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The fermion sign problem constitutes a fundamental computational bottleneck across a plethora of research
fields in physics, quantum chemistry, and related disciplines. Recently, it has been suggested to alleviate the
sign problem in ab initio path integral molecular dynamics and path integral Monte Carlo (PIMC) calculations
based on the simulation of fictitious identical particles that are represented by a continuous quantum statistics
variable ξ [Xiong and Xiong, J. Chem. Phys. 157, 094112 (2022)]. This idea facilitated a host of applications
including the interpretation of an x-ray scattering experiment with strongly compressed beryllium at the National
Ignition Facility [Dornheim et al., Nat. Commun. 16, 5103 (2025)]. In the present work, we express the original
isothermal ξ extrapolation method as a special case of a truncated Taylor series expansion around the ξ = 0 limit
of distinguishable particles. We derive PIMC estimators that allow us to evaluate the Taylor coefficients up to
arbitrary order and we carry out extensive PIMC simulations of the warm dense electron gas to systematically
analyze the sign problem from this perspective. This gives us important insights into the applicability of the
ξ extrapolation method for different levels of quantum degeneracy in terms of the Taylor series radius of
convergence. Moreover, the direct PIMC evaluation of the ξ derivatives, in principle, removes the necessity for
simulations at different values of ξ and can facilitate more efficient simulations that are designed to maximize
compute time in those regions of the full permutation space that contribute most to the final Taylor estimate of
the fermionic expectation value of interest.

DOI: 10.1103/53fr-mnm6

I. INTRODUCTION

For over half a century, ab initio quantum Monte Carlo
(QMC) methods [1–5] have been employed with great success
to study a broad range of quantum many-body systems in both
the zero-temperature limit [1,2,5–8] and thermal equilibrium
[3,9–20]. The basic idea is usually to cast the expectation
value of a given observable of interest Ô in terms of a
high-dimensional (with D ∼ 103−7 dimensions not being un-
usual) integral. The associated curse of dimensionality is then
avoided with Monte Carlo importance sampling integration,
often using a special purpose implementation of the cele-
brated Metropolis algorithm [21]. At finite temperatures, a
particularly successful method is offered by the ab initio path
integral Monte Carlo (PIMC) approach [22–24], which is
based on the well-known classical isomorphism [25], where
the quantum many-body system of interest is mapped onto
an effectively classical system of interacting ring polymers.

*Contact author: t.dornheim@hzdr.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

Having originally been developed for the simulation of ul-
tracold helium [26,27], PIMC has since given deep insights
into important phenomena such as superfluidity [3,28–31] and
potential supersolid behavior [32,33], collective and single-
particle excitations [17,20,34–38], crystallization [39–42],
and entanglement laws [43].

A decisive factor regarding the efficiency of the PIMC
approach concerns the quantum statistics that are obeyed by
the simulated particles. For bosons and boltzmannons (i.e.,
hypothetical distinguishable quantum particles), all contribu-
tions to the partition function are strictly non-negative. Thus,
the corresponding path integral configuration space is ideally
suited for Metropolis Monte Carlo sampling, and quasi-exact
(within the given statistical Monte Carlo error bars) simula-
tions of up to N ∼ 104 particles have been reported [16,44].
The situation is dramatically changed for fermions, where
the antisymmetry of the thermal density matrix under the
exchange of particle coordinates induces sign changes in
the respective contributions to both the partition function and
the observables. The resulting cancellation of positive and
negative terms is the root cause of the notorious fermion sign
problem [45–47], which manifests itself as an exponential
increase in the compute time required to attain a specific level
of accuracy upon increasing the system size N or decreas-
ing the temperature T . In practice, the sign problem limits
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direct PIMC simulations of fermions to moderate system sizes
(N ∼ 100−102) and weak-to-moderate levels of quantum de-
generacy [47,48]. This is unfortunate, as degenerate Fermi
systems potentially offer a wealth of interesting physics, such
as the Bardeen Cooper Schrieffer-Bose Einstein condensate
(BCS-BEC) transition in ultracold 3He [49], roton-type col-
lective modes in Fermi liquids [50–54], and the formation of
Wigner molecules or crystals at low density [40,42,55–57].
A particularly important application is given by so-called
warm dense matter [58], an extreme state that naturally occurs
in a host of compact astrophysical objects [59–62], which is
also highly relevant for material science [63–65] and inertial
confinement fusion experiments [66–69]. This regime is char-
acterized by the complex interplay of Coulomb correlations,
thermal excitations, and partial electron degeneracy, making
holistic descriptions using state-of-the-art ab initio methods
such as PIMC paramount [70–72].

The rather pressing need to understand interacting quantum
many-fermion systems has sparked a surge of developments
in corresponding finite-temperature QMC methodologies
[13–15,19,73–91]; see also Refs. [58,71,72] and references
therein. A particularly interesting approach is offered by
the simulation of fictitious identical particles guided by the
continuous quantum statistics variable ξ [80,81,84,86,87,91–
100], where the cases of ξ = −1, ξ = 0, and ξ = 1 cor-
respond to the physically relevant cases of Fermi-Dirac,
Maxwell-Boltzmann, and Bose-Einstein statistics, respec-
tively. Specifically, Xiong and Xiong [80] have suggested to
carry out simulations in the sign-problem free domain of ξ �
0 and then extrapolate to the fermionic limit of ξ = −1 us-
ing an empirical quadratic ansatz. Subsequent studies [84,86]
have substantiated the high quality of the ξ extrapolation
method for weak-to-moderate levels of quantum degener-
acy. Importantly, when applicable, this method completely
removes the fermionic cancellation problem, facilitating sim-
ulations of up to N = 1000 electrons [93] as well as the first
direct comparison between ab initio PIMC simulations and
an x-ray scattering measurement on warm dense beryllium
performed at the National Ignition Facility (NIF) in Livermore
[51,95,101]. Moreover, complete access to the full set of ob-
servables (including dynamic information as encoded into the
variety of imaginary-time correlation functions [102–106]) is
retained, in contrast to other methods (e.g., those relying on
nodal restrictions [107]).

In the present work, we report a generalized Taylor series
perspective on PIMC simulations of fictitious identical par-
ticles, which contains the original, empirical ξ extrapolation
technique as a special case. To this end, we derive estima-
tors that allow us to evaluate the Taylor extrapolation to the
fermionic limit of ξ = −1 (and any other value of ξ ) up to
arbitrary order from a single PIMC simulation at any reason-
able reference value ξref > 0. Choosing the boltzmannon case
of ξ = 0 as the basis for the Taylor series, our findings seem
to indicate that the physically meaningful cases of ξ = 1 and

ξ = −1 are indeed within its radius of convergence for the
studied cases as far as it can be resolved within the given
error bars. Furthermore, the convergence radius appears to
approach unity from above upon decreasing the temperature.
Crucially, access to the full Taylor series allows us to rig-
orously assess the convergence with the number of Taylor
coefficients and, in this way, to choose appropriate levels of
truncation. This, in turn, nicely verifies the quadratic empir-
ical extrapolation that has been employed in previous works
[80,84,86,94]. As a practical example, we consider the warm
dense uniform electron gas (UEG) [108–110]—the quan-
tum version of the classical one-component plasma—which
has attracted a surge of interest over the last decade or so
[19,36,77,79,108,111–128] owing to its relevance for a variety
of warm dense matter applications, including thermal density
functional theory simulations [129–135]. Nevertheless, our
methodology and conclusions are very general and expected
to be relevant for PIMC simulations of a gamut of interact-
ing Fermi-Dirac systems, including ultracold atoms and real
warm dense matter systems comprised of both electrons and
ions.

The paper is organized as follows: In Sec. II, we introduce
the required theoretical background, starting with the UEG
model (Sec. II A), a brief discussion of PIMC (Sec. II B), and
the simulation of fictitious identical particles (Sec. II C). This
is followed by the introduction of the Taylor series perspective
(Sec. II D) and the PIMC estimators for the ξ derivatives
(Sec. II E). Section III contains the detailed presentation of our
simulation results, including the analysis of the convergence
radii (Sec. III A), the study of ξ derivatives (Sec. III B), and the
investigation of the practical convergence of the Taylor series
at different conditions (Sec. III C). The paper is concluded by
a summary and outlook in Sec. IV.

II. THEORY

We assume Hartree atomic units throughout this work.

A. Uniform electron gas model

The UEG, also known as jellium, constitutes the quantum
version of the classical one-component plasma [136,137].
In the context of this work, we simulate N = N↑ + N↓
spin-unpolarized electrons in standard periodic boundary con-
ditions, with N↑ and N↓ the equal numbers of spin-up and
spin-down electrons. Following Fraser et al. [138], we express
the corresponding N-body Hamiltonian as

ĤE = −1

2

N∑
l=1

∇2
l +

N∑
l<k

φE(r̂l , r̂k ) + NξM

2
, (1)

where ξM = −2.837 297(3/4π )1/3N−1/3r−1
s is the Madelung

constant [12]. The Ewald pair potential φE(ra, rb) already
includes the interaction between the electrons and the homo-
geneous neutralizing positive background and is given by

φE(ra, rb) = 1

�

∑
G �=0

exp
(

i2πG · (ra − rb) − π2G2

κ2

)
πG2

− π

κ2�
+

∑
n

erfc(κ|ra − rb + nL|)
|ra − rb + nL| , (2)
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with n = (nx, ny, nz )T being an integer vector and where
the reciprocal lattice vectors G have been defined without
the often included factor of 2π . For completeness, we note
that other potentials have been explored in the literature
[88,97,139–144], but using the standard Ewald method al-
lows for direct comparisons with other PIMC variants, most
notably configuration PIMC (CIPMC) [12,73,74,108,145] at
high densities.

The unpolarized UEG is conveniently characterized by
two dimensionless parameters [146]: The density parameter
rs = (3/4πn)1/3 = d/aB is given by the Wigner-Seitz radius
in units of the Bohr radius and serves as the quantum coupling
parameter; the reduced degeneracy temperature � = T/EF is
given by the ratio of the thermal energy to the Fermi energy
and constitutes a straightforward measure for the degree of
quantum degeneracy (with � � 1 and � � 1 the fully de-
generate and semiclassical limits, respectively). In the warm
dense matter regime, which is of considerable interest for
astrophysics, planetary science, material science, and inertial
fusion energy [58], we have rs ∼ � ∼ 1, indicating a com-
plex interplay of thermal, quantum, and Coulomb coupling
effects.

Originally developed as a model for conduction elec-
trons in simple metals [110,147], the UEG has emerged
as the archetypal model system of interacting electrons
with a plethora of practical applications. For example,
highly accurate parametrizations of UEG properties such
as the exchange-correlation (free) energy [112,115,148–150]
and linear density response function [117,151–154], based
on state-of-the-art QMC simulations [6,108,114,155–160],
constitute important input for other calculations, most no-
tably density functional theory simulations of real materials
[58,72,161].

In the warm dense matter regime, the extensive body of
thermal QMC simulations includes results for the energy, free
energy, and chemical potential [12,14,19,73,74,77,79,85,96,
114,145,162–165], momentum distribution [120,166–168],
linear [116,117,119,126,158,169–171] and nonlinear
[102,118,172–178] density response, dynamic structure
factor [36,53,179–181], and related dynamic properties
[182,183].

B. Path integral Monte Carlo

In the following, we give a concise introduction to certain
aspects of the PIMC method that are relevant for the present
investigation. More detailed introductions to PIMC can be
found, e.g., in Refs. [3,16,22,24,184].

Throughout this work, we consider N particles in a cubic
simulation cell of volume � = L3 in the canonical ensemble,
meaning that N , �, and the inverse temperature β = 1/T are
fixed. On the most abstract level, the path integral form of the
canonical partition function Z can be expressed as

Zξ (β, N,�) =
∑∫

dXW (X)ξNpp(X)︸ ︷︷ ︸
Wξ (X)

, (3)

where the metavariable X = (R0, . . . , RP−1)T contains the
coordinates of all particles on all P imaginary time slices,
with Rα = (r1, . . . , rN )T being the N-particle coordinate on

time slice α at τ = −iαε where ε = β/P is the imaginary
time step. We note that it holds R0 ≡ RP; the paths are,
hence, closed, giving rise to their interpretation as ring poly-
mers [25], with W (X) being their associated configuration
weight containing both kinetic and potential terms; it is a
function that can straightforwardly be evaluated in practice.
The notation �

∫
dX in Eq. (3) implies that we have to in-

tegrate over all 3NP dimensions of the metavariable X and,
in addition, also includes the sum over all possible per-
mutations of particle coordinates of particles of the same
spin orientation (i.e., spin-up and spin-down electrons for
the unpolarized UEG). Finally, the aforementioned variable
ξ takes into account quantum statistics, with ξ = −1, 0, 1
corresponding to fermions, boltzmannons, and bosons, re-
spectively, and Npp(X) being the corresponding number of
pair permutations. For the purposes of the present work,
any ξ ∈ R constitutes a valid option. The basic idea of the
PIMC method is to use a modern implementation of the
Metropolis algorithm [16,167,185] to stochastically gener-
ate a Markov chain {X}i that is distributed according to
Pξ (X) = Wξ (X)/Zξ ; we note that the arguments (β, N,�)
will be suppressed for simplicity throughout the remainder of
this work. The corresponding Monte Carlo estimate for the
thermodynamic equilibrium expectation value of an arbitrary
observable Ô is

〈Ô〉ξ = 1

Zξ

∑∫
dX Wξ (X)O(X), (4)

where O(X) denotes the corresponding Monte Carlo
estimator.

Unfortunately, both Pξ (X) and Wξ (X) can be either positive
or negative for ξ < 0, which is, respectively, the case when
Npp is even or odd. This precludes their interpretation as a
probability distribution, requiring a further intermediate step.
As a practical workaround, we sample path configurations
X according to the modified probability distribution P′

ξ (X) =
|Wξ (X)|/Z ′

ξ = P|ξ |(X), and the exact signful expectation value
is then given by

〈Ô〉ξ<0 = 〈ÔŜ〉|ξ |
〈Ŝ〉|ξ |

, (5)

where the numerator and denominator are computed as a
Monte Carlo average with respect to the absolute value of
ξ . We note that S ≡ 〈Ŝ〉|ξ |, with S(X) = |Wξ (X)|/Wξ (X), is
known as the average sign in the literature and constitutes
a direct measure for the degree of cancellations within the
PIMC simulation for fermionic observables. Fermionic PIMC
simulations are generally feasible for S � 10−2−10−3 [47].

C. Fictitious identical particles and reweighting

In their seminal work, Xiong and Xiong [80] have
proposed to carry out path integral molecular dynamics sim-
ulations [82,186] for continuous non-negative values of ξ

and then subsequently extrapolate to the fermionic limit of
ξ = −1 using the empirical parabolic ansatz

Oξ = aO + bOξ + cOξ 2, (6)

with aO, bO, and cO free fit parameters. Usually, simula-
tions have been performed on a grid with ξ ∈ [0, 1] although
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alternative intervals ξ ∈ [ξmin, ξmax] are certainly possible.
While choosing ξmin > 0 makes no practical sense, it seems
worthwhile to attempt to choose ξmin as close to ξ = −1 as
possible to explicitly capture more of the fermionic sector;
this can be possible even in situations where the full fermion
sign problem is rather severe as the average sign increases
exponentially upon decreasing |ξ | in the fermionic sector of
ξ < 0 [84,96]. Similarly, one might choose ξmax larger or
smaller than unity. A more systematic answer to this question
can be given in terms of the radius of convergence of the
Taylor series [see Eqs. (14) and (15)].

Clearly, PIMC simulations for ξ � 0 are not subject
to the exponential computation bottleneck inherent to the

fermion sign problem. Having to perform Nξ = 5−20 inde-
pendent PIMC simulations for different values of ξ � 0 thus
appears to be a reasonable trade-off to extend the capabili-
ties of standard PIMC to larger system sizes. At the same
time, simulations of N ∼ O(102) particles on P ∼ O(102)
imaginary-time slices can be computationally demanding
even without the sign problem. To avoid this obstacle,
Dornheim et al. [91] have recently presented a reweighting
estimator, which, in principle, allows the evaluation of the
full ξ dependence from a single PIMC simulation at an ar-
bitrary reference value ξref. Specifically, we can express the
expectation value of an observable Ô at any ξ in terms of its
expectation values at ξref,

〈Ô〉ξ = Zξref

Zξ

1

Zξref

∑
σ∈SN

∫
dX Wξref (X)

Wξ (X)

Wξref (X)
O(X)︸ ︷︷ ︸

Oξref ,ξ (X)

= Zξref

Zξ

〈Ôξref,ξ 〉ξref , (7)

Zξ

Zξref

= 1

Zξref

∑
σ∈SN

∫
dX Wξref (X)

Wξ (X)

Wξref (X)
=

〈
Wξ (X)

Wξref (X)

〉
ξref

, (8)

leading to the estimator

〈Ô〉ξ = 〈Ôξref,ξ 〉ξref〈 Wξ (X)
Wξref (X)

〉
ξref

, (9)

with the ratio of configuration weights given by

Wξ (X)

Wξref (X)
=

(
ξ

ξref

)Npp

. (10)

In essence, Eq. (9) constitutes a reweighting estimator, where
measurements of the estimator O(X) are weighted by Eq. (10)
and then renormalized by Eq. (8).

D. Taylor series and extrapolation

Within the reasonable assumption that the Oξ expectation
value of an observable Ô constitutes a smooth, continuous
and infinitely differentiable function with respect to ξ at a
reference real number ξT, as it has been verified empirically
in recent PIMC investigations [80,84,91], we can express Oξ

as a Taylor series around the reference value ξT,

O(ξ ) = O∞,ξT (ξ ) =
∞∑

ν=0

(ξ − ξT)ν

ν!

∂ν

∂ξν
Oξ

∣∣∣∣∣
ξ=ξT

. (11)

In practice, the Taylor series would need to be truncated at a
polynomial degree p,

Op,ξT (ξ ) =
p∑

ν=0

(ξ − ξT)ν

ν!

∂ν

∂ξν
Oξ

∣∣∣∣∣
ξ=ξT

. (12)

It is apparent that the standard ξ extrapolation method, based
on the empirical parabolic fit formula Eq. (6), corresponds to
the special case of O2,0(ξ ).

Heuristically, it makes sense to choose ξT = 0, which mini-
mizes the extrapolation interval from the bosonic sector to the
fermionic limit of interest. Then, the truncated version Op,0(ξ )

is automatically expressed as a canonical polynomial,

Op,0(ξ ) =
p∑

ν=0

cνξ
ν, (13)

which, among other things, lends itself for a fit to PIMC
results for Oξ in the sign-problem free domain of ξ � 0.
Naively, it might seem beneficial to consider a ξ interval
with ξmax � 1 in order to extract as many coefficients cν as
possible. In this regard, however, it is important to recall the
a priori unknown radius of convergence r of Eq. (11). In
general, a Taylor series converges within the radius r if one
of two limits exists [187]

r = lim
ν→∞

1
ν
√|cν |

, (14)

r = lim
ν→∞

∣∣∣∣ cν

cν+1

∣∣∣∣ . (15)

In practice, the root test of Eq. (14) will be considered
throughout this investigation, since the ratio test of Eq. (15)
is rendered ineffective by the oscillating nature of the cν

coefficients at strong degeneracy. A polynomial fit according
to Eqs. (12) and (13) outside of ξ ∈ [0, r) (where we again
limit ourselves to the bosonic sector) will thus not yield any
information that is pertinent to the attempted extrapolation to
ξ = −1. In fact, it is not obvious to the present authors that
the circle of convergence of Op,0(ξ ) must include the physical
limits of ξ = ±1. However, we empirically verify this based
on extensive PIMC results in Sec. III.

E. PIMC estimation of ξ derivatives

Aiming to derive estimators for the ξ derivatives of 〈Ô〉ξ ,
we introduce the convenient shorthand notation

〈Ô〉ξ = 1

Zξ

∑∫
dX W (X)O(X)ξNpp = Oξ

Zξ

, (16)
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where Oξ denotes the un-normalized Ô expectation value at ξ .
We first consider the case of ξ �= 0, for which

∂Oξ

∂ξ
=

∑∫
W (X)ξNpp(X) O(X)Npp(X)

ξ
, (17)

∂Zξ

∂ξ
=

∑∫
W (X)ξNpp(X) Npp(X)

ξ
. (18)

Combining Eqs. (17) and (18) with the quotient rule yields

∂〈Ô〉ξ
∂ξ

= 〈ÔN̂pp〉ξ − 〈Ô〉ξ 〈N̂pp〉ξ
ξ

. (19)

Evidently, Eq. (19) can directly be used to compute the ξ

derivatives of any expectation value, including 〈ÔN̂pp〉ξ and
〈N̂pp〉ξ that are needed for the computation of the higher-order
derivatives. In this way, Eq. (19) serves as a generator of
derivatives of arbitrary order. We find

∂2〈Ô〉ξ
∂ξ 2

= 1

ξ 2

{〈Ô〉ξ
(〈N̂pp〉ξ + 2〈N̂pp〉2

ξ − 〈
N̂2

pp

〉
ξ

) − 〈ÔN̂pp〉ξ (2〈N̂pp〉ξ + 1) + 〈
ÔN̂2

pp

〉
ξ

}
, (20)

∂3〈Ô〉ξ
∂ξ 3

= 1

ξ 3

{〈Ô〉ξ
(
2〈N̂pp〉ξ + 6〈N̂pp〉2

ξ − 3
〈
N̂2

pp

〉
ξ
+ 6〈N̂pp〉3

ξ − 6〈N̂pp〉ξ
〈
N̂2

pp

〉
ξ
+ 〈

N̂3
pp

〉
ξ

)
−〈ÔN̂pp〉ξ

(
2 + 6〈N̂pp〉ξ + 6〈N̂pp〉2

ξ − 3
〈
N̂2

pp

〉
ξ

) + 〈
ÔN̂2

pp

〉
ξ
3(1 + 〈N̂pp〉ξ ) − 〈

ÔN̂3
pp

〉
ξ

}
. (21)

We then consider the case where ξ = 0, which is of the highest interest for the Taylor extrapolation to the fermionic limit of
ξ = −1 discussed above. It is straightforward to obtain

∂ν

∂ξν
Zξ

∣∣∣∣
ξ=0

= ν!
∑∫

Npp≡ν

dX W (X) =: Z (ν) ν!, (22)

∂ν

∂ξν
Oξ

∣∣∣∣
ξ=0

= ν!
∑∫

Npp≡ν

dX W (X)O(X) = Z (ν)〈Ô〉Npp≡ν ν!, (23)

where �
∫

Npp≡ν
dX implies that only path-integral configurations with Npp = ν contribute. Equation (16) lends itself to an

implementation of the generalized quotient rule [188]

∂ν

∂ξν

(
Oξ

Zξ

)
=

ν∑
κ=0

(
ν

κ

)
O(κ )

ξ

(−1)ν−κ

Z (ν−κ+1)
ξ

Bν−κ

(
Z (1)

ξ , Z (2)
ξ , . . . , Z (ν−κ )

ξ

)
, (24)

with Bν−κ (· · · ) the complete Bell polynomials and Z (a)
ξ being the ath derivative with respect to ξ . In practice, we can estimate

Z (ν) and 〈Ô〉Npp≡ν , up to a proportionality factor that cancels in view of Eq. (24), by only measuring observables in our PIMC
simulation when Npp = ν,

Z (ν)

Ztot
= 〈

δ̂Npp,ν

〉
tot

〈Ô〉Npp≡ν = Ztot

Z (ν)

〈
Ôδ̂Npp,ν

〉
tot

, (25)

with 〈· · ·〉tot and Ztot indicating the full configuration space that can contain paths with any value of Npp. For the first three orders,
Eq. (24) gives

∂〈Ô〉ξ
∂ξ

∣∣∣∣∣
ξ=0

= ZNpp≡1

ZNpp≡0

{〈Ô〉Npp≡1 − 〈Ô〉Npp≡0
}
, (26)

∂2〈Ô〉ξ
∂ξ 2

∣∣∣∣∣
ξ=0

= 2

{
ZNpp≡2

ZNpp≡0

(〈Ô〉Npp≡2 − 〈Ô〉Npp≡0
) −

(
ZNpp≡1

ZNpp≡0

)2(〈Ô〉Npp≡1 − 〈Ô〉Npp≡0
)}

, (27)

∂3〈Ô〉ξ
∂ξ 3

∣∣∣∣∣
ξ=0

= 6

{
ZNpp≡3

ZNpp≡0

(〈Ô〉Npp≡3 − 〈Ô〉Npp≡0
) +

(
ZNpp≡1

ZNpp≡0

)3(〈Ô〉Npp≡1 − 〈Ô〉Npp≡0
)}

−
(

ZNpp≡2

ZNpp≡0

)(
ZNpp≡1

ZNpp≡0

){
6〈Ô〉Npp≡2 + 6〈Ô〉Npp≡1 − 12〈Ô〉Npp≡0

}
. (28)

We conclude the theoretical background with a concise
summary of the structure of the resulting Taylor extrapola-
tion around ξT = 0 to the fermionic limit of ξ = −1. First,
evaluating the Taylor series up to an order p involves path

configurations with up to Npp = p pair permutations. These
path configurations can, in general, be comprised of a va-
riety of combinations of permutation cycles and topologies
[189–191]. For a spin-unpolarized system, the maximum
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FIG. 1. Dependence of the total energy (per particle) (left) and the average sign S (right) on the fictitious quantum statistics variable ξ

for the unpolarized UEG at rs = 0.5 with N = 14 electrons. Results are shown for � = 1 (black), � = 0.75 (red), and � = 0.5 (gold). The
shaded areas indicate the corresponding uncertainty, the horizontal dotted lines correspond to highly accurate CPIMC reference results for
ξ = −1, and the vertical dotted green lines indicate the physically meaningful cases of ξ = −1 (Fermi-Dirac), ξ = 0 (Maxwell-Boltzmann),
and ξ = 1 (Bose-Einstein). For each quantum degeneracy, the entire depicted ξ dependence has been obtained from a single PIMC simulation
at a reference value of ξref = 1 using the reweighting estimator [Eq. (9)] [91].

possible number of pair exchanges is given by Nmax
pp =

2(N/2 − 1); nevertheless, derivatives of the order ν > Nmax
pp

do not vanish, since terms with Npp < ν contribute to Eq. (24).
Finally, we note that the evaluation of Eqs. (22) and (23),
which is the only PIMC expectation value required to evaluate
the Taylor series, does not involve any fermionic cancellation
and is, thus, formally sign-problem free. Unfortunately, the
generalized quotient rule [Eq. (24)] does involve cancella-
tions between these expectation values [this can be discerned
already in Eqs. (26)–(28)]. As we shall see in Sec. III, this
reintroduces the original fermion sign problem in the limit
of p → ∞. Yet, a reasonable and often well justified trun-
cation of the Taylor series at a finite p � 3 can produce
reliable results without the full cancellation problem as we
will demonstrate empirically in the following.

III. RESULTS

We use a canonical adaption [167] of the worm algorithm
by Boninsegni et al. [16,44] as it has been implemented into
the open-source ISHTAR code [192]. A repository containing
all PIMC results is available online [193]. CPIMC [12,73]
results have been obtained using the open-source Julia imple-
mentation CPIMC.jl [194].

A. General results: dependence on ξ and radius of convergence

As a starting point, we investigate the dependence of dif-
ferent observables on the quantum statistics variable ξ for the
UEG at rs = 0.5 in Fig. 1. These conditions can be realized
in compression experiments, e.g., at the NIF [195,196], and
play an important role in inertial fusion energy applications

[58]. Furthermore, due to the relatively weak coupling, highly
accurate CPIMC [12,74] reference results are available as a
rigorous benchmark for any attempted Taylor series extrap-
olation. Finally, these conditions were also considered by
Dornheim et al. [84], who found that the original ξ extrap-
olation guided by Eq. (6) breaks down for � = 0.5. Below,
we will analyze this breakdown from the perspective of the
full Taylor series expansion introduced in Sec. II D.

All results shown in Fig. 1 have been obtained for N = 14
particles, and the black, red, and golden curves correspond to
� = 1, � = 0.75, and � = 0.5, respectively. Specifically, we
use the reweighting estimator from Eq. (9) with a reference
value of ξref = 1 [91]. The shaded areas represent the statisti-
cal uncertainty that we estimate from the ratio estimate given
by Hatano [197]; we have compared these error estimates
with a standard jackknife procedure [198] for selected cases
and found them to be indistinguishable. The vertical dotted
green lines indicate the physically relevant cases of fermions,
boltzmannons, and bosons.

The left panel shows results for the ξ dependence of the
total energy per particle, and the horizontal dotted lines rep-
resent quasi-exact CPIMC data (with the associated statistical
errors being smaller than the width of the lines). For � = 1
and � = 0.75, the direct PIMC method is capable of provid-
ing accurate results for the fermionic limit of ξ = −1, which
nicely agree with the CPIMC results within the error intervals.
In stark contrast, the error interval diverges for ξ → −1 for
� = 0.5. This is a direct consequence of the average sign S
vanishing within the given Monte Carlo error bars (see the
right panel of Fig. 1). At a first glance, the dependence of S
on ξ over the full depicted ξ range appears to be counterin-
tuitive and nontrivial. Starting at |ξ | = 0, we find the usual
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monotonic decay of the sign that appears to follow the ex-
pected exponential behavior [96] for all three temperatures. At
some point, the sign vanishes within error bars; unfortunately,
this happens before the fermionic limit of ξ = −1 for � = 0.5
and for somewhat larger |ξ | for the two higher values of �. For
even larger |ξ |, the sign starts to increase again. This is a direct
consequence of the function of the ξ term as an Npp-dependent
weight in the partition function [cf. Eq. (3)]. For |ξ | � 1,
configurations with large Npp are actually being favored in
the PIMC generated Markov chain, eventually leading to an
exclusive sampling of paths with the maximum possible num-
ber Nmax

pp . In this limit (which is always associated with a
positive sign for spin-unpolarized systems), there is no more
cancellation between adjacent permutation sectors, and the
simulation will be sign-problem free for both positive and
negative values of ξ .

Returning to the ξ dependence of the total energy per parti-
cle in the left panel of Fig. 1, we observe an increasingly steep
dependence of E (ξ ) on ξ for ξ ∈ [−1, 1] with decreasing
temperatures, reflecting the increasing dissimilarity between
the corresponding bosonic and fermionic limits as the impact
of quantum statistics becomes more important. Moreover, the
dependence on ξ appears to be almost linear in this range for
� = 1 and still relatively simple for � = 0.75. In contrast,
the exact CPIMC result for ξ = −1 implies the presence of an
inflection point around ξ ≈ −0.7 for � = 0.5, thus resulting
in a substantially more complicated dependence of E on ξ .
In the context of the present work, a crucial question is thus
if it is even theoretically possible to use a Taylor series to go
beyond the inflection point and reach ξ = −1 even in the limit
of p → ∞.

To answer this question, we have repeated the above sim-
ulations for N = 8 electrons, for which the fermionic limit of
ξ = −1 can be reached within the limit of feasible computa-
tional effort, and we find an average sign of S = 0.003 59(2)
for � = 0.5. The results are shown in Fig. 2, and the top
panel shows the interaction energy per particle as a func-
tion of ξ with the same color code as in Fig. 1. Equivalent
conclusions can be drawn from the total energy and kinetic
energy, but the interaction energy is particularly convenient
for our purposes as its Monte Carlo estimator has an intrin-
sically lower variance [199]. Interestingly, we find a polelike
phenomenon for all three curves for different values of |ξ |.
These “pseudodivergencies” can be directly traced back to
the average sign vanishing within error bars (see the bottom
panel of Fig. 2). For completeness, we note that the existence
of an actual pole, or, equivalently, of a truly vanishing sign
fundamentally cannot be resolved with PIMC: The only con-
clusion that we can draw is that the average sign is definitely
smaller than our statistical error bars; resolving an actual pole
with S ≡ 0 would, by definition, require an infinite amount
of compute time. Since the average sign in direct PIMC is
just the ratio of fermionic and bosonic partition functions,
S = Zξ /Z|ξ | [47], a vanishing sign would be connected with a
zero in Zξ as Z|ξ | is always larger than zero. This phenomenon
has recently been explored by He et al. [200]. In particular,
these authors extended the domain of definition of ξ from the
real axis to the complex plane and studied the distribution of
the complex roots of Zξ , which translate to complex poles
of 〈Ô〉ξ . When these zeros approach the fermionic sector
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FIG. 2. Dependence of the interaction energy per particle (top)
and the average sign (bottom) on the fictitious quantum statistics
variable ξ for the unpolarized UEG with N = 8 particles at rs = 0.5
and � = 1 (black), � = 0.75 (red), and � = 0.5 (gold).

ξ ∈ [−1, 0] of the real axis, any polynomial extrapolation
is bound to fail. In particular, in the zero-temperature limit,
these authors report the occurrence of such Zξ zeros for
ξ = −1,−1/2,−1/3, . . . ,−1/(N − 1), thus fundamentally
preventing bosonic to fermionic extrapolations along the real
axis. This conclusion is somewhat expected as it has been
known that PIMC cannot directly reach the limit of β → ∞
[201]. Fortunately, we do not find any zeros in Zξ for |ξ | � 1.
At the same time, our PIMC simulations clearly show that
the observed “pseudopoles”/“pseudozeros” move closer to
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FIG. 3. Dependence of the radius of convergence estimate of the
Taylor series around ξT = 0 on the polynomial order ν [cf. Eq. (14)]
for the unpolarized UEG with N = 8 particles at rs = 0.5 and � = 1
(black), � = 0.75 (red), and � = 0.5 (gold). The horizontal dashed
lines indicate the position of the “pseudo-poles” shown in the top
panel of Fig. 2. The error estimates (shaded areas) have been obtained
using a standard jackknife resampling scheme [198].

|ξ | = 1 with decreasing � for the investigated temperatures.
Despite the fact that we constrained ourselves along the real
axis, this is qualitatively consistent with Ref. [200].

In Fig. 3, we show the radius of convergence r com-
puted via Eq. (14) as a function of the degree of the
coefficients ν (solid lines) evaluated from the same PIMC
simulations as Fig. 2 for the expansion point ξT = 0, i.e.,
computed directly from the ξ derivatives. Interestingly, these
curves are in very good agreement with the position of the
“pseudopoles,” which are included as the horizontal dashed
lines. Importantly, the radius of convergence includes the
physically relevant limit of |ξ | = 1 in all cases, leaving
the door open to a controlled Taylor extrapolation to the
fermionic limit.

Let us next consider the dependence of these findings on
the number of simulated electrons N . In the top panel of Fig. 4,
we show the ξ dependence of the potential energy per particle,
with a particular focus on the location of the “pseudo-poles.”
Interestingly, the latter only appears in our PIMC results
for N = 4 (dashed gold) and N = 8 (solid black), but not
for N = 6 (dotted red). This is further substantiated by the
average sign S shown in the bottom panel of Fig. 4. Evi-
dently, S vanishes for all depicted N within the given Monte
Carlo error bars around |ξ | = 1.5, except for N = 6. This
is likely a consequence of some special symmetry for this
particular case; otherwise, the occurrence and the location
of the “pseudo-pole” appear to be a general feature of the
UEG, and likely of Fermi-Dirac systems overall. In Fig. 5, we
show the corresponding convergence radii as a function of the
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FIG. 4. Dependence of the total energy (per particle) (top) and
average sign S (bottom) on the fictitious quantum statistics vari-
able ξ for the unpolarized UEG at rs = 0.5 and � = 0.5. Results
for N = 8 (solid black), N = 6 (dotted red), and N = 4 (dashed
golden). For the average sign, results are also shown for N = 14
(dashed-double-dotted green), N = 12 (dashed-triple-dotted gray),
and N = 10 (dash-dotted blue). Shaded areas indicate the statistical
uncertainty.

polynomial degree ν. These curves are generally above unity,
substantiating the principal possibility of a Taylor extrapola-
tion to the fermionic limit; nevertheless, results for N = 14 are
consistent with unity, which already indicates the difficulty of
an extrapolation to the fermionic limit of ξ = −1.
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FIG. 5. Dependence of the radius of convergence estimate of
the Taylor series around ξT = 0 on the polynomial order ν [cf.
Eq. (14)] for the unpolarized UEG at rs = 0.5 and � = 0.5. Results
for N = 14 (dashed-double-dotted green), N = 12 (dashed-triple-
dotted gray), N = 10 (dash-dotted blue), N = 8 (solid black), N = 6
(dotted red), and N = 4 (dashed golden).

As the final question, we investigate the dependence of
these findings on the density parameter in Fig. 6 for N = 8
and � = 0.5. The black curve has been obtained for rs = 10,
which is on the margin of the strongly coupled electron liquid
regime [36,110,169,202], and the red curve corresponds to
rs = 3.23, i.e., the electron number density of solid density
hydrogen that is realized, e.g., in experiments with hydrogen
jets [52,72,203,204]; the yellow curve represents rs = 0.5, the
weakly coupled high-density regime that we have considered
so far. Interestingly, we only find the “pseudo-poles” for rs =
3.23 and rs = 0.5, whereas it is absent for rs = 10. Indeed,
the sign remains finite and can be resolved within the given
error bars over the entire ξ range. Second, we find that the
position of the “pseudo-poles” moves toward smaller |ξ | with
decreasing coupling strength and, thus, with increasing de-
gree of quantum degeneracy. This is also directly reflected by
the convergence radii of the Taylor expansion around ξT = 0
shown in Fig. 7.

Let us conclude this section with an attempted practical
interpretation of the reported observations. Empirically, we
find that the radius of convergence of the Taylor expansion
around the Maxwell-Boltzmann system is directly connected
to the (negative) value of ξ at which the average sign and,
hence, the fermionic partition function vanishes. For the phys-
ically relevant domain of ξ ∈ [−1, 1], the sign is expected to
vanish only in the ground-state limit of β → ∞ (� = 0). We,
therefore, expect Taylor extrapolations to the fermionic limit
to converge at any finite temperature, even though, as we shall
see below, the estimation of all significant coefficients might
be unfeasible in practice.
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FIG. 6. Dependence of the interaction energy per particle (top)
and the average sign (bottom) on the fictitious quantum statistics
variable ξ for the unpolarized UEG with N = 8 particles at � = 0.5.
Results for rs = 10 (dashed black), rs = 3.23 (dashed red), and rs =
0.5 (dashed golden).

B. PIMC results for ξ derivatives

Let us next turn our attention to the derivatives of expecta-
tion values with respect to ξ , which play a central role for
our Taylor series perspective. As an example, we consider
the interaction energy per particle V/N , which is shown in
Fig. 8 for N = 8 at rs = 0.5 and three temperatures. In addi-
tion, we have performed polynomial fits of the order p = 2
according to Eq. (13) for ξ ∈ [0, 1], corresponding to the
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Taylor series around ξT = 0 as a function of the polynomial order ν

[cf. Eq. (14)] for the unpolarized UEG with N = 8 particles at � =
0.5. Results for rs = 10 (dashed black), rs = 3.23 (dashed red), and
rs = 0.5 (dashed golden).
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N = 8 particles at rs = 0.5 and � = 1 (black), � = 0.75 (red), and
� = 0.5 (gold). The green dots correspond to bosonic sector (within
the fitting range of ξ ∈ [0, 1]) polynomial fits of the order of p = 2
[cf. Eq. (13)].

usual isothermal ξ extrapolation carried out in previous works
[80,84,86,93]. For � = 1 (black curve), the dependence of
V on ξ is almost linear for ξ ∈ [−1, 1] and the fermionic
limit of ξ = −1 is accurately reproduced by the parabolic
extrapolation. For � = 0.75 (red curve), the dependence of
V on ξ is noticeably less linear. As a result, the parabolic
polynomial fit does reproduce its input data in the fitting
interval of ξ ∈ [0, 1], but the gap to the true fermionic limit
widens compared to the higher temperature. Finally, we find
a substantially less trivial dependence of V on ξ for � = 0.5
(golden curve), with a pronounced curvature for ξ ∈ [0, 1] and
a significantly more linear progression for ξ ∈ [−1, 0]. The
parabolic extrapolation is not capable of reproducing this in-
tricate ξ dependence in the signful domain, and the relatively
good agreement at ξ = −1 has to be viewed as coincidental.

A more systematic analysis of the polynomial fitting and
extrapolation is presented in Fig. 9 for different polynomial
degrees p. For � = 1 (top panel), only the linear fit (p = 1,
black) is incapable of reproducing the interaction energy in the
fitting range of ξ ∈ [0, 1] with deviations of �V/V � 0.1%,
resulting in an extrapolation to the fermionic limit with an
error of ∼0.8%. Interestingly, this error can be reduced with
increasing p beyond p = 2, although this strategy is only
expected to work when the accuracy of the underlying PIMC
data is high enough to directly resolve the fermionic limit. The
parabolic fit gives a systematic error of � 0.3% for ξ = −1,
which is consistent with previous works [84]. Let us next
turn to � = 0.75, for which an analogous analysis is shown
in the center panel of Fig. 9. Overall, we observe the same
qualitative trends as for � = 1, albeit with somewhat larger
systematic errors compared to � = 1. Specifically, we find a
systematic error of 1% for the standard ξ extrapolation with
p = 2 and even for p = 6 a small yet significant deviation of
∼0.1% can be resolved with the given accuracy. The bottom
panel of Fig. 9 shows results for � = 0.5, for which the
situation again becomes noticeably more complex. First, we
note that p = 2 is no longer sufficient to accurately reproduce
the interaction energy in the fitting range of ξ ∈ [0, 1]; p � 3
is required. Second, none of the depicted polynomial degrees
is sufficient to reproduce the fermionic limit and the good
agreement at p = 2 is decisively confirmed as being coinci-
dental. For completeness, we have also included a comparison
to highly accurate CPIMC reference data for ξ = −1 as the
gray symbols for all three temperatures in Fig. 9. We find
excellent agreement within the given error bars for all three
cases, amounting to an agreement on the level of ∼0.01% for
� = 1 and � = 0.75 and ∼0.1% for � = 0.5 due to the more
severe sign problem in our direct PIMC calculations.

Let us proceed with the topic at hand, which is the inves-
tigation of the derivatives of Vξ with respect to ξ shown in
Fig. 10. The left panel corresponds to the first derivative and
the dashed curves show our direct PIMC results for ξ �= 0
evaluated from Eq. (19). The blue dots have been computed
for ξ = 0 via Eq. (24) and are in perfect agreement with the
former datasets for all temperatures. The intersection of the
results for � = 0.5 and � = 0.75 for ξ = 0 is likely a coin-
cidence. Finally, the dotted green curves have been obtained
by taking the derivative of the polynomial fits with p = 10
(cf. Fig. 9). They are in perfect agreement with the direct
PIMC results within the fitting range of ξ ∈ [0, 1], which
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FIG. 9. Relative deviation of polynomial fits of different order p
[cf. Eq. (13)] for the interaction energy per particle shown in Fig. 8.
The shaded gray areas show the statistical error in the PIMC esti-
mates for Vξ . Also shown are comparisons to the CPIMC reference
data in the fermionic limit of ξ = −1 (gray symbols).

further substantiates the correctness of our implementation.
For � = 1, we find a smooth curve without any marked
features, and which is reproduced well by the polynomial
fit over the entire depicted ξ range. For � = 0.75, the first
derivative with respect to ξ is substantially more complex than
it was evident from V itself (cf. Fig. 8) and we find a shallow
local maximum followed by a shallow local minimum around
ξ = −0.5 and ξ = −1, respectively. Both features are well

reproduced by the polynomial fit with p = 10. For � = 0.5,
these features become substantially more pronounced, indi-
cating the onset of strong quantum degeneracy effects. The
tenth-order polynomial fit qualitatively captures the existence
of both maximum and minimum, but fails to describe in par-
ticular the latter accurately.

The center and right panels of Fig. 10 show analogous
investigations of the second and third derivatives of V with
respect to ξ , with overall similar trends. Most importantly, we
again find excellent agreement between the different PIMC
estimators and the polynomials (within their fitting interval).
In addition, our PIMC results reveal further intricacies of the
impact of quantum statistics in both bosonic and fermionic
sectors. While the present study is focused on the Taylor
series estimation of the fermionic limit, future works might
apply similar techniques also to gain further insights into
the role and manifestation of Bose-Einstein statistics for
a variety of systems, e.g., in the context of superfluidity
[17,20,28,33,205–208].

C. Taylor series extrapolation

As the capstone of our work, we utilize our PIMC results
for the ξ derivatives around ξ = 0 for a controlled Taylor
series extrapolation to the fermionic limit of ξ = −1 and
the bosonic limit of ξ = 1. In the left panel of Fig. 11, we
analyze the convergence of Eq. (13) with respect to the Taylor
series order p at rs = 0.5, � = 1 with N = 14 particles; the
coefficients have been computed directly via Eq. (24). The
green and blue symbols correspond to fermions and bosons,
respectively. CPIMC results are employed as a reference for
fermions and direct PIMC results are employed as a reference
for bosons. As evident from Fig. 8, the bosonic and fermionic
limits are nearly equidistant from the boltzmannon results
that correspond to p = 0. Both datasets rapidly converge with
p. This can be discerned particularly well in the inset that
shows deviations from the respective exact limits. Interest-
ingly, truncating the Taylor series at p = 1 works better for
fermions (�V ∼ 0.1%) than bosons (�V ∼ 0.3%), although
both errors are small and of the same order of magnitude.

In practice, a successfull application of the original ξ

extrapolation method has been its utilization for larger sys-
tems, whose PIMC simulations are otherwise computationally
unfeasible (even in case of a moderate degree of quantum
degeneracy) due to the exponential increase in compute time
with N that is inherent to the sign problem [84]. As an exam-
ple, we consider N = 66 at the same density and temperature
in the right panel of Fig. 11. The green and blue horizon-
tal lines still correspond to the correct fermionic (CPIMC)
and bosonic (direct PIMC) limits, while the colored symbols
now depict the PIMC results for different values of ξref [cf.
Eq. (9)]. It can be deduced from Eqs. (24) and (25) [see
Eqs. (26)–(28) for an explicit form for ν = 1, 2, 3] that the
Taylor series around ξT = 0 truncated at an order p only
contains measurements with a number of pair permutations
up to Npp � p. However, such configurations are rare for
larger systems even for weak to moderate degrees of quan-
tum degeneracy. It is straightforward that even if the number
of pair permutations per particle is low, there will be more
such exchanges when there are more particles. Consequently,
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FIG. 10. Dependence of the first (left), second (center), and third (right) order ξ derivatives of the interaction energy per particle on the
fictitious quantum statistics variable ξ for the unpolarized UEG with N = 8 particles at rs = 0.5. The dashed black, red, and golden curves
have been computed using Eqs. (19), (20), and (21) for � = 1, � = 0.75, and � = 0.5, respectively. The dotted green curves show the
corresponding derivatives of the polynomial fits to Vξ with p = 10 (see Figs. 8 and 9). The blue dots correspond to PIMC results for the ξ

derivatives at ξ = 0 computed via Eq. (24).
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FIG. 11. Taylor series extrapolation of the interaction energy per particle for the unpolarized UEG at rs = 0.5, � = 1 to the bosonic limit
of ξ = 1 (blue) and the fermionic limit of ξ = −1 (green) as a function of the Taylor order p [cf. Eq. (12)]. Results for N = 14 (left) and
N = 66 (right). The fermionic reference data (horizontal dashed green) have been obtained with CPIMC. For N = 14, all results have been
obtained for ξref = 1. For N = 66, we compare results for different ξref (see the color code). The insets show the relative deviation to the correct
bosonic and fermionic limits (N = 14) and the relative deviation to the correct fermionic limit for different ξref (N = 66).
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configurations with Npp � N will be underexplored and the
corresponding ξ derivatives around ξ = 0 will suffer from
comparably bad statistics for ξref = 1. This causes the rela-
tively large error bars of the black symbols in the right panel
of Fig. 11. As a simple workaround, we have also performed
PIMC calculations with ξref = 0.2 (red), ξref = 0.1 (gold), and
ξref = 0.05 (green). In these calculations, the number of pair
permutations is artificially suppressed (see also the discussion
in Ref. [91]), giving us a higher accuracy in the relevant
sectors. Indeed, we obtain error bars that are smaller by 2
orders of magnitude, in particular for ξref = 0.1 and ξref =
0.2. In both cases, we find perfect agreement with the true
fermionic limit within the associated statistical error bars of
<0.15% for p = 1, which surpasses the accuracy attained in
previous studies for the same parameters using the standard ξ

extrapolation method. We stress that a direct PIMC simulation
would give an average sign of S ∼ 10−6 for ξ = −1, making
this fundamentally impossible. The current scheme gives us
a speedup by 12 orders of magnitude from a single PIMC
simulation, e.g., at ξref = 0.2.

The final question concerns how to decide if the Taylor se-
ries has indeed converged at a given p and with what accuracy.
The easiest option would be to rely on PIMC simulations of
a smaller system. Indeed, it has been argued in earlier works
[84,86,93] that the effects of quantum statistics, which are at
the root of the ξ dependence, are predominantly short ranged
and, hence, should not strongly depend on the system size.
This was indeed verified empirically based on PIMC simula-
tions. In the present work, the case of N = 14 depicted in the
left panel of Fig. 11 indicates that the systematic error should
be � 0.1% for p = 1. Alternatively, we can check a larger p
for the larger system of interest. For the present case, consid-
ering p = 2 would then confirm convergence within an error
bar of ∼0.6%, comparable to the accuracy level in the two
previous investigations [84,91], where such a size-consistent
check was not carried out.

In Fig. 12, we analyze the convergence of the truncated
Taylor series with N = 14, at rs = 0.5 and the somewhat
lower temperature of � = 0.75 (for ξref = 1). Overall, we find
the same trends as for � = 1, although there appear system-
atic errors of ∼0.2% for p = 1 and p = 2 in the extrapolation
to the fermionic limit. This is often sufficient for practical ap-
plications [58,108,115,209], in particular when it, at the same
time, facilitates the simulation of larger systems and thus helps
mitigate possible finite-size errors [210–213]. Interestingly,
we again observe a slower convergence for bosons compared
to fermions.

As the final and most difficult example, we consider the
lower temperature of � = 0.5 in Fig. 13. Since for N =
14 we cannot reach the fermionic limit of ξ = −1 due
to the fermion sign problem, we consider a range of par-
ticle numbers N = 4, . . . , 14, and the results are depicted
by the differently colored curves. The top row corresponds
to the interaction energy per particle and the left panel shows
the convergence for ξ = −1 with respect to the Taylor order
p. Overall, we find a smooth and monotonic convergence for
N = 4 (gold), whereas the curves start to increasingly oscil-
late for larger numbers of electrons. These oscillations have
amplitudes of the order of a few percent, and the resulting
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FIG. 12. Taylor series extrapolation of the interaction energy
per particle for the unpolarized UEG with N = 14 at rs = 0.5 and
� = 0.75 to the bosonic limit of ξ = 1 (blue) and the fermionic limit
of ξ = −1 (green) as a function of the Taylor order p [cf. Eq. (12)].
The fermionic reference data (horizontal dashed green) have been
obtained with CPIMC. All results have been obtained for ξref = 1.
The inset shows the relative deviation to the correct bosonic and
fermionic limits.

nonmonotonicity makes any kind of controlled truncation or
extrapolation nontrivial in practice.

The kinetic energy per particle shown in the bottom row
of Fig. 13 overall exhibits the same qualitative trends, albeit
with larger statistical error bars due to the thermodynamic
PIMC estimator [199]. A second difference with respect to the
interaction energy is that the true kinetic energy is underesti-
mated in the limit of p = 0, whereas the (negative) interaction
is overestimated in the boltzmannon systems compared to
proper Fermi-Dirac statistics.

Let us next analyze the behavior of the Taylor expansion
coefficients cν , which are computed from Eq. (24) and are
shown in the central column of Fig. 13. In this representation,
it is easy to see that (1) the amplitude of the oscillations
in the cν decays with increasing ν, which is expected as
ξ = ±1 lies within the radius of convergence (cf. Fig. 5);
and (2) the wavelength of the oscillations increases with the
number of particles. Empirically, we find that a rescaling
of the expansion order ν by a factor of 1/

√
N leads to a

remarkable invariance of the oscillations in the kinetic and
potential energy coefficients with respect to N (see the right
column of Fig. 13). In practice, the ν dependence of the Taylor
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FIG. 13. Left: convergence of the Taylor series extrapolation to the fermionic limit of ξ = −1 around ξT = 0 for the potential (top row)
and kinetic (bottom row) energy per particle for the unpolarized UEG at rs = 0.5 and � = 0.5 with different N . The horizontal shaded areas
indicate the full direct PIMC results for ξ = −1 with the corresponding uncertainty interval for N = 4, 6, 8. Center: convergence of the
extracted expansion coefficients cν [cf. Eq. (13)]. Right: same as center panel, but the x axis has been rescaled by a factor of 1/

√
N . The dotted

black lines show empirical fits according to Eq. (29) to the N = 8 dataset obtained within the fitting interval of ν ∈ [1,11]. All results have
been obtained for ξref = 1; the single exception is given by the lilac diamonds corresponding to results for ξref = 0.2.

coefficients of an observable O ∈ {V, K} is well reproduced by

cν[Ô] = aO e−bOν sin(2π cO ν)

+ dO e−bOν/2 sin(2π cO ν + π/2), (29)

with aO, bO, cO, and dO the four free parameters. The results
are shown as the dotted black lines in the right column of
Fig. 13 and fit all datasets remarkably well. A possible excep-
tion is given by N = 14, which is afflicted with substantially
higher error bars. It is also pointed out that the rescaling of the
x axis by 1/

√
N means that we need larger ν for larger systems

to reach the same characteristic oscillation decay on the re-
scaled scale compared to smaller systems. For completeness,
we have also performed additional PIMC simulations with
ξref = 0.2, resulting in a higher accuracy for small ν; see the
lilac diamonds in the right column. While indeed offering an
improvement for small ν, this advantage is not decisive.

In Fig. 14, we show the convergence of the Taylor series
extrapolation to ξ = −1, but with the x axis again being re-
scaled by a factor of 1/

√
N . In this representation, it appears

that all curves converge toward the true fermionic limit around
p/

√
N ≈ 5. Unfortunately, this limit cannot be reached for

N = 14 at these conditions, as discussed above. In light of

the remarkable N invariance observed in Fig. 13, it makes
sense to ponder whether it can be exploited to model the
convergence of a given larger N based on a fit following
Eq. (29) for a smaller N ; here, we again choose N = 8 for
the latter. Following this procedure to obtain the Taylor coef-
ficients for ν > 2 with N = 14 results in the solid blue curve
in Fig. 14. Evidently, these data exhibit even faster oscillations
compared to the other datasets. This is a consequence of the
denser ν grid on this rescaled representation. In addition, the
blue curve shows a nice and controlled convergence; yet,
its p → ∞ limit differs from the true fermionic interaction
energy (dotted blue line obtained from CPIMC) by ∼3%,
which is even worse than a simple truncation at p = 2 for
this case. Thus, we have to conclude that there presently
does not exist a reliable strategy to converge the Taylor series
to the true fermionic limit for strong degrees of quantum
degeneracy.

Let us finish our investigation with an analysis of the capa-
bility of the Taylor series expansion around ξT = 0 to describe
the actual ξ dependence of an observable over the entire rele-
vant ξ range. To this end, we show the total energy per particle
for N = 8, rs = 0.5, and � = 0.5 in Fig. 15. The dashed
black line shows our direct PIMC results, which exhibit a
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FIG. 14. Convergence of the Taylor series extrapolation around
ξT = 0 to the fermionic limit of ξ = −1 for the interaction energy
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uncertainty interval for N = 4, 6, 8. The dashed blue line shows
CPIMC reference data for N = 14 and the solid blue line has been
obtained by recomputing the Taylor coefficients for ν > 2 with the
fit function [Eq. (29)] determined for N = 8.

complicated behavior in particular around ξ ∼ −0.5 already
hinted at in Ref. [84]. The dash-dotted horizontal gray bar
indicates a highly accurate CPIMC reference result for the
fermionic limit, which agrees with our direct PIMC calcula-
tions within the given error interval (shaded gray area), as it is
expected. We note that we find an average sign of S ≈ 0.0036,
making our simulations computationally very demanding de-
spite the comparably small system size. The dotted colored
curves correspond to Taylor series expansions around ξT = 0
evaluated via Eq. (24) and truncated at different polynomial
degrees p. At a first glance, the extrapolation to the fermionic
limit appears to be more challenging than to the bosonic
limit. This is somewhat unsurprising as the ξ dependence
in the bosonic sector of ξ > 0 seems less complicated than
in the fermionic domain of ξ < 0. Then again, p = 6 leads
to worse results for ξ = 1 compared to p = 2, indicating a
nonmonotonic convergence. A key question is if the Taylor
series around ξT = 0 is capable of capturing the full complex
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FIG. 15. Dependence of the total energy per particle on the ficti-
tious quantum statistics variable ξ for N = 8, rs = 0.5, and � = 0.5
(computed for ξref = 1). Dashed black: full PIMC results obtained
from a single simulation at ξref = 1 via Eq. (9). The shaded gray
area indicates the associated uncertainty interval. The horizontal
dash-dotted gray line indicates the highly accurate CPIMC result at
the ξ = −1 fermionic limit. The dotted curves have been computed
by combining the ξ derivatives around ξ = 0 [Eq. (24)] with the cor-
responding Taylor series expansion [Eq. (13)] truncated at different
polynomial degrees p.

ξ dependence in the fermionic sector. This is indeed the case
for p = 10 (blue) and p = 13 (green), leading us to the follow-
ing conclusion: Empirically, the polynomial ansatz [Eq. (13)]
is well justified by the present Taylor series perspective even
for strong levels of quantum degeneracy. The practical chal-
lenge will be to find suitable truncation schemes that avoid
the evaluation of coefficients involving larger numbers of pair
exchanges Npp, or to find alternative analytical simplifications.

IV. SUMMARY AND OUTLOOK

In this work, we investigated the ab initio PIMC simulation
of quantum degenerate fermions (ξ = −1) [and bosons (ξ =
1)] from the perspective of a Taylor expansion around the
limit of distinguishable quantum particles, i.e., boltzmannons
(ξ = 0). To this end, we derived PIMC estimators to evaluate
the arbitrary-order derivatives of arbitrary observables Ô with
respect to the continuous quantum statistics variable ξ for
finite values of ξ and the particularly important case of ξ = 0.
This allowed us to evaluate a Taylor series representation
of Oξ up to, in principle, arbitrary order p, which includes
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the previous empirical parabolic isothermal ξ extrapolation
method [80,84,86,93] as a special case.

In the first part of our investigation, we analyzed the radius
of convergence of the Taylor series, which, in all considered
cases, includes the bosonic and fermionic limits of ξ = ±1.
Interestingly, for some parameters, we observed “pseudo-
poles” for ξ < −1, which would be consistent with the recent
study of Lee-Yang zeros by He et al. [200]. As the next
step, we explicitly investigated the derivatives of an observ-
able with respect to ξ , which are difficult to capture within
polynomial extrapolation ansätze based on fits in a limiting
fitting range such as ξ ∈ [0, 1]. Finally, we investigated the
convergence of the Taylor extrapolation to the fermionic and
bosonic limits for a range of conditions. Remarkably, we
find that accurate estimates of fermionic properties with an
accuracy of �O ∼ 0.1% are possible even after truncating at
p = 1 for � � 0.75. This indicates that, while not necessarily
small, the influence of quantum statistics remains approxi-
mately linear in this regime. In practice, this has allowed us
to compute highly accurate results for the UEG with N = 66,
rs = 0.5 and � = 1 from a single PIMC simulation with, e.g.,
ξref = 0.2. For � = 0.5, on the other hand, the situation is
considerably more complex. In particular, the convergence of
the Taylor series is nonmonotonic, with some characteristic
damped oscillations of the Taylor coefficients amenable to
near N invariance after rescaling the coefficient order ν by
an empirical factor of 1/

√
N . Unfortunately, these common-

alities between different N do not allow us to estimate the
converged fermionic limit for, say, N = 14 without a system-
atic error of ∼3%. Conversely, we found that more than ten
Taylor coefficients are required to converge to the fermionic
limit for � = 0.5, which is challenging in practice.

We expect our results to be useful for a variety of PIMC
simulations over a range of research fields. First and fore-
most, the fermion sign problem remains a central bottleneck
in physics, quantum chemistry, and related disciplines. The
present Taylor series perspective put the empirical isothermal
ξ extrapolation technique in a more firm theoretical ground
and makes it more controlled by providing the possibility for
convergence analysis. In addition, we have shown that one can
evaluate, in principle, the entire Taylor series from a single
simulation at a given reference value ξref (also, without any
reweighting [91]), which is computationally efficient. We note
that the estimation of the derivatives around ξ = 0 simply
involves the estimation of expectation values for different
numbers of pair permutations Npp, which can be easily incor-
porated into existing PIMC codes.

Future works might focus on the dedicated analysis of the
Taylor coefficients for strong quantum degeneracy, and on the
development of improved truncation schemes. In addition, we
note that the presented estimators for the ξ derivatives might
be used to improve polynomial fitting schemes, and thus im-
prove previously used ξ -extrapolation ansätze. A particularly
important application will be the Taylor series analysis of real
warm dense matter systems that include both electrons and
positively charged nuclei [72,86,87,94,143,214,215], which
will be pursued in a dedicated future study. Finally, we note
that the gradual activation of quantum statistics in terms of the
fictitious quantum statistics parameter ξ is interesting in itself,
and might also open up perspectives onto important physical
effects in Bose-Einstein systems such as superfluidity.
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