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Energy dynamics in a class of local random matrix Hamiltonians
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Random matrix theory yields valuable insights into the universal features of quantum many-body chaotic
systems. Although all-to-all interactions are traditionally studied, many interesting dynamical questions, such as
transport of a conserved density, require a notion of spatially local interactions. We study the transport of the
energy, the most basic conserved density, in few-body and 1D chains of nearest-neighbor random matrix terms
that square to one, which we dub the “Haar-Ising” local random matrix model. In the few-body but large local
Hilbert space dimension case, we develop a mapping for the energy dynamics to a single-particle hopping picture.
This allows for the computation of the energy density autocorrelators and an out-of-time-ordered correlator of
the energy density. In the 1D chain, we numerically study the energy transport for a small local Hilbert space
dimension. Throughout, we discuss the density of states and touch upon the relation to free probability theory.
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I. INTRODUCTION

Interacting many-body quantum systems sit at the core of
many areas of contemporary physics. At the intersection of
condensed matter theory, quantum information theory, and
quantum chaos is the broad question of when and how such
systems dynamically approach thermal equilibrium [1,2]. As
far as the approach towards thermal equilibrium is concerned,
independently of certain details such as interacting spins or in-
teracting electrons, one expects the low-frequency (long-time)
physics to be describable by classical hydrodynamic equa-
tions that depend only on symmetries and conservation laws.
What is particularly intriguing is how a strongly interacting
system, which does not admit well-defined quasiparticles, can
undergo a hydrodynamic process like diffusion, which usually
arises as a coarse-grained description of particles executing a
random walk.

Since the microscopic analytical treatment of specific
strongly interacting systems (e.g., Hubbard model, QCD,
quantum magnets, etc.) is essentially nonexistent, one can
appeal to various phenomenological calculations to achieve
analytical control. These include mean-field theory, large N
limits, conformal symmetry, or, for questions of “generic” or
“statistical” properties, random matrix theory (RMT). Since
Wigner and his successors’ work on the statistics of the energy
levels of large nuclei [3], Hamiltonian random matrix theory
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has informed our understanding of chaos in the quantum me-
chanical setting [4]. This is particularly true in systems where
no semiclassical limit is available [5,6].

Standard random matrix theory phenomenology treats a
zero-dimensional system in the form of all-to-all interactions.
Various aspects of locality have, however, been incorpo-
rated in the literature. These include various types of banded
random matrices [7] whose matrix elements decay away
from the main diagonal, Wegner’s n-orbital model describing
disordered hopping in a large n limit [8], or Rosenzweig-
Porter models whose diagonal elements are stronger than
off-diagonal, but which still maintain all-to-all interaction [9].
Local interactions also give rise to sparse Hamiltonians, which
have been treated [10], along with Sachdev-Ye-Kitaev (SYK)
models that can also be viewed as sparse random matrices and
are discussed later in this section. Certain manifestations of
interactions (through correlations) have also been introduced
in the RMT literature [11].

Many of these models succeed in describing universal
physics at the Heisenberg timescale (inverse of the typical
many-body level-spacing) of various interacting chaotic sys-
tems or disordered noninteracting ones (e.g., level statistics in
the localized and delocalized phases and at the critical point
of the Anderson localization transition). Our primary motiva-
tions are somewhat different. We are interested primarily in
dynamics of a generic Hamiltonian system subject to geomet-
ric locality of interaction, for which one can treat questions
of hydrodynamics of a local conserved density. Such ques-
tions also involve “early-time” dynamics, e.g.,t ~ O(L%)ina
system of L local subsystems, as opposed to the Heisenberg
timescale t ~ ¢ that is relevant for level statistics.

On the other hand, the properties of generic local and
unitary dynamics without energy conservation have been well
understood by random quantum circuit calculations [12]. One
can build in simple conservation laws to the dynamics and
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derive emergent hydrodynamics of those densities [13], even
for the circuit-to-circuit fluctuations [14]. Operator spreading
in these models without any conservation laws can also be
understood as a hydrodynamic process [15]. In these random
circuit calculations, one can consider models with and without
(discrete) time translation invariance [16], but in either case
the price one pays is a lack of strict energy conservation.

It is interesting to ask if any of these tools can be extended
to treat generic local energy conserving dynamics on the lat-
tice. Then, one could try to prove that the presence of the
most fundamental local conservation law, energy, leads to a
universal emergent hydrodynamic description. Energy trans-
port is also interesting because the globally conserved charge
generates the dynamics itself. Unlike the case of spin trans-
port, for energy transport the local charge density operators
must fail to commute (otherwise the system would be nonin-
teracting) making analytical treatment more challenging. One
line of work treats the question of energy transport for the
Sachdev-Ye-Kitaev (SYK) model [17,18] and indeed diffusive
energy transport has been established in 1D generalizations
thereof [19,20]. Here we are interested in such calculations
for a random matrix generalization of a disordered locally
interacting 1D quantum spin chain. For a pair of random
matrices interacting in a strictly zero-dimensional manner, the
energy dynamics were derived when the total density of states
has a square-root dependence on energy at the edge of the
spectrum (as is common in random matrix theories) [21]. Our
work should be seen as complementary to that one, which will
be referenced throughout.

There is also the simpler question of the equilibrium
physics of such disordered systems with local interactions.
This is controlled by the partition function and, therefore,
the density of states. The density of states of the so-called
double-scaled SYK model was computed exactly [22,23] and
tunes between a Gaussian and semicircular distribution as a
function of the number of bodies in the SYK interaction (when
properly scaled). A transition from semicircle to Gaussian in
quantum spin glasses on varying graphs was also identified
[24]. Some works have begun to address the question of lo-
cality for the density of states of a local random matrix in the
large local Hilbert-space dimension limit [25-27].

A. Local Haar-Ising random matrix model

In this paper, we study the following ensemble of locally
interacting random matrix Hamiltonians. The Hamiltonian
acts on a 1D lattice of local g-dimensional systems as

H=Y 1, (1)
J

where £ is a nearest-neighbor (NN) spin-spin like interaction
term coupling sites j, j + 1 (see Fig. 1). We also refer to the
interaction operators hj as “bonds.” Each local term is realized
ash; =U; AU ® I; for which A% =1,tr(A) =0, and U; are
1ndependent Haar random unitary matrices. The matrices U;
and A are g* x ¢, reflecting the NN locality of interaction,
and /5 is an identity matrix acting on all sites besides j, j + 1.

We refer to U; AU JI as Haar-Ising (HI) random matrices since
their eigenvectors are Haar random and their eigenvalues are
£1 in equal number. We will consider both periodic (PBC)
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FIG. 1. A local nearest-neighbor random matrix chain. Each site
is a g-dimensional Hilbert space and the bonds are the random matrix
interactions.

and open boundary conditions (OBC). A translation invari-
ant version with U; = U could also be considered, though
we focus on the disordered case in this paper. In the free
probability literature, a self-adjoint random variable with this
spectrum is referred to as a symmetric Bernoulli variable [28]
and such matrices were also studied in Ref. [21] under the
name “binary” random matrices.

The following features of the model Eq. (1) make it an
interesting platform for studying generic out-of-equilibrium
Hamiltonian dynamics. First, the local terms generalize Ising
or spin 1/2 Heisenberg interactions of the form S S,.H
However, we note that large ¢ does not correspond t0 large
spin S. Secondly, the local terms have individually bounded
eigenvalue spectra of +1 even in a large ¢ limit, and so
the Hamiltonian strictly obeys Lieb-Robinson bounds [29]
independently of ¢ (for each arbitrarily large but finite g).
Additionally, the maximum eigenvalue of the full Hamiltonian
is bounded by L independently of g, so there is no subtlety
related to rescaling the energy with ¢ in order to make the
system thermodynamically well-defined at large g.

Thirdly, unlike a chain of local terms drawn from the
Wigner-Dyson ensembles (GUE, GOE or GSE), the terms we
study are not individually quantum chaotic since they have
massively degenerate eigenvalue spectra. This is interesting
from a many-body quantum chaos point of view, since the
putative chaoticity of the model would only arise through the
interplay of the terms. One can imagine that the dynamics of
the spectral form factor (SFF) [30] would differ from a theory
with locally chaotic terms, where (at least in discrete time)
there is a transition from the early time behavior ¢* charac-
teristic of L noninteracting chaotic systems, to the universal
late-time ramp ¢ [31]. Considering two interacting terms in
particular, perhaps in the GUE case there is an early time

2 pehavior of the connected SFF, whereas for the HI case,
there would be no such regime. We reserve a study of chaos
for future work. We also note that quantum chaos through
the perspective of the eigenstate thermalization hypothesis
(ETH) was studied in the situation of local RMT Hamiltonians
[32,33].

B. Energy dynamics

In this study, we are principally interested in the dynamics
of the local energy density operators /;. In particular, we focus
on random matrix averaged, infinite temperature, two point
functions of the local density, which we denote

Cij(t) = (hi(t)h;(0)) . 2

Throughout, we write A(t) = e~ Ae'f" for the Heisenberg
evolution of an operator A. We employ the notation tr(A) :=
llvTr(A), when A is N x N, to refer to a normalized trace.
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Lastly, we use (-) := E[tr(-)] where the random matrix av-
erage [E[-] refers to averaging over the random matrix terms
present in the expression.

These two-point functions are of interest because C;;(t) is
the infinite-temperature linear response coefficient of bond i
to a weakly out-of-equilibrium initial configuration

p;(w) = e JTr(e!") 3)

corresponding to an energy u on bond j and zero (on average)
elsewhere. One can then construct the linear response to an
arbitrary initial configuration of the energy from the C;;(¢).
We remark that for the HI local terms that satisfy h? =1, the
response becomes exactly

(hi()pj()) = sinh(u)Ci;(1), “

implying that C;;(¢) is not just a linear response coefficient,
but the total infinite temperature response of the system to
an initial condition of unit energy (after dividing through by
sinh(u)) present on one of the bonds for the model we study.

For a generic interacting 1D system with no other
conservation laws beyond energy, we would expect the high-
temperature energy transport to be diffusive and C;;(t) —
t71/2 as t — oo (after first taking L — o0o) [34]. This is to
be contrasted with an integrable system that has extensively
many conservation laws and where we would expect C;;(t) —
t~! corresponding to the ballistic motion of particles carrying
the energy. Interestingly, the energy transport in the integrable
XXZ chain remains ballistic as the anisotropy is tuned, con-
sistent with integrability, even when spin transport becomes
diffusive [35].

Anomalous energy transport is also possible in nonin-
tegrable systems; for example, in the presence of kinetic
constraints such as PXP dynamics, Kardar-Parisi-Zhang su-
perdiffusion was found [36]. If the system is disordered, one
might anticipate localization phenomena, and, for example, a
sufficiently disordered XYZ chain exhibits subdiffusion [37]
of energy at high temperature. However, despite our g = 2
Haar-Ising random matrix spin chain being in some sense
maximally disordered, we do not find any evidence of energy
localization, and instead find certain numerical signatures of
diffusion. The lack of localization is consistent with the level
spacing statistics being that of a GUE and not Poisson (which
would correspond to many-body localization [38]).

Beyond two-point functions relevant to transport of energy,
we also investigate out-of-time-ordered correlators (OTOCs)

O(t) = 5 {[h(1), h(O)]'[h(t), R(O)]) , &)

where we fix the location of & = h; for both terms. OTOCs
feature rich markers for the dynamics present in quantum
many-body systems. Initially proposed as a probe of quantum
chaos similar to Poisson brackets [39], OTOCs capture the
locality of the model [40,41], quantum Lyapunov exponents
[42,43], and wave-front dynamics [44]. Additionally, the late
time dynamics carry some information about quantum chaos
[45—48]. In this work, we use OTOCs primarily as a probe of
quantum scrambling, and as a comparison to known random
matrix theory results [49].

C. Summary and organization of results

In this paper, we survey various limits of the model Eq. (1),
focusing on the energy dynamics as well as the density of
states.

In Sec. II, we study two Haar-Ising terms overlapping
a single site on a three site lattice. We show that infinite-
temperature equal-time correlators of the local terms are either
one or zero in the large ¢ limit, which also proves that the
two terms are asymptotically free in the language of free
probability [50], despite their eigenvectors not being related
by a full Haar random unitary. The proof also follows from a
recent result in free probability [26]. With this, we establish a
mapping to a free particle hopping on a 1D lattice and use it
to analytically compute the density of states, energy-energy
correlators, and an OTOC at infinite temperature. We also
calculate the energy-energy correlator at finite temperature.

In Sec. III, we generalize this mapping to treat z overlap-
ping Haar-Ising terms in a situation where none commute. We
map the dynamics to a particle hopping on the Bethe lattice
with coordination number z and then compute the density of
states and energy-energy correlators. We will see that in all
of these cases z > 2, the dynamics of the local energy density
does not follow a diffusive form. This is due to the few-body
nature of the Hamiltonian, which is local in the sense that it is
more sparse than a full random matrix, but not geometrically
local as in the full extended chain.

Ultimately, we would like to treat the energy transport
analytically in this full extended 1D HI chain. Since the intro-
duction of true locality (in the sense of some terms commuting
and some not) makes the analysis more difficult, we initiate
the study by numerically calculating the energy transport for
a g = 2 chain of up to L = 22 spins. We scrutinize the emer-
gence of energy diffusion in the system by comparing against
the solution to the diffusion equation on the same finite lattice,
and find that while the autocorrelator quickly converges to that
form, the spatially distant two-point functions are slower to
converge.

In Sec. V, we also address the simpler question of the
density of states of various few-body and extended HI chains
and make the relation of our previous analysis to free prob-
ability theory more explicit. We numerically identify some
situations where standard techniques from free probability can
be naively applied to compute the density of states, and some
where they cannot.

We conclude in Sec. VI with some comments about how
we may generalize the single-particle mapping, including nu-
merical evidence that only the reducible words survive a large
g limit more generally, as well as some remarks about chaos.

II. TWO-TERM “CHAIN” IN OBC

In this section, we show how a large g random matrix
average allows a simple calculation of any correlation func-
tion composed of only energy density operators for a pair of
interacting HI random matrices. The Hamiltonian is

H = hy+ hy, (6)

with &; being ¢* x ¢* independently drawn random matrices
that act locally on a three site lattice as in Fig. 2(a). To enforce
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FIG. 2. (a) depicts two interacting HI bonds on a three-site lattice. (b) is an infinite 1D lattice on which particle trajectories correspond to
words of two noncommuting HI terms. The origin corresponds to the empty word ¢ and each other site corresponds to a fully reduced (after
applying hl2 = 1) irreducible word. (¢) is a tensor network diagram used to evaluate zero-time correlators ((hoh;)") of the terms in model (a),
where one averages over m replicas of the three-site system. After averaging, one is left with a trace over certain permutation matrices P,, see

Eq. (14) in the text.

the locality and HI property, the matrices are realized as

ho=UoAUy ® I, hy =1® U AU/, )

with U; and A defined as in Eq. (1). In this case, [ is a
q X q identity. We remark that in Ref. [21] the energy-energy
correlator in a strictly zero-dimensional version of this model
(both terms acting on the same site) was considered only nu-
merically, here we derive an analytical result for this quantity.

We first show that “locality,” in the sense of two energy
bonds which only partially overlap on a three-site lattice, is
not analytically prohibitive and leads to the same combina-
torics in the large ¢ limit as two HI random matrices acting
on the same site. We then show how the combinatorics of any
single-trace average of two noncommuting HI random matrix
terms can be described in terms of particles hopping on a 1D
lattice. This gives way to a simple calculation for the density
of states, the local energy-energy OTOCsS of the local energy
density. In the next section, Sec. III, we discuss generalizing
this analysis to z mutually noncommuting HI terms.

A. Alternating correlators vanish

As discussed in the following sections, we are interested in
single-trace correlation functions of the local terms that look
like, for example,

(hohohihohy o). (8)

Given such a word of the local terms, we can apply the alge-
braic relations hl2 = 1 to fully reduce the word. If it cannot be
reduced to the identity operator, then we call it irreducible.
The string of indices of (fully reduced) irreducible words
must be of one of the following forms: (01)", (10)™, 1(01)™,
0(10)™. Since we are interested in traces of the random matrix
terms, the first two strings are equivalent, while the latter two
can be further reduced to 0 and 1, respectively, due to the
cyclicity of the trace. Those latter two vanish since (h;) = 0 by
construction. Regarding the first type, we assert the nontrivial
claim that the alternating words (01)™ also vanish in the large
g limit, i.e.,

<(h0h1)m> — 0 as q — OQ. (9)

This is proven by invoking the Weingarten calculus for av-
eraging over the unitary group, which we find instructive to
work out in the remainder of this section. The result also,
however, follows from recent work in free probability theory
[26,51].

The formulation of the Weingarten calculus for large g
derived in Ref. [52] is very useful for our purposes. Let
h=UAU" be a ¢*> x g> Hermitian matrix with Haar eigen-
vectors. We momentarily relax the assumption that A% = 1.
The average m-fold operator is

E »®" = Ey U A®myytem (10)

and can be viewed as the action of the m-fold “Haar channel”
on A®™", In the large g limit, the Weingarten calculus tells us
that we obtain the linear combination of permutations

Er®" — Z g M, (A™P, as g— oco.  (11)

HESH

Here, S,, is the permutation group of order m and P, is
the permutation matrix corresponding to w that permutes m
copies of (in our case) the g* dimensional Hilbert space that U
acts upon. The “length” || of a permutation p is the minimal
number of transpositions needed to represent p. The length
is also equal to || = m — |Orb(w)|, where |Orb(p)| is the
number of orbits of the permutation.

The coefficients «,(A) are the product of the free cumu-
lants of A according to the partition of m induced by the
cycle structure of 1. More precisely, if the orbits are of lengths
Li,4£s, ..., Ly, then the free cumulant is defined as

P
ku(A) = T (M),
i=1

where «,(A) is the usual nth free cumulant studied in free
probability theory [28]. For example, if u = (1)(234)(56)
in cycle notation, then x,(A) = k1(A)k3(A)k2(A). Table I
states a few examples of the «,, but we refer the reader to
Ref. [52] for an accessible exposition of the topic.

Armed with the Weingarten calculus, we now appeal to
tensor network diagrams to better understand the alternating

correlators. It will be useful to first express
((hoh1)™) = (hG" R P;) 12)

TABLE 1. Some examples of the free cumulants «,, and their
values for the A under consideration.

“m K (A)
(H2)(3)(4) tr[A]* = 0
(1234) tr[A%] — 2tr[A%]? — u[A]* = —1

(12)(34) (tr[A%] — tr[A]?)? =1
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where T = (123...m) is the full forward cycle in S,, and
P, cyclically permutes all three physical legs simultaneously
between the m copies. Applying Eq. (11) to each independent
term, this evaluates to

A,
(o )") — ZK’“‘(ZW)M(U' Lulp, @ DU B PP (13)

where [ is a g x g identity and P, is a permutation matrix
which can permute different Hilbert spaces according to o,
which is context dependent. For clarity, Fig. 2(c) shows how
the different P’s act. This figure shows the operator (P, ®
I)(I ® P,)P;. The three blue wires are the three physical sites,
and moving back into the page are the m replicas of the whole
Hilbert space. The last step is to take the normalized trace of
this operator:

(P, ® NI @ P)P] = ¢ -3 \Orb(ru)lq\Orb(rv)|q|Orb(rvu)\

(14)
Therefore
(o)) = D teu( Ay (A)g 0Tl (15)
W,VES,,
where

2¢(0) = [to| + |o| — (m — 1) (16)

and g(o) is the “genus” of a permutation o [53]. We remark
that the right-hand side of Eq. (16) is always even. This
follows from the fact that the standard notion of parity for
a permutation o coincides with the parity of the number |o|.
We also define

2g(i, v) = |[tvp| + |ul + [v] = (m = 1), 17

where g(u, v) measures a kind of joint genus of w and v,
which is also integer-valued. Note that from the triangle in-
equality on lengths of permutations [28]

laB| + la| = [, (18)

we can deduce that both g(u, v) and g(o ) are nonnegative. It
follows that Eq. (15) is finite as ¢ — oo.

Now, an important fact is that the odd free cumulants of a
symmetric Bernoulli variable and therefore the those of the HI
random matrices are zero [28]. Therefore, if ; or v contain at
least one cycle of odd length, then that term will not contribute
to the sum Eq. (15). We will show that consequently, there
are no nonzero O(q°) terms (nor any O(g~') terms) in that
sum. First, if m is odd, both x and v necessarily contain an
odd length cycle so the correlator is identically zero. If m is
even, however, the following argument shows that g(u, v) >
1. Because p and v contain only even length cycles, we have

lul = m/2 and |v[ =m/2, 19)

where the bounds are saturated for pairing permutations.
Supposing that |[tvu| > 1, the bound g(u, v) > 1 is trivially
obtained. Otherwise if |[tvu| = 0, then Tvu is equal to the
identity permutation, or in other words 7' = vu. Since m
is even, 77! has odd parity and so  and v must have oppo-
site parity. This means that the bounds Eq. (19) cannot both
be completely saturated, and in particular || + |v| = m + 1,

leading to g(w, v) >
we have shown that

((hoh)™) =

Consider the m = 2 case. Here, there is only one term that
can contribute in the sum Eq. (15), whichis u = v = (12) in
cycle notation. The free cumulants are both 1 and so, in the
large g limit,

1. Finally, since g(x) > O and g(v) > 0

O(qu) as g — oo. (20)

(hohihohy) — 72 @21

with no prefactor. We show in Fig. 3(a) that this scaling with g
can be seen numerically already for ¢ = 8, 10, 12, ... in this
m = 2 case [54].

In the large-¢g limit, we can therefore restrict our attention
to only the completely reduced correlators of ;. While this
suffices for our purposes, it is likely that tighter bounds could
be obtained. Computer algebra calculations show that when
m = 4, the alternating correlators are 0(q‘4), and when m =
6, they are O(g'%).

There are two corollaries to this result. One is that sy and
h; are asymptotically free, which we define and discuss later
in Sec. V. Another is that the same result holds in the nearest-
neighbor extended chain for 4; and &;.; we have shown that
alternating correlators of those terms vanish.

B. Density of states

The density of states can be calculated through the
many-body Green’s function G(u) = ((u — H)~"), where the
density of states at energy € is obtained by taking the limit
u = € +i0" [50]. Sometimes, it can be deduced via knowl-
edge of the moments (H"). Let us focus directly on these
moments. We have a sum over all possible binary strings of
ho and h, that are length n:

(H") =" (). (22)

b

where hy, is shorthand for Ay, hy, hy, . . . hy,. We can first reduce
all words using the algebraic relations 77 = 1 for i = 0, 1. If
b can be fully reduced, the corresponding term with be unity.
If it cannot, it will vanish in the large ¢ limit according to
Eq. (20). Therefore, in the large-q limit, we need to count the
fully reducible strings.

We can map the counting of reducible strings to counting
trajectories of a particle on an infinite 1D lattice. A general
bitstring (reducible or not) maps to a trajectory as follows.
Each bit in the string (starting from the right without loss of
generality) corresponds to the particle hopping once. Whether
the hop is to the right or to the left, however, depends upon
the parity of the current site. If the particle sits at an even site
[blue lattice points in Fig. 2(b)], a 0 moves it to the right and a
1 moves it left, but the opposite holds if the particle is at an odd
site (orange lattice points in the same figure). This is set up so
that reducible strings correspond to walks that return to their
starting location, e.g., the string 00 corresponds to hopping
once right and then left. Note that the lattice points are in one-
to-one correspondence with fully irreducible words.

Counting the returning walks is well studied in many dif-
ferent contexts. For example, the calculation of the return
probability of a random walk in 1D. For more complicated
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FIG. 3. Numerical comparison of the present methods with numerics in blue and analytical theory in orange. This figure concerns single-
trace statistics of two independent overlapping HI random matrices. (a) shows the finite-g statistics of an alternating correlator averaged
over 100 realizations of the Hamiltonian and compared against the theoretical average value Eq. (20). (b) is a normalized histogram of the
eigenvalues of Eq. (6) for a single g = 10 realization compared against Eq. (26) in orange. (c) and (d) are the ¢ = 10 dynamics of the energy
density correlator C(¢) and the energy density OTOC O(¢), again for a single realization, and compared against Egs. (40) and (45), respectively.
The insets show one standard deviation o (¢) from the average of the corresonding quantity across 100 realizations of the Hamiltonian.

calculations later, it will be both conceptually and practically
useful for us to introduce a nearest-neighbor hopping Hamil-
tonian

A=l — 1]+ bx + Dixl, (23)

x€Z

where |x) is a single particle sitting at site x. Since |0) is the
particle sitting at the origin, we have, for example,

A?|0) = |=2) +2|0) + |2). (24)

One can then see that the number of reducible words/walks
of length n is given by the amplitude to return. Therefore we
have the correspondence (H") = (0|A"|0). These vanish for
odd n, and, for n = 2k, the sequence is given by the central

binomial coefficient
2k 25)
v )

The random matrix many-body density of states must then
be equivalent to the single-particle hopping density of states.
This is given by the well known formula

D(e) = %(4 —eH12 ee(=2,2) (26)

for the tight-binding density of states [55]. Note that this
correspondence follows since the probability density is com-
pactly supported and is therefore uniquely determined by its
moments.

We confirm this agrees with a simple exact diagonalization
(ED) calculation of a single random realization of Eq. (6) for a
modest ¢ = 10. By simply binning the ¢*> = 1000 eigenvalues
into 50 bins, one coarse grains the spectrum, and Fig. 3(b)
shows excellent agreement with the prediction.

C. Local energy correlator

We will now see that the above correspondence also allows
for a simple calculation of the quantity

C(r) = (h(t)h(0)) 27)

where h stands either for iy or h; (the correlation functions
are identical by reflection symmetry). Here, h(t) = e~ he't'!
is the Heisenberg evolution of A.

We first view the problem combinatorially before import-
ing all the tools afforded by the momentum space description
of the hopping process. The double series expansion

C@t) = Z % % (H"hH"h) (28)
shows that we need to calculate (H"hH™h) in the large g limit.
Having shown the irreducible words vanish, this is equivalent
to counting the number of words whose string of indices is
of the form a0b0 (with a length n and b length m) that are
reducible.

Recalling the mapping to the 1D lattice hopping, the string
a0b0 corresponds to the following process when reading from
right to left. Starting at the origin, we first hop right, then
undergo an arbitrary walk of length m. The particle has un-
dergone the walk dictated by the string b0, and it will now be
sitting at some lattice point —m + 1 < x < m + 1 along the
line. The next step must be 0. Depending upon the parity of
x (equivalently, whether the corresponding irreducible string
ends in a 0 or a 1), it will hop left or right. Finally, it will
undergo another walk of length n dictated by a which starts at
x =+ 1 and ends at the origin x = 0.

To describe this process for the hopping dynamics, we
define another (Hermitian and unitary) operator

V=3 =Dl+ ) k+ Dl 29
x odd X even

This hops a particle right or left depending on the parity of
the site. The strings of reducible words a0b0 are then counted
by the amplitude (0]A"V A"V |0), i.e., we have established the
correspondence in the large g limit,

(H"hH™h) = (0|A"V A"V |0) 30)
and therefore we can resum the double series Eq. (28):

C@) = (0lV()V (0)]0), 3D
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where now V(1) = e "4'Ve' is the Heisenberg evolved stag-
gered hopping operator V within the single particle sector.
Now, we go to momentum space where the calculations be-
come simple. The hopping Hamiltonian A defined in Eq. (23)
describes hopping on an infinite lattice [which is needed for
the validity of Eq. (31)]. We first would like to diagonalize
a finite version of this Hamiltonian, write the expressions in
momentum space, and then take the limit at the end. If we
consider a length N and PBC hopping Hamiltonian, we have
the complete orthonormal eigenstates of definite momentum

2nn

1 ikx
|k>=ﬁ;ek|x>, k== (32)

wheren € {0,1,2,...,N — 1}
One more useful fact is the following translation invariance
[56]

OV OV (0)[0) = &x[V(©V(0)lx) V. (33)

This allows us to write C(t) = tr{[V (¢)V (0)] where tr([-] is
an infinite temperature average (normalized trace) over the
single-particle sector:

1
VOV = Jim =3 WVOVOR). (34

and we keep in mind that t < N as N — oo on the right
hand side of this equation. Later, we will see that putting
the random matrix model at finite temperature corresponds to
an average over the single-particle sector at the same finite
temperature. Therefore, the response of a bond to an energy
impulse in the two-term HI theory maps to the response of a
1D free particle to a staggered hopping impulse.

The infinite temperature average can also be done in mo-
mentum space:

1
C(t)=1vli§goﬁ > (kIV )V (0)]k), (35)
k

and inserting resolutions of identity in the momentum basis
leads to

1 . )
C(t)=N1i_r)rc1>oﬁZ(kIE”A’|k>|(kIVIp>|2(p|e’AtIp>. (36)
kp

Here, we have used the fact that the single particle propagator
is diagonal in momentum space

<k|efiAt|p> — e*iektsk’p’ (37)

where €, = 2cosk is the dispersion relation. The staggered
hopping matrix element is also readily evaluated to

(kIVp) = cos(k)dy.p + i sin(k)Sp pyr - (38)
Since the cross terms vanish upon squaring, we obtain the

simple expression

7 dk 2 20p —liet
C@t) = / —(Cos (k) 4 sin“(k)e™ <" ) (39)
0 2w

Above, we have taken the limit of N — oo and converted the
sum into an integral. The first term is a constant that evaluates
to 1/2; this is the equilibrium value approached as ¢t — oo

and the second term dephases. The second term is a standard
integral, and we find

D)
cO=3+"%

where J; is a Bessel function. The amplitude of the late-time
decay towards equilibrium is therefore the power law ~3/2.
This is slower than the Gaussian case ¢ [21], which is
physically reasonable since, unlike two GUE’s interacting, the
individual terms are not chaotic and therefore the dynamics is
slower.

The fact that C(¢) approaches 1/2 up to some power-law
decay is a proof that, starting from a far out-of-equilibrium
initial condition, the (average) system comes to thermal equi-
librium within a “finite” time, i.e., a timescale not growing
with g. The infinite g form of Eq. (40) matches well the
numerical result for a single g = 10 realization in Fig. 3(c).
The realization-to-realization fluctuations, as measured by
one standard deviation shown in the inset, are remarkably
small, showing that empirically, the average C(t) is also typi-
cal of a single realization on the relevant timescale.

(40)

D. Out of time ordered correlator

It is interesting to see one more example of the single-
particle hopping picture. We consider an OTOC of the local
energy density

O(t) = 3([h(t), HO)I[h(), h(0)]), (41)

where / stands for either g or A; (but the same 4 throughout
the expression). Then, due to h? =1, we find

O(t) = 1 — (h(z)h(0)h(1)h(0)). (42)

Combinatorially, this would correspond to counting the
number of words of the form a0b0c0Od0. In terms of the
single-particle picture, we simply replace h with V and H with
A. To evaluate this in momentum space, we write

OIV(OV (0)V 1)V (0)[0)

.1
= Jlim % (kIVOV Olg) gV OV O)IK).  (43)

The following matrix element between two momenta
(kIV(0)V(0)lg) =8¢y (cos’ (k) + sin®(k)e )
+ i8k g cos(k) sin(k) (1 — e >)  (44)
leads ultimately to the expression

7 8(3 — 812)J1 (41) — 481Jo(41) — 31J2(81)
0@ =~
=gt 6413

for which the late-time behavior of the amplitude is a ¢
decay towards O(oco) = 7/8. Fig. 3 shows excellent agree-
ment with numerical calculations. Unlike the SYK model,
which displays a nontrivial Lyapunov exponent, the early time
behavior of Eq. (45) goes like ¢2, which is identical to a fully
all-to-all model like a GUE independently of which operator is
considered [49]. At late times, however, the relaxation towards
O(00) is t—3/2, which is slower than both the Gaussian case
of =3 in the presence of energy conservation [21] and even
slower still than r=* without energy conservation [49].

(45)

-3/2
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E. Finite temperature

We can generalize the previous calculations to finite tem-
perature. For simplicity, we focus on only the energy density
autocorrelator, and we define the correlator at finite tempera-
ture to be
(e P h(1)h(0))

(e=PH)

Here, we consider the annealed disorder average, since we
expect that finite-temperature annealed and quenched aver-
ages generally coincide in a large ¢ random matrix theory
[57]. Future work could examine exactly how concentrated
the quantity tr(e ##) is around its average for Hamiltonian
Eq. (6) and therefore bound the difference in the two ways of
averaging.

In the large ¢ limit, we obtain, in terms of the single particle
hopping picture,

Cp(t) = Z; tri[e PRV (1)V (0)] (47)

and Z; = tr;[e #2] = Iy(28) where I, is a Bessel function and
Z; the (normalized) partition function in the single-particle
sector. This amounts to making the propagator on the left of
V () pick up a Boltzmann weight for the single particle modes
and so we have

Cp(t) = (46)

2 —Be
Cp(t) = / dk " k(cosz(k)+sinz(k)e_Zie"’). (48)
0 2 Zl

In particular, one can see from the dispersion relation €, =
2 cosk thatas B — oo,

e Pex
Z
This implies that for any fixed ¢,

— 8k — ). (49)

Cs(t) > 1 as B — oo, (50)

i.e., at zero temperature, the system does not thermalize at
all; the unit injected energy remains on only one bond. This
is distinct from the GUE case where it is argued that the
correlator would still decay from the initial condition as a
power law with half the exponent of the infinite temperature
one when first taking 8 — oo [21]. The above integral can be
evaluated to
Cpt) = #[mzﬂ) L Leh) | St 2.””} (51)
1 (2B) 28 4t —2ip
and so we can also consider first taking t+ — oo for a fixed .
In that limit, the amplitude of the decaying part goes as

i 3(8) ] e

4 — 2ip 4\ 20

neglecting an overall prefactor dependent on S. This is the
identical decay to infinite temperature at the leading order,
except that a finite 8 becomes a new timescale in the problem
with the “universal” t~3/2 behavior setting in only for 7 > f.

III. ARBITRARY NUMBER OF
MUTUALLYNONCOMMUTING TERMS

One natural extension of the above theory is to add more
non-commuting terms. For this to make sense as a “local”

FIG. 4. Various few-body scenarios of HI local terms interacting.
[(a)—(c)] All map to a single particle hopping on the Bethe lattice with
coordination number z = 3 [for scenario (b) the irreducible words
provably vanish]. Sketch (a) can be viewed as a short 1D chain in
PBC. Sketch (b) is strictly zero-dimensional with all z = 3 terms
acting on the same pair of sites. Sketches (c) and (d) can be viewed
as parts of a larger lattice of local terms interacting at a site in 2D,
and (d) maps to the z = 4 Bethe lattice.

RMT, we could consider three terms in a 1D PBC chain, as
in Fig. 4(a) or more bonds all overlapping on a single site as
in (c) and (d) of that figure. These are all zero-dimensional
systems in the sense that the algebra of the local terms is
trivial: all terms are mutually non-commuting (unlike a truly
local Hamiltonian). In fact, one can ask simply about mul-
tiple HI terms acting on the same pair of sites in a strictly
zero-dimensional or all-to-all way, as sketched in Fig. 4(b).
While these models are not truly local, their dynamics is still
an interesting intermediate question; in particular, one may
wonder how changing the number, say z, of noncommuting
HI terms affects the speed of thermalization. Therefore we are
interested in the Hamiltonian

z—1

H=Y"hj, [hihjl#0Visj, (53)

j=0

where, depending on context, the terms /; may act on different
sites.

In the previous section, we proved that irreducible words
of two terms vanish in the large-g limit, when arranged so
that they overlap on a single site. This result continues to hold
when considering z terms which are mutually noncommuting
and arranged with all bonds overlapping on at least a sin-
gle site, which follows from Refs. [26,51]. This observation
gives way to a similar single-particle mapping as developed
in Sec. II, but here the particle hops on the Bethe lattice with
a coordination number z. We study in a bit more detail the
particular case of z = 3 with the terms arranged as in Fig. 4(a),
confirming that numerically, the single particle hopping on the
Bethe lattice gives the empirically correct density of states and
energy-energy correlator.

A. Hopping on the Bethe lattice

The central idea of this section is that the combinatorics of
reducible correlators of z HI terms finds a natural realization
as walks on a Bethe lattice of coordination number z with
the z = 2 case being the 1D walks studied in the previous
section. With respect to some fixed origin, we label positions
on the Bethe lattice by irreducible words ¢ of z symbols; say
0,1,...,z— 1. Wedenote a single-particle configuration with
a particle living on site ¢ by |c). The z = 3 Bethe lattice is

033129-8



ENERGY DYNAMICS IN A CLASS OF LOCAL RANDOM ...

PHYSICAL REVIEW RESEARCH 7, 033129 (2025)

(d) C(t)
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FIG. 5. Sketch (a) is an example of “local” random matrix with pairwise interactions that can be viewed as a 1D “chain” in PBC. Sketch
(b) is a portion of the z = 3 Bethe lattice. Panel (c) compares the empirical density of states for a single g = 12 realization of model (a) with
the theory, Eq. (59). Panel (d) compares (blue) the numerically calculated local energy autocorrelator of a single g = 6 realization of model
(a) to a certain hopping dynamics on the Bethe lattice, Eq. (63) (orange). The latter is also calculated numerically on a finite “radius” R = 300
Bethe lattice. The inset shows one standard deviation of C(¢) from its average over 100 realizations. Panel (e) is an abstract generalization to
higher z and compares the late-time decay of Eq. (63) towards the equilibrium value for different z. Best linear fits on a log-log scale (orange)
indicate the behavior ~* with @ = 1.48, 2.99, 3.08 for z = 2, 3, 4, respectively.

sketched in Fig. 5(b). The origin is the empty word #, and the
points at “radius” 1 (the first dashed ring) are the words 0, 1, 2
and so on.

We follow the formulation of Ref. [58], which studies the
tight-binding model on the Bethe lattice by viewing the model
as hopping between certain symmetric states that live on aring
at radius d from the origin. These states are equal amplitude
and phase superpositions of a particle sitting at all lattice sites
at radius d:

ld) =Py o), (54)

where the sum runs over radius d words and P, is the number
of such points:

d=0,

d>1. (55)

Fa= {;(z — 1)d-!
As an example, the first few such states for z = 3 are
10) = 1),
1) =1[10) + 1) + [2)]/V/3,
12) = 1101) + (02) + 10) + [12) + [20) + 21)1/6.

Let A be the NN hopping Hamiltonian on the Bethe lattice.
The Hamiltonian acts on the |c) states by uniformly hopping
to all nearest neighbor points, e.g., for z = 3 its action is

AlB) =10) + 1) + |2),
Al0) = |#) + |01) + [02),
A|01) = |0) + [012) 4 |010),

etc. Reference [58] points out, however, that in the |d) basis,
the hopping matrix A becomes simple:

Al0) = /z[1),
All) = Vz|0) + vz — 1]2),

Ald) =~vz—=1[ld=1)+|d+1)] d=2

and has almost a one-dimensional tight-binding form:

0z 0 0
Vi 0 =1 0
=1 -] (56

A: O
0 0 z—1 0

B. Density of states

As with the z = 2 case studied in Sec. II, we will calculate
the moments

(H") =" (h), (57)
belz]"
where the set [z] = {0, 1,2, ...,z — 1} and h;, is again short-

hand for a correlator defined by the word b. Under the
assumption that the irreducible correlators vanish in a large
g limit, we obtain the correspondence

(H") = (0]A"]0), (5%

from which it follows that the many-body averaged density
of states is equal to the single-particle one for hopping on the
Bethe lattice [55,59,60]

_ _ 2
p(g)zi—”(;_];e, el <2vz—1. (59)

Indeed, Fig. 5(c) compares this equation with z = 3 to the ED
numerics for three terms in PBC with g = 12, the result being
consistent with irreducible correlators vanishing in the large g
limit.

C. Energy dynamics

One can also consider the energy “transport” in this model.
We focus on infinite temperature and calculate

C(t) = (h(1)h(0)), (60)

where £ stands for any one of the 4; in the Hamiltonian. In
a double series expansion, i.e., Eq. (28), the combinatorial
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problem is again to calculate (H"hH™h) in the large g limit.
Only the reducible correlators survive, and we thus need to
count the number of words of the form aibi with a € [z]" and
b € [z]™, for some fixed i, that are fully reducible. To count
these, we require that a reduces to some irreducible word, say
¢, (equivalently, site ¢ on the Bethe lattice) and ibi reduces to
the inverse of that word, ¢~!. Then, we sum over all points c.
We show the details of this counting problem in Appendix A
and give the result here.

Let the number of such words be called F;,,, while Wnd is
the number of fully reducible words starting at the origin and
ending at a fixed point at radius d on the lattice. Finally, let A,
be the number of radius d irreducible words which end and
begin in the same fixed symbol i. Then,

Fyp =WIW?

+ Y (AW + 2400 W + Aga W)W, (61)
d>1

where we define W' = W!. For both conceptual and prac-
tical reasons, we would like to understand what “physical”
process this corresponds to for the particle hopping on the
Bethe lattice. In terms of the hopping matrix A,

W = Mm"” 62)

since (d|A"|0) counts the number of walks that end at distance
d up to a normalization. We can identify a nonlocal operator
X such that [61]

C() = (01X (1)]0). (63)

This operator can be read off from Eq. (61) and is best under-
stood in matrix form. In the |d) basis, we have

A
1 0 JI’ST 0 0
0 ! 0 L0
z P]P3
f;zP 0 % 0 ‘2413 -
X = | Vi Ay 24, VI - , (64)
0 /P P; /? Py 23 .
0 0 T;‘PA 0 P—:

and C(t) can then be understood as the following experiment:
a particle begins at the origin at time —¢. Then, at time 0,
the system is kicked with the operator X everywhere on the
lattice; then C(¢) is the amplitude for the particle to return to
the origin at time 7.

Since momentum is no longer a good quantum number, an
analytical calculation becomes more difficult. We can, how-
ever, run the hopping dynamics numerically on a large but
finite Bethe lattice of radius R. Introducing a finite-size cutoff
means the dynamics will deviate from the infinite lattice case
after a certain time t* = (24/z7 — 1)~ 'R, which is the timescale
for the particle to propagate ballistically to the edge. In
Fig. 5(c), we compute C(z) = (0|X (¢)|0) for the z = 3 Bethe
lattice for t+ < t* and compare it to the numerical solution
for three random matrix terms arranged as in Fig. 5(a). Here,
again a single realization is shown, and we found it necessary
to show a very small g = 6 to observe noticeable error. For
q = 10, the curves were essentially indistinguishable. In the

inset, we also show one standard deviation from the average
as a function of time, which is small (roughly 1.5% of the
average) and flat on the plotted timescale.

In Fig. 5(e), we study the dynamics on the Bethe lattice, in-
dependently of which model maps to this picture. We observe
that

Ci)— ! +0@1™%), (65)
Z

as t — o0o. We can see numerically that o, & 3 for z > 3,
which can be explained as follows. In Ref. [21], it is shown
that for any H whose density of states displays a square-root
dependence on energy at the edge of the energy spectrum, the
late time behavior of C(¢) (specialized to our situation) will be

C(t) — C(00) + ¢ |(e )2 (66)

as t — oo for some constant ¢, that depends on z. Fur-
thermore, this square-root edge will lead to the asymptotic
behavior |(e~*#)|?> —oc t~3. Indeed, for z > 3, the density of
states, Eq. (59), has a square-root edge, which can be seen
by setting € = 2+/z — 1(1 — §) for a small § > O: the leading-
order term is proportional to ~/8. This explains the exponent
of o« = 3. The z = 2 case is rather special, with the slow decay
t73/2 of the two-point function, in part owing to the unique
inverse square root band edge in the density of states Eq. (26).

In this totally noncommuting scenario, by writing H =
h+ fz, where 7 stands for all other z — 1 terms in H , We can
conjecture that, physically, z > 3 decays faster than z = 2 be-
cause in the former case, the “bath” Hamiltonian / is chaotic,
while for z = 2 it is not.

IV. ENERGY TRANSPORT IN THE EXTENDED CHAIN

So far we have discussed the energy dynamics of a few-
body scenarios of Hamiltonians with HI local terms. As a first
step towards the treatment of the extended system, we study
the energy transport in a ¢ = 2 HI RMT chain numerically.
In particular, we would like to confirm the hypothesis that
the long-time dynamics of the local energy density should be
describable by a simple diffusion equation due to the pres-
ence of only energy conservation. We find good evidence of
diffusion in the autocorrelator Cy(¢) of the energy density, but
find that the spatially distant two-point correlators have not yet
converged to the solution of the diffusion equation at the con-
sidered system sizes. This suggests that for this model, more
sophisticated numerical methods will be needed to demon-
strate energy diffusion conclusively.

The observation of emergent hydrodynamics directly from
the exact dynamics of two-point functions is well known to be
numerically difficult since it requires long times and large sys-
tems. For such calculations, we are computationally limited to
q = 2, although small g is of course also of physical interest.
To help mitigate finite-size effects, we consider exciting the
leftmost bond of the chain in OBC, so that the perturbation
has the entire length of the chain into which it can diffuse. In
this section, we write

G (1) = (h(1)ho(0)) (67)

to describe the energy response at space-time point (7, t) fol-
lowing the excitation at the boundary.
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FIG. 6. Numerical calculation of energy transport via average two-point functions C,(¢) for a ¢ = 2 HI RMT chain shown in blue. The
results are compared against the solution to the finite-size lattice diffusion equation p,(¢), shown in dashed orange for the corresponding values
of L, with diffusivity D = 0.4. All data correspond to averages over 1024 RMT realizations, except L = 22 and r = 1, 2 correspond to an

average over 384 realizations.

Another step we take to mitigate finite-size effects is to
compare the exact dynamics to the diffusion equation defined
on the same discrete and finite-size lattice. We define p,(¢) to
be the solution of the diffusion equation and directly identify
p,(¢) with C,(¢) (semiclassically the amount of energy density
present on bond r). We also write J,(¢) for the current density
leaving site r to the right. The diffusion equation combines
the continuity equation with Fick’s law (diffusion constant D),
which read

pr(t) = Jr1(t) — J1 (1) (68)

Jr(t) = =D[pr1(t) — pr(0)]. (69)

Since we want to describe OBC, we require no current enter-
ing from the left nor leaving from the right:

Jo1(t) = Jp (1) = 0. (70)

We emphasize that in the diffusion equation, r refers to a site
whereas in the chain r refers to a bond. So in an OBC chain of
length L, which has L — 1 bonds, the rightmost site is labeled
r = L — 2. Since the diffusion equation is linear in the density,
it is easily solved numerically by treating the equation as
an imaginary time Schrodinger equation and applying the
propagator to an initial configuration; in our case the initial
condition being pp(0) = 1 and p,(0) =0 forr > 1.

For the infinite-temperature spin-chain numerics, we make
use of quantum typicality:

T A11/2
tr[ATA] ) 71

(YIAlYy) = tr[A] + O(T

as L — oo for a single realization of a Haar random state |v/)
of L spins. One can derive this formula using the Weingarten
calculus, but the idea of using a random vector to estimate
traces goes all the way back to [62]. With this method, one
simply needs to calculate the two vectors h.e "H'|y) and
e~ ho|r), so that C,(t) is given by their overlap. While one
or only a handful of realizations usually suffice in this context,
since we must average over many RMT realizations anyways,
we also average over a new Haar random state for each run,
which can only improve the accuracy. We evolve the states
using Krylov time evolution with a basis dimension of 12 [63].

In Fig. 6 we plot C,(¢) for »r =0, 1, 2 on a log-log scale,
and compare the dynamics to the numerical solution of the

diffusion equation. We set the diffusion constant to D = 0.4
by eye so that the autocorrelator Cy(¢) matches po(¢) for an
extended period of time. We can see good convergence of the
autocorrelator to the diffusion equation with an L-independent
diffusion constant. However, for r = 1, 2, we see that, with the
choice of diffusion constant set by the autocorrelator, these
two-point functions are slower to converge to the solution.
We cannot, therefore, establish that the local HI RMT chain
exhibits diffusive energy transport at the studied system sizes,
but we expect a sufficiently large chain to display energy
diffusion.

V. SPECTRA AND FREE PROBABILITY

We have so far studied the energy dynamics in various
limits of the HI local RMT. A somewhat simpler question
regarding the properties of a local Hamiltonian RMT is the
equilibrium physics, determined by the density of states. In
this section, we make more explicit the connection between
our previous language of irreducible words vanishing and
the notion of asymptotic freeness. We ask if free probability
theory can aid in the computation of the density of states
for this model, and if the local HI property can be a useful
simplification in this context. We consider both few-body and
extended limits of the model and in the few-body case, we go
beyond considering only noncommuting terms as we did in
the analytical treatment in Secs. II and III.

Free probability develops notions of classical probability
theory, such as independence, convolution, and the central
limit theorem, for noncommuting random variables [28,50].
Random matrices are one key example of noncommuting ran-
dom variables. The analog of independence is the notion of
freeness. Two noncommutative random variables A, B are free
(or freely independent) if any alternating centered correlator
of A, B is also centered, i.e.,

<1_[(AP’ — (A")(BY ~ <qu>)> =0, 72
i=1

for all n > 1. Many collections of random matrices are known
to be asymptotically free, that is, the large matrix size limit of
the above correlators vanishes.
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A well-studied question in free probability is: given some
large random matrices A and B that have probability dis-
tributions a, b for their eigenvalues, what is the probability
distribution for the eigenvalues of A + B? A well-known re-
sult says that if the eigenvectors of A and B are in “generic
position” i.e., related by a full Haar random unitary U, then
A and B are asymptotically free [50] and the density of states
of their sum is given by the free convolution, denoted a B b,
where a is density of states of A and b the density of states for
B in the large matrix size limit. The free convolution in some
special cases can be computed explicitly, but in general must
be done numerically.

For a pair of overlapping HI terms, we showed in Sec. II
that the alternating correlators of those two terms vanished in
the large ¢ limit. A simple consequence of this fact is that the
terms are asymptotically free. This follows since

(73)

W — (1) = {hi n odd

0 neven

That the two terms are asymptotically free is consistent with
our earlier results, as the free convolution of two symmetric
Bernoulli distributions is the arcsine distribution [28]. In fact,
considering z mutually noncommuting HI terms (Sec. III), the
statement that irreducible words vanish is also equivalent to
the statement that those terms are asymptotically free by an
extension of the above argument for two terms.

Once the true locality of interaction is introduced into an
RMT, however, these tools do not directly apply. While the
Hamiltonian will be of the form A + B + - - -, the individual
terms are generally no longer free, since their eigenvectors
are no longer in a generic position. Rather, since most of
the terms commute, they actually share eigenvectors, and, if
they are drawn independently, then they behave as classically
independent random variables. A few works have begun to
address this question of the density of states of a local random
matrix model in the large ¢ limit, and in particular, how to ad-
dress the mixture of free and classical independence [25-27].
In the mathematical literature, the topic goes by the name
A—freeness or e—freeness [64,65]. In particular, in Ref.
[26], their “XY model” is identical in structure to our local
nearest-neighbor chain, but these works are still inconclusive
insofar as producing a concrete example of the density of
states of a local random matrix theory.

On the other hand, based on intuition from a noninteract-
ing system of L spins or numerical exact diagonalization of
interacting spin chains, one expects that if first the L — oo
limit is taken, then the density of states should approach a
Gaussian distribution. In fact, a Gaussian density of states
was proven for local translation-invariant random ¢ = 2 spin
chains [66] and for disordered ¢ = 2 “spin-glasses” on graphs
with bounded degree in [24]. In Appendix C, we also give
a heuristic argument for the 1D chain having Gaussian mo-
ments, which is independent of the microscopic details and, in
particular, independent of g. For the local HI random matrix,
one can see in Fig. 8(d) that a modest L = 14 chain with
small g = 2 has an approximately Gaussian density of states
of variance o> = L. It is still an interesting question as to
precisely how this noninteracting character of the density of
states emerges as L grows for a particular model, and in

FIG. 7. Sketches of two small local HI random matrix Hamilto-
nians where a free convolution can be readily applied to compute the
density of states. Those are calculated numerically and shown, for
(a) and (b), in Figs. 8(a) and 8(b), respectively.

particular if the infinite ¢ limit is taken first, as in the free
probability literature.

In the remainder of this section, we ask if a naive free
convolution of different terms in various small local HI Hamil-
tonians can produce the correct density of states, empirically.
We study short chains, since we expect a long chain to have
a Gaussian density of states, and therefore, these intermediate
cases are more interesting. For the free convolution, in most
cases, this must be done numerically, and in Appendix B, we
outline an efficient numerical method, known as the subor-
dination iteration method [67], for obtaining the density of
states of a sum of two free variables. We employ this method
for studying several systems.

One might naively attempt to split the nearest neighbor
chain into H = Heyen + Hodd, Where the two terms contain the
sum of all even and odd bonds, respectively. This division is
chosen since all terms in Heyep, are mutually commuting, and
the same for H,qq. For example, we can take an L = 4 chain in
PBC, which has four bonds, see Fig. 7(a). We can try to split
H as

H=h+h+h+hy =0 +hm)+ (ha+hy).  (74)

Here, the matrices inside the parentheses both have the distri-
bution

By(e) = 1[8(e +2) +28(e) + 8(e —2)],  (75)

where B, stands for binomial and is the classical convolution
of two smaller binomial or Bernoulli distributions

Bi(e) = 3[8(e + 1) 4 8(¢ — 1)]. (76)

One may wonder if the eigenvectors of (h; + h3) and (h, +
hy) are in “sufficiently generic position” such that the total
density of states is given by a free convolution 3, H B;. In
Fig. 8(a), we find strong numerical evidence that the free con-
volution produces the correct density of states by comparing
it to ED. However, what does not produce the correct density
of states is to split the Hamiltonian as

H = (hi+ hy) + (hs + hy) (77)

and then to freely convolve two arcsine distributions, i.e.,
Eq. (26). Instead, this reproduces the density of states Eq. (59)
for z = 4, which is known [68]. We leave the resolution of this
issue of the order of convolution for future work.

We also emphasize here, that the local HI assumption
is a practically useful simplification because the classical
convolution of n HI terms is trivial. Should we have consid-
ered a local GUE Hamiltonian, this would have been more
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(a) L =4,¢=10 PBC (b) L =4,¢=10 OBC (c) L =6,¢g=6PBC (d) L =14,q=2PBC
0.8 A 0.8 -
0.4 -

‘\
0.4 0.4
0.0 L 0.0 -

-25 0.0 2.5 -25 0.0 2.5
€ € € €

FIG. 8. Density of states calculated from ED for single realizations of the HI chain, Eq. (1). In (a), the orange curve is the numerical free
convolution of two binomial distributions B3, H B, [Eq. (75)]. The curve in (b) is a numerical free convolution of a Bernoulli with a binomial,
B; B B, and in (c), the orange curve is again a free convolution 35 B B; [Eq. (79)]. (d) is the opposite limit: large L and small g. The orange

curve is a normal distribution having variance 02 = L.

involved, as we would need to compute the classical convolu-
tion of many semicircular distributions which is not so simple.

We can also consider the case of four sites but with three
terms in OBC, see Fig. 7(b). There, we split

H = +h3)+h (78)

and so we calculate B, B 3. Fig. 8(b) shows this also appears
to be the correct distribution. The fact that the energy spectrum
has gaps is very interesting. Assuming that irreducible words
vanish even in this setting, this suggests the model maps to a
particle hopping on a lattice hosting multiple sub-lattices.

The naive splitting into H = Heyen + Hoag and assuming a
free convolution of those two terms, however, fails in general,
e.g., in Fig. 8(c) for a slightly larger chain of L = 6. Here we
calculated 33 B B3, where

Bs = g[8(e +3) 4+ 38(c + 1) +38(c — 1) + 8(e — 3)].

(719)
This is consistent with the mathematical literature on mixtures
of free and classical independence [27] where it is first noted
that the situation cannot be split into two groups. These chain
configurations with more than two terms serve as nontrivial
examples of asymptotic ¢ independence. As mentioned be-
fore, however, the development of this framework is in its
early stages and there do not seem to be any results explicitly
computing the density of states. It may be possible to develop
a numerical e-free convolution similar to the subordination
iteration method.

VI. CONCLUSION AND OUTLOOK

In this paper, we have studied the evolution of the local
energy density under the dynamics of a local random matrix
Hamiltonian whose bond operators square to one. This sim-
plification allowed for the analytical calculation of the density
of states, a two-point function, and an OTOC for the two-term
and large g scenario (Sec. II). We found a similar mapping of a
generalized model with z noncommuting terms (Sec. III) onto
walks on the Bethe lattice, and we calculated energy-energy
correlators, finding that the two-point function always decays
ast > forany z > 3. We also examined energy transport in the
small-g limit and with increasing L, finding evidence of a slow
convergence towards diffusion, but the data are insufficient to

conclude that energy transport in this model falls within the
universality class of diffusion. We then moved on to study
the simpler question of the density of states in Sec. V. We
discussed connections to free probability theory, and showed
numerically that in some few-body cases, a classical convolu-
tion of the Hamiltonian terms followed by a free convolution
can yield the correct density of states despite the technical
issue of some terms commuting and some not, but that this
method fails in general. We conclude with a few comments
and ideas moving forward.

Looking towards the full 1D local HI RMT model, the
fact that only reducible words survive the large-g limit will
be crucial to its solution. That only the fully reducible words
survive in general, even when some terms commute and some
do not, follows from recent work in e-free probability theory
[26,51] as applied to our simplified situation where h? = 1.
To confirm this on a numerical level, in Appendix D, we look
explicitly at L =4 and L = 6 PBC HI RMT chains and find
that only the reducible words contribute to the moments as
q — o0.

With this in mind, a mapping to a particle hopping on
more general graphs may be obtained. It is interesting that
the density of states for the L = 4 PBC chain [Fig. 8(a)] has
a peak in the middle of the band, which is reminiscent of the
van-Hove singularity for single-particle hopping in 2D [55],
while the L = 6 PBC chain [Fig. 8(c)] also has the qualitative
shape of the density of states for hopping in 3D, i.e., a rela-
tively flat central region. We can speculate that the density of
states for L terms in PBC could be derived by considering
hopping on some kind of L/2 dimensional hypercube-like
lattice, where the trajectories on this lattice compute the com-
binatorics of reducible words. This picture is consistent with
expectations in the sense that as we take the dimensionality
of the hopping to infinity, the density of states approaches a
Gaussian.

We have not touched on quantum chaos. Given that the HI
terms square to one, and that the single trace quantities we
have calculated admit a description in terms of a single free
particle, which is certainly not a quantum chaotic system, one
may wonder about the chaoticity of the model. In Fig. 9, we
show, however, that the level spacing statistics are that of a
GUE in both the few-body and extended limits of the model.
In this figure, we computed 50-bin histograms of the level-
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L =14,q =2 PBC
ks

(a) L=3,¢g=300BC (b)

0.0 0.5 1.0 0.0 0.5 1.0
r r

FIG. 9. Statistics P(r) of the level spacing ratio r [Eq. (80)] for
the local HI chain. A single realization of the two-term case at large
q is shown in (a) and the extended chain at small g in (b). The orange
curves are the standard surmise distribution for the GUE.

spacing ratio

min(sn+l ) sn)
ry =

R =By — By (80)
maX(SiH-lv S,,)

and compared against the standard expression for P(r) derived
in Ref. [69]. To further diagnose chaos, we need to calculate
multitrace quantities such as two-point and higher-point spec-
tral form factors (SFFs). Is there a mapping to the hopping
picture for two-trace quantities like the two-point SFF, at least
for the two-term model? Such a calculation should involve
counting words that are not fully reducible, and will be the
subject of future work.
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APPENDIX A: COUNTING ON THE BETHE LATTICE

In this section, we detail the counting of the number of
words aibi with a € [z]" and b € [z]™, for some fixed i, that are

fully reducible. To count these, we require that ibi reduces to
some irreducible word, say c, (equivalently site on the Bethe
lattice) and a reduces to the inverse of that word, ¢, ie., ¢
read backwards. Then, we sum over all points c. As an equa-
tion, we have

Fow=)_ Y 8(red(a) —c™") ) 8(red(ibi) — c). (Al
c a b

Here, red(-) means apply the algebraic relations i> =  to all
symbols in the word until no further reduction is possible.
The function §(red(a) — ¢~ ') is 1 if a reduces to ¢~! and 0
otherwise, and the sum over ¢ runs over all fully irreducible
words (equivalently sites on the Bethe lattice).

The next step is to split the irreducible words c into distinct
cases, where the endpoints of ¢ are or are not the fixed and
privileged symbol i. We can have c = iéi, c = i¢j, c = jci,
or ¢ = j¢ck where i # j, k. The second and third cases are
equivalent. Let us count the number A, of lattice points at
radius d which ends and begins with i. Assuming d > 3, this
number satisfies the recursion

Ag = (2= DAg2+ (2 —=2)A4-1,

since we can start with an irreducible word ending in i and add
ji for j # i, or we can start with a word ending in i, remove
it (the word now ends in k), and add ji where j # k # i. With
initial conditions A; = 1 and A, = 0, the recursion is solved
by

(A2)

A =7 @-D" + = D=1,

which is valid for d > 1. At the same time, the number of
words ¢ = ixj for j # i is the total number of points starting
with i, minus those both starting and ending in i:

Bs=(z— "'~ 4y
=z (z- D"+ @ - D).

Finally, there are the words starting and ending in something
other than i, say they are C; in number. We must have that

Ag+2B;+Cy =Py (AS)

(A3)

(A4)

so we can solve for
Coi=7"(z— D + = D(=1)"),

which is again valid ford > 1.

Finally, let W¢ be the number of fully reducible words
starting at the origin and ending at a fixed point at radius d on
the lattice. Then by counting the four cases for ¢ in Eq. (A1)
and using A; = B;—1 and C; = B;41, we obtain

FEyn =WW?

(A6)

+ Z (AdW,,d*2 + 2441 W + Ad+2W,,d+2)W,f,
a>1

(A7)

where we have defined W' = W .

APPENDIX B: NUMERICAL FREE CONVOLUTION

Here we briefly review a very simple and powerful numer-
ical method for obtaining the Green’s function (also known as
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resolvent or Cauchy transform) of a sum of two free variables.
This method was brought to the authors’ attention in the
lecture notes [67].

Consider two free variables with distributions p and v.
They have Green’s functions G,(u) and G,(u). We would
like to obtain G,m, (), i.e., the Green’s function for the free
convolution p B v. The idea is to introduce “subordination”
functions w,, (1) and w, (), defined such that

Gum () = Gu(w, (1) = Gy(w,(u)).

By setting H,(u) = u+ 1/G,(u) for p = p, v, one shows via
Voiculescu’s R-transform method that

(BI)

w, () =u+H,(u+ H,(w,W))). (B2)

For any fixed u € C™ (the upper half of the complex plane),
this equation is a fixed point equation for the number w,, (). If
one iterates this equation for an initial guess wy € C™, it will
converge. Then, by sweeping through u one can obtain the
functional dependence w, (u) and thus G,m,(u). The density
of states is

D(e) = —%Im Gumy (e +i07), (B3)
showing that one really only needs to sweep through « that are
close to the real axis.

To obtain the orange curves in Figs. 8(a)-8(c), we used
the initial guess wy = 1 + i. For each fixed €, we set u = € +
i0* and then iterated Eq. (B2) until o} (1) — wZ‘l(u)l <0t
where n refers to the nth iteration. Here, we took 07 = 1077,

APPENDIX C: ARGUMENT FOR GAUSSIAN MOMENTS

In this section, we give a simple informal argument for
the full large L chain to have moments matching that of the
Gaussian distribution for any independent local terms satisfy-
ing (h;) = 0 and (h?) = 1 [70]. The moments

(H") =Y (hy)

be[L]"

(CI)

are a sum of all possible words. We would like to consider
large L, and we should consider words which are pairings,
since this maximizes the number of free indices (we cannot
have an unpaired symbol because (h;) = 0). Let P, C [L]" be
the set of pairing and noncolliding words. Here, a pairing word
is a word of even length n, with n/2 free and distinct indices,
each of which appears in two positions along the word. A
noncolliding word b is a word in which all letters of the word
are mutually far enough apart from each other such that all
terms in &, commute.

If iy, 5,13, ..., iny are the free indices in the pairing, then
we would like to require |iy — i;| > 2 for all k, [. Without the
noncolliding constraint, there are L(L — 1)(L —2)---(L —
n/2 + 1) such configurations. Considering n < L, this tends
to L™?. With the minor constraint |i; — i;| > 2, the number of
configurations of this form is smaller. However, the leading
order contribution will come from terms where all i, are
spaced far enough apart from each other and will be

L(L—-3)L—-6)---(L—-3n/24+1), (C2)

which also tends to L"/2. The same argument would apply
for |iy —i;| > & when & <« L. The reason this argument is
heuristic is that we need to first take L — oo and then take
n — o0o. The number of pairings is (n — 1)!!, and so

|P,| — L"*(n — . (C3)

It remains to show that the other types of words are sub-
leading in number. The largest possible contribution from the
other words will still be pairings, so it suffices to show that
pairing and colliding words are subleading. However, at this
point, it is clear that even a single “collision” of indices in
such a word will connect those two indices, making them no
longer both free, and the number of such words must then be
O(L"/?~1), which shows that we still have

(H"Y — L"*(n — D!, (C4)

which are the even n moments of a Gaussian with variance
2
o~ =1L.

APPENDIX D: IRREDUCIBLE CORRELATORS VANISH

In this Appendix, we give some numerical evidence that
only irreducible words of the local terms survive the large
g limit. Consider the local terms {h;}:_, with PBC so we
have that h;h; = h;h; for |i — j| > 1 (regarding 1 = L). We
numerically compute the first few average moments, (H"), of
L =4 and L = 6 chains in PBC and compare them against
the number of reducible words of length n. Since the RMT
average moments of H are a sum of all possible words,

agreement of the two calculations is good evidence that the

(a)

q=14
004 . 1 — q 6
0.02 ~ -
0.00 - T T T T L T T
0 4 8 12 0 4 8
n n

FIG. 10. Numerical evidence that only reducible words con-
tribute to the moments as ¢ — co. Panels (a) and (b) are the two
RMT models considered, and panels (c) and (d) are the respective
fractional errors between the number R, of reducible words of
length n and the RMT average moments (H"),, the latter being an
empirical average over 100 realizations. Darker blue is larger g; the
fractional error systematically decreases with g.
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irreducible words vanish and only the reducible ones con-
tribute to the moments as g — oo.

The number of reducible words, R,, of L terms in PBC
having length n are counted symbolically by generating all
possible words, then performing two sorting and reduction
steps repeatedly until the word can no longer be changed.
We assume the word contains an even number of each term,
since it will otherwise be trivially irreducible. We then sort
the terms (letters) by moving smaller indices to the left, with
the constraint that we can only swap adjacent terms A;, h; if
i # j = 1. The sorted word is then simplified using hf = 1by
removing any pairs of adjacent identical terms. We then apply
the same algorithm, but this time sorting the string largest to

smallest, and again we remove paired adjacent terms. This
is repeated until no further reductions are possible. If this
results in an empty string, we have found a reducible word.
Otherwise, we conclude the word is irreducible.

Figure 10(c) [corresponding to model (a)] and (d) [corre-
sponding to model (b)] show the fractional error

[(H") 100 — Rul/ R, (D)

where (H"),q, is an empirical average over 100 realizations of
the RMT. We see that the fractional error is on the order of one
percent, and that the error systematically decreases with g.
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