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Exciton fractional Chern insulators in moiré heterostructures
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Moiré materials have emerged as a powerful platform for exploring exotic quantum phases. While recent
experiments have unveiled fractional Chern insulators exhibiting the fractional quantum anomalous Hall effect
based on electrons or holes, the exploration of analogous many-body states with bosonic constituents remains
largely uncharted. In this work, we predict the emergence of bosonic fractional Chern insulators arising from
long-lived excitons in a moiré superlattice formed by twisted bilayer WSe2 stacked on monolayer MoSe2.
Performing exact diagonalization on the exciton flat Chern band present in this structure, we provide compelling
evidence for the existence of Abelian and non-Abelian phases at band filling 1

2 and 1, respectively, through
multiple robust signatures, including ground-state degeneracy, spectral flow, many-body Chern number, and
particle-cut entanglement spectrum. The obtained energy gap of ∼10 meV for the Abelian states suggests a
remarkably high stability of this phase, which persists for a relatively wide range of twist angles and vertical
electric fields. Our findings establish the presence of robust bosonic fractional Chern insulators in highly tunable
and experimentally accessible moiré heterostructures and unveil a promising pathway for realizing non-Abelian
anyons.

DOI: 10.1103/55zv-s9xv

Fractional Chern insulators (FCIs)—lattice analogs of the
fractional quantum Hall effect that remain robust in the ab-
sence of a magnetic field—hold large potential for the study
of fundamental quantum phenomena and for the develop-
ment of quantum technologies [1–3]. Pioneering experiments
[4,5] and predictions [6–8] of FCIs in twisted van der Waals
heterostructures, followed by recent realizations at absent
magnetic field [9–12], have established moiré materials as an
accessible and versatile platform for exploring strongly cor-
related topological phases. This breakthrough has stimulated
abundant efforts in the pursuit of exotic phases beyond the
conventional paradigm of Laughlin and hierarchy fractional
quantum Hall states. In particular, predictions of Moore-
Read (MR) [13–18] and Read-Rezayi [19] phases hosting
non-Abelian anyon excitations are especially promising for
fault-tolerant topological quantum computing [20]. So far,
however, research on moiré FCIs has focused only on the
approach of doping the system with electrons or holes—
resulting in correlated topological phases with fermionic
constituents and leaving their bosonic counterpart largely
unexplored.

Excitons, i.e., Coulomb-bound pairs of conduction-band
electrons and valence-band holes [21], are obvious candidates
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for realizing correlated bosonic phases in moiré materials
[22,23]. Concretely, interlayer excitons with charge carriers
located in different layers are particularly promising due to
their long lifetime, which can reach hundreds of nanoseconds
[24,25] and even microseconds [26]. These species typically
appear in semiconducting van der Waals heterostructures,
where an optical excitation generating intralayer excitons
(with electrons and holes in the same layer) is shortly followed
by tunneling of either electrons or holes into another layer
[27]. The resulting interlayer excitons possess a permanent
dipole moment, which makes them highly tunable by an out-
of-plane electric field [28,29]. Moreover, repulsive dipolar
interactions together with the presence of flat bands in moiré
semiconductors lead to correlated exciton physics [30–33]. In
addition, the large degree of control via twist angle, dielectric
environment, and electric field can be exploited to achieve
topological bands [34]. In particular, long-lived interlayer ex-
citons in a moiré heterostructure consisting of twisted bilayer
WSe2 on monolayer MoSe2(tWSe2-MoSe2), which exhibit
topological flat bands, have been proposed as a promising
route for the exploration of exciton physics with intertwined
correlations and topology [35].

Crucially, however, the emergence of FCI topological order
is not at all guaranteed in a topological flat band, and even
less so in the case of non-Abelian states, which usually re-
quire artificially adjusted interactions. For instance, in order
to emulate the lowest Landau level and thus host Laughlin
zero modes in presence of short-range pseudopotential inter-
actions, a band must have an ideal quantum geometry (or be
vortexable) in addition to being flat and topologically non-
trivial [36–38]. Even such ideal bands host non-FCI states in
some cases [39–41], and, all the more surprising, FCI order
can emerge in trivial bands [42]. Thus, a topological flat band
by itself is definitely not a proof of FCI order, and the presence
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or absence of topological order must be addressed with many-
body calculations.

In this work, we unveil the many-body topological exciton
phases emerging in a moiré heterostructure. First, we show
that, besides being a nearly flat Chern band, the lowest exci-
ton band in tWSe2-MoSe2 exhibits an almost ideal quantum
geometry—posing this system as a strong candidate for real-
izing exciton FCI phases. Employing exact diagonalization,
we show that the ground state at half filling with contact
interactions is analogous to the bosonic Laughlin state in the
lowest Landau level. Concretely, the state is characterized
by a twofold degeneracy as well as an approximately zero
energy, and its nature is further confirmed by the many-body
Chern number, spectral flow, and entanglement spectrum.
Importantly, the Laughlin states remain robust and exhibit a
large gap (∼10 meV) when replacing the idealized contact
potential by realistic long-range interactions. Furthermore, the
gap remains sizable across a wide range of experimentally
accessible twist angles and electric fields, where the latter
controls the energy offset between the two interlayer excitons
[X1 and X2 in Fig. 1(a)]. Finally, the many-body calculations
at filling 1 provide compelling evidence for a stable bosonic
version of the non-Abelian MR state. Overall, our findings
predict the existence of exciton FCIs in an experimentally
accessible moiré heterostructure and pave the way for the
realization of Abelian and non-Abelian topological phases
with bosonic constituents in moiré materials.

Nearly-ideal exciton Chern band. We consider the van
der Waals heterostructure tWSe2-MoSe2, where an optical
excitation and subsequent tunneling result in the formation of
long-lived interlayer excitons composed of a hole in either of
the two WSe2 layers and an electron in MoSe2 [cf. Fig. 1(a)].
The formation and equilibration of these excitons occur on
an ultrafast subpicosecond equilibration time [27]—many
orders of magnitude smaller than the (up to microsecond [26])
lifetime. Interlayer excitons can also be obtained directly by
electrical doping of the electron and hole layers [43] typically
separated by a hexagonal boron nitride (hBN) spacer. We
assume spin-valley polarization of electrons and holes, which
can be achieved by a circularly polarized optical excitation if
the valley decoherence time is sufficiently long and, in some
cases, occurs spontaneously due to interactions.

In order to describe moiré excitons in this structure, we
consider the model introduced in Ref. [35] and outlined in the
Supplemental Material [44–46]. In particular, we diagonalize
the moiré exciton Hamiltonian [35,47] Hx,m, which describes
how the two relevant interlayer exciton states are affected and
coupled by the moiré potential and tunneling that holes in
the WSe2 layers experience. The lowest band has a Chern
number C = 1 for a specific range of the twist angle and the
energy offset between the two exciton species, � = Ex

2 − Ex
1 .

The latter can be experimentally controlled by an out-of-plane
electric field.

Here, we consider the twist angle θ = 1.95◦ and the offset
� = 3.8 meV, where, besides possessing a finite Chern num-
ber C = 1, the lowest band is flat [cf. Fig. 1(b)]. Interestingly,
the quantum geometry of the band is nearly ideal [36,37], i.e.,
tr[gk] ≈ |�k|, where gk is the quantum (Fubini-Study) metric
[48] and �k is the Berry curvature [cf. Figs. 1(c) and 1(d)].
This property strongly suggests the emergence of zero-energy
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FIG. 1. Nearly ideal exciton Chern band. (a) Schematic illus-
tration of the considered tWSe2-MoSe2 structure. The interlayer
excitons X1 and X2 are formed by an electron in MoSe2 and a
hole in either of the two WSe2 layers. (b) Exciton band structure
for � = −3.8 meV and θ = 1.95◦, where the lowest band has a
Chern number C = 1. The color represents the contribution from
each exciton species to the band. (c) Berry curvature �kABZ/2π

and (d) Fubini-Study metric tr[gk]ABZ/2π of the flat band across the
moiré Brillouin zone. ABZ is the Brillouin zone area.

ground states at even-denominator filling of the band with
pseudopotential interactions—in analogy to Laughlin states
of bosons in Landau levels, albeit now in the absence of a
magnetic field. A nearly ideal quantum geometry was also
found to be the precursor of electron FCIs in twisted bilayer
graphene [8,49] despite the fact that fluctuations of the metric
induce competing states [50]. In order to elucidate whether
the nearly ideal exciton Chern band indeed hosts FCI order,
we will exactly diagonalize the many-body Hamiltonian Hx =
Hx,m + Hx-x projected into the lowest band. The interaction
Hamiltonian, Hx-x, is described in the Appendix. We consider
finite-sized systems consisting of Nx excitons in Ns moiré sites
with the filling factor ν = Nx/Ns. Importantly, the exciton op-
erators X (†)

Q obey bosonic commutation relations. Corrections
to the bosonic character arising from the exciton’s fermionic
substructure are typically expected in the regime where the
distance between neighboring excitons is comparable to the
size of an exciton [51], i.e., nxa2

B ∼ 1, where nx is the exciton
density and aB the exciton Bohr radius. In typical moiré sys-
tems where there is one exciton per moiré site, nxa2

B ∼ 0.01,
the bosonic description is appropriate.

Abelian states at half filling. Based on the criteria for
how closely a moiré band can mimic a Landau Level—(1)
nontrivial topology, (2) flat dispersion, and (3) ideal quantum
geometry [3,36,37]—the exciton flat band shown in Fig. 1(b)
appears to be an excellent candidate for realizing FCI phases
analogous to the fractional quantum Hall effect of bosons.
In this context, Laughlin states at half filling constitute a
prototypical phase [52,53]. Theoretically, they emerge as ex-
act zero-energy states in a system of bosons with contact
interactions in the lowest Landau level and their elemen-
tary excitations behave as Abelian anyons. Bosonic Laughlin
states have also been proposed in a different setting, where
the bosons correspond to particle-hole excitations out of a
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FIG. 2. Laughlin states at half filling. (a) Many-body energy spectrum containing the ten lowest energies for each momentum sector,
(b) spectral flow, (c) particle-cut entanglement spectrum, and (d) many-body Berry curvature for the two ground states considering contact
interactions without kinetic energy effects at ν = 1

2 . The respective data considering the realistic long-range interaction and the kinetic energy
are shown in panels (e)–(h). The ground states in panels (a) and (e) are marked in red and have an average many-body Chern number Cavg = 1/2.
In the PES, the number of states below the first entanglement gap (denoted by the red solid line) is 1287, matching the number of quasi-hole
excitations in the ν = 1

2 Laughlin states. The considered system has Ns = 18 moiré sites.

fully filled valley-polarized electron band [54,55]—however,
these states require fine-tuned interactions in order to be
stable, the systems do not offer a way of controlling the fill-
ing factor, and predictive numerical calculations are lacking.
Additionally, composite-fermion mean-field theory based on
a generic Bardeen-Cooper-Schrieffer-like Hamiltonian sug-
gested the potential emergence of Laughlin states from the
topological p-wave pairing of electrons and holes in an exci-
tonic insulator [56]. Here, we consider long-lived interlayer
excitons in the nearly ideal, yet realistic, exciton Chern band
displayed in Fig. 1(b) and provide numerical evidence show-
ing that it supports remarkably stable Laughlin states even for
realistic long-range interactions.

In order to strengthen the ideal conditions of the system
and establish the emergence of Laughlin states in the exciton
Chern band, we initially consider contact interactions and
disregard the impact of the kinetic energy. With these assump-
tions, exact diagonalization yields two many-body ground
states with approximately zero energy [cf. Fig. 2(a)]. Impor-
tantly, the ground states are separated from excited states by
a large energy gap, which reflects the topological protection.
The twofold degeneracy and the total momentum of each
state are characteristic of Laughlin states and can be under-
stood with the aid of Landau level physics in the thin-torus
limit [57]. In particular, the thin-torus exclusion principle for
ν = 1

2 Laughlin states dictates that a zero-energy state con-
tains, at most, one particle in two consecutive sites [58]. The
two states that fulfill this principle and therefore constitute
the two degenerate ground states are those with a Fock-
space configuration 101010 . . . and its translational-invariant
partner 010101 . . ., whose total momenta match those of
our numerical ground states. Furthermore, upon threading a

magnetic flux (corresponding to twisted boundary condi-
tions), the ground states evolve into each other and return to
their original states after the insertion of one and two flux
quanta [Fig. 2(b)], respectively, indicating that the two states
are adiabatically connected and that the Hall conductivity is
quantized to 1

2 . The latter aspect is further confirmed by a
direct calculation of the many-body Chern number, which
yields Cavg = 1

2 for each ground state and arises from a ho-
mogeneous many-body Berry curvature, [cf. Fig. 2(d)]. Next,
we calculate and analyze the particle-cut entanglement spec-
trum (PES) [59], which reveals the nature of the elementary
quasihole excitations in the ground states. The calculated PES
exhibits a large entanglement gap, below which the number
of states matches exactly the analytical counting of quasihole
excitations in the ν = 1

2 Laughlin states [Fig. 2(c)]. Thus,
the many-body ground state degeneracy, spectral flow, many-
body Chern number, and PES clearly confirm the emergence
of a stable FCI phase of excitons in the half-filled moiré Chern
band.

We now consider realistic long-range exciton-exciton in-
teractions (see End Matter) and take into account the impact
of the small but finite kinetic energy. The long-range in-
teraction potential contains electron-electron, hole-hole, and
electron-hole interaction mechanisms and is governed by the
direct component, which at long distances behaves as the
interaction between two dipoles with lengths dl (l = 1, 2)
and dl ′, i.e., Vll ′ (r) ∼ (dl )(dl ′)/|r|3. Formally, the interac-
tion potential also contains exchange terms, but typically
these play a minor role in the context of interlayer excitons
[60–63]. Considering these realistic exciton-exciton interac-
tions, the results of exact diagonalization and the subsequent
analysis are remarkably similar to those obtained for contact
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FIG. 3. Stability of Laughlin states in the (θ,�) parameter
space, where θ is the twist angle and � is the energy offset be-
tween the two interlayer exciton resonances. (a) Energy gap in the
many-body spectrum between the Laughlin ground states and excited
states at filling ν = 1

2 in a system of Ns = 12 sites with long-range
interaction. (b) Bandwidth of the lowest single-particle exciton band.

interactions, [cf. Figs. 2(e)–2(h)]. The fact that the energy gap
between ground and excited many-body states (∼10 meV)
persists for the considered systems ranging from Ns = 10 up
to Ns = 20 sites clearly reflects that such phases are robust
(see the Supplemental Material [44]). Thus, our numerical
calculations demonstrate that exciton FCIs are stable in the
tWSe2-MoSe2 moiré structure.

Furthermore, we show that the many-body energy gap re-
mains large (�10 meV) for a broad range of twist angles θ and
energy offsets � [cf. Fig. 3(a)]. In particular, the Laughlin-like
FCI phase seems to be stable as long as the single-particle
exciton band is topological (see the Supplemental Material
[44]), and a sizable gap persists even at large twist angles
(θ ∼ 3◦), where the band is not flat anymore [cf. Fig. 3(b)].
Our calculations indicate that the ν = 1

2 exciton FCI phase
is most robust at twist angles θ ∈ [2◦, 2.5◦] and offsets � ∈
[−5, 0 meV], where the many body and PES gaps are largest
and the energy spread between the two ground states is small-
est (see the Supplemental Material [44]).

Interestingly, the calculated gap of ∼10 meV is two times
larger than in the case of hole FCIs in the similar system of
twisted bilayer MoTe2 [64]. In principle, this suggests a higher
stability of exciton FCIs compared to their electron/hole coun-
terparts, whose gap has been experimentally estimated to be
20 K [65]. The potentially larger gap of exciton FCIs might
be a result of the stronger repulsive interaction dominated
by V e-e + V h-h in the short range (V e-h is weaker since the
charges are located in separate layers) instead of just V e-e or
V h-h. A larger gap for bosons can also be expected from a
pseudopotential perspective, where the interaction for bosons
and fermions is dominated by the zeroth v0 and first v1

pseudopotentials, respectively, where generally vn > vn+1 in
lowest Landau level-like bands [8,53]. We note, though, that
a reliable quantitative estimation of the gap is difficult due to
limitations such as the finite system size, the use of a pure
Coulomb potential [21], and uncertainties in parameters such
as the dielectric constant.

Non-Abelian states at filling one. After confirming the
presence of Abelian exciton FCIs, we now seek exotic phases
whose elementary excitations obey non-Abelian anyon statis-
tics. In this context, the most straightforward and promising
candidate is the MR state [66]. This state can be theoretically
understood as the exact zero-energy ground state at filling

FIG. 4. Moore-Read states at filling one. Many-body spectrum
(ten lowest energies) and PES at ν = 1 with long-range interactions
for 13 and 14 particles in panels (a), (b) and (c), (d), respectively. The
single and threefold quasidegenerate ground states [red dots in panels
(a) and (c)] for an odd and even particle number of sites are located at
the momenta expected for MR states. The red line in panels (b) and
(d) indicates the entanglement gap respecting the quasihole counting
rules of the MR state (416 and 518 quasihole excitations for 13 and
14 particles with NA = 3).

ν = 1 for bosons in the lowest Landau level with artificial
three-body contact interactions [67], and it has been predicted
to appear in rotating Bose-Einstein condensates [68,69]. In
principle, MR states can be stabilized by long-range two-body
interactions [70], which are at least more favorable than (two-
body) short-range pseudopotentials for achieving the required
pairing. In addition, the bosonic quantum statistics might
further facilitate the pairing and, thus, the stabilization of
the typically elusive MR states. In the following, we show
numerical evidence indicating that this phase is stable in the
realistic conditions considered here, i.e., in the moiré exciton
band and assuming long-range interactions.

First, we note that the most prominent feature of the MR
phase is the dependence of the ground state degeneracy on
the parity of the particle number. Here, the thin-torus ex-
clusion principle [71] states that, at most, two particles can
occupy two consecutive orbitals [58,72], resulting in three
possible Fock-space configurations, 111111 . . ., 202020 . . .,
and 020202 . . .. As a result of periodic boundary conditions,
only the first configuration is allowed for an odd number of
particles—resulting in a single ground state, while for an even
number of particles all three configurations are allowed and
the ground state is threefold degenerate.

In Figs. 4(a) and 4(c), we show the calculated many-body
spectra for systems with 13 and 14 excitons. The single and
three lowest states in the case of odd and even number of
excitons, respectively, are located at the expected momenta
for MR states. We note that the spread of the ground state
energies and the small gap with respect to excited states is a
common feature of finite-size systems [13–16,19]. We expect
the states to become exactly degenerate in the thermodynamic
limit, and we note that the gap persists upon threading mag-
netic flux and for different system sizes (see the Supplemental
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Material [44]). Moreover, the calculation of many-body Chern
number yields Cavg = 1 for each state and reveals a uniform
Berry curvature distribution, indicating that the MR phase is
robust.

In order to unambiguously determine the nature of the
phase beyond the parity dependence of the ground-state de-
generacy, we calculate the PES. For both Nx = 13 and Nx =
14 systems, the PES is characterized by a large gap, below
which the number of states exactly matches the counting
of quasihole excitations allowed by the MR exclusion rule
[cf. Figs. 4(b) and 4(d)]. Furthermore, the PES gap persists
across various system sizes and different NA (see the Sup-
plemental Material [44]). All together, these results constitute
convincing evidence for the presence of a robust non-Abelian
MR phase with exciton constituents at filling ν = 1 in the
tWSe2-MoSe2 moiré structure.

Conclusion and outlook. We have explored the emer-
gence of strongly correlated topological phases arising from
a bosonic system of long-lived moiré excitons in a flat Chern
band. In particular, by combining exact diagonalization with
many-body diagnosis tools, we have demonstrated the exis-
tence of robust Abelian and non-Abelian exciton fractional
Chern insulators in a realistic model of the tWSe2-MoSe2

moiré heterostructure at filling ν = 1
2 and ν = 1, respectively.

Our work establishes a versatile and accessible platform for
investigating exciton FCIs and opens a promising avenue to-
ward the realization of non-Abelian anyons.

Importantly, our findings provide a specific guideline for
the experimental realization of exciton FCIs in tWSe2-MoSe2.
Concretely, we predict that the exciton FCI remains stable
across a wide range of experimental parameters and is par-
ticularly robust at θ ∈ [2◦, 2.5◦] and � ∈ [−5, 0 meV]. The
experimental know-how for fabricating moiré heterostructures
and generating long-lived interlayer excitons is very mature
[24,27,29,33]. The experimental challenges will likely lie on
the detection of the topological order and perhaps on the con-
trol of the exciton density. We note that, despite the exciton’s
neutral net charge, there are methods enabling exciton trans-
port that could be utilized to detect these phases—the most
promising are counterflow transport measurements [73,74],
while other methods might involve spatial gradients in the
out-of-plane electric field, dielectric environment, or strain
profiles [75,76]. Future studies could also attempt to identify
the optical fingerprints of these phases. The experimental
control of the density of interlayer excitons with microsecond
lifetimes is steadily improving [77]. We also note that intro-
ducing hBN spacers between electron and hole layers further
enhances the lifetime and also allows for the direct injection
of interlayer excitons via electrical gates [43]. Importantly,
even if the exciton density is not accurately fixed to the rel-
evant filling factor, the particles can, in principle, rearrange
themselves into FCI puddles (pinned by disorder) with the
appropriate density, similar to the presumable origin of Hall
resistance plateaus as a function of gate voltage in fermionic
moiré FCIs.

Apart from prompting experimental efforts in
tWSe2-MoSe2, our work motivates the search for exciton
FCIs in other moiré structures. Furthermore, while we have
only focused on two specific phases at ν = 1

2 and ν = 1,
other phases remain unexplored. Besides other bosonic

Laughlin and hierarchy states, the pursuit of additional
non-Abelian phases such as the Moore-Read state at ν = 1

3
and the Read-Rezayi state [78] at ν = 3

2 is particularly
interesting—especially so for the latter as it hosts Fibonacci
anyons, which hold large promise for topological quantum
computing. Our work serves as a catalyst for the exploration
of exotic physics, including unprecedented phenomena
unique to many-boson systems.

Finally, we note that many challenging aspects are yet
to be addressed. For instance, investigating the competition
between liquid- and crystal-like exciton FCIs as well as super-
fluids and supersolids would be crucial for the understanding
of these phases [79,80]. Such phase transitions could be stud-
ied by adding hBN spacers between the electron layer and the
hole bilayer to enhance the interaction strength (by reducing
the electron-hole attraction). In addition, while the spin-valley
physics in the many-body exciton system is at the edge of
current numerical capabilities, it is an important issue that
must be tackled. Moreover, theoretical efforts exploring large
filling factors might demand more advanced models consider-
ing deviations from the bosonic description of excitons [81].
Last but not least, the phase diagram can be enriched by
adding doping, which in combination with excitons consti-
tutes a realization of mixed Bose-Fermi physics [33,82,83].
Our work shows that an idealized model can provide a faith-
ful description of moiré exciton FCIs, suggesting a route to
approach these formidable problems.
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Appendix: Exciton-exciton interaction. We take the method
employed for deriving the single-particle moiré exciton
Hamiltonian [35] and extend it in order to obtain the Hamilto-
nian describing exciton-exciton interactions, which takes the
form

Hx-x = 1

2

∑

ll ′q

Vll ′ (q) : ρl (q)ρl ′ (−q) : . (A1)

Here, ρl (q) = ∑
Q X †

lQ+qXlQ is the exciton density operator, ::
denotes normal order, and Vll ′ (q) is the exciton-exciton inter-
action potential (l = 1, 2 denotes the hole layer). In the first
part of this work, we consider ideal contact interactions of the
form Vll ′ (q) = V0. Later, we consider the realistic long-range
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interaction potential, which reads

Vll ′ (q) = V e-e
ll ′ (q) + V h-h

ll ′ (q) − V e-h
ll ′ (q) − [

V e-h
l ′l (−q)

]∗
,

V e-e
ll ′ (q) = Fll ′ (αhq, αhq)

e2
0

2Aεε0|q| ,

V h-h
ll ′ (q) = Fll ′ (αeq, αeq)

e2
0

2Aεε0|q|e−|q|d|l−l ′ |,

V e-h
ll ′ (q) = Fll ′ (αeq, αhq)

e2
0

2Aεε0|q|e−|q|dl , (A2)

with d = 0.67 nm and ε = 3.8 [84]. The exciton-exciton
interaction potential above contains individual contributions

accounting for interactions between the charges (electrons
and holes) in different excitons, i.e., it includes electron-
electron, hole-hole, and electron-hole interaction channels.
Here, Fll ′ (q1, q2) = Fll,q1Fl ′l ′,−q2 has been introduced to-
gether with the exciton form factor Fll ′,q = ∑

k φ∗
lkφl ′k+q,

where φlk is the wave function describing the relative
electron-hole coordinate within a single exciton. While terms
arising from different exchange mechanisms should for-
mally contribute to the interaction, here we have focused
on the direct term, which should dominate in the con-
text of interlayer excitons [60–63]. A detailed derivation of
the interaction potential can be found in the Supplemental
Material [44].
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