qubit arrays with thousands of qubits
[22–24], and even early demonstrations of quantum error
correction [25–28].

By employing highly excited Rydberg states, the Rydberg
blockade mechanism represents a hallmark of neutral-atom
systems, enabling strong and programmable two-body inter-
actions. These interactions serve as a key ingredient in the
pursuit of native multi-body interactions, an area of active
research. Among various proposals, the concept of Rydberg
gadgets offers a promising route to engineer multibody inter-
actions in the analog mode of neutral-atom platforms [29–33].
In this approach, atoms are arranged to form a geometri-
cal blockade, and, with proper laser control and adiabatic
elimination of ancilla atoms, the effective Hamiltonian of
the computational atoms reproduces the desired multibody
interaction in the low-energy subspace. In contrast, in the
digital mode, it is more common to engineer gates using the
blockade effect and tailored laser pulses without extra qubits.
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Here, the main difficulty lies in finding optimal control pulses
that generate the target gate with high fidelity and speed while
keeping the profile smooth and low bandwidth for practical
implementation. This is the challenge we address in this work.

The paper is structured as follows: In Sec. II, we introduce
the setup of the considered neutral-atom quantum processing
unit (QPU) and our optimal control framework to design
high-fidelity gate operations with smooth pulse profiles. In
Sec. III, we then analyze the minimal gate times for multi-
qubit parity phase gates on different atom arrangements and
analyze the effect of pulse smoothing regularization. To tackle
intrinsic noise sources that could spoil gate fidelities, we in-
troduce a noise-aware optimal control framework in Sec. IV.
This allows us to maintain high gate fidelities even under
the presence of fundamental noise sources such as Rydberg
decay, photon recoil, and van der Waals (VdW) force-induced
motional effects. Section V is devoted to a detailed study of
the influence of different types of noise on the gate fideli-
ties. We analyze the effect of intrinsic noise under different
external parameters and propose strategies to improve gate
fidelities (Sec. V A); we show that our native implementa-
tions of parity phase gates show biased noise profiles under
dissipation-induced errors in stark contrast to corresponding
circuits of single- and two-qubit gates (Sec. V B); and finally,
we analyze the influence of technical noise sources on the gate
performance (Sec. V C). We conclude our work in Sec. VI and
provide additional information in the Appendix.

II. SETUP AND OPTIMAL CONTROL

We define the parity phase gate acting on N qubits as the
unitary operation

ZN (θ ) = exp
( − iθ σ z

1 ⊗ σ z
2 ⊗ · · · ⊗ σ z

N

)
, (1)

where θ is a tunable parameter that sets the magnitude of
the phase rotation and σ z

j denotes the Pauli-Z matrix on
qubit j. This gate belongs to the broader class of multiqubit
phase (or diagonal) gates, which apply relative phase shifts
to computational basis states without altering their bit values.
The parity phase gate, in particular, applies a phase of e−iθ

to basis states with even parity, i.e., an even number of 1s,
and a phase of e+iθ to those with odd parity. The entangling
power of ZN (θ ) reaches its maximum when θ = (2n + 1)π/4,
where n is an integer. In contrast, when θ = nπ/2, the gate
reduces to a product of local Z rotations and does not pro-
duce entanglement. In this work, we focus on the case of
maximal entanglement with θ = π/4, as it represents the
most challenging scenario for experimental implementation
and control. Note that the parity gate implements a pure
N-body interaction, unlike the multiqubit controlled-phase
gate CN−1P(θ ) = exp[−iθ ⊗N

i=1 (Ii − σ z
i )], whose generator

includes a mixture of up to N-body interactions.
We implement the parity phase gate using neutral-atom

quantum processing units, a platform that has seen tremen-
dous progress in recent years. This platform’s ability to
arrange atoms in almost arbitrary configurations, combined
with the intrinsic van der Waals interaction mechanism, allows
for the native implementation of multiqubit gates. Specifi-
cally, for the atomic species, we focus on the isotope 88Sr,
which is known for its rich electronic structure that enables

laser cooling and control with high precision [34–39] and long
coherence time [40,41]. These features made it a cornerstone
in optical atomic clock technologies [42–45]. Its well-known
optical-frequency clock transition can also be harnessed for
quantum computing [36,46,47]. We encode our logical |0〉
state in the electronic ground state |5s2 1S0〉, while |1〉 is
encoded in the long-lived metastable state |5s5p 3P0〉. To gen-
erate entanglement between qubits, which is essential for the
implementation of (nontrivial) multiqubit gates, we assume a
resonant laser field coupling the |1〉 state to the highly excited
Rydberg state |r〉 ≡ |5s61s 3S1〉, giving rise to strong van der
Waals interactions between atoms in those states [48]. We as-
sume that the laser field addresses all atoms globally and that
its Rabi frequency �(t ) and laser phase φ(t ) can be controlled.
The system’s evolution is described by the Hamiltonian

H (t ) = h̄�(t )

2

N∑
j=1

(
eiφ(t )|r j〉〈1 j | + H.c.

) −
∑
j<k

C6

R6
jk

n jnk,

(2)
where n j = |r j〉〈r j | is the projector onto the Rydberg state
of atom j. The last term describes the interaction between
atoms in Rydberg states through strong van der Waals forces.
The interaction potential depends on the interatomic spacing
Rjk = |Rj − Rk| between atoms at positions Rj and Rk , which
is typically on the order of a few micrometers, and C6 < 0
indicates repulsive interaction. For the chosen Rydberg state
|5s61s 3S1〉 in 88Sr, the van der Waals coefficient is esti-
mated as C6/h ≈ −150 GHz µm6 using the pairinteraction
software [49]. Given realistic experimental parameters, we
assume maximum Rabi frequencies up to �0/(2π ) = 10 MHz
and minimal distances between atoms of Rmin = 3 µm. This
yields a strong interaction regime with V/h̄�max ≈ 21 where
V = |C6/R6

min|, allowing for efficient entangling gate opera-
tions through dynamic modulation of the control parameters
{�(t ), φ(t )} [50].

An important property of the Rydberg Hamiltonian
[Eq. (2)] is its block-diagonal structure, which arises because
the laser only drives transitions between |1〉 and |r〉, leaving
|0〉 unaffected. As a result, the Hamiltonian can be decom-
posed as

H =
∑

μ∈{0,1}N

Hμ =
∑

μ∈{0,1}N

PμHPμ, (3)

where Pμ is a projector that maps the state onto the subspace
where the atom i is in |0〉 if μi = 0, and in the subspace
spanned by |1〉, |r〉 if μi = 1. This decomposition enables
independent evolution of each block Hμ, significantly accel-
erating numerical simulations for optimal control. Note that
spatial symmetries of the atomic arrangement can make sub-
sets of the Hμ operators identical, which leads to a further
reduction of simulations resources. It is important to note
that the all-zero state |00 · · · 0〉 remains unaffected under the
dynamics. Therefore, it is convenient to redefine the par-
ity gate by absorbing a global phase factor, i.e., ZN (θ ) →
eiθ (−1)N

ZN (θ ).
Our primary objective is to design control pulses

{�(t ), φ(t )} that steer the system’s evolution operator U (t ) to
closely replicate a target gate operation Utarget = ZN (θ ) after
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a duration t = T . A widely used figure of merit (FOM) for
evaluating the performance of such gates is the Bell-state
fidelity, defined as

FBell(U ) = 1

4N

∣∣Tr
[
U †

targetU (T )
]∣∣2

. (4)

This measure captures how accurately the gate transforms the
uniform superposition state |ψinit〉 = (1/

√
2N )

∑
μ∈{0,1}N |μ〉

into the desired output state Utarget|ψinit〉. For instance, when
targeting the CZ gate or its equivalent parity phase gate
Z2(π/4), the resulting state is a Bell state, motivating the
name of this fidelity measure. Further details and comparisons
with average gate fidelity are provided in Appendix A.

To optimize the control pulses, we utilize a gradient-based
quantum optimal control method based on the Gradient As-
cent Pulse Engineering (GRAPE) framework. The control
parameters u(t ) = {�(t ), φ(t )}, representing the Rabi fre-
quency and phase of a global laser, are modeled using a
piecewise-constant ansatz. Within this framework, the to-
tal evolution time T is divided into M discrete pieces t j =
[ j�t, ( j + 1)�t], with each interval characterized by length
of �t = T/M and constant control values. This discretization
enables approximating the total unitary evolution as a product
of short-time propagators:

U ≈
M−1∏
j=0

exp(−iH (tM−1− j )�t ), (5)

where H (t j ) is the Hamiltonian evaluated at time piece t j .
Optimization proceeds by iteratively updating the control

parameters to minimize a cost function that penalizes devi-
ation from ideal fidelity. We compute gradients of this cost
using JAX, a high-performance numerical computing library
that supports automatic differentiation [51], enabling efficient
and scalable optimization even in high-dimensional parameter
spaces. The cost function we minimize is given by

C = EBell + ηδ

∑
u∈{�,φ}

∑
j

(
u(t j+1) − u(t j )

2

)2

, (6)

where EBell = 1 − FBell quantifies gate infidelity and the sec-
ond term is a smoothness regularizer. The regularization
penalizes sharp variations in the control pulses, effectively
encouraging bandwidth-limited solutions. This is particularly
important given the limitations of current optical modula-
tion hardware. The strength of this regularization is governed
by the tunable weight ηδ . Together, these components guide
the optimization toward physically implementable control so-
lutions. While smooth, experimentally feasible pulses can
also be obtained using other techniques, such as initializing
the optimization with a smooth profile, our approach—
controlling pulse smoothness through regularization in the
cost function—offers several advantages. It allows for precise
control over the degree of smoothing via a single parameter,
ηδ , it enforces smoothness throughout the optimization pro-
cess, and enables optimization with random initial guesses,
mitigating the risk of getting trapped in local minima.

An important theoretical bound in quantum control is the
quantum speed limit (QSL), which defines the minimum
time required for a quantum system to evolve between two

distinguishable states. In the context of gate synthesis, this
translates to a fundamental lower bound on the total gate du-
ration, T ∗, necessary to implement a desired unitary operation
with high fidelity. Estimating the QSL through computing
minimal gate duration provides insight into the limits of gate
performance and the efficiency of control strategies.

III. MINIMAL GATE TIME

In our work, we first numerically estimate the QSL for
multiqubit parity phase gates ZN (θ ) with N ∈ {2, 3, 4}, exam-
ining a range of spatial configurations of neutral-atom qubits.
These include both equidistant and nonequidistant configura-
tions, which strongly affect the interaction pattern between
the atoms as a result of the distance-dependent VdW inter-
action. To represent equidistant configurations, we consider
atoms positioned at the vertices of an equilateral triangle and
a regular tetrahedron for Z3(θ ) and Z4(θ ), respectively. To
represent nonequidistant configurations, we consider planar
arrangements, i.e., an isosceles right triangle and a square
[see Fig. 1(a)].

Figure 1(b) presents a summary of our optimal control
results for the parity phase gate for all considered atom config-
urations, where we considered global phase modulation φ(t )
but a fixed Rabi frequency �(t ) = �0. Each data point repre-
sents the resulting fidelity εBell of a single optimal control run
for a given duration T . Without pulse regularization, ηδ = 0,
one can clearly identify a sharp transition to the high-fidelity
regime (indicated with solid lines) at a minimum duration T ∗,
marking the intrinsic QSL for the given setup. Figure 1(c)
directly compares the QSL durations T ∗ for the parity phase
gate for different numbers of atoms and configurations, uti-
lizing two distinct threshold values. For the nonregularized
case, ηδ = 0, one can clearly see that T ∗ increases with N .
Interestingly, the nonequidistant layouts have shown a rather
strongly increased threshold than the equidistant layouts. We
attribute this effect to the higher required control capabili-
ties for nonequidistant layouts, where interactions of different
magnitudes need to be properly synchronized for high-fidelity
gate operations.

We also study the effect of finite pulse regularization on
the results by varying the regularization weight ηδ . When a
finite ηδ is used to penalize high-frequency features in the
control pulses, the QSL shifts to longer times [cf. Figs. 1(b)
and 1(c)]. This effect is more pronounced in nonequidistant
configurations where fidelity increases gradually with dura-
tion, indicating a smoother transition. Importantly, even when
the control pulses are strongly regularized to be smooth, the
optimized multiqubit gates remain significantly faster than
equivalent circuits built from standard two-qubit gate decom-
positions. Note that the optimal decomposition of the parity
phase gate into two-qubit primitives requires at least N − 1
(N) layers of parallel gates for even (odd) number of qubits
N [see the ZZ decomposition in Fig. 6(a)]. In contrast, we
observe sublinear increase of the minimal gate duration in
the native implementation [cf. Fig. 1(c)]. This suggests the
practical benefit of using native multiqubit gates for quantum
computing.

As an illustrative example for the importance of
pulse smoothness regularization of GRAPE pulses for
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FIG. 1. Optimal control results for multiqubit phase gates ZN (θ ) at their maximal entangling power θ = π/4 implemented on different
atomic configurations. (a) Schematic of a global Rydberg laser driving neutral atoms arranged in different configurations. Qubits are encoded
in the optical clock transition of the 88Sr atom, with |0〉 ≡ |5s2 1S0〉 as the ground state and |1〉 ≡ |5s5p 3P0〉 as the metastable clock state.
Additionally, we consider excitation to the Rydberg state |r〉 ≡ |5s61s 3S1〉 to generate entanglement between qubits through the natural VdW
force between atoms in Rydberg states. Pulse shaping is achieved through optimal control over the laser phase φ(t ) and Rabi frequency �(t ).
(b) Bell-state infidelity as a function of normalized gate duration �0T/(2π ) for various values of the regularization coefficient ηδ . Solutions
without regularization (ηδ = 0, shown in gray) estimate the quantum speed limit, as indicated by an abrupt drop to near-perfect fidelity
(EBell � 10−15). Regularized solutions with ηδ = 10−4 (brown) and 10−3 (green) reveal the minimal gate durations achievable with smoother
pulses. The brightly colored data points represent the best results out of 50 simulation runs for a given T , with the rest displayed faded-out for
comparison. Solid (dashed) horizontal lines indicate two choices of target infidelities 10−4 (10−6) used to estimate the minimal gate durations.
(c) Minimal (normalized) gate duration �0T ∗/(2π ) required to reach infidelity thresholds of 10−6 (solid lines) and 10−4 (dashed lines) across
all studied configurations for different values of ηδ . (d) Phase profiles of time-optimal Z4 pulses at the square configuration with EBell � 10−6,
illustrating the effect of regularization strength ηδ . (e) Phase profiles of time-optimal pulses for ηδ = 10−3, showing that pulse shapes for
equidistant configurations are simpler than for nonequidistant configurations. In all these results, only the laser phase φ(t ) is optimized, while
the Rabi frequency �(t ) = �0 is kept constant.

experiments, Fig. 1(d) displays optimized phase control
pulses for the square configuration for different regularization
weights ηδ , achieving high-fidelity gate performance (EBell �
10−6). These results clearly show the effect of the regu-
larization term in promoting smooth, low-bandwidth pulse
shapes by suppressing rapid oscillations, at the cost of in-
creasing the pulse duration. Furthermore, we observe that, in
general, nonequidistant atomic configurations require more
pronounced oscillations in the control pulses compared to
their equidistant counterparts [see Fig. 1(e)]. This increased
complexity is needed to compensate for the spatially varying
interaction strengths while using a global Rydberg drive.

IV. NOISE-AWARE GATE OPTIMIZATION

So far, we have examined the implementation of parity
phase gate under idealized noise-free conditions. In practice,
however, various noise sources reduce the achievable gate fi-
delity. In this section, we analyze fundamental, intrinsic noise
sources of the envisioned experimental setup and describe
how they can be incorporated into our optimal control frame-
work to develop a noise-aware optimization strategy.

A significant source of intrinsic noise arises from the finite
lifetime of the Rydberg state, leading to spontaneous decay.
This decay imposes a fundamental limitation on the fidelity of
entangling gates implemented with Rydberg atoms [52,53].
Importantly, its contribution to the average gate and Bell-
state infidelities is known to scale linearly with the average

time spent in the Rydberg state during a pulse; see details in
Appendix A. In other words, the infidelity of a perfect optimal
pulse due to Rydberg decay can be expressed as

Edecay = γd TR, (7)

where γ −1
d = 80 µs is the estimated Rydberg state lifetime for

the chosen Rydberg state [54] and TR = ∫ T
0 n̄R(t )dt quantifies

the time integration of Rydberg population averaged over all
computational basis states:

n̄R(t ) = 1

2N

N∑
i=1

∑
μ∈{0,1}N

〈μ|ni(t )|μ〉. (8)

Here, ni(t ) = U †(t )niU (t ) denotes the time-evolved projector
onto the Rydberg state of atom i. Minimizing TR during the
pulse optimization is therefore essential to mitigate Rydberg
decay-induced errors.

Another intrinsic source of decoherence comes from cou-
pling between the internal states of the atoms and the motional
states in the optical tweezers, which arises from two main
mechanisms [55]. First, each Rydberg excitation or deexci-
tation with a photon causes a momentum recoil to the atom,
leading to fidelity loss that grows with Erecoil ∝ T 2

R [55]. Sec-
ond, when two nearby atoms are simultaneously excited to
Rydberg states, they experience a mutual force due to the gra-
dient of the VdW interaction. This interaction causes atomic
displacements that result in unwanted phase accumulation,
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thereby reducing gate fidelity [56,57]. The corresponding er-
ror scales as Eforce ∝ T 2

RR, where TRR = ∫ T
0 n̄RR(t )dt quantifies

the time spent in the doubly excited Rydberg state with state-
averaged population n̄RR(t ) given by

n̄RR(t ) = 1

2N

∑
i< j

∑
μ∈{0,1}N

〈μ|ni(t )n j (t )|μ〉. (9)

Note that TR represents the time spent in states that contain
one or more Rydberg excitation, while TRR corresponds to the
time spent in states with at least two Rydberg excitations. This
implies that TR � TRR, since all configurations contributing to
TRR are also included in TR. We will take advantage of this
property in our following analysis.

Taking these noise sources into account leads to a modified
form of the effective Rydberg Hamiltonian including motional
degrees of freedom:

Hnoisy(t ) = h̄�(t )

2

N∑
j=1

[
ei(φ(t )+k·R̃ j )|r j〉〈1 j | + H.c.

]

+
N∑

j=1

[ P2
j

2m
+ 1

2
mω2

‖R̃2
j‖ + 1

2
mω2

⊥R̃2
j⊥

]

− i
h̄γd

2

N∑
j=1

n j −
∑
j<k

C6

|R j − Rk|6 n jnk, (10)

where P j and R j are the momentum and position operators for
the jth atom with mass m, each confined in an optical tweezer
trap with ω‖ and ω⊥ denoting the trap frequencies along and
perpendicular to the direction of the driving laser, respectively.
The position operator R̃ j represents the relative position of
atom j with respect to the center of its trap and k = (2π/λ, 0)
is the wave vector associated with the Rydberg transition
wavelength λ = 323 nm. For simplicity, we assume isotropic
trapping ω‖ = ω⊥, with a frequency of ω/(2π ) = 100 kHz.

Note that Rydberg decay can be simulated efficiently us-
ing the non-Hermitian term −ih̄γd n j/2 in the Hamiltonian,
Eq. (10), circumventing the need for full Lindblad master
equation simulations. However, incorporating motional ef-
fects necessitates to add motional modes to the Hilbert space.
To manage the basically infinite Hilbert space dimension,
we only consider one-dimensional trapping, either parallel or
orthogonal to the direction of the driving laser, and we restrict
the simulations to a finite number of motional modes. Also,
we employ a Krylov subspace solver to compute the time
evolution of Hnoisy(t ) [58].

We have shown above that the considered noise sources im-
pact Bell-state fidelity directly through TR and TRR. Therefore,
we include those quantities into the optimization cost function
to search for noise-aware control pulses. This strategy allows
us to account for noise without requiring full Hamiltonian
simulations at each optimization step. Specifically, we define
a noise-aware cost function as

Cnoisy = C + ηRTR + ηRRTRR, (11)

where ηR and ηRR are regularization weights that penalize the
time spent in the singly and doubly excited Rydberg states,
respectively. A finite value of TR is required to mediate inter-
actions between atoms and thus essential to create entangling

gates. Finite TRR, on the other side, is not essential and it
can vanish, for example, under perfect (infinite) blockade
conditions. Therefore, it is appropriate to set the regulariza-
tion weights such that ηRR � ηR. For the rest of this work,
we therefore use the regularization values {ηδ, ηR, ηRR} =
{10−3, 10−2, 102}. The modified cost function, Eq. (11), en-
sures that the optimized control pulses remain smooth and
achieve high-fidelity gate operations despite the presence of
intrinsic noise, unlike the noise-free cost function in Eq. (6),
which does not penalize Rydberg population.

Furthermore, to identify optimal control pulses suited for
experimental implementation, one needs to consider a smooth
turning on and turning off of the Rabi frequency �(t ).
To achieve this, we divide �(t ) into three parts: First, we
smoothly ramp up the Rabi frequency from � = 0 to � =
�max following the function �max[1 − e−κ (t/τramp )4

], applied
over a duration of τramp = π/�max, with the steepness param-
eter κ = 10. After that, the Rabi frequency is kept constant
at the value �max for a duration of T − 2τramp, before it is
finally symmetrically ramped down to zero by the inverse of
the ramp-up pulse profile [see Fig. 2(a) for an example]. These
smooth ramps lead to an increase in the minimal gate duration
by at most 2π/�max.

To analyze the quality of noise-aware optimal control
pulses obtained with the abovementioned procedure, we eval-
uate the gate performance under realistic noise conditions. In
particular, we initialize the quantum system in the motional
ground state of the optical tweezers, i.e., zero temperature,
with the internal state prepared in the uniform superposition
state |ψinit〉. The time evolution is then simulated by nu-
merically solving the Schrödinger equation using the noisy
Hamiltonian Hnoisy(t ), Eq. (10), with a Krylov subspace
method. The simulations include up to 12 motional states per
atom and retain terms up to tenth order in the Taylor expansion
of the VdW potential 1/R6. The gate infidelity under these
conditions is computed as Etotal = 1 − FBell(Unoisy), providing
a realistic measure of performance that accounts for intrinsic
noise. Notably, in the parameter regime explored here, the
contributions from different noise mechanisms are approxi-
mately additive:

Etotal ≈ EBell + Edecay + Erecoil + Eforce. (12)

This additive behavior supports our effective one-dimensional
treatment of the trapping potential.

With the framework established, we now examine the im-
pact of noise-aware optimization by analyzing optimal control
pulses for the Z3 gate in the right-triangle atomic configura-
tion. Figure 2(a) shows two pulses of equal duration, obtained
by minimizing the noise-free and noise-aware cost functions,
respectively. Figure 2(b) shows a reduction of the Rydberg
populations n̄R(t ) and n̄RR(t ) for the noise-aware optimization.
Integrated over the full pulse, this leads to a reduction of TR

by about 27% and of TRR by almost 97% compared to the
noise-free result. These reductions translate into a decrease
in all three dominant noise contributions (Rydberg decay,
photon recoil, and VdW force), while, contrary, the pure gate
infidelity εBell is increased. Nevertheless, the overall gate in-
fidelity εtotal is decreased by almost an order of magnitude,
owing to the strong reduction of the noise contributions.
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FIG. 2. (a) Optimized pulses for the Z3 gate in the right-triangle
atomic configuration, obtained using the noise-free cost function
[Eq. (6), shown in blue] and the noise-aware cost function [Eq. (11),
shown in orange]. (b) Time-resolved populations n̄R and n̄RR dur-
ing gate operation. Using the noise-aware cost function (orange),
which includes a regularization of the Rydberg times TR and TRR,
clearly reduces the population of Rydberg states (especially n = 2)
throughout the gate. (c) Error budget showing the trade-off between
contributions from intrinsic noise sources (εdecay, εrecoil, and εforce)
and the ideal infidelity εBell. The total infidelity εtotal is approximately
equal to the sum of all these contributions (see main text for details).

This is shown in Fig. 2(c). In equidistant configurations,
such improvements are achieved without a significant trade-
off. However, in nonequidistant configurations [as shown in
Fig. 2(c)], a more pronounced compromise arises between
EBell and Eforce. This effect originates from the inhomoge-
neous phase accumulation caused by nonuniform interaction
strengths under global driving. While the noise-free opti-
mization tends to mitigate this by allowing increased time
in doubly excited states, the noise-aware approach manages
the trade-off by tuning the relative impact of different error
sources in order to achieve lower total infidelity [cf. Fig. 2(c)].

Next, we investigate the influence of interatomic spacing
Rmin on gate performance. Figure 3(a) shows the behav-
ior of Etotal as a function of interatomic spacing, varied
down to 2 µm. Such closely spaced arrays are experimen-
tally accessible using optical lattices [5] or optical tweezers
with high numerical aperture lenses [4,59]. The results sug-
gest that for equidistant configurations, gate fidelity remains
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FIG. 3. (a) Total gate infidelity obtained from the noise-aware
optimal control framework (see main text for details), along with
the time budget components: (b) gate duration T , (c) Rydberg time
TR, and (d) Rydberg time TRR, all plotted as functions of inter-
atomic spacing Rmin. For each data point, we report the lowest
infidelity obtained from 20 optimization runs, subject to the con-
straint �0T/(2π ) � 7.0.

relatively stable across the range Rmin ∈ [2, 3] µm, while the
performance of nonequidistant configurations (right triangle
and square) improves for smaller separations. This behavior
is consistent with the total time budget for the gate, including
the gate duration T and the time spent in Rydberg states
[see Figs. 3(b)–3(d)]. Both T and TR increase generally with
qubit number N , but show similar values for equidistant and
nonequidistant atom configurations, especially for small inter-
atomic spacings [see Figs. 3(b) and 3(c)]. The nonequidistant
configurations, however, show larger slopes of T and TR when
Rmin is increased, leading to somewhat longer pulse durations
at Rmin = 3 µm, compared to the equidistant configurations.
In stark contrast, TRR shows a substantial difference between
equidistant and nonequidistant configurations, the latter hav-
ing several orders of magnitude larger values throughout all
interatomic spacings, as shown in Fig. 3(d). To justify this
observation, we note that the probability of the off-resonant
transition |11〉 → |rr〉 scales as R12 [60]. This illustrates how
even a small increase in the distance between atoms can
dramatically enhance the population in the doubly excited
|rr〉 state, and thus also TRR. In contrast to the equidistant
configurations, the nonequidistant configurations considered
here contain pairs of atoms at next-nearest-neighbor distance√

2Rmin. Those pairs have an |rr〉 excitation probability that
is increased by a factor of 64 compared to nearest neighbors.
In addition, rapid changes in the laser phase, as in Fig. 2(b)
for the nonequidistant case, can transiently bring the effective
detuning close to the interaction energy, thereby driving the
system into the so-called antiblockade regime, where |rr〉
excitations are strongly favored [61].

Overall, enhancing interaction strength, either by access-
ing higher Rydberg states to increase C6 or by reducing
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FIG. 4. Optimized pulse profiles implementing multiqubit parity
gates for various atomic configurations, obtained through laser phase
modulation (solid lines) and smooth ramping of the Rabi frequency
�0 (dashed lines). The pulses correspond to the results shown in
Fig. 3 at Rmin = 2 µm.

interatomic separation, can mitigate VdW-induced errors and
reduce the fidelity gap between equidistant and nonequidis-
tant configurations. Moreover, Fig. 3(b) shows that the gate
duration difference between equidistant and nonequidistant
configurations can be strongly reduced by using larger in-
teraction strength, here by using smaller Rmin. Therefore,
the benefit of reduced gate duration of native multiqubit
gates over decompositions into single- and two-qubit gates
is most pronounced either in equidistant layouts or in the
strong-interaction regime. In this regime, we expect this run-
time advantage to continue also for larger values of N , not
considered in this manuscript [cf. also Fig. 1(c)]. Increased in-
teraction inhomogeneity for nonequidistant configurations at
larger Rmin reduces this run-time advantage and can eventually
annihilate it.

Figure 4 depicts representative optimal pulses for various
configurations, based on our earlier findings at an interatomic
distance of Rmin = 2 µm. The pulse for the Z2 gate recovers
the near-sinusoidal shape characteristic of time-optimal CZ
gates [4,62]. As the qubit number N increases, the pulse pro-
files become moderately more complex, yet retain a smooth
structure compatible with available experimental capabilities,
due to the regularizations used in our approach.

V. ERROR ANALYSIS

A. Infidelities from intrinsic noise

Focusing on the set of pulses shown in Fig. 4, we now
investigate the contributions of experimental noise sources
in more detail. We perform numerical simulations to assess
the dependence of the gate error on decay rates and trap
frequencies. Figure 5(a) confirms the expected linear scaling
of the decay-induced error with the decay rate γd [cf. Eq. (7)].

The numerically obtained infidelity from photon recoil at
zero temperature, Erecoil, is shown in Fig. 5(b). The data align
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FIG. 5. Infidelity contributions of intrinsic noise sources for dif-
ferent atomic configurations. (a) Infidelity caused by Rydberg decay
over a range of decay rates γd . Data points are obtained numeri-
cally, while solid lines represent the analytical approximation γd TR.
(b) Infidelity due to photon recoil for different trapping frequencies
ω‖ along the direction of the driving laser. Solid lines correspond to
fits of Eq. (13) at zero temperature (1/β = 0) with fitting parame-
ter α. Dashed lines represent extrapolations of the fitted results to
finite temperature 1/β = 2 µK. (c) Infidelity from the VdW force for
different trapping frequencies ω⊥ orthogonal to the direction of the
driving laser. In all plots, gray vertical lines indicate the values of
the decay rate and trapping frequencies considered in the rest of the
paper.

well with the analytical estimate

Erecoil = α
h̄k2

2m
ω‖T 2

R coth

(
h̄βω‖

2

)
(13)

for all considered atom arrangements, where β denotes the
inverse temperature [50]. α is treated as a fitting parameter
and obtained by fitting the numerically calculated results,
individually for each atom arrangement, at zero temperature,
1/β = 0 (see solid lines). Using Eq. (13) and the results for
the fitting parameters, one can then extrapolate the infidelities
from photon recoil also for finite temperatures of the atoms in
the traps. The dashed lines in Fig. 5(b) show such an extrap-
olation for a temperature of 2 µK. We see that the infidelity
from photon recoil increases slightly with temperature for
the here considered target value of the trapping frequency ω‖
(see gray vertical line), but the effect becomes stronger for
smaller ω‖.

Figure 5(c), finally, shows the contribution of the infidelity
due to VdW-induced forces between the atoms, Eforce. In
contrast to Erecoil, the infidelity contribution mostly decreases
with increasing trap frequency ω⊥, although we observe
nonmonotonic behavior for some of the atom configura-
tions. We were unable to obtain satisfactory results when
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TABLE I. Error budget and time budget for ZN gates on different configurations with interatomic spacing of Rmin = 2 µm.

Z2: Linear Z3: Eq. Triangle Z3: Right triangle Z4: Tetrahedron Z4: Square

Noiseless infidelity, EBell 2.09×10−8 2.45×10−8 1.10×10−3 2.13×10−7 1.63×10−3

Rydberg decay, Edecay 6.82×10−4 1.31×10−3 1.29×10−3 1.76×10−3 1.74×10−3

Photon recoil, Erecoil 2.03×10−4 5.28×10−4 4.85×10−4 6.44×10−4 6.16×10−4

VdW force, Eforce 1.76×10−7 2.17×10−6 3.40×10−5 1.53×10−5 4.77×10−5

Full simulation, Etotal 8.83×10−4 1.84×10−3 2.91×10−3 2.42×10−3 4.03×10−3

�0T/(2π ) 2.1 3.2 3.2 3.8 3.9
�0TR/(2π ) 5.46×10−1 1.05 1.04 1.41 1.40
�0TRR/(2π ) 2.44×10−8 9.04×10−8 5.26×10−6 2.45×10−7 1.17×10−5

attempting to fit our data to the analytical approximation
Eforce = α′(1/2mh̄ω⊥)[C6TRR/R7]2 coth(h̄βω⊥/2) [50] at zero
temperature with fitting parameter α′. This indicates that
higher-order corrections might have to be included in the
analytical formulation for multiqubit gates.

A comprehensive numerical error and time budget is sum-
marized in Table I for this set of pulses. The data show
that fidelities that approach F = 0.999 are achievable under
realistic conditions for native multibody parity phase gates.
Motional errors (Erecoil and Eforce) are well suppressed, leaving
Rydberg decay as the primary intrinsic noise source. The
time budget shows that the gate durations T correspond to
performing approximately N Rabi cycles, demonstrating a
highly efficient native gate implementation for many-body
gates. Furthermore, noise-aware optimization keeps TR min-
imal, with values ranging from TR/T = 0.26 for the Z2 gate
to TR/T = 0.36 for the Z4 gate, while at the same time sig-
nificantly reducing TRR. Additional strategies for improving
the fidelity by increasing the Rabi frequency are discussed in
Appendix C.

B. Error tomography for dissipation-induced errors

After the detailed analysis of infidelity contributions from
different noise sources, we now continue with a tomographic
investigation of the noise profiles for the parity phase gates
in terms of Pauli error channels. In particular, we focus on
dissipation-induced errors using the error process matrix for-
malism [63].

For weakly dissipative dynamics governed by jump op-
erators Lk with corresponding decay rates γk , the diagonal
components pm of the error process matrix are given by

pm = 1

4N

∑
k

γk

∫ T

0
dt |Tr[U †(t )LkU (t )E†

m]|2 + O
(
γ 2

k T 2),
(14)

where {Em} denotes the Pauli operator basis (see Ap-
pendix B 1 for details). These diagonal components corre-
spond to the probability that the Pauli error Em appears during
the gate execution. The approximation, Eq. (14), is valid in
the limit of weak dissipation, γkT � 1, which is appropriate
for the high-fidelity gates considered in this work. While a
dissipative operation, in general, also gives rise to off-diagonal
elements in the error process matrix, we restrict our analysis to
the diagonal components to examine the types of Pauli errors
that dominate. To this end, we compare the native implemen-
tation of the Z4 parity gate with different decompositions of

this gate into a conventional gate set with only one- and two-
body gates, as shown in Fig. 6(a). In the decompositions, we
assume access to arbitrary, noise-free single-qubit rotations
and use the Z2 gate presented earlier as entangling gate, which
is subject to noise.

FIG. 6. Dominant Pauli error contributions for different circuit
implementations of the parity gate Z4 (a), under various dissipa-
tion mechanisms. Dissipation is modeled using different local jump
operators Li (b)–(d) acting independently on each atom i, with a
uniform rate γ . Only Pauli errors with magnitudes larger than 10−6

are shown, with each dominant contribution representing the sum
of identical Pauli errors across all atoms. (b) Pauli errors due to
Rydberg state decay with a rate γd = 12.5 kHz. (c), (d) Pauli errors
due to dephasing processes in the {|1〉, |r〉} and {|0〉, |1〉} subspaces,
respectively, each with γd = 0.1 kHz. The total error indicates the
sum of all Pauli error contributions.
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We begin by analyzing errors due to spontaneous decay
from the Rydberg state that, as we have shown above, is the
dominant source of noise in our setup. This is now modeled
using jump operators Li = σ−

i (r, 1) = |1i〉〈ri| with a decay
rate γd = 1/80 μs−1, inversely proportional to the estimated
lifetime of the Rydberg state with n = 61. Figure 6(b) shows
that the total error rate (the sum of all Pauli error probabili-
ties) for the native implementation of Z4 is lower than for all
decompositions. Even more important, the native implemen-
tation exhibits a pronounced bias toward Z-type Pauli errors,
whereas the decomposed gate implementations lead to more
diverse error distributions containing X - and Y -type Pauli
errors. Also note that inevitable Rydberg decay processes to
other levels outside the computational subspace contribute
only at higher orders in γd T and are therefore negligible
within the current framework.

Next, we examine Pauli errors resulting from dephas-
ing, modeled as separate channels in the {|1〉, |r〉} and
{|0〉, |1〉} subspaces, with corresponding jump operators
Li = σ z

i (1, r) = |1〉〈1| − |r〉〈r| and Li = σ z
i (0, 1) = |0〉〈0| −

|1〉〈1|, respectively. In our model, we attribute σ z
i (1, r) de-

phasing primarily to laser phase noise and electric field
fluctuations, while σ z

i (0, 1) dephasing could result from mag-
netic field noise and thermal motion during gate operation.
These effects are expected to be minor compared to Rydberg
state decay. Accordingly, we take the dephasing rate in both
cases to be γi = 0.1 kHz. Figures 6(c) and 6(d) demonstrate
that the native implementation, again, has lowest total error
and yields only Z-type errors, whereas the decomposed cir-
cuits introduce additional X - and Y -type errors. These arise
primarily from the use of single-qubit rotations interleaved
with entangling two-qubit gates.

In summary, the native Z4 gate not only offers improved
fidelity under noise but also displays a strongly biased Pauli
error profile. Such a bias is advantageous in the context of
quantum error correction, where tailored codes can exploit
asymmetric error channels to enhance logical performance
[17,64,65]. Biased noise has been shown to significantly im-
prove the performance of quantum error-correcting codes.
For example, Clifford-deformed topological codes such as
the XZZX surface code and the XYZ color code can reach
the theoretical maximum threshold of 50% under infinitely
biased noise [66–69]. In CSS codes, where X and Z errors are
corrected independently, biased noise can readily be leveraged
through native implementation of multiqubit gates, which re-
duces both qubit and gate overhead in syndrome extraction
circuits, even when the noise bias is finite [70].

C. Technical noise

We conclude by evaluating the robustness of the opti-
mized control pulses under stochastic fluctuations in the laser
field parameters, namely, the phase, intensity, and frequency,
which correspond to variations in {φ(t ),�(t ),�(t )}. These
fluctuations are modeled as random draws from the Gaussian
distribution N (0, σ 2), with standard deviations σ = ε�0 for
Rabi frequency � and detuning �, and σ = επ for phase φ,
where ε denotes the relative error strength. We distinguish
between quasistatic errors, where a single random perturba-
tion is applied to an entire pulse (shot-to-shot noise), and
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FIG. 7. Average gate infidelity under stochastic errors of control
parameters for the Z3 parity gate on the equilateral (blue) and right-
triangle (red) layouts. (a) Quasistatic errors of the Rabi frequency
� and detuning �. (b) Time-varying errors of the phase φ, Rabi
frequency �, and detuning �. Each data point represents the average
over 50 randomly sampled simulation runs; the shaded region indi-
cates plus/minus one standard deviation. See main text for details.

time-varying errors, where a new random value is drawn for
each time step t j . Although the magnitude and precise form
of the technical noise depends on the specific device, based
on noise budgets from recent state-of-the-art experiments, we
expect ε to remain below 1% for all noise sources in our
parameter regime [19,71,72].

As a case study, we examine the Z3 gate implemented
on both the equilateral and right-triangle configurations. We
here base our analysis on the average gate fidelity Favg

[see Eq. (A2)] to not overemphasize the contributions of leak-
age out of the computational subspace [73,74]. In Fig. 7(a),
we present the performance of the average gate infidelity
Eavg = 1 − Favg under quasistatic errors in � and �, for error
strengths up to ε = 0.04. The results indicate that the pulses
are notably robust to Rabi frequency fluctuations, whereas
detuning fluctuations lead to a moderate decrease of fidelity.
This observation is consistent with earlier findings [62], which
show that intrinsic-detuning robustness can only be achieved
for vanishing Rydberg time TR. While we minimized TR by
including it into the noise-aware cost function, Eq. (11), a
nonzero TR is required for a successful implementation of any
entangling gate.

We omit static phase errors from this analysis, as global
phase shifts do not affect the resulting gate unitary. How-
ever, phase noise becomes significant when we consider
time-varying errors, as illustrated in Fig. 7(b). In this case,
the pulses maintain their robustness against Rabi frequency
and detuning fluctuations, while phase noise emerges as
the dominant source of infidelity. The fluctuations in laser
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frequency, which give rise to phase noise and detuning noise,
can be significantly mitigated by cavity-filtering techniques,
as suggested in Ref. [19]. Furthermore, accounting for the
infidelities from these noise sources during gate optimization
may yield more robust pulse profiles. A more comprehensive
investigation into the robustness properties of parity phase
gates is left for future work.

VI. CONCLUSIONS

We have presented a detailed study based on optimal
control techniques to realize multiqubit parity phase gates
natively in neutral-atom QPUs through global phase modu-
lation of the Rydberg excitation laser. We have considered
parity gates with up to four qubits and analyzed different
spatial layouts of atom configurations. We have shown that the
quantum speed limit, indicating the minimal possible time for
a successful gate operation, depends not only on the number
of atoms involved, but also on the spatial configuration, in
particular whether all atoms are equidistant, or not. In order to
obtain pulse sequences that can be executed on real hardware
with limiting control bandwidth, we have additionally ana-
lyzed the effects of regularizing the pulse smoothness through
the optimization cost function and found that high-fidelity
gates can be realized with smooth pulses at the cost of in-
creased pulse duration and reduced (but still high) fidelity.

To mitigate fidelity loss from intrinsic noise sources, we
enhanced our optimal control framework by incorporating
noise-aware regularization terms into the cost function. This
approach effectively minimizes the time that atoms spend
in Rydberg states during control pulses. By that, we could
significantly reduce the sensitivity to noise sources such as
spontaneous decay, photon recoil, and interaction-induced
motional effects. We demonstrated that this noise-aware
strategy enhances gate fidelity without compromising ex-
perimental feasibility, especially in nonequidistant atomic
configurations where trade-offs between infidelity contribu-
tions are more pronounced. Our results show that the native
implementation of multiqubit parity gates not only achieves
superior fidelity compared to circuit decompositions, but also
exhibits advantageous Pauli error biases beneficial for fault-
tolerant quantum computing.

Our findings highlight the potential of native, noise-aware
gate design in advancing error-resilient quantum processors
based on Rydberg platforms. Extending the optimal control
framework to also include laser noise using response theory
could further improve gate design for experimental realization
[24]. Another interesting direction involves developing ro-
bust pulse protocols specifically tailored for multiqubit phase
gates, drawing upon well-established theoretical techniques
[62,74]. Moreover, implementing multiqubit gates in dual-
species Rydberg arrays, where interspecies and intraspecies
interactions can be tuned independently, could provide a
flexible and effective approach to mitigate interaction inho-
mogeneities in nonequidistant configurations [75].
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APPENDIX A: FIDELITY METRICS

In this section, we present several key FOMs used to eval-
uate how accurately a quantum operation U implements a
target gate Utarget. For clarity, we assume throughout that U
is unitary. The most commonly used performance metric is
fidelity, which has multiple definitions depending on the con-
text. We begin with the average gate fidelity, which quantifies
the probability that the actual gate operation yields the same
outcome as the target gate, averaged over all input states:

Favg =
∫

dψ |〈ψ |O|ψ〉|2 = |Tr[O]|2 + Tr[OO†]

d (d + 1)
, (A1)

where dψ denotes the normalized Haar measure over pure
states, d is the Hilbert space dimension, and O = U †

targetU .
In practical situations, U may act on a larger Hilbert space
than the target gate, for instance when auxiliary levels are
involved. In such cases, the fidelity should be computed in
the relevant subspace using the substitution O → U †

targetPUP,
where P is the projector onto the computational subspace of
dimension d .

For phase gates, the average fidelity simplifies to

Favg = 1

2N (2N + 1)

(∣∣∣∣∣
∑

μ∈{0,1}N

e−iθμ〈μ|U (T )|μ〉
∣∣∣∣∣
2

+
∑

μ∈{0,1}N

∣∣e−iθμ〈μ|U (T )|μ〉∣∣2

)
.

(A2)
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Another useful FOM, especially relevant in the context
of Rydberg phase gates, is the generalized Bell-state fi-
delity. This quantity measures the overlap between the states
U |+ + · · · +〉 and Utarget|+ + · · · +〉 and is directly related to
the first term of the average gate fidelity:

FBell = |Tr[O]|2
d2

. (A3)

For phase gates, this becomes

FBell = 1

4N

∣∣∣∣∣
∑

μ∈{0,1}N

e−iθμ〈μ|U (T )|μ〉
∣∣∣∣∣
2

. (A4)

It is important to note that while both Bell-state fidelity and
average gate fidelity degrade in the presence of population
leakage outside the computational subspace, the latter is more
sensitive to such effects [73,74].

APPENDIX B: DISSIPATION-INDUCED ERRORS

In this section, we analyze how dissipation, represented
through jump operators in the Lindblad master equation, con-
tributes to gate infidelity. We first characterize the types of
errors that appear using the process matrix formalism [63],
particularly focusing on Pauli errors under the Pauli-twirling
approximation. We then quantify how these errors reduce gate
fidelity.

1. Pauli error channels

To analyze the error mechanisms, we consider the evolu-
tion of a quantum state ρi through an ideal unitary gate U ,
followed by an error process characterized by a process matrix
χ err. The output state ρ f is given by

ρ f =
∑
m,n

χ err
mnEmUρiU

†E†
n , (B1)

where {En} represents the Pauli operator basis on the compu-
tational subspace and the matrix χ err captures the nature and
strength of the errors introduced after the gate operation. The
normalization condition

∑
m,n χ err

mnEmE†
n = I ensures trace

preservation.
We model the open system dynamics using the Lindblad

master equation:

ρ̇(t ) = − i

h̄
[H (t ), ρ(t )] +

∑
k

γkD[Lk]ρ, (B2)

where H (t ) is the system Hamiltonian and each D[Lk] repre-
sents a dissipative channel associated with a jump operator Lk .
The Lindblad dissipator is defined as

D[L]ρ = LρL† − 1
2 L†Lρ − 1

2ρL†L (B3)

and models incoherent processes such as decay or dephasing.
In the limit of weak dissipation γkT � 1 (with T denoting
the total duration of the evolution), errors due to different
dissipation channels are additive and uncorrelated [63]. This
simplification allows us to treat each dissipation source inde-
pendently in a perturbative expansion. We therefore expand

the error process matrix χ err in the dissipation strength as

χ err = χ err
I +

∑
k

γk

∫ T

0
dt δχ err (t, Lk ) + O

(
γ 2

k T 2
)
, (B4)

where χ err
I represents the contribution from the identity pro-

cess, and the first-order correction due to each Lk is given by

δχ err
mn (t, L) = 1

d2
Tr[L(t )E†

m]Tr[L(t )†En]

− 1

2d
Tr[L†(t )L(t )E†

m]δn0

− 1

2d
Tr[L†(t )L(t )En]δm0, (B5)

where L(t ) = U †(t )LU (t ) denotes the jump operator in the
interaction picture.

The first term in Eq. (B5), which affects the diagonal ele-
ments of the error process matrix, represents actual quantum
jump events. In contrast, the second and third terms, which
only influence the first row and column, stem from evolution
without jumps. As a result, only the first term determines
the probability χ err

nn of a specific Pauli error En occurring.
By averaging the noise channel over all Pauli operators, a
method known as the Pauli-twirling approximation [76,77],
the off-diagonal elements are eliminated, effectively reducing
the noise model to a Pauli channel. This simplification enables
efficient classical simulation of quantum systems under noise,
which is particularly beneficial for quantum error correction.

The process fidelity Fχ can be read off directly from the
element of the (error) process matrix that corresponds to the
Pauli errors being the identity, typically Fχ = χ err

00 . Extracting
this element from Eq. (B5) defines how the total process
infidelity 1 − Fχ receives contributions from the underlying
dissipation, i.e.,

δEχ (t, L) = 1

d
Tr[L†(t )L(t )Icmp]

− 1

d2
Tr[L†(t )Icmp]Tr[L(t )Icmp], (B6)

where Icmp is the projector onto the computational subspace.

2. Fidelity reduction

The average gate fidelity Favg quantifies the overall per-
formance of a quantum gate under noise. In the presence of
weak dissipation, the loss in fidelity can be approximated by
integrating the instantaneous fidelity reduction over time

1 − Favg := Eavg =
∑

k

γk

∫ T

0
dt δEavg(t, Lk ) + O

(
γ 2

k T 2
)
,

(B7)
with the integrand given by

δEavg(t, L) = 1

d
Tr[L†(t )L(t )Icmp]

− 1

d (d + 1)
Tr[L†(t )IcmpL(t )Icmp]

− 1

d (d + 1)
Tr[L†(t )Icmp]Tr[L(t )Icmp]. (B8)

A detailed derivation can be found in Ref. [78].
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As demonstrated in Ref. [79], the average gate infidelity
Eavg is directly related to the process infidelity Eχ via

Eavg = dEχ + L
d + 1

, (B9)

where L represents the leakage rate, i.e., the probability that
population escapes the computational subspace:

L =
∑

k

γk

∫ T

0
dt δL(t, Lk ) + O

(
γ 2

k T 2
)
, (B10)

with

δL(t, L) = 1

d
Tr[L†(t )L(t )Icmp] − 1

d
Tr[L†(t )IcmpL(t )Icmp].

(B11)

As a specific example of dissipation, consider the Rydberg
decay, described by the jump operator Lk = |1k〉〈rk|. In this
case, the dominant contribution to the average gate infidelity
turns out to be proportional to the total time spent in the
Rydberg state, denoted by TR, given by

TR = 1

d

N∑
k=1

∫ T

0
dt Tr[L†

k (t )Lk (t )Icmp], for Lk = |1k〉〈rk|.
(B12)

Other contributions to the infidelity are negligible in this
scenario. To illustrate, consider the evolution of a system
initialized in a computational basis state |ψμ〉. Due to cou-
pling between the Rydberg and |1〉 states, the system’s state
evolves as |ψ (t )〉 = cμ|ψμ〉 + cr |ψr〉, where |ψr〉 lives in
the Rydberg subspace associated with μ. Assuming a fully
blockaded regime, |ψr〉 becomes a superposition of singly ex-
cited Rydberg states. Neglecting leakage to noncomputational
states, the normalization condition |cμ|2 + |cr |2 = 1 holds.
Analyzing the terms in Eq. (B8) under Rydberg decay, the
first term scales with (1/d )|cr |2, while the second and third
scale as [1/d (d + 1)]|crcμ|2 = [1/d (d + 1)]|cr |2(1 − |cr |2).
Therefore, the average gate infidelity is approximately

Eavg(Lk = |1k〉〈rk|) ≈ γd TR − 2

d + 1
γd TR + O

(
γ 2

d T 2
)
,

(B13)

where the leading term comes from no-jump evolution. The
subleading term arises from jump processes and becomes
negligible as the Hilbert space dimension d increases. Thus,
to first order in γd T , the infidelity from decay is bounded by

Eavg(|1k〉〈rk|) � γd TR. (B14)

This approximation has been validated in prior work
[50,53,55,61] and justifies the description of the Rydberg de-
cay in terms of a complex term in the Hamiltonian, as we have
done in the main text [cf. Eq. (10)].

APPENDIX C: ENHANCING GATE PERFORMANCE:
ROLE OF RABI FREQUENCY

In this section, we provide a perspective on how the per-
formance of multiqubit parity phase gates might be further
enhanced to support deeper quantum circuit computations.
One approach involves increasing the Rabi frequency, which

102 103
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FIG. 8. Total gate infidelity as a function of gate duration
for different maximum Rabi frequencies �max/(2π ) = 5, 10, 20,

and 40 MHz, indicated by distinct lines and color gradients.
Marker shapes and colors correspond to different atomic con-
figurations, while marker sizes reflect interatomic spacings of
2.0, 2.2, 2.4, 2.6, 2.8, and 3.0 µm. Each data point represents the
lowest infidelity obtained from 20 optimization runs using the noise-
aware cost function, Eq. (11), and reflects the best performance under
each set of conditions.

can reduce gate durations. However, the resulting impact on
overall gate fidelity is not straightforward. For example, con-
sidering errors from Rydberg decay described by Edecay =
γd (�maxTR)/�max, increasing �max can lower the infidelity if
the numerator remains constant. This could be achieved by
scaling the pulse’s duration T indirectly proportional to �max,
under the assumption that the ratio of the Rydberg time to
the pulse duration remains constant, i.e., TR/T = const. The
latter condition, however, can only be maintained when the
interaction strength between the atoms can also be increased
proportional to �max. Otherwise, increased finite-blockade
effects can introduce additional errors, which scale with �2

max,
even in the absence of noise, as discussed in Ref. [61]. Increas-
ing the interaction strength, without modifying other relevant
quantities (e.g., the decay rate) is possible by reducing the
interatomic distances. With current technology, however, min-
imal distances below a few micrometers are not achievable,
eventually leading to a trade-off between increasing �max and
introducing additional errors from increased finite-blockade
effects. Similar considerations hold for errors introduced
from photon recoil, which scales ∝ T 2

R , and from the VdW
force, ∝ T 2

RR.
To investigate this trade-off in more detail, we conducted

numerical simulations for two- and three-qubit gates, as
shown in Fig. 8. The simulations explore a range of max-
imum Rabi frequencies up to �max/(2π ) = 40 MHz, with
interatomic distances spanning from 2 to 3 µm. The results
indicate that increasing the Rabi frequency generally leads
to shorter gate durations. However, the overall infidelity Etotal

033269-12



MULTIQUBIT PARITY GATES FOR RYDBERG ATOMS IN … PHYSICAL REVIEW RESEARCH 7, 033269 (2025)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
(a)

Z3 : Right Triangle

(c)

Z4 : Square

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
(b)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

(d)

0.0 0.1 0.2

θ/π

10−4

10−3

10−2

E B
el

l

0.0 0.1 0.2

θ/π

10−4

10−3

10−2

E B
el

l

0.0 0.1 0.2

θ/π

10−4

10−3

10−2

E B
el

l

0.0 0.1 0.2

θ/π

10−4

10−3

10−2

E B
el

l

0.25

0.20

0.15

0.10

0.05

0.00

θ/π

Ω0t/(2π)

C
on

tr
ol

P
ar

am
et

er
s φ/(2π)

Ω/Ω0

FIG. 9. Optimized pulse profiles for multiqubit parity gates with varying angles θ ∈ [0, π/4], obtained by iterative optimization from a
precomputed optimal pulse at θ = π/4. Panels (a) and (b) show two distinct families of pulses for the Z3(θ ) gate on a right-triangle atomic
configuration, where antisymmetric pulses of the laser phase are enforced in panel (b) during the optimization. Panels (c) and (d) display
corresponding results for the Z4(θ ) gate in a square configuration. The insets present the corresponding Bell-state infidelities, indicating that
high fidelity is maintained across the range of θ . For both gates, the antisymmetric pulses result in a more structured pulse evolution with
respect to the target angle θ .

exhibits more complex behavior. In particular, for larger in-
teratomic separations, errors associated with finite-blockade
strength become increasingly significant. This effect is espe-
cially pronounced in nonequidistant geometries, such as the
right triangle, where the increase in both TR and TRR influences
all error contributions. In summary, these findings point to
a viable route toward achieving fidelities beyond the 0.999
threshold for multiqubit Rydberg gates, especially when lever-
aging noise-aware optimal control strategies.

APPENDIX D: PARAMETRIZED PARITY GATES

In the main text, we have focused on maximally entangling
parity phase gates ZN (θ = π/4). Here, we briefly discuss
the construction of optimal parity phase gates for different
values of the angle θ . A straightforward method to general-
ize the ZN (θ = π/4) gate to arbitrary angles involves using
its already optimized parameters as the initial guess for a
nearby angle, θ ′ = (π/4) + δθ . By applying this procedure
iteratively, one can obtain optimized pulses for a continuous
range of angles, promoting smooth transitions between them.
Using this approach, we present numerical results in Fig. 9,

illustrating pulse profiles for multiqubit parity gates across
different θ values. We particularly focus on nonequidistant
atomic configurations, which typically result in more intricate
pulse structures. The outcomes show that the pulse shapes
adjust rather smoothly as θ varies from the maximally entan-
gling case π/4 down to 0, while maintaining fidelity close
to the original value for a fixed gate duration (see insets). In
the second row of the figure, we present a constrained pulse
design where the laser phase is required to be antisymmetric
with respect to the pulse midpoint. This constraint yields very
homogeneous transitions of the pulse profile, which can be
particularly advantageous in scenarios where θ is dynamically
tuned.

Other strategies for parametrizing quantum gates are also
worth noting. For example, one can precompute optimized
pulses for a discrete set of θ values and interpolate between
pulses within the same family to obtain control parameters
for arbitrary angles, as proposed in Ref. [80]. Additionally,
piecewise-constant pulses derived via optimal control can, in
principle, be transformed into analytic functions with fewer
free parameters, which may facilitate experimental imple-
mentation [61,71]. Finally, we note that the experimental
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characterization of such parametrized parity gates could be
approached using non-Clifford learning techniques, as sug-

gested in Ref. [81]. We leave the exploration of this direction
for future work.
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