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Quantum devices comprised of elementary components with more than two stable levels—so-called qudits—
enrich the accessible Hilbert space, enabling applications ranging from fault-tolerant quantum computing to
simulating complex many-body models. While several quantum platforms are built from local elements that are
equipped with a rich spectrum of stable energy levels, schemes for the efficient control and entanglement of
qudits are scarce. Importantly, no experimental demonstration of multiqudit control has been achieved to date
in neutral atom arrays. Here, we propose a general scheme for controlling and entangling qudits and perform
a full analysis for the case of qutrits, encoded in ground and metastable states of alkaline earth atoms. We find
an efficient implementation of single-qudit gates via the simultaneous driving of multiple transition frequencies.
For entangling operations, we provide a concrete and intuitive recipe for the controlled-Z (CZ) gate for any
local dimension d, realized through alternating single qudit and entangling pulses that simultaneously drive up
to two Rydberg transitions. We further prove that two simultaneous Rydberg tones are, in general, the minimum
necessary for implementing the CZ gate with a global drive. The pulses we use are optimally controlled, smooth,
and robust to realistic experimental imperfections, as we demonstrate using extensive noise simulations. This
amounts to a minimal, resource-efficient, and practical protocol for realizing a universal set of gates. Our scheme
for the native control of qudits in a neutral atom array provides a high-fidelity route toward qudit-based quantum

computation, ready for implementation on near-term devices.
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I. INTRODUCTION

Compared to qubit-based quantum platforms, systems built
from higher-dimensional components, or qudits (with a local
Hilbert space dimension d > 2), offer substantial practical
advantages for various aspects of quantum information pro-
cessing [1]. In the context of quantum computation, these
include reduced circuit depth in the implementation of al-
gorithms [2,3] and enhanced noise resilience of protocols
that establish fault tolerance (e.g., magic-state distillation
[4,5]). Qudits also support richer entanglement structures
relative to those possible in qubit systems [6]. These en-
tanglement structures are of interest both as a fundamental
many-body property and as a resource for quantum metrology
[7]. Furthermore, qudit-based quantum simulators extend our
experimental reach toward various high-dimensional quantum
many-body systems, such as integer-spin chains [8], lattice
gauge theories [9—11], continuum field theories [12], and sys-
tems exhibiting nonabelian topological order [13].
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Consequently, recent years have witnessed increasing ef-
forts to design reliable experimental platforms where native
qudits can be encoded, controlled, and measured in a scalable
fashion. Trapped-ion computers are arguably the most mature
devices in this context, having showcased high-fidelity real-
ization of qudit logical gates [14,15], and performed concrete
simulation and computation tasks with native qudits [16,17].
Basic qutrit (d = 3) and ququart (d = 4) logic has also been
successfully demonstrated using superconducting transmon
circuits [18-21], microwave cavities [22], and integrated pho-
tonic circuits [23].

Neutral atom arrays—well known for their scalability, co-
herence, and flexible connectivity [24,25]—have great appeal
as potential platforms for qudit-based quantum computation.
Their promise is underlined by the fact that neutral atoms nat-
urally support multilevel encodings and enable high-fidelity
entangling gates using state-selective Rydberg interactions
[26-28]. First experimental attempts have demonstrated con-
trol of single qutrits in the ground-state manifold of 3’Rb
atoms [29] and all-optical control of nuclear qudits in 87gr
atoms [30].

Recently, a few theoretical proposals for implementing
entangling gates in alkaline earth atomic qudits have been
put forward. Jia ef al. [31] constructed a specific scheme for
encoding and controlling ququarts in '7'Yb atoms, using their
metastable and ground states. Omanakuttan ef al. [32] sug-
gested a scheme for implementing general two-qudit gates for
any d with a single phase-modulated laser utilizing optimal
control, resulting in a complex multiparameter phase profile.
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FIG. 1. Robust qudit control in neutral atoms. (a) Level structure
for qudit encoding, as can be found, e.g., in '"'Yb. Our scheme
requires d — 1 laser tones for universal single-qudit rotations and
two Rydberg tones for global entangling gates (the example shown
is for d = 3). (b) Robust pulse scheme for realizing the two-qudit
CZ gate, which requires ‘1(‘1{ ' entangling pulses interspersed with
single-qudit rotations.

Nevertheless, a general scheme for universal multiqudit
control in neutral atoms that is simultaneously easy to cali-
brate, robust to noise, and applicable to any local dimension
d is still missing. The development of a universal control
scheme that achieves these advantages would thus mark a
significant milestone toward demonstrating high-fidelity com-
putation with native qudits in neutral-atom platforms.

In this work, we propose a concrete scheme for implement-
ing a universal gate set for qudits encoded in neutral atoms.
Within our framework, ground and metastable atomic lev-
els serve as computational qudit states with incommensurate
transition frequencies that may be easily addressed individu-
ally, and Rydberg levels mediate interqudit entanglement [see
Fig. 1(a)]. The metastable nuclear spin states are efficiently
coupled to the Rydberg levels via single-photon transitions,
allowing for high-fidelity entangling operations.

Our control strategy combines multitone driving with
numerical optimization techniques to achieve the efficient
realization of arbitrary single-qudit gates and a class of en-
tangling two-qudit gates. Entangling gates are implemented
with global driving, that is, without the need for individual
single-site addressing. This is particularly important, as pairs
of neutral atoms are typically moved close to each other
(with respect to the Rydberg blockade radius) in order to
apply two-qudit operations, making it hard to address them
individually at that time. The two-qudit gates are constructed
as pulse sequences, temporally separating fields that drive
transitions between qudit states from fields that drive tran-
sitions to Rydberg states. The resulting pulses are smooth
and easy to parametrize, rendering them robust to noise and
implementable in current hardware.

We illustrate the power of our scheme by devising an
explicit compilation of the canonical two-qudit controlled-Z
(CZ) gate built from such robust pulses, which applies to
qudits of any local dimension d [see Fig. 1(b)]. In particu-
lar, this pulse sequence employs the simultaneous driving of
two different Rydberg transitions. We prove that, for d > 3,
this two-tone Rydberg excitation corresponds to the minimal

number of tones needed to implement a CZ gate with global
driving.

For the case of qutrits, we perform a comprehensive anal-
ysis of elementary gates obtained using our method, deriving
the precise pulse shapes that implement these gates in optimal
time. We use a realistic noise model to estimate the fidelity
of the qutrit CZ gate, finding a simulated fidelity of 0.994.
Furthermore, we show that our method can be adapted to
overcome potential crosstalk between different driving tones.
Together, this amounts to a concrete recipe for universal qutrit
computation that can be realized in existing neutral-atom
platforms.

The remainder of the paper is organized as follows. Sec-
tion II introduces the basic gates for universal computation
with qudits. In Sec. III, we describe our proposed univer-
sal control scheme, including protocols for realizing general
single-qudit gates and the two-qudit CZ gate. Section IV
explains how the scheme can be realistically implemented
given the atomic level structures of commonly used neutral
atoms. Focusing on the case of qutrits, Sec. V presents noise
simulations that demonstrate the robustness of our scheme to
realistic implementation imperfections and discusses advan-
tages over qubit-based schemes. Finally, Sec. VI summarizes
our findings and presents several directions for future studies.
Technical details are relegated to the Appendixes.

II. ELEMENTARY OPERATIONS FOR UNIVERSAL
QUDIT-BASED COMPUTATION

To facilitate universal unitary control over multiple qudits
with local dimension d, it is sufficient to be able to apply
any single-qudit unitary operator in SU(d) (i.e., any d x d
unitary up to a global phase) in addition to a certain two-qudit
entangling unitary gate. A multiqudit unitary can always be
represented as a sequence of such gates [33,34]. This require-
ment will guide us in designing our computation scheme.

Let us present several elementary unitary gates that will
be central to our subsequent analysis. We define generalized
Pauli gates through their action on the qudit computational
basis states |j) (j =0,1,...,d — 1):

X|j) = 1j+1modd)), Z|j) = o’|j), ey

where w = exp(i2m /d). A controlled-Z operation, which is a
two-qudit entangling gate, is defined as

CZ|j k) = "], k). 2)

In addition, we may define the Hadamard gate 7 and a set
of gates R;(6) assigning an arbitrary phase 6 only to the
computational basis state |k):

1d71 ' '
H|j) = — KKy,  Re@)]j) =%+ ). @3
17) ﬁgw k),  Ri@)Nj) =ePrj).  (3)

These elementary gates assume an especially important
role when d is prime. Indeed, for prime d, it becomes possible
to generate all unitary operations using only the gates H, CZ,
and two diagonal single-qudit gates of the form ]_[Z;é Ri(6)
[35]. Alternatively, if we remove one of the diagonal single-
qudit gates, we can still generate the restricted set of Clifford
operators [36]. These are useful for the magic-state model
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of fault-tolerant quantum computation, which relies on the
system evolving only through Clifford operations from ap-
propriate initial states [4,37]. In any case, the existence of
such a small universal set of gates is an extremely powerful
simplification, and ensuring the robust realization of these
particular gates paves the way toward a viable computation
platform.

III. SCHEME FOR UNIVERSAL MULTIQUDIT CONTROL

In this section, we introduce our general scheme for uni-
versal quantum computation with qudits encoded in neutral
atoms. Our scheme applies to qudits of any local dimension
d and relies on multifrequency control. It requires d — 1 laser
tones for single-qudit operations, and at least one laser tone
that drives transitions to the Rydberg manifold to entangle
qudits.

We focus on the set of elementary gates introduced in
Sec. II and design simple pulses that realize these gates in
optimal time (which is the simplest and most important crite-
rion, given that the dominant errors, especially Rydberg state
decay, are incoherent and thus typically minimized together
with the overall gate duration). The optimization procedure
utilizes established techniques for quantum optimal control
[32,38-43], and specifically the Gradient Ascent Pulse En-
gineering (GRAPE) method [44]. We provide the details of
our optimization method in Appendix A. Concretely, we show
the resulting pulses for the case of qutrit gates. Remarkably,
the optimization results in pulses with fixed amplitudes and
smooth phase gradients, which are readily implementable
in current experiments thanks to their easy parametrization.
Thus, by combining the versatility of the multitone setup with
pulse optimization, we are able to fully control the qudits
through pulses that are both efficient and robust to noise and
realistic imperfections.

A. Universal single-qudit control

Here, we present our scheme for applying any SU(d) op-
erator to a single qudit using d — 1 independent lasers or
laser tones. Each of these fields is tuned near the transition
frequency wj, ;, between a pair of qudit levels, |j;) and | j2).
The corresponding Hamiltonian (in the interaction picture,
and following a rotating wave approximation) is given by

lequ(t)
2

and we assume that we can modulate the amplitude and phase
of Q; ;,, and that the amplitude (Rabi frequency) is upper
bounded by a maximal possible value Q.

We require the d — 1 transitions resonantly driven by the
lasers to have incommensurate frequencies w;, ;, and to con-
nect all of the qudit levels. For the latter condition to be
satisfied, we may assume that the lasers drive the transitions
ljy < |j+1)for j =0,1,...,d — 2, though any other per-
mutation of the qudit levels will work similarly well. The
evolution of the qudit is then governed by the Hamiltonian
Z‘;;g Hj;41, and the tones €2;;,(t) can be determined
according to the particular evolution we wish to realize. This
is sufficient for realizing any operator in SU(d), as we prove

Hj j, = lj1)(j2l + Hec., “4)

- H

1 [ I T
IS
>~
= 1/2
=1

0

1

— Qo

1/2 ..... [
£ Qs
= 0
S —

-1

1
= 2/3
=
= 13

0N
' i ! 3/2 0 1/2 1 3/2

Qt/7

Qt/7

FIG. 2. Single-qutrit gates. Optimal-time pulse shapes imple-
menting the X and H single-qutrit gates. The lasers operate at
maximal intensity Q (top row), and the gates are implemented by
the modulation of the phase (middle row). Note that the appar-
ent discontinuity of the phase of €2, in H is simply a 27 phase
wrap. The bottom row shows the population evolution, starting from

¥(0) = |0).

in Appendix B. For any particular operator U € SU(d), we
choose the tones that realize U in optimal time, which we find
using the optimization method detailed in Appendix A.

To test the effectiveness of our method, we explicitly apply
it to the case of qutrits (d = 3), assuming two lasers with equal
Rabi frequency 2 that address the transitions |0) <> |1) and
[1) <> |2). In Fig. 2, we show the optimal-time pulse shapes
that realize the gates X' and #H [defined in Egs. (1) and (3),
respectively], which turn out to have a fixed maximal ampli-
tude. Interestingly, we find that the X gate is realized using a
single pulse divided into three sections with alternating O and
7 phase differences between the fields 2¢; and €2 ,. Note
that the simultaneous operation of the two laser fields shortens
the total gate duration: The same gate may be implemented
using consecutive  pulses of the two fields, which would
result in a total duration of T = 27 /§, compared with the
optimal T ~ 37 /(282) shown in Fig. 2.

Let us also note that because our gate scheme relies on
lasers that induce transitions between qudit levels, using it to
realize diagonal phase gates such as Z and R, (6) [Egs. (1)
and (3), respectively] is rather inefficient. It is favorable
to implement such diagonal gates as virtual zero-duration
gates—that is, to embed them in subsequent operations in
the circuit through appropriate phase offsets of the Rabi
drives [45].

B. Entangling two-qudit gate

We now turn to providing a general protocol for imple-
menting an entangling two-qudit gate, which is necessary
and sufficient for universal control (see Sec. II). Specifically,
we focus on the canonical CZ gate [defined in Eq. (2)] and
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FIG. 3. Composite qutrit CZ gate. (a) Implementation using a single Rydberg state (i.e., only Qg) ) and single-qudit permutations, following

(r)

Eq. (6), showing the evolution of the input state under the applied pulses. (b) Amplitude and phase of the optimal-time pulse shape -7
implementing the CR(%”) gates. (c) Implementation using two available Rydberg states, following Eq. (8). The first pulse has Q(lr) = Qg;a
and QY = 0, the second pulse has Q" = 0 and Q3" = Q). and the third pulse activates both lasers simultaneously.

construct it from a sequence of simple global pulses that
enable its robust realization. We emphasize that our strategy
can be applied to construct any symmetric two-qudit phase
gate for any d.

The basic ingredient of our protocol relies on the standard
implementation of the global controlled-phase gate designed
for neutral-atom qubits [43,46]. It involves one Rydberg level
|r) in each atom and requires a laser field Q(¢) that reso-
nantly drives the transition between |r) and one of the qudit
levels |j). We assume a perfect Rydberg blockade (infinitely
strong interaction) between the Rydberg levels of the two
atoms; the effect of imperfect blockade can be compensated
through minor calibration [26].

By properly choosing the pulse shape of the field Q(z),
it is then possible to impart an arbitrary phase factor ¢ to the
two-qudit state |j, j), without changing any other two-qudit
state [47]. We let CR(;;(6) denote this operation, so that

CR(;(0) ki, ko) = €Pi%ik2 |y Ky) . )

This operator generally entangles the two qudits, as long as
0 is not an integer multiple of 2xr. In fact, for qubits, this
is already the CZ gate if we set j = 1,0 = . As in the
case of single-qudit gates, there are various pulse shapes of
Q@(r) that implement the same operator CRy;(6). Using
the optimization method detailed in Appendix A, we find the
pulse that implements the gate in optimal time [43].

Given that CR;;(0) is an entangling gate, in principle, it
can be used together with single-qudit gates to construct any
multiqudit gate, including the CZ gate. However, this does

not guarantee that such a construction will be efficient. We
now present a simple and robust protocol for constructing the
CZ gate for any d, which involves only global pulses and
generally requires two distinct Rydberg levels to be coupled
to the qudit levels. We will begin by explaining the particular
example of qutrits, and then generalize.

1. Constructing the qutrit CZ gate

Here, we present two possible constructions of the qutrit
CZ gate. In the first, we show that the two-qutrit CZ gate can
be implemented as a pulse sequence that includes CR{z}(%”)
together with single-qudit phase gates and X gates. Indeed, up
to an irrelevant global phase, it may be written as follows:

®2 3
con () o]

The different steps in this gate sequence are schematically
broken down in Fig. 3(a). The idea behind this protocol is
that, while CR;( %”) imparts a nontrivial phase only to the
|2,2) state, it may also be used to impart the same phase to
the states |0, 0) and |1, 1) if we use the A" gate to permute the
qudit levels. In this manner, the levels |0) and |1) do not need
to be coupled directly to any Rydberg level.

The shape of the optimal-time pulse realizing CR{Z}(%”) is
plotted in Fig. 3(b). As in the case of the single-qutrit gates
we examined, this is a fixed-amplitude pulse with a smoothly
varying phase. Note that the pulse we obtain is qualitatively
similar to the two-qubit CZ gate [26,43] but with a shorter
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duration. Recall that for the X gate appearing in Eq. (6), the
optimal-time pulse was already given in Fig. 2.

A second, more efficient, qutrit CZ gate protocol becomes
available if we allow excitations to two distinct Rydberg
levels. Namely, let us assume that each atom has two Ry-
dberg levels |r) and |r,), and let Q" and QY denote two
laser fields that resonantly drive the transitions |1) <> |r;) and
|2) <> |r2), respectively. We assume that the two transitions
can be driven independently (e.g., using incommensurate fre-
quencies or cross-polarized beams, as discussed in Sec. IV.
The possible relaxation of this assumption is discussed in
Sec. V). Furthermore, we assume perfect Rydberg blockade
between the two different Rydberg levels |r) and |r,) [31].

Turning on the field Q" while keeping Q3 off applies
the operator CR(;;(6). The opposite choice will, of course,
realize CR;(0). We can also simultaneously activate the two
fields with the same pulse shapes that realize CRy;;(0) and
CR2)(0) when they are activated alone. This realizes the gate
CRy1,2(0), where we define

e’ ki, k),

ki, ky € {j, m},
CR{jm}(e) |k1, k2) = {|k1 kZ) L2 {J m}

otherwise. Q)
That is, CR{12;(0) imparts the phase factor e to all the
states |1, 1), |1, 2), |2, 1), and |2, 2). Notably, a global field
that drives only a single Rydberg transition cannot impart a
nontrivial phase to a state | j, m) with j # m, which points to
the advantage of driving the two transitions together.

We observe that we can construct the CZ gate through the
following pulse sequence [illustrated in Fig. 3(c)]:

4 4m 4
CZ=CRua( 5 )R (5 )oRu (S ) ®

The duration of this pulse sequence is shorter compared with
that of the pulse sequence in Eq. (6). It requires three pulses
equivalent to CRy j}(%”), while Eq. (6) requires three addi-
tional steps of single-qudit rotations.

Crucially, as we will soon show, the CR{M}(%”) gate not
only shortens the total duration of the composite qutrit CZ
gate, but also sets the basis to generalize the protocol to any
dimension d. In fact, we prove below that the simultaneous
driving of two Rydberg transitions is needed to implement the
CZ gate for d > 3 with global drives.

In principle, the CZ gate may also be implemented by
simultaneously driving both intraqudit and Rydberg transi-
tions, using numerical optimization to find the appropriate
amplitude and phase profiles for the different driving fields.
This is discussed in Appendix C. While this approach may
allow one to shorten the overall gate duration, it suffers from
two crucial drawbacks. First of all, it does not provide a recipe
that can be generalized to higher qudit dimensions, as op-
posed to the general scheme we provide below. Furthermore,
compared with the pulsed version of Eq. (8), this approach
is considerably more challenging to calibrate, which would
be necessary in the presence of experimental error sources,
as discussed below in Sec. V. Any modification, either to
increase the qudit dimension or to account for experimental
error sources, would require the reoptimization of the laser
profiles with computation times that grow substantially with

the qudit dimension due to the increase in the number of
degrees of freedom.

2. No-go theorem for d > 3 using a single Rydberg transition

In our construction of the qutrit CZ gate, the source of its
simplicity and robustness is its composite pulse structure, i.e.,
the temporal separation of single-qudit rotations and Rydberg
entangling pulses. To generalize this construction to any d,
we first identify a fundamental limitation: For d > 3, the CZ
gate cannot be realized as a composite pulse sequence with a
global drive that addresses only a single Rydberg transition.
This is possible only for d < 3, as Eq. (6) showed.

This limitation is established by the following theorem.
Consider a two-qudit phase gate U (i.e., a unitary operator that
is diagonal in the computational basis) that is of the following
general form:

U = W,®*CRyy(0)W,1% - ... - CRiy(0DWo®2,  (9)

where W, are single-qudit unitaries and 6, are controlled
phases. Then, U must act on the states |j, m) with j # m as

i(5j+Em Gf j # m). (10)

We prove this theorem in Appendix D. The form of U in
Eq. (9) stems from the global driving (so that single-qudit
operations are symmetric) and the coupling of only one qudit
level to the Rydberg manifold (denoted here arbitrarily as |2)).
Note that the general form of Eq. (9) includes the qutrit CZ
gate in Eq. (6).

Equation (10) represents a strict limitation on the two-qudit
phase gates that can be implemented using our optimized,
resource-efficient scheme. In particular, it prohibits the real-
ization of the CZ gate for d > 3. To see this, assume for the
sake of contradiction that U = CZ. Then, since U |0, j) =
|0, j) for any j > 0, we must also have that §; = —&, for
any j > 0. So, U|j,m) =e "% |j,m) for any m > j > 0,
independently of j, m. This cannot correspond to the desired
action of CZ for d > 3.

Uljm)=e V|, m)

3. Constructing the general qudit CZ gate

We have concluded that, for d > 3, the CZ gate cannot
be implemented as a composite pulse sequence using global
drives if only one qudit level is directly coupled to a Rydberg
level. In contrast, we now show that the simultaneous driv-
ing of two Rydberg transitions allows us to straightforwardly
generalize the CZ protocol of Eq. (8) to any d. This general
protocol thus requires the minimal number of distinct transi-
tions to the Rydberg manifold.

The general protocol is dictated by the following decom-
position of the CZ gate:

d—1
cz=[]cry @ [ CRum@m. A
j=1 1<j<m<d—1

where we have defined the phases

21 . 27, .
ej,m =—jm+|—Jj - ﬂ](d -1 8jm~ (12)
d d
The sequence in Eq. (11) includes d — 1 pulses that employ a
single driving tone and %(d — 1)(d — 2) pulses that employ
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two simultaneous driving tones. Naively, this protocol re-
quires d — 1 Rydberg levels |r;) and d — 1 independent laser
fields that drive the transitions |j) <> |r;) for j=1,...,d —
1. However, only two Rydberg levels and two qudit states
coupled to them are necessary in practice, as the entangling
pulses can be interspersed with single-qudit gates that permute
the qudit states, similarly to how we used the X gates in
Eq. (6).

If more than two Rydberg levels can be coupled to different
qudit levels, then the protocol requires fewer permutation
gates and becomes more efficient. This is ultimately limited
by the number of independent Rydberg transitions that we
can identify in the atomic level structure. If such additional
Rydberg levels are indeed available, they also open up the
possibility of simultaneously driving more than two Rydberg
transitions, potentially further expediting the protocol. For
instance, in the case of ququints (d = 5), we found that by al-
lowing the simultaneous driving of three Rydberg transitions,
we can reduce the number of entangling pulses from 10 [as in
Eq. (11)] to 7.

IV. PROPOSED EXPERIMENTAL IMPLEMENTATION

Our proposed protocol is general and may be implemented
with different types of neutral atoms or extended to other plat-
forms. Here, for concreteness, we consider an experimental
implementation with arrays of alkaline-earth neutral atoms,
which include multiple stable levels spanned by the nuclear
spin orientation in both the ground and metastable electronic
levels. We note that such qudit encoding can also be real-
ized in the hyperfine structure of the ground state in alkali
atoms. As a concrete example, we analyze the case of qutrits
encoded in 'Y, illustrated in Fig. 1(a). This specific species
was recently used to implement high-fidelity entangling gates
using qubits encoded in the metastable electronic level [27],
as well as high-fidelity control and readout of optical qubits
and ground-state qubits [48]. As a minimal extension, we
suggest adding a single electronic ground-state level. Under
a moderate magnetic field, the ground and metastable nuclear
spin manifolds exhibit different splittings because of different
Landé g factors. Single-qudit rotations can be realized by
combining a narrow-line clock laser (acting on the optical
transition) and a Raman laser (acting on the metastable mani-
fold). Measurements can be performed through a combination
of qudit rotations and spin-resolved detection [49].

To realize multitone Rydberg driving in such systems,
one can either utilize a single frequency-modulated beam
with identical polarizations across tones or combine cross-
polarized beams. The first configuration offers the advantage
of a single beam and a single modulator; however, it may
induce off-resonant crosstalk between the different Rydberg
transitions. Using circular cross-polarized beams (ot and o 7)
to address the different Rydberg levels can minimize such
crosstalk at the expense of a slightly more complicated setup.
As an example, in the case of !"1'Yb, one can utilize the F =
1/2 Rydberg manifold [50] and address the mp = 1/2 —
myp = —1/2 and mp = —1/2 — m} = 1/2 transitions (see
Appendix E) with circular cross-polarized fields. Note that the
interaction energy between atoms in different Zeeman sub-
levels of the same Rydberg level is identical to the interaction

energy between atoms in the same Zeeman sublevel to a good
approximation for high-lying Rydberg states [31]. Thus, our
proposed qutrit gates may be implemented in current hard-
ware with no need for significant experimental upgrades.

V. NOISE AND COMPARISON WITH QUBIT-BASED
IMPLEMENTATIONS

The protocols proposed in Sec. III offer an intuitive and
scalable recipe to achieve universal control. We now show that
our gates achieve high fidelities in the presence of realistic
noise sources and imperfections in present-day hardware. We
model and simulate four dominant error sources [50-52]: (1)
shot-to-shot detuning fluctuations (due to Doppler shifts and
laser frequency noise); (2) shot-to-shot laser intensity noise;
(3) Rydberg decay; and (4) crosstalk between the Rydberg
drive tones. As mentioned above, using circularly polarized
light for the Rydberg tones could eliminate (4) as an error
source. In this section, we simulate the qutrit CZ gate in the
absence of Rydberg tone crosstalk. In Appendix E, we show
how our protocol could be adjusted when the crosstalk cannot
be avoided and simulate the qutrit CZ gate in its presence.
We benchmark the gate with a Monte Carlo wavefunction
simulation using the quantum jump method [53], testing the
gate fidelity by applying it to the equal-superposition state
%(|O) +11) 4+ 12))®2. In each scenario discussed below, we
average the fidelity over 10° simulated trajectories. All fi-
delities reported in this section are obtained within statistical
errors of less than 0.001.

A. Simulation in the absence of Rydberg tone crosstalk

As discussed in Sec. IV, in the qutrit setup, using
cross-polarized laser beams eliminates the crosstalk between
different Rydberg transitions. In that case, these transitions
may be driven independently, yielding optimal performance
of the protocol proposed in Eq. (8) and depicted in Fig. 3(c). In
our simulation, we use a Rabi frequency of Q@ = 27 x 5 MHz
and a Rydberg lifetime of 60 us. To simplify the quantum
jump simulation, we assume that spontaneous decay from the
Rydberg states always occurs to the ground state |0). Note
that spontaneous decay to any level should destroy the gate
operation fidelity in a similar fashion and lead to a random
output state with small overlap with the target state. Further-
more, the branching ratio in Yb atoms (which we consider
as the proposed experimental realization in Sec. IV) renders
the decay probabilities into |1), |2) very small [27]. We also
use a finite blockade strength V = 27 x 220 MHz, which we
assume to be uniform across all Rydberg levels [31]. The
shot-to-shot detuning is sampled from a normal distribution
with a standard deviation of 40 kHz and the laser intensity
noise with a relative variance of 0.008.

To implement the CR gates, we modify the pulse shape
Q(Cr%z (t) shown in Fig. 3(b) and reoptimize the Rydberg driv-
ing pulse with finite amplitude rise and fall times to avoid
abrupt on-off laser switching. We note that such adjustments
in the presence of systematic experimental imperfections
(such as finite rise and fall times, or finite blockade strength)
may be performed easily, since Qg;z(t) is a smooth function
that can be faithfully represented by a few parameters. One
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may thus write a simple ansatz for the pulse shape implement-
ing CRg(0) for any 0 and any set S of target states, and use
the ansatz to calibrate the pulses [26].

We find that the qutrit CZ gate is implemented with a
fidelity of 0.994. We further test the fidelities of the CR
gates comprising the gate sequence in Eq. (8); we find that
CR1(%Z), CRp(%), and CRy () are implemented
with fidelities 0.998, 0.998, and 0.997, respectively. Note
that the degraded fidelity of CR 1,2}(47”) compared with
CR((%) and CR;3 (%) is expected due to the doubled
population in the Rydberg levels, which is the main error
source. In Appendix E, we show that the effect of crosstalk,
if it cannot be avoided, can be counteracted by simple modi-
fications to the CR pulses, resulting in a qutrit CZ fidelity of
0.993 that is close to the fidelity in the absence of crosstalk.

In the special case of qutrits, one may also examine the
protocol in Eq. (6), which utilizes a single Rydberg tone. This
protocol involves three applications of CRQ](%”), such that
the combined fidelity of the entangling operations should be

approximately given by Fng () ™ 0.996. The choice be-

tween the protocols of Egs. (6) and (8) then boils down to
the fidelity of the single-qutrit rotations.

B. Predicted scaling of CZ fidelity with d

The dominance of Rydberg decay over other sources of
infidelity allows us to estimate how the CZ fidelity scales with
the qudit dimension d. We evaluate the average population
in the Rydberg states, x4, during the time evolution under
the CR pulses in Eq. (11) (see Appendix F for details). The
Rydberg decay infidelity of each pulse is approximately given
by 1 — e T/m™a where T is the pulse duration and Tyyq is
the Rydberg lifetime. From the product of these exponentials,
one may estimate the infidelity of the CZ pulse sequence,
displayed in Fig. 4 for several qudit dimensions. Note that
some of the phases for nonprime d in Eq. (11) are trivial
(integer multiples of 2m), leading to improved fidelities in
those cases.

We may further obtain a simple approximate formula for
the infidelity as a function of d. The inset of Fig. 4 shows the
weighted number of nontrivial CR pulses for each d, counting
two-tone drives as two pulses due to the doubled population
in the Rydberg levels. For prime d, the CZ pulse sequence
involves d — 1 single-tone pulses and %(d — 1)(d — 2) two-
tone pulses, amounting to a weighted total of (d — 1)? pulses.
The average duration of these CR pulses, also shown in the
inset of Fig. 4, generally decreases very slowly with d. We
thus predict the CZ infidelity to scale as

d—1)?
l—Fezx1-— (FCR“,(n))( " (13)

where Fcr,, () is the fidelity of the gate that imparts a con-
ditional phase 7 to a single level (i.e., CZ for d = 2). Let us
stress that this formula does not take into account other error
sources, such as shot-to-shot detuning, that could also affect
the single-qudit operations required between the CR pulses of
Eq. (11). However, these additional noise factors are typically
weaker than Rydberg decay, which presents a fundamental
lower bound on the gate infidelity.

01 [ ] § .,~'..
=24 100 &
S 3 .
008 r o 2 3 ")(] @ :..' .
& O
006 2 05 e ]
2 2 4 Gd 8 10 2.
£ @
ng 0.04- $ ]
O
"""" ()
0.02 . @ @ Rydberg decay
o ® O Noise simulation
or @~ e Eq. (13)
2 4 6 8 10

Qudit dimension d

FIG. 4. Predicted infidelity for the qudit CZ gate from Rydberg
decay. We assume a Rydberg lifetime of 60 us and a Rabi frequency
of @ =27 x 5 MHz. The dotted black line shows the predicted
scaling of the infidelity with the qudit dimension, given by Eq. (13).
The yellow square marks the infidelity of the qutrit CZ gate obtained
from the noise simulation, accounting also for shot-to-shot noise
and a finite Rydberg blockade. The inset shows the average CR
pulse duration for each d and the weighted number of nontrivial CR
pulses (i.e., with 8 # 0), where each two-tone pulse is counted as
two pulses.

C. Comparison with qubit-based implementations

We conclude this section by comparing our framework
with qubit-based implementation schemes of qudit gates. In-
deed, an alternative strategy to ours is to bunch together
multiple atoms, each realizing a single qubit, and use a subset
of the available multiqubit states to construct a single qudit.
Our approach is clearly more scalable; for instance, we need
half as many physical atoms to realize a system with a given
number of qutrits, compared with qubit-based implementa-
tions, which require two physical atoms for a single logical
qutrit. Scaling to larger d would require an overwhelming
overhead in the qubit case. Another significant advantage
is achieved in single-qudit operations: Qubit-based imple-
mentations require the use of two-qubit entangling gates for
universal single-qudit control, leading to considerable degra-
dation in fidelity. Our native approach avoids this issue.

With regards to qudit-entangling gates, we expect our
framework to be at least on par with qubit-based schemes.
As a concrete example, consider again the qutrit CZ gate,
which we simulate with a fidelity of 0.994 (in the absence
of Rydberg tone crosstalk). We compare this with the qubit-
based protocol of Ref. [54] for realizing the Z5 toric code,
where each quitrit is represented by two physical qubits. There,
the qutrit CZ gate is realized using four operations that are
each equivalent to our CR“}(%”) gate. If we were to adapt
the protocol of Ref. [54] to the neutral-atom platform with
the same experimental conditions as those simulated in this
work, we would achieve a fidelity of 0.998* ~ 0.994, equal to
our fidelity within statistical error [as mentioned above, that is
to be expected, since the infidelity of the CR{],Z}(%”) gate is

roughly twice that of the CR“](%”) gate due to the doubled
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average population in the Rydberg levels]. We further note
that the CZ protocol used in Ref. [54] requires several steps
where specific pairs of qubits are locally isolated in order to
implement the CR{l}(%”) gates (i.e., the required drives are
not global), and would thus result in diminished fidelity. More
importantly, let us stress that the preparation of the Z3 toric
code requires additional steps other than the CZ gates. One
needs to prepare qutrit states and apply single-qutrit gates,
operations that involve entangling gates in qubit-based plat-
forms. Our native qutrit scheme is considerably more suited
to these operations. Therefore, the overall performance of the
full Z3 toric code preparation protocol should be markedly
better on our proposed device.

VI. SUMMARY AND OUTLOOK

The rich level structure of neutral atoms is naturally suited
to the native encoding and control of qudits with local dimen-
sion d > 2. Multiple stable and metastable states associated
with each atom facilitate the coherent storage of information
beyond the qubit paradigm. Furthermore, interlevel transitions
can be individually addressed by leveraging the nonlinearity
of the energy spectrum or its selection rules, allowing for the
manipulation of the stored information, as well as qudit entan-
glement and readout using ancillary atomic levels. Still, the
higher local dimension of the encoded information means that
a larger number of independent control knobs is necessary.
The challenge, therefore, is to devise a strategy for operating
these knobs in a manner that is efficient and robust to realistic
experimental limitations.

In this work, we presented such a strategy, formulating a
recipe for implementing a universal set of single-qudit and
two-qudit gates, applicable to any d. Single-qudit operations
are realized using multitone pulses with d — 1 incommen-
surate frequencies. Two-qudit operations are applied through
global addressing, and are constructed from multitone pulses
of two types: pulses inducing transitions between qudit states
(amounting to single-qudit rotations) and pulses inducing
transitions to Rydberg states (generating entanglement).

This multitone approach distinguishes our proposal from
previous proposals for universal control of qudits in neutral
atom arrays. The use of several simultaneous tones expedites
the runtime of each gate, which is further optimized through
quantum optimal control methods. The resulting pulses have
simple amplitude and phase profiles, making them directly
suitable for current hardware capabilities.

Given the importance of the two-qudit CZ gate, we pro-
vided a general protocol for its implementation. This protocol
involves two-tone driving of Rydberg transitions, which, as
we proved, is a minimal necessary component of a global
CZ gate and, more generally, of global symmetric two-qudit
phase gates, for d > 3. Our work therefore constitutes a
minimal scheme for implementing any entangling symmetric
two-qudit phase gate of any qudit dimension, tailored to the
strengths of existing hardware. We furthermore thoroughly
analyzed the application of our strategy to the case of qutrits,
deriving explicit pulse shapes that realize elementary gates
(X, Hadamard, and CZ), and performing extensive noise sim-
ulations to examine the robustness of the two-qutrit CZ gate.
We found that the CZ gate is realized with high fidelity and

can be successfully modified to overcome potential crosstalk
between Rydberg tones.

Our work thus offers a clear and viable blueprint for
the experimental demonstration of multiqudit operations in
neutral atom arrays. This will pave the path toward the re-
alization of qudit quantum error-correction codes [55] and
magic-state distillation protocols [4,5]. It will also open up
enticing prospects for simulating unique quantum many-
body effects, including salient phenomena in spin-1 systems
such as symmetry-protected topological order [16,56] and
ergodicity-breaking dynamics [57,58], or pair creation and
string breaking in the real-time dynamics of lattice gauge the-
ories [11,59-65]. The favorable flexibility and coherence time
of neutral atom arrays would enable us to study such physics
in various spatial dimensions and access long-time nonequi-
librium dynamics. Our approach is particularly well suited
for the simulation of models where the physical time evolu-
tion involves state-dependent phase accumulation, which is
the native two-qudit operation enabled by the platform. Such
operations appear, €.g., in the context of simulating interacting
spin systems and lattice gauge theories [11,66].

The control scheme we presented allows for versatility in
the techniques used for driving elementary transitions, and it
can be readily enhanced through methods that yield improved
speed and noise resilience. For example, it was recently pro-
posed that dipole-dipole interactions between neutral atoms
can be leveraged to produce faster entangling gates compared
with those based on the Rydberg blockade mechanism [67],
a tactic to which our scheme can be seamlessly adapted.
It is also possible to integrate other existing schemes of
single-qudit control, such as the tensor light shift method of
Refs. [30,42], into our composite entangling gates. Another
natural extension of our strategy is to implement entangling
gates between more than two qudits, or between qudits of dif-
fering dimensions [68,69], by imparting conditional phases on
selected subspaces of Rydberg-coupled levels. More broadly,
it will be interesting to consider whether our multitone ap-
proach can lead to similarly robust multiqudit control schemes
in other types of quantum platforms, such as those based on
trapped ions or superconducting circuits.
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APPENDIX A: PULSE OPTIMIZATION USING QUANTUM
OPTIMAL CONTROL

In this Appendix, we describe our method for obtaining
pulse shapes that implement desired single-qudit or two-qudit
operations. Given lasers that drive transitions either between
qudit states or between a qudit state and a Rydberg level, our
goal is to construct driving field functions that will realize a
certain target gate in optimal time. We take the approach of
quantum optimal control, largely following the path laid out
by Ref. [43] for neutral-atom qubit systems.

Before providing full details, we briefly present the main
principle of the method. Given a particular target gate U,
we first choose the laser fields we would like to use for
its realization, and set all other fields to zero (as a simple
example: the fields that drive Rydberg transitions are not
needed for single-qudit manipulations and can be turned off).
Let {Q j(t)}’j‘-’f= | denote the nonzero laser fields, where the
notation includes both types of fields (driving a transition
either between qudit states or to a Rydberg level), and let T
denote the pulse duration. The functions {€2; (t)}’y: | will deter-
mine the unitary time-evolution operator Uy (T ) under which
the system will evolve, which should ideally be equal to U,
The fidelity between Uy, and Uy, (T') can be defined as [71]

F() = o (Tl e (DIP, (A1)
with n being the number of qudits on which Uy, acts; we
motivate this definition for F (T") below.

We employ the GRAPE method [44], which relies on
gradient descent in the space of possible complex functions
{Q; ()L, to find the functions that maximize the fidelity
F(T). The gradient descent procedure is constrained by a
bound on the Rabi frequencies, which cannot be larger than
Q. Once we have computed F(T) for a range of T val-
ues, we define the optimal pulse duration 7o, as that above
which F(T) ~ 1, and below which F (T) abruptly drops. The
time-dependent fields obtained by the GRAPE procedure for
T = Ty yield the optimal-time pulse for the desired target
gate.

In the remainder of this Appendix, we explain in more
detail the definition of the fidelity function F(T) (Ap-
pendix A1), the GRAPE method for maximizing F(T)
(Appendix A?2), and an alternative version of the method,
which employed Fourier sums to assure the smoothness of the
resulting driving fields and reduce the computational runtime
(Appendix A 3).

1. The fidelity function

The definition in Eq. (Al) for the averaged gate fidelity
originates in the following theorem, proved in Ref. [71]. Let
O be an operator acting on a D-dimensional Hilbert space,
then its averaged squared expectation value is given by

ITr(0)> + Tr(00")
Ejy)~ aar 0 = s
[y)~Haar [{¥ | O |¥)]7] DD D)
where the average is taken over random pure states with
respect to the Haar measure [72]. If we substitute O =
Usar Uy (T') into this formula, it yields the average squared
overlap between Uy, |¥) and Uy (T) |) for a random state

(A2)

|Y) (an overlap that ideally is equal to 1), corresponding to a
natural notion of gate fidelity.

In general, the evolution of our system of interest occurs in
a Hilbert space that includes not only the computational qudit
states but also Rydberg states. By definition, Uy, is a unitary
operator on the computational subspace, while Uy (T) can
become nonunitary under projection onto this subspace, if it
happens to have nondiagonal matrix elements between that
subspace and the Rydberg manifold. We should therefore see
the notations for both operators as referring to their projection
onto the computational subspace of n qudits, and |) as drawn
from that subspace with dimension D = d".

Let us initially assume that Uy (T') is unitary when pro-
jected onto the computational subspace. In that case, O =
Uar 'Uire(T) is a unitary operator, and we necessarily have
Tr(00") = d", so the fidelity is effectively determined by the
value of |Tr(0)|?, which can range between 0 and d". This
immediately gives rise to the definition of the fidelity given in
Eq. (Al).

This definition remains meaningful even if the projected
Ui (T) is nonunitary. To see this, note that it must be unitary
before the projection, simply because it arises from the Hamil-
tonian evolution of the system. This entails that the projected
operator satisfies

Tt (Urrue(T) 'Uie (T)) < d", (A3)
with equality holding if and only if the projected operator is
unitary (the expression on the left-hand side is equal to the
sum of norms of matrix columns, which cannot increase under
projection). Next, the Cauchy-Schwarz inequality (together
with the unitarity of Uy, ) implies that

Tt (Utar' Uinae (M) < @ Tt Uiae(T) Unrae(T)]- - (A4)
This means that when F(T') = 1in Eq. (A1), Uy (T ) must be
unitary, as desired for our optimization procedure.

2. The GRAPE method

Given a fixed value of T, the GRAPE method [44] allows
us to maximize F(7) within the space of allowed functions
{Q; (t)}fy= 1~ Importantly, it reduces the optimization problem
to a gradient descent problem in a finite-dimensional param-
eter space, which can then be solved by standard numerical
means.

First, let us introduce the notations |g;) , |e;) for each j,
representing the two levels of the transition driven by 2;(z).
We may write the time-dependent Hamiltonian using 2M
time-dependent real functions u,,(¢) and 2M time-independent
Hermitian operators H,,, namely,

2M
H(t) =) ty(t)Hp,

m=1

(A5)

where  $2;(1) = 2uz;j1 (1) + 2iuz;(t),  Hapj1 = 1g)) {e;1 +
H.c.,and Hy; =i|g;) {ej| + Hc.for j=1,..., M.

Next, the pulse duration 7 is sliced into N small time
intervals of equal length, 6+ = T /N. Approximating u,,(¢) as
piecewise-constant functions that are constant within each
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time interval, the time-evolution operator can be written as

Uie(T) = UnUy_1 - ... - Uy, (A6)
where
M
U, = exp|:—i8t Z U (7 - 8t)Hm:|. (A7)
m=1

Let us define u,, , = u,(r - 8t), then {u,, ,} are the 2NM real
parameters that we vary in our search for a maximum point
of the fidelity function (7). N must be chosen to be large
enough to allow smooth variations of the fields.

To reduce the maximization problem to a standard gradient
descent problem, we need to compute the derivatives of F (T')
with respect to the optimization parameters. These are given,
up to an immaterial multiplicative constant, by

oF(T) st -1 ; . ;
o t - Im{Tr[Usar ' Uprue (T Tt [Uar ' Wi 1}, (A8)
where we defined
Wpr=Uy-... - Uy HyU, ... -Uj. (A9)

The 2NM derivatives in Eq. (A8) define the gradient descent
flow in the parameter space, and the values {u,, ,} that max-
imize F (T) can then be obtained by conventional numerical
methods. These optimal values then yield the optimal control
functions u,,(t), which in turn yield the required driving fields
Q).

3. Modified GRAPE method with Fourier decomposition

A potential flaw of the GRAPE procedure is that it permits
sharp discontinuous jumps in the optimal functions {2 j(t)}y: ]

J

AF(T)
Bam,k

dF (T)
abm,k

where W, , was defined in Eq. (A9). The dimension of the
parameter space is KM i.e., it is typically much smaller than
2NM, the dimension in the case of the algorithm described
in Appendix A 2. Therefore, this modified version of the opti-
mization method not only inherently imposes the smoothness
of Q;(t), but also significantly reduces the dimensionality of
the problem. This alternative method is indeed employed in
Appendix C.

APPENDIX B: GENERATING SU(d) USING d —1
INDEPENDENT LASERS

Here, we prove that the d — 1 lasers described in Sec. I[IT A
can be used to apply any SU(d) operator to a single qudit in
our system. Indeed, let us begin by considering only three lev-
els |0), |1), |2). Suppose that we control two lasers that govern
the qudit dynamics through the Hamiltonians H ; and H, »,
inducing the transitions |0) <> |1) and |1) <> |2), respectively

N
=68t - Im{Tr[Um,TUm,e(T)]*Tr[UmrT Z sin(kawor - SI)W,,”] }

that it produces. Indeed, as the time discretization gets finer
with larger N, unphysically rapid variations of the fields, with
rates N/T, become allowed (this may also defy the assump-
tion underlying the rotating wave approximation).

It is therefore advantageous in some instances to modify
the GRAPE algorithm so that its search for the optimal driving
fields is restricted to functions that are slowly varying by
their definition. This can be done by imposing on the control
functions u,,(t) in Eq. (AS) the form of a finite sum of Fourier
terms, featuring a range of allowed frequencies. That is, we
replace the control functions with

%(K—l)
um(t) =m0 + Z [am,k COS(kwof) + bm,k Sin(kwof)],

k=1
(A10)

where {a,, k, b1} are real parameters, wy is the smallest non-
trivial frequency of the Fourier decomposition, and K marks
the number of independent terms in the sum, setting a cutoff
frequency equal to %(K — Dawy.

After determining the values of wy and K according to
physical considerations of the problem at hand, we may treat
{amk, bmi} as our optimization parameters and perform a
similar procedure to that described in Appendix A 2. We again
slice the pulse duration into N equal-length time intervals,
with N large enough so that Kwy <« N/T', meaning that the
control functions u,(t) are approximately constant within
each time interval. This ensures that we can write Uy (T) as
a product of unitaries that are exponents of the instantaneous
system Hamiltonian, as in Eq. (A6). The derivatives that de-
fine the gradient descent are then given by

N
=5t Im{Tr[UmT Um(T)]*Tr[UmrT > cos(kaor - ar)wm,r} }

r=1

(Al1)

r=1

(

[the definition of H;, ;, appears in Eq. (4)]. Due to our full
control of the Rabi and detuning frequencies of each lasers,
the dynamics we may impose is equivalent to that dictated by
the evolution operator 7 exp[—i f dr ij:l n(OA,,], where
T is the time-ordering operator, f,,(t) are arbitrary time-
dependent real functions, and A,, are the following Hermitian
and traceless matrices:

01 0 0 —i 0
=1 0 o], m=[i o o],
0 0 0 0 0 0
0 0 0 00 0
am=l0 0o 1], am=[0 0o —i (B1)
01 0 0 i 0

These are in fact the Pauli o, and o, operators in the relevant
subspaces. By appropriately choosing f,(¢), we may realize
any unitary of the form exp[—i Zm «,,C,], where «,, are
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arbitrary real coefficients and C,, are fixed Hermitian oper-
ators that include the four matrices in Eq. (B1) as well as
operators proportional to the commutators of these matrices
(thanks to the Baker-Campbell-Hausdorff formula).

We now observe that the commutators of these four
matrices are proportional to four other traceless Hermitian

matrices:

1 L0 0y 00 0
_.[)"la )\2] =10 —1 0 , —,[)\.3,)\.4]2 0 1 0 s
2i o o of 2 0 0 -1

| 0 0 —i 0 0 1
A, x31=10 0 0, ir,x]1=10 0 O

! i 0 0 1 0 0

(B2)

The matrices in Eqs. (B1) and (B2) constitute together a set
of eight linearly independent, mutually orthogonal (under the
trace inner product), traceless Hermitian matrices. In general,
a set of d> — 1 such matrices is sufficient in order to generate
the group SU(d), and so these matrices generate SU(3).

The generalization of this statement to d > 3 is then
straightforward. A laser that induces the transition | ji) <> |j2)
provides us as generators the o, and o, operators in the
subspace spanned by {|ji), |j2)}, and when combined with a
laser inducing the transition |j,) <> |j3), we have as genera-
tors also the o, and o, operators in the subspace spanned by
{171}, 173)}. Therefore, if our d — 1 lasers connect all d levels
of the qudit, then our generator set includes o, and o, within
the subspace spanned by any choice of two levels; these are
d? — d independent generators overall. To these, we may add
the d — 1 operators [0){0] — |j)(j| with 1 < j < d — 1 that
the generator set includes due to the commutation relations
of the various o, and o, operators. In total, this amounts to
the set of d> — 1 independent generators that is necessary and
sufficient for generating SU(d).

APPENDIX C: QUTRIT CZ GATE USING SIMULTANEOUS
SINGLE-QUDIT ROTATION AND RYDBERG DRIVE

An alternative to the pulse-based implementation in
Egs. (6) and (8) is to simultaneously drive single-qudit and
Rydberg tones. We use GRAPE in Fourier space (see Ap-
pendix A 3) to find the laser amplitude and phase profiles
that drive the |0) <> |1), |1} <> |2), and |2) <> |r») transitions
and implement the qutrit CZ gate. The result is displayed in
Fig. 5. Optimizing in Fourier space grants control over the
smoothness of the resulting laser profiles by setting the cutoff
frequency %(K — 1wy defined in Eq. (A10); in Fig. 5, we
choose %(K — Dy = 3Q and wy = /2 (such that K = 13),
where Q is the maximal Rabi frequency (assumed to be the
same for all three lasers). While the laser profiles in Fig. 5 may
be smooth enough for practical implementation, realistic sys-
tematic error sources could considerably degrade the fidelity
of the gate, and calibration would be much more challenging
than the calibration needed for the pulsed versions in Egs. (6)
and (8).

@)1/

0 2 4 6
Qt/m

FIG. 5. Pulse shapes implementing the qutrit CZ gate, obtained
from GRAPE optimization in Fourier space. The apparent phase
discontinuities are 27t phase wraps.

APPENDIX D: PROOF OF NO-GO THEOREM
ON IMPLEMENTING CZ USING A SINGLE
RYDBERG TRANSITION

Here, we characterize the class of two-qudit phase gates
that can be implemented as composite pulse sequences in-
volving global drives and only one Rydberg transition being
resonantly driven. Specifically, we prove that, for any two-
qudit unitary operator of the form given in Eq. (9), its action
on the computational basis states must follow Eq. (10).

Writing  CR(6) = 1, + (e — 1)]2,2) (2,2| and
substituting this into Eq. (9), we obtain

U = W®2 + Z(ei(ﬂ - ])(Wn o 'Wk)®2 |23 2) (2? 2|
k=1

X (kal .. 'WO)®2 + Z (ei9k2 _ l)(eiakl . l)

1<k <ko<n
x (W, -+ Wi,) 2 12,2) (2, 2]
X (Wipot -~ Wi ) %2 12,2) (2, 2] (W1 -+ W)™

T (D1)

where we defined W = W,W,,_; - - - W, and where the ellip-
sis stands for sums of similar expressions, only with more
than two insertions of |2, 2) (2, 2| into the product of (W )®?.
Terms of the form (2, 2| (Wi, - - - Wy, )®2|2,2) are simply
fixed matrix elements, so we observe that we may equivalently
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write

U=W+ Y Co(War W)™ 12.2) (2.2

0<k) <ka<n

x (Wi, -+ Wo) ™, (D2)

)®2
where C, i, are some complex numbers. We further no-
tice that terms of the form (j, m| (W, ---W,)®?(2,2) or
(2,2] (Wy, - - - Wy)®? | j, m) are invariant under the exchange
of j and m. This means that, for any two-qudit state |y), we
obtain that

d—1

Uly) =W 1)+ > fia(v) i i)

j=0

+ D fum (DI m) + . )],

0<j<m<d—1

(D3)

where f{; and f{;,, are linear functionals (i.e., linear maps
from C¢* to C) that are symmetric under qudit exchange.
In particular, these functionals vanish when they are applied
to any two-qudit state that is antisymmetric under qudit ex-
change.

Now, recall that U is assumed to be diagonal in the com-
putational basis, and let us define the phase &y ; viaU |0, 1) =
€010, 1). Projecting both sides of this equality onto either
|0, 1) or |1, 0) and subtracting the two equations yields

¢S = (O|W [0) (1| W [1) — (1| W [0) (O|W [1).  (D4)

Additionally, we use the fact that the linear functionals
fijy and f{jm vanish when applied to |0,1) —1,0) to
see that U (|0, 1) — |1, 0)) = W®2(|0, 1) — |1, 0)). Projecting
both sides onto either |0, 2) or |1, 2), we observe that

0= (0IW0) 2IW [1) — (Ol W |1) (2| W |0} ,

0= (1IW10) 2IW [1) = (1{W [1) 2 W |0) . (D5)

Multiplying the first equality by (1| W [1) and the second by
(O] W |1) and subtracting, we obtain

0=e™1 2|W 1), (D6)

where we substituted Eq. (D4). This, of course, entails that
2|wW 1) =0.

The same exact argument can be applied to any other
off-diagonal element of the unitary W, meaning that W is
necessarily diagonal with respect to the single-qudit com-
putational basis. Letting ¢/ = (j| W |j) denote its diagonal
elements, we obtain Eq. (10) as a straightforward generaliza-
tion of Eq. (D4). While Eq. (10) limits the eigenvalues of the
states |j, m) with j # m, the eigenvalues of the states |j, j)
can be made arbitrary; indeed, CR2)(6) can be used to assign
an arbitrary phase to the state |2, 2), and, through single-qudit
swaps of the states |2) and |j), also to any state |j, j) with

J#F2
APPENDIX E: SIMULATION IN THE PRESENCE
OF RYDBERG TONE CROSSTALK

The use of circularly polarized laser beams, depicted in
Fig. 6(a), eliminates crosstalk between the clock-to-Rydberg

Example: '"'Yh
-un _— |19) = ";b']‘ mp = %»

lr) = "‘S‘. mp = f%/)r

FIG. 6. Possible polarizations of the Rydberg tones. (a) Circular
polarization in the F = 1/2 manifold, eliminating Rydberg tone
crosstalk. (b) Linear polarization, inducing crosstalk between the
|[1) <> |r1) and |2) <> |r,) transitions. The difference between these
transition frequencies is dw; , in Eq. (E1).

tones. However, the effect of such crosstalk needs to be ad-
dressed if the use of a single frequency-modulated beam is
preferred. In this Appendix, we show how to alleviate the
error induced by the crosstalk by modifying the pulse shapes
used within the scheme proposed in Eq. (11). We then repeat
the simulation of the CZ gate. To compare with the results
of Sec. V, we focus again on d = 3, although our strategy to
modify the pulse shapes applies at any qudit dimension.

As mentioned above, our protocol for the CZ gate assumes
that the transitions to the Rydberg levels may be driven inde-
pendently. This could be incompatible with the use of linearly
polarized lasers, illustrated in Fig. 6(b); driving the transition
[1) <> |r) could also drive the transition |2) <> |r), if the
Rabi frequency of the drive is comparable with the detuning
of the two transitions. The drive Hamiltonian reads

")
2
ng) ([ )ei&ul,zt
2

Hl,l‘] =

(1) (@I +1®]1) (r1])

(12) (2|1 +1®]2) (r2]) + H.c.
(ED)

Here, I is the identity matrix of a single atom and dw; 5 is the
difference between the 1 and 2 transition frequencies, result-
ing from the finite Zeeman splitting in the Rydberg manifold.
Note that the transition |1) <> |r;) is forbidden by selection
rules (the two states have differing values of mp, as illustrated
in Fig. 6), and is therefore absent from Eq. (E1).

If Swio > Q. the unwanted transition term could be
omitted within the rotating wave approximation. To lowest
order in perturbation theory, driving the transition |1) < |r|)
shifts the energies of |2) and |r,) by |Q§r)|2/8a)1,2. However,
at small enough dw) », a perturbative analysis is invalid and
the unwanted coupling term could drastically alter the dynam-
ics. Assuming the realistic values |Q(lr)| ~ 27 x 5 MHz and
dwy » ~ 2w x 50 MHz [50] and using the optimal pulse shape
shown in Fig. 3(b), we find that the fidelity of the C'R gates is
reduced by as much as 0.1.

To accommodate the finite level splitting, we optimize
the pulse shapes for the CR gates using the dynamics of
the Hamiltonian in Eq. (E1) in the GRAPE algorithm. We
also account for the finite Rydberg interaction strength in the
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CRe; () CRu (F)
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Qt /7 Qt/n Ot/

FIG. 7. Modified CR(%”) gates, with pulse shapes accounting
for a finite Zeeman splitting of éw; , = 27 x 50 MHz, using a max-
imal Rabi frequency of Q@ = 27 x 5 MHz.

optimization. The pulse shapes are optimized in Fourier space
to avoid sharp phase jumps that could not be implemented in
practice (see Appendix A 3 for details). The amplitudes of the
resulting pulse shapes implementing CR{l}(%”), CR{z}(%”),
and CRy; (%), for a maximal Rabi frequency Q =27 x
5 MHz and Zeeman splitting dw;» = 27 x 50 MHz, are
displayed in Fig. 7. These pulses are slightly longer than
the ideal pulse shape in Fig. 3(b). In the implementation
of CRy j}(%”), the dominant laser operates at near-maximal
intensity, while the other laser operates at lower intensity to
counteract the induced unwanted transition. Furthermore, the
phase of the dominant laser (not shown in Fig. 7) roughly
follows the profile of the optimal-time pulse in Fig. 3(b).

Using the modified pulses in the presence of the finite
Zeeman splitting, we find a fidelity of 0.993 for the CZ gate,
slightly worse than the fidelity in the absence of crosstalk,
0.994. The degraded fidelity could be attributed to the in-
creased population in the Rydberg levels induced by the
crosstalk and the counteracting transitions driven in the im-
plementation of CR“}(%”) and CR{Q}(%”).

APPENDIX F: EFFECTIVE POPULATION OF THE
RYDBERG MANIFOLD DURING A UNITARY EVOLUTION

Any two-qudit entangling unitary operator is implemented
through a unitary evolution U (¢) of two atoms for a given time
T. This evolution necessarily involves transitions between
the computational qudit states and ancillary Rydberg states,
where the latter are prone to decay processes. To approximate
the average Rydberg decay during such an evolution, we may
estimate the effective portion of time out of the perfect unitary
evolution U (¢) during which the Rydberg states are populated,
and then multiply this effective time by a characteristic decay
rate of a Rydberg state.

Here, we present a useful formula estimating the average
population xyq of Rydberg states during the evolution U (¢)
(the effective time will then be xry47). Let us first define the
projector onto the computational two-qudit subspace,

d—1
Meomp = Y 1, m) (j, m|. (F1)

J,m=0

We also define the projectors

d—1 Mya
Moya = Y > 1 re) Uo rel + I ) (i 1,
j=0 k=1
Tryd
Moo = Y, 17 1) (s 1l (F2)

k,l=1

where 7,yq is the number of Rydberg states that are connected
to the qudit states by the underlying Hamiltonian. Respec-
tively, these projectors perform projections onto the subspace
spanned by states where a Rydberg state is occupied in only
one of the atoms and the (blockaded) subspace of states with
Rydberg states occupied in both atoms.

Suppose now that |v/) is an arbitrary two-qudit state, i.e.,
Meomp [¥) = [¥). A natural definition for the average pop-
ulation of the Rydberg manifold during the evolution U (¢)
starting from the initial state |v) is

1 T
Xryd = 7/ dr (Y| U"(t)(Tya + 2Meioe)U (1) [¥) . (F3)
0

where the factor of 2 before Iy, stems from the fact that, in
the corresponding subspace, both atoms are in a Rydberg state
and the contribution to the Rydberg decay should be doubled.

This estimate currently depends on the state |{). We may
eliminate this dependence by regarding it as a random two-
qudit state and averaging over such states. We write |¢) =
MeompV 10, 0), where V is a Haar-random unitary operator
within the two-qudit subspace, and use the rules of the Haar
measure [72] to find that

Evtaar [V HeompU T (1) (Trya + 2o )UE) HeompV ]
1 .
= d—zTr[U’a)(nryd + 2Tbioc)U(t) Meomp 1. (F4)

Substituting this into the integrand in Eq. (F3), we obtain the
following formula for the average Rydberg population:

T dr
Xryd = / d2_T Tr[UT(t)(Hryd + anloc)U(t)ncomp]- (F5)
0
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