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From equivalent Lagrangians to inequivalent open quantum system dynamics
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Lagrangians can differ by a total derivative without altering the equations of motion, thus encoding the
same physics. This is true both classically and quantum mechanically. We show, however, that in the context
of open quantum systems, two Lagrangians that differ by a total derivative can lead to inequivalent reduced
dynamics. While these Lagrangians are connected via unitary transformations at the level of the global system-
plus-environment description, the equivalence breaks down after tracing out the environment. We argue that
only those Lagrangians for which the canonical and mechanical momenta of the system coincide lead to
operationally meaningful dynamics. Applying this insight to quantum electrodynamics (QED), we derive the
master equation for bremsstrahlung due to an accelerated nonrelativistic electron upto second order in the
interaction. The resulting reduced dynamics predicts decoherence in the position basis and closely matches
the Caldeira-Leggett form, thus resolving previous discrepancies in the literature. Our findings have implications
for both QED and gravitational decoherence, where similar ambiguities arise.
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I. INTRODUCTION

Decoherence in quantum systems [1–4] is ubiquitous and
unavoidable. It is relevant in a large variety of physical sit-
uations such as matter-wave interferometry [5–10], quantum
optics [11–13], and quantum computers [14,15], to name a
few. Over the years, several theoretical models [3,16–23] have
been developed to understand how a system behaves effec-
tively under the influence of its environment, and how this
influence can be shielded or at least mitigated, or perhaps
exploited for specific tasks.

A natural question concerns the derivation of these models,
most of which are phenomenological, from the fundamental
Lagrangian describing the interaction between the system and
its environment. Given that gravity is weak and nuclear forces
are irrelevant for the typical systems of interest, this La-
grangian reduces to that of quantum electrodynamics (QED).
The derivation of these models is not straightforward—even
at the nonrelativistic level in which we will operate.

Physical intuition and previous theoretical research suggest
that in standard conditions the reduced dynamics should re-
semble the Caldeira-Leggett master equation [1,19]:

˙̂ρr = − iη

2m
[x̂, { p̂, ρ̂r}] − �

h̄
[x̂, [x̂, ρ̂r]], (1)
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where the coefficients η and � should be derived as functions
of the parameters of the Lagrangian. The Caldeira-Leggett
equation models a two-way exchange of energy between the
system and environment. In particular, the first term on the
right describes energy lost by the system to the environment,
and the second term describes decoherence of the system in
the position basis due to measurements made on the system
by the environment.

However, the literature presents contrasting results in this
regard. For example, the case of a quantum particle subject
to vacuum fluctuations of the electromagnetic (EM) field has
been studied in Refs. [24–27] and most recently in Ref. [28]
(see also Refs. [29–33] for a related discussion). However,
while [24,27,28] arrive at results compatible with Eq. (1),
predicting in particular decoherence in position basis, oth-
ers [25,26] arrive at substantially different conclusions. The
source of this discrepancy plagues not only QED but also the
recent works concerning gravitational decoherence [34–42], a
subject that has attracted a lot of attention as an indirect probe
for the quantum nature of gravity.

The goal of this work is to demonstrate that this issue
arises whenever one attempts a microscopic derivation of the
reduced dynamics starting from a Lagrangian. Specifically,
we will show that the root of the problem lies in the choice
between two Lagrangians that differ by a total derivative.
This difference is unimportant at the level of equations of
motion derived classically, or at the level of full expectation
value of operators in quantum mechanics. This is because the
operators and state vectors for the quantum dynamics derived
from the two Lagrangians are related to each other by a unitary
transformation [43,44].

However, this is not the case for open quantum systems
since such a unitary transformation mixes the system and the
environment, and the equivalence is lost upon tracing over
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the environment (which is a nonunitary operation), needed to
arrive at the reduced dynamics for the system alone. Faced
with this inequivalence, one must then pick one Lagrangian
over the other. We will show that from the operational point of
view, one must start with a Lagrangian for which the canonical
and the mechanical momentum of the system coincide.

In the light of these results, starting from the appropri-
ate form of the standard QED Lagrangian, we derive the
master equation for an accelerated nonrelativistic electron,
which decoheres due to which-path information carried away
by bremsstrahlung. As expected, the master equation we
derive resembles closely the phenomenological master equa-
tion (1), which is typically used to describe decoherence. In
particular, our master equation for bremsstrahlung predicts
decoherence in the position basis, in contrast to decoherence
in the conjugate momentum basis as in Ref. [45]. We thus re-
cover established (phenomenological) results in the literature
[19,20], providing further support in favor of our criterion.

As already mentioned, this analysis is relevant not only
for electrodynamics, but also for (linearized) gravity, whose
Lagrangian allows for a similar freedom in its definition, and
therefore a similar ambiguity, which has to be resolved.

II. INEQUIVALENCE BETWEEN MASTER EQUATIONS:
A CASE STUDY

Both in classical and quantum physics, two Lagrangians
that differ by a total derivative describe the same physical
situation. We will show through a simple example that this
equivalence does not hold for open quantum systems, where
by definition one has to distinguish between a system and
its environment, and trace over the environment to obtain a
master equation for the system alone.

Let us consider two nonrelativistic particles moving in one
dimension, where particle 1 is taken to be the system and par-
ticle 2 is treated as its environment. Suppose the Lagrangian
is

L = 1
2 m1ẋ2

1 + 1
2 m2ẋ2

2 + gx1ẋ2, (2)

or equivalently

L′ = 1
2 m1ẋ2

1 + 1
2 m2ẋ2

2 − gẋ1x2, (3)

since the two differ by a total derivative:

L = L′ + d

dt
(gx1x2). (4)

We quantize the system starting from these two Lagrangians,
and then compute the reduced dynamics for particle 1, show-
ing that they are substantially different.

Open system dynamics from L. Following standard canon-
ical quantization, we first have to derive the conjugate
momenta for x1 and x2; they are

p1 = ∂L

∂ ẋ1
= m1ẋ1, p2 = ∂L

∂ ẋ2
= m2ẋ2 + gx1. (5)

The Hamiltonian then reads

H = p2
1

2m1
+ g2x2

1

2m2
+ p2

2

2m2
− gx1 p2

m2
. (6)

Quantization proceeds as usual, with (x̂1, p̂1) and (x̂2, p̂2) as
pairs of conjugate variables satisfying the canonical commu-
tation relations.

The reduced density matrix for particle 1 is

ρ̂1(t ) ≡ Tr(2)[ρ̂(t )] =
∫

dx2 〈x2|ρ̂(t )|x2〉, (7)

where Tr(2)[·] denotes the partial with respect to particle 2.
Through standard calculations, presented in Appendix A, one
arrives at the following master equation for ρ̂1, which is valid
up to second order in the coupling constant g:

∂t ρ̂1 = − i

h̄

[
p̂2

1

2m1
+ g2x̂2

1

2m2
, ρ̂1

]

− g2
〈
p̂2

2

〉
i

h̄2m2
2

(
t[x̂1, [x̂1, ρ̂1]] − t2

2m1
[x̂1, [ p̂1, ρ̂1]]

)
, (8)

with 〈p̂2
2〉i = Tr{ρ̂2(ti ) p̂2

2}. This master equation predicts de-
coherence in the x basis and involves the operator p̂1

(conjugate to the position operator x̂1), whose eigenvectors are
the same as the eigenvectors of the velocity operator v̂1.

Open system dynamics from L′. We now repeat the same
procedure, starting from the Lagrangian L′. The conjugate
momenta for x1 and x2 for L′ are different compared to L, and
are given by

p′
1 = ∂L′

∂ ẋ1
= m1ẋ1 − gx2, p′

2 = ∂L′

∂ ẋ2
= m2ẋ2. (9)

The Hamiltonian corresponding to L′, in terms of the canoni-
cal variables, reads

H ′ = p′2
1

2m1
+ p′2

2

2m2
+ g2x2

2

2m1
+ gx2 p′

1

m1
. (10)

Note that H ′ coincides with H , once p′
1 and p′

2 are replaced
with p1 and p2 via the relations p′

1 = p1 − gx2 and p′
2 = p2 −

gx1.
Canonical quantization now requires that (x̂1, p̂′

1) and
(x̂2, p̂′

2) are the pairs of conjugate variables satisfying the
canonical commutation relations [46].

The reduced density matrix ρ̂ ′
1 for particle 1 is again de-

fined as in Eq. (7), but now its master equation, valid up
to second order in the coupling constant g, is completely
different:

∂t ρ̂
′
1 = − i

h̄

[
p̂′2

1

2m1

(
1 − g2t2

2m1m2

)
, ρ̂ ′

1

]
− g2

h̄2m2
1

(
t
〈
x̂2

2

〉
i

+ t3
〈
p̂′2

2

〉
i

2m2
2

+ 3t2

4m2
〈{x̂2, p̂′

2}〉i

)
[ p̂′

1, [ p̂′
1, ρ̂

′
1]]. (11)

with 〈x̂2
2〉i = Tr{ρ̂2(ti )x̂2

2}, 〈p̂′2
2 〉i = Tr{ρ̂2(ti ) p̂′2

2 }, and
〈{x̂2, p̂′

2}〉i = Tr{ρ̂2(ti){x̂2, p̂′
2}}. We immediately see that

the two master equations (8) and (11) describe different time
evolutions of particle 1.

Contrary to Eq. (8), the master equation (11) predicts de-
coherence in the basis of p̂′

1. For the Lagrangian L′, p̂′
1 is

conjugate to x̂1 but is different from the velocity operator, i.e.,
v̂1 �= p̂′

1/m1. Furthermore, they yield different equations of
motion for the expectation value of the position operator 〈x̂1〉t ,
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as shown in Appendix A. We shall now describe why this is
the case.

III. WHY DIFFERENT MASTER EQUATIONS

When two Lagrangians differ by the total derivative of a
given function F (x1, x2),

L(x1, ẋ1, x2, ẋ2) = L′(x1, ẋ1, x2, ẋ2) − dF/dt, (12)

the conjugate momenta for the two Lagrangian descriptions
are different, and are related to each other as

p(1,2) = p′
(1,2) − ∂F

∂x(1,2)
, (13)

where p(1,2) stands for p1 or p2. In L, a given observable
O is expressed as a function of (x̂(1,2), p̂(1,2)), while in L′
it is expressed as a function of (x̂(1,2), p̂′

(1,2)). Due to the
difference between the conjugate momenta of the two de-
scriptions, the functional form of O in L, which we denote
by Ô(x̂(1,2), p̂(1,2)), is different from its functional form in L′,
which we denote by Ô′(x̂(1,2), p̂′

(1,2)). An example is how the
Hamiltonian H takes different functional forms H and H ′ in
Eqs. (6) and (10), respectively.

Nevertheless, given the functional form of Ô in L, one can
determine the functional form of Ô′ in L′ (and vice versa).
This relationship is determined by F̂ and is given by [43,44]

Ô′(x̂(1,2), p̂′
(1,2)) = T̂ Ô(x̂(1,2), p̂′

(1,2))T̂
†, T̂ = eiF̂/h̄. (14)

As an example, we consider O = P1, where P1 is the mechan-
ical momentum of particle 1. In L, we have

P1
L−→ Ô(x̂(1,2), p̂(1,2)) = p̂1

pos.= −ih̄∂x1 , (15)

where “pos.” stands for the position space representation. In-
stead, following the prescription in Eq. (14), P1 in L′ is given
by

P1
L′−→ T̂ p̂′

1T̂ † = p̂′
1 − ∂F̂/∂x1

pos.= −ih̄∂x1 − ∂F/∂x1. (16)

It is in this sense that the classical relation (13) must be
understood quantum mechanically. Note that this relation is
a bit more subtle to express after quantization, because even
though they represent different physical quantities, p̂1 and p̂′

1
have the same position space representation −ih̄∂x1 in their
respective Lagrangian descriptions L and L′ [44]. We refer to
Table I where we present how different observables of interest
are expressed in L and L′.

The same unitary transformation also relates the state vec-
tors in the two descriptions. If |ψ〉 satisfies the relation

Ô|ψ〉 = ψ |ψ〉, (17)

the corresponding eigenvector for Ô′, with the same eigen-
value, is given by

Ô′|ψ〉′ = ψ |ψ〉′, |ψ〉′ = T̂ |ψ〉. (18)

Therefore, although the two quantum descriptions appear to
be different at first sight, the operator T̂ allows one to map the
calculations performed for one Lagrangian to those performed
for the other. More importantly, following the correspondence,

TABLE I. Various quantum mechanical entities and their repre-
sentation in terms of the conjugate variables of L and L′. At the global
S + E level, the operators and the state vectors in L and L′ are related
to each other by the unitary transformation T̂ = exp{−igx̂1x̂2/h̄}.
However, since T̂ involves both the system (x̂1) and environment
(x̂2) degrees of freedom, some observables which are local to the
system when represented in L, correspond to nonlocal entities when
expressed in L′: while position of particle 1 remains a local to the
system in both L and L′, the mechanical momentum of particle 1,
which is local to the system in L (it acts trivially on the environment
basis states), corresponds to a global S + E operator for Lagrangian
L′ (acting nontrivially on both the system and environment basis
states). The opposite is true for the mechanical momentum of particle
2. Similarly, a factorized state in L, in general, corresponds to a
nonfactorized state in L′ (and vice versa). Since locality to the system
is not preserved in going from L to L′, and due to the nonunitary
trace operation, ρ̂1 and ρ̂ ′

1 are not related by T̂ . The unprimed rep-
resentation must be preferred operationally for deriving the reduced
dynamics of particle 1, since therein, all physically relevant system
variables are accessible at the level of ρ̂1. This is not the case for ρ̂ ′

1,
since in L′, the velocity operator of particle 1 is expressed in terms
of x̂2, which is traced out and not accessible at the level of ρ̂ ′

1.

Lagrangian L Lagrangian L′

Full systems S + E

Operators
Conj. var.: (x̂1, p̂1), (x̂2, p̂2) Conj. var.: (x̂1, p̂′

1), (x̂2, p̂′
2)

Position of particle 1 (position representation)
x̂1 (x1) x̂1 (x1)

Position of particle 2
x̂2 (x2) x̂2 (x2)

Mechanical momentum of particle 1
p̂1 (−ih̄∂x1 ) p̂′

1 + gx̂2 (−ih̄∂x1 + gx2)

Mechanical momentum of particle 2
p̂2 − gx̂1 (−ih̄∂x2 − gx1) p̂′

2 (−ih̄∂x2 )

States
|ψ〉 |ψ〉′ = T̂ |ψ〉
pos.: ψ (x1, x2) pos.: e−igx1x2/h̄ ψ (x1, x2)

Reduced system S (trace over E)

ρ̂1 = Tr(2)[ρ̂] = ρ̂1(x̂1, p̂1) ρ̂ ′
1 = Tr(2)[T̂ ρ̂T̂ †]= ρ̂ ′

1(x̂1, p̂′
1)

ρ̂1 and ρ̂ ′
1 cannot be transformed into one another

Which representation to choose, operationally?
x1 and p̂1 = m1v̂1 can be p̂′

1 = m1v̂1 − gx̂2 requires
measured only through S controlling both S and E

the expectation values coincide:

〈ψ (t )|Ô|ψ (t )〉t = ′〈ψ (t )|Ô′|ψ (t )〉′t . (19)

The crucial point is that, while such a map exists globally (for
S + E), and makes the two descriptions equivalent, it does
not hold locally at the level of the reduced density matrix ρ̂1

of the system alone, whenever F̂ involves variables of both
the system (particle 1) and the environment (particle 2). This
is the case in the previous example, where F̂ = −gx̂1x̂2 [cf.
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Eq. (4)], and also for QED, as we will see later. (One encoun-
ters the same situation in linearized gravity; see, for example,
the interaction term in the action for linearized gravity [41].)

The global nature of F̂ leads to two different master equa-
tions (8) and (11). The origin of this difference can be split
into two parts, which we now discuss: the choice of the initial
state and the difference between the conjugate momenta.

A. The initial state

For the toy model described in Sec. II, the master equa-
tions (8) and (11) are obtained starting from the same
factorized initial state, as customary (although not necessary)
in open quantum systems. However, this choice of initial state
for the two Lagrangians is incompatible with Eqs. (17) and
(18). If a two-particle state is taken to be ψ (x1, x2) in L, the
state encoding the same physics is given by e−igx1x2/h̄ψ (x1, x2)
in L′. Consequently, if calculations are performed with a
factorized initial system-environment (S-E) state in one rep-
resentation, i.e.,

ρ(x̃(1,2), x(1,2)) = ρ1(x̃1, x1)ρ2(x̃2, x2), (20)

one should start with a nonfactorized initial state

ρ = ρ1(x̃1, x1)e±igx̃1 x̃2/h̄ρ2(x̃2, x2)e∓igx1x2/h̄ (21)

in the other representation to describe the same physics.
This implies that the customary factorized initial-state as-

sumption inevitably leads to two different master equations,
as can be seen from the fact that the expectation values 〈x̂1〉t ,
when obtained from Eqs. (8) and (11), do not match, as de-
tailed in Appendix A. This discrepancy due to the choice of
the same factorized initial state in both representations is not
only important for the toy model we discuss, but also because
the same choice is made in the literature for describing non-
relativistic QED, independently of the representation of the
interaction term, A · ẋ [25,26] or E · x [24,27].

Nevertheless, we emphasize that while the same factorized
initial state leads to different master equations, it does not
pose a fundamental problem. Even though, in general, it is
much more challenging to perform calculations for a nonfac-
torized initial state, it can be done in principle. We show in
Appendix B how the expectation values for x̂1 coincide if, for
instance, the calculations are performed with the correspond-
ing nonfactorized initial state in L.

We now discuss the second source of discrepancy, namely,
the difference between p̂1 and p̂′

1. Unlike the initial state,
as we shall point out, the difference between p̂1 and p̂′

1
irreversibly breaks the equivalence between the two master
equations.

B. The system variables p̂1 and p̂′
1

The fundamental difference between the master equa-
tions (8) and (11) is that they are functions of different
physical operators, which are not related locally. Specifically,
the Lagrangian L assigns the mechanical momentum p̂1 to
particle 1, while L′ assigns p̂′

1. As explained before, the two
operators are different; as a matter of fact, Eqs. (A27) and
(B8) show that the expectation value 〈p̂′

1〉t derived from L′,
and 〈p̂1〉t derived from L with an appropriately transformed
initial state, do not match.

Let us consider the observable π1 corresponding to the
conjugate momentum of particle 1 in L′; upon quantization:

π1
L′−→ p̂′

1
pos.= −ih̄∂x1 . (22)

The central issue is that the same observable is represented by
a nonlocal operator in L:

π1
L−→ T̂ † p̂1T̂ = p̂1 + ∂F̂/∂x1

pos.= −ih̄∂x1 + ∂F/∂x1. (23)

While p̂′
1 is local to the system in L′, it is represented by the

global S + E operator p̂1 − gx̂2 in L. The opposite is true for
P1, as shown before in Eqs. (15) and (16).

The conclusion is that observables represented locally in
one representation are represented globally in the other rep-
resentation, since the unitary transformation T̂ = e−igx̂1 x̂2/h̄

involves both the system and environment operators.
This poses the following difficulty. Let us consider, for

example, whether there is decoherence in the eigen basis of
(the operator representation of) π1. The master equation (11),
derived from L′, says yes. However, this question cannot be
sensibly answered by looking at only the master equation (8),
which is derived from L.

For the same reason, the master equations derived from
L and L′ cannot be related by the same unitary transforma-
tion T̂ = e−igx̂1 x̂2/h̄. This is because, by definition, they are
obtained by tracing over the environment (particle 2). Global
S+E operators such as T̂ cannot be present at the level of
the reduced master equation in either of the two Lagrangian
descriptions, and thus cannot be used in going from Eq. (8) to
Eq. (11) directly.

The two reduced density matrices are separately valid as
long as one is interested in either functions of the conjugate
variables (x̂1, p̂1) or (x̂1, p̂′

1). But one cannot switch from
one to the other—unless one goes back to the full density
matrix—because the partial trace and the transformation T̂ are
incompatible with each other: Once the partial trace has been
taken, the transformation T̂ cannot be applied anymore.

The question then becomes to decide which set of conju-
gate variables, and therefore which representation, to use. In
theory, any pair does the job. But from the operational point
of view, there is a difference. If the objective is to describe the
reduced dynamics of particle 1, one would typically not be
interested in the observable π1. This is because, operationally,
measuring π1 not only requires measuring the velocity of
particle 1, but also the position of particle 2.

While the conjugate momentum p̂1 coincides with the me-
chanical momentum m1 ˙̂x1, and therefore it can be determined
by knowing the mass and by measuring the velocity of particle
1, the conjugate momentum p̂′

1 corresponds to the mechanical
momentum minus gx̂2 and its measurement passes through
monitoring also the position of particle 2, which however
is supposed not to be accessible at the level of the system
(particle 1) alone. Then, having decided at the beginning that
only particle 1 is accessible and particle 2 is traced away, the
only consistent choice from the operational point of view is
to use the representation in terms of the conjugate variables
(x̂1, p̂1). This choice returns a master equation that is similar
to the Caldeira-Leggett master equation (1); this would not be
the case with the other choice [25,26,45].

013133-4



FROM EQUIVALENT LAGRANGIANS TO INEQUIVALENT … PHYSICAL REVIEW RESEARCH 8, 013133 (2026)

This does not imply that, in general, the L representation
is better than L′, for describing open quantum systems. If,
for instance, we were interested in the effective dynamics of
particle 2, after averaging over particle 1, following the same
line of reasoning, L′ would be operationally better than L to
derive the master equation for particle 2.

At a general level, the main takeaway message of this
analysis is that a global unitary transformation changes the
S–E separation for any bi- or multipartite system (simplest
example being that of two spin-half particles), and would
thus lead to inequivalent reduced dynamics. The inference on
which variables, before or after the unitary transformation,
appropriately describe the open dynamics of the system of in-
terest must be done from physical considerations, and keeping
in mind that certain operators which are local to the system
(e.g., p̂′

1) do not necessarily represent system observables that
can be measured independently of the environment.

In the next section, we apply these considerations to a
particle interacting with the electromagnetic field. As can be
immediately seen by comparing the QED Lagrangian with the
toy model discussed before, x1 is analogous to the position
of the charged particle in the QED Lagrangian, while x2 is
analogous to the vector potential of the electromagnetic field.

IV. BREMSSTRAHLUNG AND OPEN SYSTEM DYNAMICS
FOR A NONRELATIVISTIC CHARGED PARTICLE

In the Coulomb gauge, the Lagrangian describing the dy-
namics of a charged particle traveling at nonrelativistic speeds
(v 	 c) and interacting with the EM field is given by (cf. Ref.
[47] and Appendix A in Ref. [27])

L = 1

2
mṙ2

e − V0(re) +
∫

d3rLEM + ereȦ⊥. (24)

Here, re denotes the position of the charged particle, V0 is
some external potential that acts only on the charged particle
(system of interest), LEM is the Lagrangian density for the free
EM field, and A⊥ is the transverse vector potential.

Alternatively, one can consider the Lagrangian L′ equal
to L, with only the interaction term replaced by −eṙeA⊥;
these two choices are well known in the literature as the
E · x coupling and A · p coupling, respectively [44]. The two
Lagrangians are of course equivalent, because they differ by
a total derivative: L′ = L + dFEM/dt , where FEM = −ereA⊥;
note that, as in the toy model described in Sec. II, FEM involves
both the system and the environmental variables.

Our goal is to derive the master equation for the electron
by tracing out the electromagnetic degrees of freedom. In
the literature, to analyze decoherence due to vacuum fluctu-
ations, both approaches—starting from L [24,27] and from
L′ [25,26]—have been considered, leading to contrasting re-
sults. As discussed earlier, this discrepancy is to be expected.
Indeed, as previously noted, there is only one operationally
viable choice: the one in which the conjugate momentum
to re coincides with the mechanical momentum mṙe. This
amounts to choosing the E · x coupling given by L [48];
we proceed with this choice to analyze decoherence due to
bremsstrahlung. The Hamiltonian corresponding to the La-

grangian L is given by

H = p2

2m
+ V0 + VEM +

∫
d3rHEM + ere�E. (25)

Here, HEM represents the Hamiltonian density corresponding
to the free EM field, VEM(re) := e2k3

maxr2
e/(3π2ε0) and V0, as

mentioned before, is an external potential which we take to be
the harmonic potential V0 = m	2x̂2/2. The derivation of the
Hamiltonian in Eq. (25) starting from Eq. (24) can be found
in Appendix A in Ref. [27]. The reduced dynamics can be
obtained by applying the influence functional formalism [49].

It is well known that an accelerated electron emits photons.
These photons, emitted at different points along the electron
trajectory, carry which-path information and are thus expected
to lead to decoherence in position. Furthermore, the energy
carried away by the photons would lead to a dissipative term
in the equation of motion for the electron.

As for the toy model discussed in Sec. II, the master
equation for the electron interacting with the EM field can be
obtained via the influence functional formalism, as introduced
in Appendix A. Description of the formalism can also be
found in Refs. [27,50]—where it was applied specifically to
QED. To leading order, the master equation is obtained to be

∂t ρ̂r = − i

h̄
[Ĥs, ρ̂r (t )] − 1

h̄

∫ t

0
dτN (τ )[x̂, [x̂Hs (−τ ), ρ̂r (t )]]

+ i

2h̄

∫ t

0
dτD(τ )[x̂, {x̂Hs (−τ ), ρ̂r (t )}]. (26)

Here,

Ĥs := p̂2/(2m) + V̂0 + V̂EM (27)

and

x̂Hs (−τ ) := Û −1
s (t − τ ; t )x̂Ûs(t − τ ; t ), (28)

with Ûs(t − τ ; t ) being the unitary operator that evolves the
state vector of the system from time t to t − τ via the system
Hamiltonian Ĥs and x̂ is the usual Schrödinger operator such
that x̂Hs (0) = x̂. We adopt the convention where the electron
moves along the x axis.

Computation of the noise kernel requires the specifica-
tion of the initial state. We assume a factorized system-
environment initial state, and the EM field to be initially in
its vacuum state ρ̂EM(ti ) = |0〉〈0|. For such an initial state
and the x̂�̂x

E interaction, the noise and dissipation kernel were
computed explicitly in Ref. [27]. They read

N0(τ ) = 4αh̄

πc2

(ε4 − 6ε2τ 2 + τ 4)

(ε2 + τ 2)4
(29)

and

D(τ ) = 4h̄α

3c2
θ (τ )δ′′′

ε (τ ), (30)

where α = e2/(4πε0h̄c) is the fine-structure constant, δε :=
1
π

d
dτ

tan−1( τ
ε

), and ε = 1/	max is a high-energy cutoff to reg-
ularize the otherwise divergent dynamics.

The master equation (A16), with the noise and dissipation
kernels in Eqs. (29) and (30), respectively, is the one that
would be obtained to second order for a particle interacting
with the EM field initially in the ground state. Nevertheless,
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the integrals appearing in the master equation depend on the
free evolution of the position operator and are thus specific
to the physical scenario under consideration. We now pro-
ceed toward the derivation of the master equation, specific to
bremsstrahlung.

To bring the master equation closer to the Caldeira-Leggett
form, the integrals involving the noise and the dissipation
kernels must be computed. We first focus on the dissipation
kernel. From Eq. (30), it can be seen that it is proportional to
the third derivative of the Dirac delta δε . The integral involv-
ing the dissipation kernel can be computed by integrating by
parts. Using the standard properties of the Dirac delta, i.e.,
δ′
ε (0) = 0, δ′′′

ε (0) = 0 [since δ′
ε (t ) and δ′′′

ε (t ) are odd func-
tions], and δε (t ) = 0, for t � ε, one arrives at the relation∫ t

0 dτδ′′′
ε (τ ) f (−τ ) = ( f ′′′/2 − δε f ′′ − δ′′

ε f )|τ=0. Substituting
the Heisenberg operator x̂Hs (−τ ) for the general function f ,
and using the standard relations for the harmonic oscillator:
x̂Hs (0) = x̂, x̂′′

Hs
(0) = −	2x̂, and x̂′′′

Hs
(0) = −	2 p̂/m, the mas-

ter equation (26) becomes

˙̂ρr = − i

h̄

[
p̂2

2m
+ 1

2
m	2x̂2, ρ̂r

]
− iα	2

3mc2
[x̂, { p̂, ρ̂r}]

− 1

h̄

∫ t

0
dτN0(τ )[x̂, [x̂Hs (−τ ), ρ̂r]]. (31)

The contribution due to V̂EM, which appeared in the Hamilto-
nian (25), is canceled exactly by δ′′

ε (0), while the δε (0) term
that appears after integration by parts leads to the standard
renormalization of mass/frequency, which we have included
in the redefinition of the parameters (cf. Appendix C) [51].

We now study decoherence and compute the integral
involving N0. The contribution of N0 to the master equa-
tion splits into two pieces:

∂t ρ̂r |N0
= − 1

h̄

∫ t

0
dτN0(τ ) cos 	τ [x̂, [x̂, ρ̂r (t )]]

+ 1

mh̄	

∫ t

0
dτN0(τ ) sin 	τ [x̂, [ p̂, ρ̂r (t )]]. (32)

Both terms have a complicated time dependence, but they
can be evaluated in the physically relevant regime t � ε. In
particular, the first line can be computed by noting that

1

h̄

∫ t

0
dτN0(τ ) cos 	τ = 1

2h̄
Re

∫ t

−t
dτN0(τ )ei	τ

t→∞=
√

π

2h̄2 Re{F[N0](	)}

= α	3

3c2
e−ε	, (33)

where F denotes the Fourier transform. The term in Eq. (33)
is well behaved for an arbitrarily small ε (or an arbitrarily
large cutoff 	max, ε = 1/	max, such that 	/	max 	 1). At
late times, in the limit ε → 0, this term contributes to the
master equation as

∂t ρ̂r |dec = −α	3

3c2
[x̂, [x̂, ρ̂r (t )]], (34)

and describes decoherence in position. The second term, in
the limit t � ε, can be expanded to

1

mh̄	

∫ t

0
dτN0(τ ) sin 	τ

t→∞=
(

− 2α

3πmc2ε2
+ 2α	2

3πmc2
log(ε	) + 2αγE	2

3πmc2

)

+ O(ε), (35)

where γE is the Euler-Mascheroni constant. The first term is
independent of 	 and scales explicitly with the UV cutoff
1/ε. It has been argued and shown in Refs. [27,33,52,53] that
in tracing over the degrees of freedom of the EM field, one
also, unphysically, traces over the dressed states of the charged
particle. The way that the vacuum of the EM field reacts
to the presence of a free charged particle is by dressing the
bare particle with a cloud of virtual photons [54]. A charged
particle is typically observed with its dressing, and the dressed
states must therefore be considered part of the system and
not the environment [33]. Tracing over them describes false
decoherence that would not be observed in a typical interfer-
ence experiment. The first term in Eq. (35) survives even for a
free particle when 	 = 0, and corresponds to an effect due to
tracing over the particle dressing. We take it to be unphysical
and therefore discard it.

The second term in Eq. (35), which diverges logarithmi-
cally, has been discussed before, for example, in Ref. [55].
There, it was argued that such a divergence leads to the
renormalization of the two-point function 〈p(t1)p(t2)〉 in the
limit t1 → t2. However, since our calculations are performed
in the nonrelativistic regime, we take the point of view that
the value of the cutoff must be bounded from above such that
h̄	max � mc2 (c.f. pp. 200–202 in Ref. [56]), which makes the
logarithmic piece finite in any case. Furthermore, the contri-
butions coming from this regularized logarithmic piece as well
as the last term in Eq. (35), which is independent of the cutoff,
are suppressed in the nonrelativistic limit h̄	 	 mc2. This can
be seen by looking at the asymptotic variances presented in
Appendix C.

Therefore, retaining only the physically relevant contri-
butions, the master equation for the harmonically trapped
electron emitting bremsstrahlung reads

∂t ρ̂(t ) = − i

h̄

[
p̂2

2m
+ 1

2
m	2x̂2, ρ̂r

]

− iα	2

3mc2
[x̂, { p̂, ρ̂r}] − α	3

3c2
[x̂, [x̂, ρ̂r (t )]]. (36)

The first term on the right-hand side of the master equa-
tion (36) is the Liouville-von Neumann term, which describes
how the density matrix for a harmonic oscillator (with a
renormalized frequency) would evolve, in the absence of any
environment. The second term describes a friction term in the
equation of motion for d〈p̂〉t/dt , and thus describes the energy
lost by the oscillating charged particle due to photon emission.
Finally, the last term describes decoherence in position, which
can be intuitively understood as being due to which-path in-
formation carried away by radiation emitted by the charged
particle.

013133-6



FROM EQUIVALENT LAGRANGIANS TO INEQUIVALENT … PHYSICAL REVIEW RESEARCH 8, 013133 (2026)

Thus, we have shown that if the canonical variables as-
signed to the system are the ones obtained from L, rather
than L′, one gets decoherence in the position basis and that
the dynamics of the reduced density matrix closely resembles
the well-known Caldeira-Leggett master equation.

V. CONCLUSIONS

In this work, we have shown that two Lagrangians L and
L′ that differ by a total derivative and are therefore unitarily
equivalent to each other globally, give different predictions
at the level of reduced system dynamics, due to the dif-
ferent canonical variables they ascribe to the system and
environment.

With the help of a toy model, we show that the master
equation for the reduced density matrix of the system may
predict decoherence in position or (canonical) momentum,
depending upon whether the dynamics is derived from L or L′,
respectively, and that the two master equations in general are
not related to each other. We then show that the same situation
would be encountered for the physical QED Lagrangian de-
scribing the dynamics of the nonrelativistic charged particle.

While there are several works that derive open system
dynamics starting from a given Lagrangian [21,22,25,26,45],
in this work we discuss why a certain choice of Lagrangian
would be more suitable for describing the loss of which-path
information, as it ascribes conjugate variables to the sys-
tem which are operationally more meaningful. Following this
reasoning, we break the degeneracy between the otherwise
equivalent QED Lagrangians where the interaction terms are
given by r · Ȧ⊥ or ṙ · A⊥.

Then, performing a microscopic derivation of the re-
duced dynamics for an accelerated charged particle, starting
from the r · Ȧ⊥ Lagrangian, we show that the master
equation closely resembles the phenomenological Caldeira-
Leggett equation and predicts decoherence in the position
basis. This contrasts the result obtained in Ref. [45], where
the master equation for bremsstrahlung predicts decoherence
in the conjugate momentum basis, and was derived starting
from the ṙ · A⊥ Lagrangian.

Given the ambiguity, we put forward the point of view
that while both the master equations might be mathematically
consistent, decoherence in position basis is more reasonable to
expect from phenomenological considerations, and in fact fol-
lows from a microscopic derivation of the reduced dynamics,
provided one picks the QED Lagrangian that assigns oper-
ationally meaningful conjugate variables to the system. The
present analysis might also be relevant to other systems where
an effective Hamiltonian is used to describe, for instance, the
interaction between two-level systems or that between a two-
level system and a cavity mode. As it is the case for a point
charge, a unitary transformation that mixes the S-E separation
for discrete systems would also lead to inequivalent effective
system dynamics in general. Given the inequivalence, the
correct system variables must be chosen for describing the
effective system dynamics, without assuming a priori that
all conjugate variables, which mathematically belong to the
system-Hilbert space are meaningful system variables. Such
a choice, depending on the scenario being studied, might be

possible to make at the level of the effective Hamiltonian
itself, or by resorting to the QED Hamiltonian from which the
toy/effective Hamiltonians are derived, for describing various
scenarios involving matter-light interaction.
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APPENDIX A: INFLUENCE FUNCTIONAL FORMALISM
AND THE MASTER EQUATION FOR THE TOY MODEL

Within the path integral formalism, the density matrix at
time t can be written as [50]

〈x̃f|ρ̂(t )|xf〉 =
∫

x(t )=xf,

x̃(t )=x̃f

D[x, p, x̃, p̃]e
i
h̄ (S[x̃,p̃]−S[x,p])ρ i, (A1)

where ρ i := ρ(x̃i, xi, ti ), S[x, p] := ∫ t
ti

dt (pẋ − H[x, p]), and
the integrals over xi and x̃i are included within the path
integral.

In the toy model described in Sec. II, there are two parti-
cles. The full density matrix is therefore obtained by doubling
the degrees of freedom in Eq. (A1) as x → x(1,2) and p →
p(1,2) (and likewise for x̃ and p̃).

From the full density matrix, the reduced density matrix is
typically obtained by following the standard prescription:

(1) Assume a factorized initial condition such that
ρ i(x̃(1,2), x(1,2)) = ρ i

1(x̃i
1, xi

1)ρ i
2(x̃i

2, xi
2), where ρ i

2(x̃i
2, xi

2) is a
Gaussian, mean-zero state.

(2) Trace over the mathematical degrees of freedom as-
signed to particle 2.

Before performing the trace, S appearing inside the phase-
space weighing function exp iS/h̄, which governs the full
dynamics in Eq. (A1), is decomposed as

S[μ(1), μ(2)] = S1[μ1] + S2[μ2] + Sint[μ1, μ2]. (A2)

Here, μ1 stands for the conjugate variables {x1, p1} assigned
to particle 1 and similarly μ2 for conjugate variables of par-
ticle 2. For the dynamics described by L, from Eqs. (6) and
(A1), we get

SL
1 =

∫ t

ti

dt

(
p1ẋ1 − p2

1

2m1
− g2x2

1

2m2

)
,

SL
2 =

∫ t

ti

dt

(
p2ẋ2 − p2

2

2m2

)
,

SL
int =

∫ t

ti

dt
gx1 p2

m2
. (A3)
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Instead, when the dynamics is described by L′, from Eqs. (10)
and (A1) we get

SL′
1 =

∫ t

ti

dt

(
p′

1ẋ1 − p′2
1

2m1

)
,

SL′
2 =

∫ t

ti

dt

(
p′

2ẋ2 − p′2
2

2m2
− g2x2

2

2m1

)
,

SL′
int = −

∫ t

ti

dt
gp′

1x2

m1
. (A4)

The reduced density matrix ρ̂r for particle 1 is obtained by
tracing over the degrees of freedom for particle 2, such that

〈
x̃f

1|ρ̂r (t )|xf
1

〉 =
∫

x1(t )=xf
1,

x̃1(t )=x̃f
1

D[μ1, μ̃1]e
i
h̄ (S̃1−S1 )ρ i

1

×
∫

tr
D[μ(2), μ̃(2)]e

i
h̄ (S̃2+S̃int−S2−Sint )ρ i

2, (A5)

where∫
tr

D[μ(2), μ̃(2)] :=
∫

dx2(t )
∫

x2(t )=x̃2(t )
D[μ(2), μ̃(2)], (A6)

and S̃ and S stand for S[μ̃] and S[μ], respectively. After
tracing over the environment, the integral involving the en-
vironmental degrees of freedom μ2 in Eq. (A5) yields a
Gaussian in the system degree of freedom s [50], which de-
pends on the Lagrangian used to describe the dynamics. In
particular, the trace over the environment yields a Gaussian in
s = x1 for SL

int but a Gaussian in s = p′
1 for SL′

int . Therefore,∫
tr

D[μ(2), μ̃(2)]e
i
h̄ (S̃2+S̃int−S2−Sint )ρ i

2

= exp
i

2h̄

∫∫
dt1dt2Mab(t1; t2)sa(t1)sb(t2). (A7)

Here, we use the vector notation sa = s for a = 1, sa = s̃ for
a = 2, and sa = ηabsb with ηab = diag(−1, 1).

The matrix Mab determines the effective system dynamics,
and how the environment influences the system. The ma-
trix elements can be obtained by acting with h̄

i
δ

δsa
δ

δsb |sa=sb=0

(where sa and sb are set to zero after taking the derivatives) on
Eq. (A7) such that

Mab(t1; t2) = ig2

h̄

∫
tr

Ea(t1)Eb(t2)e
i
h̄ (S̃2−S2 )ρ i

2. (A8)

As was the case with sa, the degree of freedom Ea depends on
the Lagrangian used to describe the dynamics: Ea = pa

2/m2

for L and Ea = xa
2/m1 for L′.

Depending on the indices a and b, the matrix ele-
ments Mab(t1; t2) can be written as expectation values of the
time-ordered (T ), antitime-ordered (T̃ ), path-ordered or anti-
path-ordered products in the Heisenberg picture [50]. They are
given by

Mab(t1; t2) = ig2

h̄

[〈T̃ {Ê (t1)Ê (t2)}〉0 −〈Ê (t1)Ê (t2)〉0

−〈Ê (t2)Ê (t1)〉0 〈T {Ê (t1)Ê (t2)}〉0

]
.

(A9)

In Eq. (A9), the zero in the subscript denotes that the cor-
relations of the environmental operator are calculated by
disregarding the system-environment interaction.

In terms of the so-called influence functional SIF [49], the
reduced density matrix in Eq. (A5) can be written as〈

x̃f
1

∣∣ρ̂r (t )
∣∣xf

1

〉 =
∫

x1(t )=xf
1,

x̃1(t )=x̃f
1

D[μ1, μ̃1]e
i
h̄ (S̃1−S1+SIF[s,s̃])ρ i

1, (A10)

where

SIF[x, x′]

= 1

2

∫ t

ti

dt1dt2[s(t1)s̃(t1)] ·
[

M11 M12

M21 M22

]
·
[

s(t2)
s̃(t2)

]
.

(A11)

Instead, in a different choice of basis (X, u) defined by

X (t ) :=(s̃(t ) + s(t ))/2, u(t ) = s̃(t ) − s(t ), (A12)

the influence functional reads

SIF[X, u]

= 1

2

∫ t

ti

dt1dt2[X (t1)u(t1)] ·
[

M̃11 M̃12

M̃21 M̃22

]
·
[

X (t2)
u(t2)

]
.

(A13)

As detailed in Ref. [50], the advantage of working with
the (X, u) basis is that here the influence functional takes the
compact form

SIF[X, u](t ) =
∫ t

ti

dt1dt2

[
i
u(t1)N (L)(t1; t2)u(t2)

2

+ u(t1)D(L)(t1; t2)X (t2)

]
, (A14)

where the noise kernel N (L) and the dissipation kernel D(L)

are defined as

N (L)(t1; t2) := g2

2h̄
〈{Ê (t1), Ê (t2)}〉0,

D(L)(t1; t2) := ig2

h̄
〈[Ê (t1), Ê (t2)]〉0θ (t1 − t2). (A15)

The formal expression (A10) is exact. However, the path inte-
gral in the presence of the influence functional is nontrivial to
compute. Nevertheless, the equation for the rate of change of
the reduced density matrix, i.e., the master equation, can still
be obtained perturbatively. The intermediate steps to arrive at
the master equation are already detailed in Refs. [27,50], and
here we therefore only write the final result. To leading order,
in terms of the noise and the dissipation kernel, the master
equation reads

˙̂ρr = − i

h̄

[
Ĥ (L)

1 , ρ̂r (t )
]

− 1

h̄

∫ t

0
dτN (L)(t ; t − τ )

[
ŝ,

[
ŝĤ1

(−τ ), ρ̂r (t )
]]

+ i

2h̄

∫ t

0
dτD(L)(t ; t − τ )

[
ŝ,

{
ŝĤ1

(−τ ), ρ̂r (t )
}]

,

(A16)
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where ŝ, Ĥ (L)
1 , N (L), and D(L) depend upon the Lagrangian

used to describe the dynamics.

1. Master equations for L

When the dynamics is described by L, we have

ŝ = x̂1, ĤL
1 = p2

1

2m1
+ g2x2

1

2m2
, ĤL

2 = p2
2

2m2
, (A17)

and for the kernels

N L = g2

2m2
2 h̄

Tr{ρ̂2(ti ){ p̂2(t1), p̂2(t2)}},

DL = ig2

m2
2 h̄

Tr{ρ̂2(ti )[p̂2(t1), p̂2(t2)]}θ (t1 − t2). (A18)

The Hamiltonians ĤL
1 and ĤL

2 govern the free evolution of
x̂(τ ) and p̂2(τ ), respectively, that appear in the master equa-
tion (A16). To second order in g, we get

N L(t1; t2) = g2

m2
2 h̄

Tr
{
ρ̂2(ti ) p̂2

2

}
:= g2

m2
2 h̄

〈
p̂2

2

〉
i,

DL = 0,

x̂1(−τ ) = x̂1 − τ
p̂1

m1
. (A19)

We point out that x̂1(−τ ) is only computed to zeroth order
in g since it is multiplied with the noise kernel N , and the
master equation is only valid upto second order in g. Using
the relations above in Eq. (A16), one arrives at the master
equation

∂t ρ̂r = − i

h̄

[
p2

1

2m1
+ g2x̂2

1

2m2
, ρ̂r

]

− g2
〈
p̂2

2

〉
i

h̄2m2
2

(
t[x̂1, [x̂1, ρ̂r]]− t2

2m1
[x̂1, [ p̂1, ρ̂r]]

)
.

(A20)

For the master equation above, the equation of motion for 〈x̂1〉t

and 〈p̂1〉t is given by

d

dt
〈x̂1〉t = 〈p̂1〉t/m1,

d

dt
〈p̂1〉t = −g2〈x̂1〉t/m2. (A21)

The differential equations above can be easily decoupled and
written as

d2

dt2
〈x̂1〉t + g2

m1m2
〈x̂1〉t = 0,

d2

dt2
〈p̂1〉t + g2

m1m2
〈p̂1〉t = 0. (A22)

2. Master equations for L′

When the dynamics is described by L′, we have

ŝ = p̂′
1, ĤL′

1 = p̂′2
1

2m1
, ĤL′

2 = p̂′2
2

2m2
+ g2x̂2

2

2m1
, (A23)

and for the kernels

N L′ = g2

2m2
1 h̄

Tr{ρ̂2(ti ){x̂2(t1), x̂2(t2)}},

DL′ = ig2

m2
1 h̄

Tr{ρ̂2(ti )[x̂2(t1), x̂2(t2)]}θ (t1 − t2). (A24)

Taking into account the free evolution of p̂′
1 and x̂2, respec-

tively, upto second order, we get

N L′
(t1; t2) = g2

m2
1 h̄

Tr{ρ̂2(ti )

×
(

x̂2
2 + (t1 + t2)

{x̂2, p̂′
2}

2m2
+ t1t2

p̂′2
2

m2
2

)}
,

DL′
(t1; t2) = − g2(t2 − t1)

m2
1m2

,

p̂′
1(−τ ) = p̂′

1. (A25)

Using the relations above in Eq. (A16), one arrives at the
master equation

∂t ρ̂
′
1 = − i

h̄

[
p̂′2

1

2m1

(
1 − g2t2

2m1m2

)
, ρ̂ ′

1

]
− g2

h̄2m2
1

(
t
〈
x̂2

2

〉
i

+ t3
〈
p̂′2

2

〉
i

2m2
2

+ 3t2

4m2
〈{x̂2, p̂′

2}〉i

)
[ p̂′

1, [ p̂′
1, ρ̂

′
1]]. (A26)

From the master equation above, the equation of motion for
〈x̂1〉t and 〈p̂1〉t is given by

d

dt
〈x̂1〉t =

(
1 − g2t2

2m1m2

)
〈p̂′

1〉i/m1,

d

dt
〈p̂′

1〉t = 0. (A27)

APPENDIX B: EQUATION OF MOTION FOR L WITH
TRANSFORMED INITIAL STATE

In this section, we derive the equation of motion for 〈x̂1〉t ,
for the Lagrangian L, but this time for a nonfactorized initial
state. As argued in Sec. III, with such a transformation one
expects the equation of motion for 〈x̂1〉t to match the one in
Eq. (A27) derived from L′.

A factorized initial state for the Lagrangian L′,

ρ i
(L′ )(x̃(1,2), x(1,2)) = ρ1

(
x̃i

1, xi
1

)
ρ2

(
x̃i

2, xi
2

)
(B1)

corresponds to

ρ i
(L) = eigx̃i

1 x̃i
2/h̄ρ1

(
x̃i

1, xi
1

)
ρ2

(
x̃i

2, xi
2

)
e−igxi

1xi
2/h̄,

= ρ1
(
x̃i

1, xi
1

)(
eigx̃i

1 x̃i
2/h̄ρ2

(
x̃i

2, xi
2

)
e−igxi

1xi
2/h̄

)
. (B2)

The transformation of the full initial state can be seen
as a (system-dependent) phase shift on the environmen-
tal initial state alone. The effect of the transformations
thus can be fully captured by a modified influence func-
tional due to the modified matrix elements Mab. This can
be seen from the discussion above Eq. (A8): Taking the
functional derivative with respect to the system variables will
produce extra terms at the initial time t = 0. Therefore, to
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second order in g, we have

Mab(t1; t2) = ig2

h̄m2
2

∫
tr

p2a(t1)p2b(t2)e
i
h̄ (S̃2−S2 )ρ i

2

+ ig2

h̄m2

∫
tr

x2aδ(t1)p2b(t2)e
i
h̄ (S̃2−S2 )ρ i

2

+ ig2

h̄m2

∫
tr

p2a(t1)x2bδ(t2)e
i
h̄ (S̃2−S2 )ρ i

2

+ ig2

h̄

∫
tr

x2aδ(t1)x2bδ(t2)e
i
h̄ (S̃2−S2 )ρ i

2. (B3)

Comparing with Eq. (A8), where the matrix elements Mab

were computed with a factorized initial state, we see that
for the Lagrangian L, the effects of transformed initial con-
dition can be taken into account by simply replacing p̂2(t1)
and p̂2(t2) with p̂2(t1) → p̂2(t1) + m2x̂2δ(t1) and p̂2(t2) →
p̂2(t2) + m2x̂2δ(t2), respectively, in the noise and the dissipa-
tion kernels appearing in Eq. (A18) [57]. Since our goal is
to study the time evolution of 〈x̂1〉 and 〈p̂1〉, we only need
to look at the transformation of the dissipation kernel DL,
as N L does not affect the time evolution of 〈x̂1〉 or 〈p̂1〉.
Under the transformed, nonfactorized initial state [Eq. (B2)],
for the conjugate variables corresponding to L, we get that the
dissipation kernel goes from being zero in Eq. (A19) to

DL(t1; t2) = g2

m2
(δ(t2) − δ(t1)). (B4)

The nonzero dissipation kernel adds an additional term to the
equation of motion for 〈p̂1〉t , such that

Tr{ ˙̂ρr p̂1} = − g2〈x̂1〉t/m2

+ ig2

2m2h̄

∫ t

0
dτ (δ(t − τ ) − δ(t ))

× Tr{ p̂1[x̂1, {x̂1(−τ ), ρ̂r (t )}]}. (B5)

The δ(t ) term in the equation above does not contribute, since
after integrating over τ one would have terms involving tδ(t )
and t2δ(t ). Thus, to order g2, the equation of motion for p̂1,
for the Lagrangian L simplifies to

d

dt
〈p̂1〉t = − g2〈x̂1〉t

m2

+ g2

2m2

∫ t

0
dτδ(t − τ )Tr

{
x̂1 − τ p̂1

m1
, ρ̂r (t )

}

= − g2〈x̂1〉t

m2
+ g2〈x̂1〉t

m2
− g2t〈p̂1〉t

m1m2
. (B6)

To second order in g, the solution for 〈p̂1〉t reads

〈p̂1〉t =
(

1 − g2t2

2m1m2

)
〈p̂1〉i. (B7)

Thus, the equation of motion for the conjugate variables of
particle 1 for the Lagrangian, with nonfactorized transformed
initial conditions read

d

dt
〈x̂1〉t =

(
1 − g2t2

2m1m2

)
〈p̂1〉i/m1,

〈p̂1〉t =
(

1 − g2t2

2m1m2

)
〈p̂1〉i. (B8)

We see that the equation of motion for 〈x̂1〉t is similar to
Eq. (A27), except for the presence of 〈p̂1〉i instead of 〈p̂′

1〉i.
Although the two operators p̂1 and p̂′

1 are different, within
their own representation, they both act as −ih̄ ∂

∂x1
. Therefore,

since the two averages are computed on the same initial den-
sity matrix for particle 1 [see Eqs. (B1) and (B2)], we have
that, numerically, 〈p̂1〉i = 〈p̂′

1〉i. We underline that this is true
at the initial time only. Thus, the equation of motion for 〈x1〉t

obtained from L with a transformed initial state is exactly
the same as that given in the primed representation (A27), as
anticipated.

APPENDIX C: MASTER EQUATION AND VARIANCES
FOR BREMSSTRAHLUNG

The master equation (ignoring free evolution) is given by

∂t ρ̂r = − 1

h̄

∫ t

0
dτN0(τ )[x̂, [x̂Hs (−τ ), ρ̂r (t )]]

+ i

2h̄

∫ t

0
dτD(τ )[x̂, {x̂Hs (−τ ), ρ̂r (t )}]. (C1)

We recall the relations

x̂Hs (−τ ) = cos(	τ )x̂ − sin(	τ )
p̂

m	
, (C2)

and

N0(τ ) = 4αh̄

πc2

(ε4 − 6ε2τ 2 + τ 4)

(ε2 + τ 2)4
,

D(τ ) = 4h̄α

3c2
θ (τ )δ′′′

ε (τ ). (C3)

On time scales t � ε, the function δε (τ ) can be effectively
treated as a Dirac delta. The integral D(τ ) can be evaluated
by integrating by parts. In shifting the derivatives from δε

onto x̂Hs (−τ ), we get two nonzero boundary terms. The one
proportional to δ′′

ε (0) cancels the contribution coming from
V̂EM in Ĥs, while the one proportional to δε (0) leads to the
renormalization of mass/frequency. Performing the integra-
tion involving the noise and the dissipation kernels, we get

∂t ρ̂r = − i

h̄

[
p̂2

2m
+ 1

2
m	2

r x̂2, ρ̂r

]

− iα	2

3mc2
[x̂, { p̂, ρ̂r}] − α	3

3c2
[x̂, [x̂, ρ̂r]]

− 2α

mc2

(
1

3πε2
− 	2

3π
log (ε	) − γE	2

3π

)
[x̂, [ p̂, ρ̂r]],

(C4)

where 	2
r := 	2(1 − 4αh̄ωmax/(3πmc2)). Note that the dis-

tinction between 	 and 	r would only give a higher-order
contribution to the master equation in terms other than the free
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evolution, and is therefore not relevant since the master equa-
tion in our work is derived upto e2. Therefore, wherever 	

appears in the dynamics, it can be treated as the renormalized
frequency.

We now proceed with the calculation of the evolution of
the variances of the system. As mentioned in the main text,
we will neglect the term that scales explicitly with the cutoff,
as it is part of the dressing, and we regularize the logarithmic
divergence by setting ε ≈ h̄

mc2 . The coupled equations govern-
ing their dynamics are derived from Eq. (C4) to be

d

dt
〈x̂2〉 = 1

m
〈{x̂, p̂}〉,

d

dt
〈p̂2〉 = −m	2〈{x̂, p̂}〉 − 4αh̄	2

3mc2
〈p̂2〉 + 2αh̄2	3

3c2
,

d

dt
〈{x̂, p̂}〉 = 2

m
〈p̂2〉 − 2m	2〈x̂2〉 − 2αh̄	2

3mc2
〈{x̂, p̂}〉

+ 4αγEh̄2	2

3πmc2
+ 4αh̄2	2

3πmc2
log

(
h̄	

mc2

)
. (C5)

To obtain the stationary variances, we simply put all the
derivatives on the left-hand side to zero, to obtain

〈p̂2〉
2m

= h̄	

4
, (C6)

1

2
m	2〈x̂2〉 = 〈p̂2〉

2m
+ αh̄	

3π

×
(

h̄	

mc2

)(
γE + log

(
h̄	

mc2

))
. (C7)

We see that the last two terms on the right-hand side of
Eq. (C7) would only give a significant contribution when
h̄	 � mc2. However, since the calculations are performed
within the nonrelativistic regime, we must have h̄	 	 mc2

for consistency. These terms originate exclusively from the
last line in Eq. (C4), and it is in this sense that, for all prac-
tical purposes, the term involving [x̂, [ p̂, ρ̂r]] in the master
equation can be ignored. This is because it neither contributes
at the level of the expectation values of x̂ and p̂, nor at the level
of their variances. The equations above are also consistent
with the equipartition theorem.
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