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Diffusion in quantum state preparation: From passive cooling to system-bath engineering
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We investigate and compare two particle number-conserving protocols for the preparation of a topologically
nontrivial state. The first is derived from thermally coupling the system to a cold bath, while the second is
based on engineered dissipation. We numerically study the time required to reach the target state as well as
its robustness against physically important perturbations. Crucially, in both protocols, the cooling capability is
limited by dissipatively induced diffusion processes. The resulting quadratic scaling of the cooling time with
system size is also corroborated analytically using mean-field approximations and a purely classical random-
walk model. Furthermore, we find that the engineered protocol admits a unique and stable dark state, which
contributes to an ongoing discussion regarding the applicability of dissipative state preparation to many-body
systems.
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I. INTRODUCTION

Robust and efficient protocols for quantum state prepa-
ration are of key importance in quantum science. Applica-
tions range from universal quantum information processing
paradigms [1–7] to the simulation of low-temperature physics
in complex quantum many-body systems [8,9]. In particular,
preparing the ground state of a generic local Hamiltonian
already contains unitary circuit-based quantum computing
as a special case [10–13]. Turning to quantum simulation
[14–16], the complexity of state preparation currently entails
that experimental implementation of many-body Hamiltoni-
ans [17–28] is by far more developed than the preparation
of their low-temperature states [16,29], despite impressive
progress on the latter [30–32].

Dissipation is crucial for preparing low-entropy quantum
states. For conventional cooling, e.g., via cryogenic fridges
[33,34] or lasers [35,36], it is paramount for relaxation toward
low energy. However, in quantum simulators realized with
synthetic quantum matter, this approach tends to be more
severely limited than in conventional electronic materials [37].
In addition, the hardness of state preparation is reflected in
fundamental ergodicity bottlenecks manifesting in divergent
dwelling times of dissipative dynamics in energetic local
minima [38].

With engineered dissipation, a different paradigm for quan-
tum cooling protocols has been developed, which harnesses
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dissipation as an active resource [39–43]: Instead of merely
inducing decoherence by interactions with an uncontrollable
environment [44–48], dissipation may be utilized to remove
entropy and thus cool largely arbitrary initial states toward
pure quantum states of matter [41–43,49–54] (see Fig. 1).
This approach is particularly suitable for highly controllable
synthetic quantum matter, where an impressive experimental
toolbox affords carefully designed system-environment cou-
plings that realize the desired nonequilibrium dynamics [55].
While the focus of this work is on dissipative state preparation
protocols in which the structure of the desired state is explic-
itly embedded in the generator of the dynamics, we note that
less specialized protocols with a priori unknown target have
also been developed [56–58]. The experimental applicability
of this approach for many-body systems is closely related to
the asymptotic scaling of preparation times with system size
as well as the robustness of the targeted steady state with
respect to physically relevant perturbations.

In this article, we compare two particle number-conserving
dissipative protocols for preparing the ground state of a gen-
eralized Su-Schrieffer-Heeger (SSH) model (see illustration
in Fig. 1) as a paradigmatic example of topological insula-
tors [59–64] and topological superconductors [65]. The first
protocol mimics a cryostat, where the coupled dynamics aim
at equilibrating the system with a low-temperature heat bath.
This provides a generic formulation of cooling dynamics
within the framework of local thermal perturbations [38] [cf.
Fig. 1(b)]. The second approach exemplifies engineered dis-
sipation with a set of experimentally accessible channels for
dissipative state preparation, where the SSH ground state is
reached as the pure steady state (dark state) of a quantum
master equation [cf. Fig. 1(c)].

In brief, we find—for both approaches—a quadratic scal-
ing of the cooling time τ in system size N , i.e., τ ∼ N2. This
is in sharp contrast to Gaussian dissipative models that predict
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FIG. 1. (a) Parent Hamiltonian H from Eq. (1) with yellow a
(green b) sublattice sites, and intercell hopping t . (b) Generic cooling
protocol based on local system-bath couplings with a system gov-
erned by the parent Hamiltonian and a cold thermal environment
inducing intracell (intercell) cooling L↑↓ (L�

a,b). (c) Engineered dis-
sipative state preparation protocol targeting the ground state of a
specific parent Hamiltonian in a nonequilibrium fashion, resulting
in Lindblad jump operators L± that pump toward the steady state
without relying on coherent Hamiltonian dynamics.

a constant τ [39]. The origin of this different behavior is
particle number conservation, which is absent in the Gaussian
model but present here. Specifically, the quadratic scaling is
compatible with the physical picture that long-time dynamics
is dominated by diffusion in our number-conserving setting
(see Refs. [61,62] for the engineered dissipation case). We
underpin this intuition comparing extensive numerical studies
to both a number-conserving mean-field description and a
classical random-walk model, which are shown to capture
the nonequilibrium dynamics quite accurately. In addition,
we discuss the temperature dependence of the thermal pro-
tocol, and show the uniqueness as well as robustness of the
engineered steady state. Quantitatively, we argue that the en-
gineered protocol may reach the ground state much faster than
the thermal protocol as measured by the diffusion constant D
in τ = DN2.

The rest of the article is structured as follows: In Sec. II,
the target Hamiltonian as well as both thermal and engineered
dissipation protocols are introduced. For both protocols, we
perform extensive numerical calculations, with methods dis-
cussed in Sec. III and their results summarized in Sec. IV. In
Sect. V, we link the observed scaling of the cooling time τ

to the diffusive nature of the cooling physics by introducing
and validating the aforementioned mean-field description as
well as a random-walk model, thus explaining the quadratic
scaling. We conclude the paper with a comparison to re-
cent analytical work in Sec. VI and subsequent discussion in
Sec. VII.

II. SYSTEM AND DISSIPATIVE PROTOCOLS

We are interested in the system illustrated in Fig. 1, which
is composed of fermions on a lattice given by two wires with
L sites each, such that the total system contains N = 2L sites,
subject to periodic boundary conditions and nearest-neighbor
interaction. We target the ground state of the dimerized SSH

Hamiltonian

H =
L∑

j=1

tc†
j+1,ac j,b + H.c., (1)

where c j,γ annihilate a fermion at site j of the wire γ = a, b;
the intercell hopping is given by the coefficient t = 1. The
system is at half filling, such that there are L fermions in total
on the lattice; all dynamics are fermion number conserving. To
diagonalize the dimerized SSH Hamiltonian, it is convenient
to introduce the (anti)symmetric bond operators

x j,± = 1√
2

(c j,b ± c j+1,a), (2)

such that H = ∑
j t (x†

j,+x j,+ − x†
j,−x j,−). The x j,± oper-

ators are themselves fermionic, i.e., they anticommute
{x†

σ, j, xσ ′, j′ } = δσσ ′δ j j′ , and thus the total fermion number
N = ∑

j n j can then be split into N = N+ + N− with

N± =
∑

j

x†
j,±x j,±. (3)

The dissipative dynamics in an open quantum system
are governed by the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation [66,67]

ρ̇ = L[ρ] = −i[H, ρ] +
∑

μ

(
LμρL†

μ − 1

2
{L†

μLμ, ρ}
)

.

(4)

Different choices for the jump operators Lμ generate differ-
ent cooling dynamics. In our case, one choice will lead to
dynamics corresponding to a thermal coupling and the other
corresponds to an engineered system-bath interaction. How
fast the dissipative dynamics reach the ground state, i.e., the
cooling rate of the protocol, is dictated by the Liouvillian
gap. Let λi be the eigenvalues of the Liouvillian L sorted in
decreasing order by their real part (Re λ0 > Re λ1 � . . .); then
λ0 = 0 is the steady state, and we define the Liouvillian gap
� ≡ |Re λ1|. As the mode that takes the longest to decay into
the steady state has a coefficient ∝ exp(−λ1t ), the equilibra-
tion timescales are given by the characteristic cooling time

τ ≡ �−1 = 1

|Re λ1| . (5)

We introduce the Lindblad operators describing the thermal
dissipation dynamics in Sec. II A, while Sec. II B concerns the
engineered dissipation case.

A. Thermal dissipation

When describing open quantum system dynamics caused
by thermally coupling the system to a Markovian bath,
several different approaches exist that bring the Redfield equa-
tion, i.e., the quantum master equation involving only the
Born-Markov approximation, into GKSL form [68]. Their
fundamental differences lie in the specific approximations
used to ensure complete positivity when deriving the Lindblad
operators Lμ from an interaction Hamiltonian of the form
Hint = ∑

μ Xμ ⊗ Bμ, with Xμ (Bμ) an operator on the system
(bath). To provide a broad comparison, we implement both the
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Davies equation and the universal Lindblad equation (ULE)
[69,70]. The latter generates one jump operator per cooling
channel, whereas the former generates a finer decomposition
by additionally assigning separate operators to each individual
internal energy transition of the system.

Modeling the bath. In order to obtain the Lindblad opera-
tors, we need to make assumptions about the physics involved
in the interaction with the bath. To this end, we assume that in
the weak-coupling limit we are concerned with, the baths are
sufficiently local such that each site is effectively coupled to
its own bath as illustrated in Fig. 1. Although the exact choice
of dissipators to model the weak thermal coupling changes
the quantitative behavior of the theory, the results are quali-
tatively unchanged, as long as the system-bath interaction is
(1) sufficiently local, (2) the bath relaxes much faster than the
system but (3) interactions happen on similar energy scales as
the system itself has.

A platform capable of cooling toward the desired state
requires a system-bath interaction that preserves the total
particle number and enables both local particle number equi-
libration and global thermalization. Physically, this may be
implemented by coupling to ancillary thermal degrees of
freedom such as a phononic bath or auxiliary sites. For con-
creteness, we model the effective behavior of such couplings
with the following allowed nearest-neighbor site-switching
operators:

X �
j,γ = c†

j,γ c j±1,γ ,

X ↑↓
j,γ = c†

j,γ c j,1−γ , (6)

where X → (X ←) mediates hopping to the right (left) along the
wires and X ↑↓ swaps particles in one unit cell; in total, there
are 6L such operators. As the baths themselves are assumed to
be separate, all off-diagonal correlation functions effectively
vanish [71].

Davies equation. To arrive at the Davies equation [69], one
additionally assumes that the rotating wave approximation
holds, i.e., all energy scales of the system given are much
smaller than those of the bath. The Lindblad operators de-
scribing the system are then [44,68]

Lμ(ω) =
√

J (ω)
∑

εn−εm=ω

|m〉 〈m|Xμ|n〉 〈n| , (7)

where the |n〉, |m〉 are eigenstates to the eigenenergies εn,
εm of the system’s Hamiltonian in Eq. (1) and J (ω) is the
spectral density function. The flat-band nature of the model
prevents typical pitfalls when applying the Davies equation to
many-body systems; namely, that the gap generically closing
with increasing system size renders the rotating wave approxi-
mation invalid and that typically numerical studies are limited
by the cost of the exponentially many jump operators.

Universal Lindblad equation. Recently, multiple different
approaches have been found that microscopically derive the
Lindblad equation while avoiding the rotating wave approx-
imation [70,72,73]. We choose the ULE [70] modeling the
action of the bath by prescribing only one Lindblad operator

Lμ =
∑
n,m

√
J (εn − εm)|m〉 〈m|Xμ|n〉 〈n| (8)

FIG. 2. Plot of the spectral density J (ω; β ) in Eq. (9) for different
values of β in units of the typical energy scales of the model �0. For
small temperatures T � �0/5 (β�0 � 5), for which the ground state
constitutes a macroscopic portion of the steady state, the contribu-
tions increasing energy at ω = −�0 are heavily suppressed.

for each system-bath interaction, which incoherently overlays
the different energy transition contributions, again weighted
by the spectral density function J (ω).

Spectral density function. The spectral density function in
Eqs. (7) and (8) is chosen such that the transition weights
produce Glauber dynamics [38], with

J (ω; β ) = 1

2 + ln(1 + β�0)

e−ω2/(2�2
0 )

1 + e−βω
. (9)

Here, β is an inverse temperature and �0 = 2t is a relevant
energy scale of the theory, which we set to the level spacing.
The spectral density is plotted for different values of β in
Fig. 2. Because the spectral density functions are derived
from the correlation functions of the bath operators, they must
fulfill the Kubo-Martin-Schwinger (KMS) condition [72]

J (ω; β )/J (−ω; β ) = eβω. (10)

All functions fulfilling this condition and the normalization
0 < J (ω) < 1 should lead to broadly comparable results [38],
although they imply different properties of the baths.

B. Engineered dissipation

As an experimentally tractable model [43,55,74], we study
a scheme of explicitly local engineered operators on the two-
legged ladder. The key difference to the thermal dissipation
introduced previously is that the system’s internal dynamics
governed by the Hamiltonian can be realized to be much
smaller than the dynamics of the engineered dissipation, thus
leading to a large separation between their timescales. There-
fore, these systems are effectively frozen such that H = 0.
Following Ref. [75], the engineered cooling protocol is then
given by the two kinds of Lindblad jump operators

L+
j,γ = √

κc†
j,γ x j,+,

L−
j,γ = √

κc j,γ x†
j,−. (11)

In total, there are 4L jump operators, which all annihilate the
dark state

|◦〉 =
∏

j

x†
j,−|0〉,

such that the steady state is given by ρ0 = |◦〉〈◦|. Intuitively,
the jump operators may be interpreted as two components of
a pump from the excited to the ground states, and the steady
state is reached as follows: By the action of L+ any contribu-
tion in the coherent x+ mode will be depleted and instead a
single incoherent fermion will be placed in the subwires. As
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TABLE I. Overview of the various numerical and analytical methods employed in this work. For the numerical methods, typical system
sizes are indicated. For tensor networks, the verification is performed by comparing to the previous exact methods and lower bounds as well as
spectral gradient search. The mean-field theory is intrinsically continuous, while the random-walk model provides a purely classical description
on a discrete lattice.

Numerical method Description

Exact vectorization N � 14 Access to the full spectrum and exact dynamics is numerically robust and can rule
out additional stationary solutions.

Quantum trajectories N � 24 Shows potential instability. Results are statistical with sampling uncertainty.
Truncated Hilbert space N � 40 Lower bound on cooling times; also helpful for analytical constructions.
Tensor networks N � 60 Unbiased. Lack of variational principle requires other methods for verification.

Analytical method Description

Mean-field theory Continuous Prediction of diffusion parameters without any instability.
Random-walk model Classical Intuitive picture of the dynamics.

a second step, the L− turn these fermions into coherent x−
states.

A note on uniqueness. Recently, there has been debate
[61–64] on whether the family of engineered protocols to
which the one in Eq. (11) belongs is stable, i.e., whether there
exist additional stationary solutions to the Lindblad equation,
which could compete with the dark state. For example, such
an instability scenario occurs when the jump operators are
restricted to L+

a only [61], where

|�〉 =
∑

n

(−1)n
∑
|k|=n

(
x†

k1,+xk1,−
) · · · (x†

kn,+xkn,−
)|◦〉

emerges as a second dark state (see Appendix A for a proof).
However, already a sufficiently generic subset of the Lindblad
operators admits the construction of a jump sequence connect-
ing every state in Hilbert space to the dark state |◦〉. Based
on Theorem 2 in Ref. [41], the existence of such sequences
proves that |◦〉 is the unique steady state, thus ruling out other
(pure or mixed) stationary solutions. Intuitively, this is due
to these jump sequences necessarily occurring in the Taylor
expansion of exp(Lt ) for finite times t , thus slowly draining
any nondark state amplitudes in the state; for details, we refer
to Appendix B.

III. METHODOLOGY

For the two cooling protocols introduced above, we aim to
determine (1) whether they converge to a unique steady state
and, if so, (2) the rate at which this steady state is approached.
For this, we rely on both analytical arguments presented in
the next section as well as several numerical methods. In the
following, we give a short overview of the latter, which is
summarized in Table I. Concretely, we employ exact diag-
onalization (ED) and density matrix renormalization group
(DMRG) as outlined in Sec. III A to study the full spectrum.
This is complemented by quantum trajectories in Sec. III B
and the construction of a truncated Hilbert space approach in
Sec. III C.

A. Vectorization

The most straightforward way to solve the GKSL
equation is by vectorizing the density matrix using
the isomorphism ρ = ∑

ρi j |i〉〈 j| → |ρ) = ∑
ρi j |i〉| j〉. The

superoperator L then appears in the form of a matrix

L̃ = −i(1 ⊗ H − HT ⊗ 1)

+
∑

j

(
L∗

j ⊗ Lj − 1

2

(
1 ⊗ L†

j L j + LT
j L∗

j ⊗ 1
))

.

With this construction, Eq. (4) turns into dt |ρ) = L̃|ρ) and
the eigenvalues of the Liouvillian can be accessed by diag-
onalization of L̃. However, this approach incurs the critical
drawback of squaring the Hilbert space dimension involved in
the computation. This restricts computations involving ED to
systems of size N � 14.

1. Tensor-network methods

As the system itself is one-dimensional and also suf-
ficiently local, for larger systems, we employ DMRG to
obtain the cooling time τ . Although DMRG is a well-
established method for Hermitian systems, the Lindbladian is
non-Hermitian, rendering DMRG ill behaved. Several tensor-
network approaches exist that are in principle applicable
to the Liouvillian [76–82]; however, we found them to be
less reliable for our particular system than optimizing the
Rayleigh quotient (ρ|L̃|ρ) using DMRG with a local eigen-
solver capable of solving non-Hermitian problems, i.e., an
Arnoldi solver [83,84]. While not rigorously founded, the
results are stable and in good agreement with data obtained
from the complementary methods. To obtain a vector with
large overlap in the eigenspace associated with λ1, we amend
the Liouvillian by a term punishing the overlap with the
steady state ρ0, i.e., adjusting L̃ → L̃ − w|ρ0)(ρ0| for suffi-
ciently large w = O(10λ1). The representative found in this
way is neither orthogonal to |ρ0) nor the exact eigenvector.
Extracting the Liouvillian gap can be achieved by comput-
ing the effective Liouvillian L̂i j = (ρi|L̃|ρ j ) as well as the
Gram matrix Gi j = (ρi|ρ j ) and solving the generalized eigen-
value problem (L̂, G). Equivalently, a Löwdin (or symmetric)
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FIG. 3. The cost function C(λ̃) for the engineered dissipation
Liouvillian with N = 8. The eigenvalues are marked by stars, which
coincide perfectly with the minima of the cost function. Crucially,
this landscape is free of anomalous minima, which motivates the
spectral gradient search strategy. There, we start with the trust region
(α, β ) and successively shrink the interval using binary search.

orthogonalization [85] on G may be performed to form an
orthonormal basis.

2. Spectral gradient search

We may check the results obtained from DMRG by com-
paring with ED results for small systems and the quantum
trajectories for intermediate systems; for both, we find perfect
agreement in the respective overlapping regimes. Neverthe-
less, we wish to extend beyond this, as there are intrinsic
sampling errors to quantum trajectories, the verification is lim-
ited to system sizes N � 24, and the modification w|ρ0)(ρ0|
may accidentally change λ1 significantly as the penalty term
is not tilted, i.e., the correct eigenspace would be targeted by
|ρ0)(1|, which is, however, less stable in practice.

To remedy these shortcomings, we introduce the following
spectral gradient search procedure. Given a guess λ̃ for the
eigenvalue of the Liouvillian L̃, consider the cost function

C(λ̃) = min
|x)

ln ‖(L̃ − λ̃)|x)‖2,

which approaches C(λ̃) → −∞ for λ̃ converging to an actual
eigenvalue of L̃ as illustrated in Fig. 3. Now, the minima of
C(λ̃) can be obtained by solving for the roots of its gradient

∂λ̃∗C(λ̃) = − (x|L̃ − λ̃|x)

‖(L̃ − λ̃)|x)‖2 ,

given |x) that minimizes the residual. The minimization of
the residual is itself a Hermitian minimization problem of the
operator

Xλ̃ = (L̃† − λ̃∗)(L̃ − λ̃), (12)

which is well defined for tensor-network approaches such as
DMRG. To find the root of the gradient, we utilize the fact that
it is known that λ1 is on the real line, such that starting from an
initial guess within the trust region (α, β ), we perform binary
search, thereby shrinking the interval until the minimization
routine fails. Improving convergence speed of this method can
be achieved by the preconditioning outlined in Appendix C.
We note that gradient descent on a function similar to C(λ̃) has
been proposed for obtaining the spectrum of non-Hermitian

operators [76], but is slower and less reliable in practice for
our system.

B. Quantum trajectories

For intermediate systems, we provide data from the
quantum jump method, which will also serve as a fruitful
framework to understand the mechanism producing quadratic
gap scaling observed. Underlying this approach is the quan-
tum trajectory picture that will be briefly introduced in the
following. The key insight is that the deterministic GKSL
Eq. (4) governing the dynamics of a density matrix can equiv-
alently be described by a stochastic equation of the system
state [44]. A measurement of the density matrix can then
be replicated by averaging the measurements over many re-
alizations of that stochastic process. In this picture, the full
density matrix only describes information of the quantum
state ensemble involved in the process. By rewriting the
GKSL equation as

L[ρ] = −i(H̃ρ − ρH̃†) +
∑

μ

LμρL†
μ,

with H̃ = H − i
2

∑
μ L†

μLμ the non-Hermitian effective
Hamiltonian, the full dynamics are captured by an unbiased
sampling of initial states (|φ(0)〉) and their subsequent time
evolution (|φ(t )〉) with respect to H̃ . Throughout the evolution
quantum jumps occurring are accounted for by applying the
jump operators L directly to the states, i.e., |φ′〉 = L |φ〉.

In this method, we need an observable to measure how
close to the steady state of the Liouvillian (or equivalently, the
ground state of the parent Hamiltonian) the state is. For this,
we choose the excited population fraction ν = 〈N+〉/〈N 〉,
which approaches zero when the states reach the steady state.
After some initial transient decay, the average number of
particles excited from the ground state (lower band of H)
decreases exponentially to zero as ν(t ) ∝ exp(−t/τ ), from
which we may infer the cooling time τ by a numerical fit. To
estimate the statistical error of this fitting procedure, we em-
ploy the following bootstrap technique: From the M = 10 000
total samples, we infer the estimated value τ̂ ; to estimate
the accuracy of τ̂ , we draw s = 40 smaller resamples of size
m = 1000 < M with replacement and compute the estimator
τ̃s for each. Then, from the standard deviation of the τ̃ , we
estimate the error of τ̂ . Additionally, by examining the indi-
vidual trajectories, this method would also reveal potential
instabilities in the model, where a macroscopic portion of
them would fail to equilibrate.

C. Truncated Hilbert space

An alternative approach to capture the relevant dynamics
governing the system is the construction of a truncated Hilbert
space Ht in which the most relevant degrees of freedom
are preserved [86]. The elementary excitations of the target
Hamiltonian in Eq. (1) are defects with one hole created by
x− and a particle created by x†

+. Let the Hilbert space with
0 � m � L such defects be H(m), which is spanned by the
orthonormal states

|i1 · · · im; j1 · · · jm〉 =
∏

k

x†
+,ik

x−, jk |◦〉 .
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FIG. 4. The excited population fraction ν = tr(ρ∞N+)/〈N 〉 in
the steady state ρ∞ for both thermal protocols at different inverse
temperatures β for system size N = 12. Around β ≈ 4, the excited
population is effectively described by the detailed balance with re-
spect to the level spacing � as enforced by the KMS condition in
Eq. (10).

The indices i and j denote the positions of excitations and

holes, respectively. Note that dim H(m) = (L
m

)2
, and thus the

total Hilbert space may be partitioned as H = ⊗
m H(m) [87].

As the late-time dynamics of the cooling protocol are domi-
nated by states containing only few defects, we can limit our
calculations to the truncated Hilbert space up to M defects
defined by

Ht;M =
M⊗

m=0

H(m).

For M � L, this Hilbert space is now much smaller with
dim Ht;M = O(L2M ). In practice, M = 1, 2 already suffi-
ciently captures the relevant timescales for the system sizes
accessible. As the truncated Hilbert space only captures a
fraction of the full dynamics, it will generically provide a
lower bound on the cooling time for a pure steady state given
that there are no additional stationary solutions.

IV. APPLICATION TO COOLING TIMES

Using the numerical methods above, we discuss the cool-
ing dynamics for the thermal dissipation in Sec. IV A and for
the engineered protocol in Sec. IV B.

A. Thermal dissipation

For the dynamics induced by weakly coupling the SSH
chain to the thermal bath, two distinct regimes emerge: the
high-temperature regime with β ≈ 0 and the low-temperature
regime β � 1. Only in the latter case is the system able to
reach the ground state with substantial certainty, and thus most
of the discussion will focus on β � 1, specifically β = 10. In
the following, we discuss these two distinct cases and touch
on more generic setups obtained by changing the choice of
system operators in Eq. (6).

1. High-temperature regime

As illustrated in Fig. 4, while the share of nonequilibrated
particles ν in the steady state is the same for the Davies and
ULE formulations, it is very heavily dependent on the choice
of inverse temperature β. While the drop begins subexponen-
tially, at β � 4 it becomes proportional to e−�β , where � is

FIG. 5. Comparison of the evolution of the excited population
ν = 〈N+〉/〈N 〉 for m = 10 000 quantum trajectories (of which 50
are shown) for the three different protocols in the thermal (a) Davies
and (b) ULE formulations as well as for (c) the engineered protocol.
For each sample, the mean and 1σ (2σ ) region containing 68.3 %
(95.4 %) of the trajectories are shown. Clearly, the aggregate trajec-
tory converges toward the targeted state with ν = 0. Both the Davies
and the ULE formulations yield virtually indistinguishable results. In
all dissipation protocols, impact ionization events can be identified
as illustrated for the orange trajectory in panel (c), which become
increasingly insignificant at late times.

the difference between energy levels. The limiting behavior
reflects the KMS condition on the spectral density function
[cf. Eq. (10)]. Thus, while the thermal open system never fully
reaches the ground state at any finite temperature, it comes
exponentially close to it. In our low-temperature discussion,
we consider β = 10 sufficiently close to zero temperature.
Note that the exact choice of β does not qualitatively change
the observations in the following, as the spectral density de-
termining them is roughly the same for β � 5 (cf. Fig. 2).

2. Low-temperature regime

When setting β = 10 for the bath to allow the system to
reach the ground state, by the KMS condition, almost only
transitions decreasing the number of excitations are allowed,
with the opposite direction being exponentially suppressed.
The processes governing the cooling in this protocol can be
best understood from the realized quantum trajectories. Com-
paring them in Fig. 5, we note two crucial insights: First,
the ensemble average between the Davies and ULE formu-
lations is again approximately identical, confirming that the
rotating wave approximation for the Davies equation is well
justified. Second, there are pronounced quantized plateaus
at which the time evolution seems to be temporarily stuck.
These plateaus emerge because the respective trajectory has
few remaining excitations, which have yet to be dispersed.
That both the Davies and ULE formulations yield virtually
indistinguishable dynamics can be confirmed by computing
the cooling times as shown in Fig. 6. There, both are found to
be consistent with the same quadratic scaling in system size,
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FIG. 6. Dependence of the cooling time τ on the number of sites
N using site-switching system operators in Eq. (6) at β = 10. The
data with error bars represent results from quantum trajectories. Both
truncated Hilbert space (Ht;1) and quantum trajectory calculations
conform to a quadratic scaling law obtained by fitting to the exact
data points.

which is also well captured by the truncated Hilbert space in
first order [88].

3. On the concrete form of the thermal equation

To verify that the diffusive behavior τ ∝ N2 holds irrespec-
tive of our arbitrary choice of system operators, we implement
a very asymmetric choice for the directionality of these cool-
ing hoppings by removing all X → and the X ↑↓

b operators.
This then again produces a quadratic scaling of the cooling
time τ ∝ N2 while decreasing the proportionality constant to
adjust for the impeded mobility of the excitations (cf. Fig. 13).
Similarly, other choices of spectral density functions, fulfilling
the condition in Eq. (10), also lead to a quadratic increase of
the cooling time with system size. We replicate therefore the
findings of Ref. [38] in demonstrating that, in general, thermal
excitations only need polynomial time to cool a fairly general
class of systems to their ground state.

B. Engineered dissipation

Qualitatively, the quantum trajectories observed in the en-
gineered protocol are very similar to the low-temperature
thermal coupling trajectories (cf. Fig. 5). In particular, the
engineered dissipation protocol features the same distinctive
excited population plateaus. When on a plateau, the excited
population is decreased by annihilation of defects occurring
as particle-hole excitations on top of the target state. However,
until the individual trajectories are fully equilibrated, the ex-
cited population ν may occasionally increase, which is caused
by impact ionization events. They are proposed as a physical
picture for an instability scenario: A hopping particle could
reexcite an already equilibrated one, thus creating additional
defects in the state [61,61–64]. In that case, an instability
could be rationalized in a scenario similar to absorbing state
transitions [89,90], where, in addition to a pure absorbing
state, there is another mixed “active” state, which is the sta-
ble stationary state in the thermodynamic limit. While such
impact ionization events certainly occur in both the thermal

FIG. 7. Dependence of the cooling time τ on system size N for
the engineered dissipation protocol in Eq. (11). The inset confirms
the agreement between cooling times obtained from DMRG and
quantum trajectory simulations with m = 10 000 samples (m = 2000
samples at N = 22, 24 with no error bars shown). For larger systems,
the truncated Hilbert space provides a lower bound on the DMRG
data as expected, while the random-walk model slightly overes-
timates the required cooling time. All numerical simulations are
consistent with a quadratic dependence τ ∝ N2 indicating diffusive
cooling. None of the methods show an instability of the steady state.
DMRG results have been verified using spectral gradient search up
to 2% deviation in the spectral gap.

and the engineered protocol, their overall effect on the dark
state population vanishes at late times (cf. Appendix E 2).

In Fig. 7, we plot the cooling times obtained from quan-
tum trajectories, ED, and DMRG results, finding perfect
agreement in their overlapping regimes. We also find them
compatible with the truncated Hilbert space results [88]. As
predicted by the random-walk model derived in Sec. V B, the
cooling timescales quadratically with system size, although
the exact diffusion constant disagrees slightly. Specifically
for the truncated Hilbert space, in Fig. 8(a), we compare the
convergence of the truncated Hilbert space approach in both
first and second order to the exact results. While inclusion
of the second order improves the quantitative accuracy, the
qualitative behavior is already captured remarkably well by
considering only one excitation-hole pair.

FIG. 8. In panel (a), we show the convergence of the truncated
Hilbert space approach toward the exact cooling time τ . At L = 2,
the truncated Hilbert space is 100% (100%) and at L = 6 is 4%
(28%) of the total Hilbert space in first (second) order. It is evident
that the qualitative behavior is already captured reasonably well at
first order. In panel (b) the entanglement growth rate Ṡ2 predicted
for the fully excited state |�〉 as measured by G� is compared to
the maximum possible given by the minimal eigenvalue λmin of
H = L + L†. Both grow linearly in system size and agree almost
perfectly.
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In the upcoming section, we will present a purely classical
description of the dynamics, where a random walk of the
defects leads to diffusive cooling. In this particle picture, we
expect ballistic entanglement growth on short timescales [91].
This growth is the fastest if all sites are excited, because then
the number of entanglement generating quasiparticles is the
highest. We can measure the entanglement by the Rényi α = 2
entropy defined as

S2(ρ) = − ln trρ2 = − ln〈ρ, ρ〉,
where 〈X,Y 〉 = trX †Y is the Hilbert-Schmidt inner product.
If the state ρ is governed by the Liouvillian, we find the time
evolution of the Rényi entropy as Ṡ2 = −〈ρ,H[ρ]〉/〈ρ, ρ〉
with the symmetrized Liouvillian H = L + L†. This object
is Hermitian and thus accessible by DMRG methods. In-
deed, we can bound the entanglement growth rate by the
minimal eigenvalues, i.e., Ṡ2 � −λmin, and thus gain insights
into the short-time dynamics occurring in the system away
from the steady state. We expect linear entanglement growth
λmin ∝ L in short timescales for the ballistic mode [91,92].
Let |�〉 = ∏

j x†
j,+ |0〉 be the state where all bonds are excited;

we define the corresponding density matrix ρ� = |�〉〈�| and
the entanglement growth G� = −〈ρ�,H[ρ�]〉 in the state.
In Fig. 8(b), we show both G� and the minimal eigenvalue
λmin of H = L + L†, confirming that both are very close and
linearly dependent on the system size.

V. DIFFUSION AND RANDOM WALKS

The previous section extensively benchmarked the cooling
rates in the engineered and thermal protocols, finding both to
be quadratic in the regimes reaching the ground state, with
τ ∝ N2, indicating diffusive behavior associated with total
particle number conservation. However, the numerical data do
not by itself provide a clear explanation of the quadratic cool-
ing time observed. In this section, we focus on the engineered
dissipation and introduce a simple model explanation of its
quadratic scaling by (1) deriving a mean-field approximation
and (2) mapping the cooling to random walks of the excita-
tions on the wires.

A. Mean-field description

Already on a mean-field level, the diffusive nature of the
excitations and thus the quadratic scaling of the cooling time
with system size can be derived, with the following condensed
derivation being complemented by more details provided in
Appendix E. Starting from the Heisenberg equation of motion
for an operator O giving its time evolution

∂t O = L†[O] = −i[O, H] +
∑

μ

(
L†

μOLμ − 1

2
{L†

μLμ, O}
)

,

we derive the equations of motion for the density correla-
tors n j,σσ ′ = x†

j,σ x j,σ ′ [cf. Eqs. (E1)–(E4)]. These equations of
motion are then turned into ones for the expectation values
〈n j,σσ ′ 〉 for late times at which the system is approximately
Gaussian. Introducing a as the lattice spacing of the model
and taking the continuum limit a → 0 then allows us to move
to continuum excitation densities nσσ ′ (x = ja) = 〈n j,σσ ′ 〉. A
compact statement of our results is—in light of previous re-

sults for similar dissipative properties derived from Keldysh
field theory [63]—given in terms of the following quantities:
Concentrating on the deviations of the two excitation densities
from the dark state, we define δn+ = 〈n++〉 and δn− = 1 −
〈n−−〉, such that α = (δn+ + δn−)/2 and β = (δn+ − δn−)/2
are the total density deviation and the density imbalance, re-
spectively. To cancel a drift term in the following equation and
allow for better comparison to the literature, we define Q(x) =
q(x − vt ) with Q = A, B, q = α, β, and v = −κa/2. For the
engineered dissipation, we find that A and B abide by the
reaction diffusion [in the late-time limit with A, B � 1; cf.
Eqs. (E13) and (E14) for the full model]

(
∂t − D+∂2

x

)
A + β

2
A2 + |λL|A = D−∂2

x B + β

2
B2,

D−∂2
x A = (

∂t − D+∂2
x

)
B, (13)

with coefficients

D+ = κa2

4
, D− = 0, β = 4κ,

and λL the Liouvillian gap introduced for numerical compar-
isons to finite systems vanishing in the thermodynamic limit,
i.e., λL → 0 for L → ∞.

Keldysh field theory calculations on similar models yielded
the coupled Fisher-Kolmogorov-Petrovsky-Piskunov (FKPP)
equations [63] [Eq. (26)](

∂t − D+∂2
x − 1

τ+

)
A + β

2
A2 =

(
D−∂2

x + 1

τ−

)
B + β

2
B2,

D−∂2
x A = (

∂t − D+∂2
x

)
B. (14)

Crucially, these differ from our findings by additional impact
ionization terms τ±, which, if present, render the dark state
unstable by allowing for nonvanishing total density deviations
in the long-time limit. These terms can, however, be ruled
out for the engineered protocol presented here. To substantiate
this, we prepare the system in the state

|ιn〉 = 1√
n

⎛
⎝ n∑

j=1

x†
j,+

⎞
⎠x1,− |◦〉 (15)

for which we expect a large contribution of the impact ioniza-
tion, if any is present. In Fig. 9, we show the time evolution
of the fields A at different sites compared to the diffusion
equation in Eq. (13) as well as those with the same coefficients
in Eq. (14) with a finite ionization constant τ+ = τ− = 1.
Clearly, there is no residual density deviation from the steady
state as would be a consequence of the destabilizing impact
ionization.

B. Random-walk model

In the previous sections, we investigated the full quantum
description of the cooling protocols and provided mean-field
equations capturing the dynamics of relevant observables.
While these two approaches hint at diffusive dynamics gov-
erning the cooling, they lack an intuitive justification. In
the following, we derive a classical random-walk model un-
derpinning the diffusive character of the cooling protocols.
Starting from the engineered jump operators in Eq. (11), we
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FIG. 9. In panel (a), we show the time evolution of the fields A on different sites starting from the state |ι6〉 for N = 12. This is compared
in panels (b) and (c) with the solution of the field equations in Eqs. (13) and (14) (with τ± = 1), respectively. While Eq. (13) captures the
short-time dynamics qualitatively very accurately and by the finite-size correction shows the correct decay in the long-time limit, the impact
ionization present in Eq. (14) would predict a residual density deviation, which is not observed numerically.

rewrite the local wire operators as

c j+1,a = 1√
2

(x j,+ − x j,−), c j,b = 1√
2

(x j,+ + x j,−),

such that the jump operators read (omitting the proportionality
constant

√
κ/2 to improve readability)

L+
j,a ∝ (x†

j−1,+ − x†
j−1,−)x j,+,

L+
j,b ∝ (x†

j,+ + x†
j,−)x j,+,

L−
j,a ∝ (x j−1,+ − x j−1,−)x†

j,−,

L−
j,b ∝ (x j,+ + x j,−)x†

j,−.

Remarkably, these jump operators are local for both particles
and holes and only decrease the number of defects in a state,
as there is no term of the form x†

+x−. Thus, in the late stage
of the evolution, there will eventually be only one particle x†

j+
and one hole xi− in the system, which hop around as mediated
by the jump operators. While the operators L±

b act only on
site, it is L+

a (L−
a ) that allows the excitation (hole) to jump

left. Once both are on the same site, they can annihilate, thus
equilibrating the system to the steady state.

In Fig. 10, we show the time evolution of a state initialized
in such a late-time configuration with the position of the hole
and excitation averaged over multiple trajectories. There, it
can be clearly seen that both move to the left only. We also
compare to the analytical solution of the model derived in the
following.

1. Analytical prediction of cooling rates

The operators Aμ = L†
μLμ (with μ enumerating all Lind-

blad operators) forming the terms of the effective Hamiltonian
H̃ = − i

2

∑
μ Aμ are

A+
j,γ ≡ (L+

j,γ )†L+
j,γ = κx†

j,+(1 − n j,γ )x j,+,

A−
j,γ ≡ (L−

j,γ )†L−
j,γ = κx j,−n j,γ x†

j,−, (16)

where γ = a, b the wire index. Thus, the exponential damping
exp(−iH̃t ) does not change the state but merely decreases its
amplitude. Consider for now a trajectory in which only one
defect remains, given by the state |i; j〉 ∈ H(1) with i and j suf-
ficiently far apart such that no operators in the following have
overlapping support. There are four nonvanishing operators
in the effective Hamiltonian, namely, A+

i,γ and A−
j,γ , γ = a, b,

whose action on the state is

A±
i/ j,γ |i; j〉 = κ

2
|i; j〉 .

The norm of the time evolved state |ψ (0)〉 = |i; j〉 is therefore
given by

‖ψ (t )‖ = exp (−κt ).

A quantum jump occurs for ‖ψ (T )‖2 = r, with r a uniform
random variable; thus, the jump time T is exponentially dis-
tributed with mean 1/2, i.e., two jumps occur per unit time.
Notably, the jump frequency is also independent of system
size. Once the jump occurs, the jump operators act on the state
as follows:

L+
i,a |i; j〉 ∝ |i − 1; j〉 , L−

j,a |i; j〉 ∝ |i; j − 1〉 ,

L+
i,b |i; j〉 ∝ |i; j〉 ,

L−
j,b |i; j〉 ∝ |i; j〉 ,

FIG. 10. Illustration of the random-walk dynamics exhibited by
the defects, where in panel (a) we initialize hole (excitation) in unit
cell i0 = 1 ( j0 = 11) in a system with N = 40 sites and show the
histogram of their positions for 1000 instances of a quantum trajec-
tory in the engineered dissipation scenario. Both travel to the left
and show a diffusive cone. In panel (b), the variance of the position
difference d = i − j between their positions, showing perfect linear
growth in the beginning, as expected from the random-walk model.
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FIG. 11. The cooling time τ predicted by the more sophisticated
random-walk model run for 100 000 samples with the maximum
number of excitations being K , i.e., K = ∞ means there are no
restrictions. With more excitations included, the cooling time in-
creases. We include the fit obtained from the DMRG data (dash
dotted) from Fig. 7 as well as the prediction in Eq. (17). Overall, the
random-walk model predicts longer cooling times than the quantum
simulation, which can be attributed to the fact that it is both classical
and strictly local.

with the same proportionality constant in each term. Thus,
they are equally likely to occur and the random walk in the dif-
ference d = i − j is changed as d → d ± 1 with probability
1/4 and remains unchanged with probability 1/2. The hitting
time of this random walk, i.e., the number of steps n at which
it reaches the boundary L/2 is

E [n] = 2(L/2)2 = L2/2.

By plugging in the relationship between number of steps and
time t , we find the cooling time

τ = n

2
= L2

4
. (17)

Note that here we assumed that the hole-excitation pair starts
of at the worst possible position. Numerically, we found the
actual proportionality to be τ ≈ 0.225L2.

2. Generalized model

While the above random-walk model correctly captures the
classical dynamics giving rise to the diffusive cooling, it is
restricted to only one defect living in H(1). Furthermore, it
makes ad hoc assumptions about the initial spatial extent of
the defect. In the following, we provide a generalized model
that relaxes these assumptions while finding close quantita-
tive agreement with the fully quantum description. For this,
we allow for a state with multiple defects and implement
the following three improvements: (1) inclusion of the decay
rates given by A± when excitation and hole overlap, (2) a
correct treatment of the jump operators’ actions when hole
and excitation are close together, and (3) a way to initialize
an appropriately distributed random initial state with multi-
ple particle-hole pairs. The details outlined below yield the
recipe by which the results in Fig. 11 are obtained. While
the quadratic dependence τ ∝ N2 matches the findings for
the quantum formulation, the generalized random-walk model
quantitatively predicts a marginally higher diffusion constant
than measured for the numerical data in Fig. 7. This can
mostly be attributed to the neglect of off-diagonal terms as
outlined below, and the fact that while exp(Lt ) can generate
nonlocal terms in its Taylor expansion, the random walk is
limited to local jumps only.

To derive the model, note that the wire number operators
n j,a/b can be written in the x basis in terms of their number
operators n j,± = x†

j,±x j,± as

n j+1,a = n j,+ + n j,− − Yj

2
,

n j,b = n j,+ + n j,− + Yj

2
,

having defined Yj ≡ x†
j,+x j,− + x†

j,−x j,+. We obtain the fol-
lowing expressions for the A± operators:

A+
j,a = n j,+(1 − n j,a),

A+
j,b = n j,+(1 − n j,−/2),

A−
j,a = (1 − n j,−)n j,a,

A−
j,b = (1 − n j,−)(1 + n j,+)/2.

Unfortunately, the operators with γ = a are not diagonal in
the x± basis, such that we need to employ the mean-field
approximation 〈Yj〉 � 0, with which

n j,a �
n j−1,+ + n j−1,−

2
.

Having computed the Aμ, we randomly choose the jumps in
the same way as in the quantum jump model prescription. To
find the initial distributions, we weigh the initial number of
defects m by the respective dimensions of their Hilbert spaces
pm ∝ dim H(m) up to normalization. The particle-hole pairs
themselves are then placed randomly on the wires without
repetition.

C. Thermal dissipation

It might seem counterintuitive that this same reason-
ing should apply for the thermal dissipation in the low-
temperature regime as well. However, the structure of the
Lindblad jump operators is very similar in nature to the engi-
neered protocol if the temperature T � �0 (β�0 = 10 � 1)
is low. Both share particle number conservation and when the
system operators in Eq. (6) are written in the basis of the bond
operators x±, they contain terms of the following form [93]:

J (1)
i j = γ0

2
x†

i,+x j,+,

J (2)
i j = γ0

2
x†

i,−x j,−,

J (−)
i j = γ−

2
x†

i,+x j,−,

J (+)
i j = γ+

2
x†

i,−x j,+,

where we defined γ0 = √
J (0), γ± = √

J (±2t ). Here, i and
j are neighboring sites, rendering all the hopping operators
J quasilocal. In the low-temperature limit, the operator J (−)

gets exponentially suppressed with γ− � 1, while the other
combinations retain approximately similar prefactors γ0 ≈
γ+ = O(1). Thus, at low temperatures, the Lindblad operators
also never increase the number of defects. Furthermore, no
jumps are mediated by the Hamiltonian in Eq. (1), which only
introduced local phases for states expressed in the particle-
hole picture. One can therefore identify a similar cooling
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mechanism as with engineered dissipation, where holes and
excitations are moved locally by the jumps until they are next
to one another, upon which a jump triggers that recombines
excitation and hole.

VI. COMPARISON TO ANALYTICAL WORK

A series of recent analytical works analyzed the late-
time dynamics of dissipatively induced topological insulators
[61–64] and superconductors [65]. These works build on a
Keldysh field theory approach for continuum models in one
and two dimensions to compute the effective action for the
particle and hole fluctuations on top of a dissipative topo-
logical insulator beyond the mean-field approximation [59],
subject to the overall particle number constraint. This ap-
proach describes the near-stationary properties of the system.
It finds a diffusive regime dominated by the conservation of
total particle number, followed by an asymptotic behavior
governed by coupled FKPP equations, where residual par-
ticles and holes can annihilate [61–63]. In particular, these
works predict an instability of the dark state toward a distinct,
mixed stationary state, based on the perturbative calculation
of the coefficients of the FKPP equations. In Ref. [64], it is
argued that two coupled FKPP equations generically show
stable and unstable solutions in some analogy to impact
ionization.

Our present numerical study in one dimension is not com-
patible with these findings. We find stable dark state solutions
in all parameter regimes considered, including in parameter
regimes that reduce—in the continuum limit—to models an-
alyzed in the above works. Moreover, in Appendix B, we
offer an analytical proof of the uniqueness of the dark state
for models in the class considered here and in previous lit-
erature [59,60,75,94,95]; uniqueness excludes an instability
toward an alternative stationary state. Our results are also
in line with the stability of dissipatively induced topologi-
cal superconductors established numerically in Ref. [96]. In
particular, this shows not only that no other dark states exist,
but also that no other mixed stationary solutions exist for any
system size, including in the thermodynamic limit N → ∞.
Within a mean-field description that allows for the descrip-
tion of nonlinear deterministic dynamics, we find that the
dynamics are best described by coupled diffusion instead of
FKPP equations. Altogether, this speaks against the impact
ionization scenario also on analytical grounds. In addition, we
test the field equations numerically, confirming our analytical
expectations.

VII. CONCLUDING DISCUSSION

Our results demonstrate that the number-conserving
ground-state preparation of a dimerized SSH Hamiltonian
using either local thermal cooling or a dissipative state
preparation protocol is governed by diffusive processes that
equilibrate the system in time quadratically dependent on
system size. In neither protocol we found obstructions fun-
damentally hindering their cooling capabilities. In the case of
the engineered protocol, additional stationary solutions of the
dynamics next to the target state pose such obstacles to cool-
ing. However, for the dissipative state preparation protocol

studied in this work, we provided proof of the uniqueness of
the steady state. For thermal cooling, local minima may hinder
equilibration. Relying on finite-size scaling of the cooling
time, we found no indication of the cooling process getting
trapped away from the target state in either protocol. The
latter is by no means guaranteed, as Nature is constrained
to efficiently finding local minima [38], while the ground
state is—by definition—a global minimum. When other local
minima are present, they may hamper thermal preparation of
the ground state, in which case we would expect exponential
scaling of the cooling times in system size. From a complexity
theoretical perspective, the quadratic scaling of cooling time
found in this work reflects the fact that the parent Hamiltonian
is quantumly easy [38] and that the considered system-bath
couplings are sufficiently ergodic.

Comparing the two protocols, we found that the thermal
protocol takes longer to cool than the engineered one. While
this finding quantitatively depends on the choice of parameters
and a priori assumptions on the dynamics, we expect more
favorable prefactors (diffusion constants) of the quadratic re-
laxation timescale to also manifest in experimentally relevant
platforms. Microscopically, descriptions of thermal coupling
in terms of master equations for our model are derived within
the Born-Markov approximation [44], Chap. 3.3]. This weak
coupling assumption constrains the cooling rates to be smaller
than the system energy scales, which may be as low as
E/h̄ = ω ∼ kHz in atomic quantum simulators [16]. Equi-
libration then necessitates extremely low bath temperatures
T < h̄ω/kB ≈ 10 nK and, relating to our present findings, is
delayed by small diffusion constants. This is contrasted by the
engineered dissipation setting, where the dissipative processes
typically involve excitations to energetically higher-lying in-
ternal states, e.g., optical excitations of atoms faster than
terahertz that may then dissipatively relax by spontaneous
emission [39]. The Born-Markov approximation is then as-
sumed with respect to these faster timescales thus allowing for
significantly higher coupling rates in the resulting Lindblad
master equation.
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APPENDIX A: EXAMPLE OF AN UNSTABLE
STEADY STATE

In previous works discussing the instability scenario,
cartoon examples of unstable dissipative state preparation
protocols were constructed [61–63]. Here, we compare these

previous works to our model and explicitly construct the ad-
ditional dark state of the protocol in Appendix D of Ref. [61],
which in our notation is given by the Lindblad operator

L1
j = L+

j,a =
√

κ

2
(x†

j−1,+ − x†
j−1,−)x j,+.

While this model still has |◦〉 as its dark state, we may also
construct the following vector. For this, define

|φn〉 =
∑

k

(
x†

k1,+xk1,−
) · · · (x†

kn,+xkn,−
) |◦〉 ,

where the sum is over all vectors �k = (k1, . . . , kn) with n
unique integer indices on the lattice. The second dark state
is then |�〉 = ∑

n(−1)n |φn〉. To see this, we apply x†
m,− to the

|φn〉, finding

x†
m,− |φn〉 =

∑
k

x†
m,−

(
x†

k1,+xk1,−
) · · · (x†

kn,+xkn,−
) |◦〉

=
∑

k

{
−(

x†
k1,+xk1,−

) · · · (x†
k j ,+

) · · · (x†
kn,+xkn,−

) |◦〉 , if m = k j,

0, if m �= k j,

which is given more compactly by x†
m,− |φn〉 = −x†

m,+ |φn−1〉. This yields the recursion relation

L1
m |φn〉 =

√
κ

2
(x†

m−1,+ − x†
m−1,−)xm,+ |φn〉 =

√
κ

2
x†

m−1,+xm,+(|φn〉 + |φn−1〉).

Thus, summing the |φn〉 with alternating signs cancels the
effect of L1

m. This finding has been confirmed numerically, i.e.,
|�〉 really is the second dark state. For L = 2, the state is

|�〉 = (x†
1+x†

2+ − x†
1−x†

1+ − x†
2−x†

2+) |0〉 .

As there are now two dark states, the steady state manifold is
four-times degenerate, which can also be tested numerically.

Finally, we may check how stable this gap closing is. For
this, we consider the Lindblad operators L+

j,a and tL+
j,b, where

0 � t � 1 allows us to tune the strength of the Lindblad
operator destabilizing |�〉. See Fig. 12 for the plot of the
Liouvillian gap. The gap closing is not stable with respect to
the introduction of the additional terms, and therefore, only if

FIG. 12. The first eigenvalue of the Lindbladian L+
j,a and tL+

j,b.
Here, N = 8.

all Lindblad operators except for L1 are omitted, a nonunique
and unstable situation leads to an instability scenario.

APPENDIX B: ON THE UNIQUENESS
OF THE STEADY STATE

Proving that the dark state |◦〉 is a unique dark state of
the engineered dissipation given by the Lindblad operators in
Eq. (11) is done using two separate ingredients [41]: (1) show-
ing that the dark subspace is indeed one-dimensional, and (2)
proving that no other solutions outside the dark subspace exist.

The (1) one-dimensionality of the dark subspace can be
seen immediately by construction. That is, the Hilbert space
with no defects H(0) is itself one-dimensional. Next, we show
that (2) no other dark states exist by proving that every state in
the Hilbert space is connected to the dark state by a sequence
of jumps, thus proving its uniqueness [41], Theorem 2. The
intuition is that such a sequence will appear in the Taylor
expansion of eLt , and thus slowly drain the state into the dark
state. Write an arbitrary state |ψ〉 in the basis used to span the
truncated Hilbert space in Sec. III C. That is, let

|ψ〉 =
L∑

m=0

∑
|�i|=|�j|=m

�
(m)
i1···im; j1··· jm

|i1 · · · im; j1 · · · jm〉 .

Here, �i = (i1, . . . , ik ) and �j = ( j1, . . . , jk ) denote multi-
indices indexing the unit cells of the system, where �i (�j)
are the positions of the excitations (holes) (cf. Sec. III C).
Their length is given by their number of entries |�i| = k. Now,
suppose that � (0) = 0, i.e., there is no overlap with the dark
state. We will now show that there exists a sequence of jumps
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that creates some finite overlap with the dark state. To this end,
let us concentrate on the operators

L1
j ≡ L+

j,a ∝ (x†
j−1,+ − x†

j−1,−)x j,+,

L2
j ≡ L−

j,b ∝ (x j,+ + x j,−)x†
j,−.

In the following, L1 transports an excitation to the left by one
cell while keeping the number of defects fixed (up until the
last jump) and L2 annihilates a defect, thus connecting the
sector m → m − 1. The idea will be to use the operator L1

to bring excited particles spatially on top of the hole, i.e., to
the same site j, and then use L2 to annihilate the particle-hole
pair. More precisely, now pick in |ψ〉 the sector with small-
est m such that there exists a � (m) �= 0. Within this sector,
pick the states with the minimal distance ik − jk′ between a
neighboring particle-hole pair; minimal is defined with respect
to the ability of the excitation to the move to the left only.
By construction of the minimal distance, there is no defect
on the way that could block the following transport by the
Pauli exclusion principle. Then, apply the following move
operator:

M = L2
jk′

ik∏
i= jk′ +1

L1
i .

The resulting wave function now has a nonvanishing compo-
nent in the m − 1 sector. This then by induction implies that
any state can be connected to the dark state, as the argument
can be repeated until the dark subspace is reached. Because
the dark state does—by definition—not couple to any of the
jump operators, the argument also holds independently of the
assumption � (0) �= 0 and thus for arbitrary states. Intuitively,
by this mechanism, the operators constitute a pump that drains
all amplitudes into the dark subspace. Importantly, note the
difference if we omitted L2: While this operator can still
equilibrate an excitation, it has to by considering neighboring
sites and thus is susceptible to Pauli blocking leading to the
anomalous dark state constructed in Appendix A.

APPENDIX C: PRECONDITIONING AND STOPPING
SPECTRAL GRADIENT SEARCH

The spectral gradient search in Sec. III A benefits greatly
from effective preconditioning, which speeds up the conver-
gence toward the ground state of Xλ̃ in Eq. (12). To this end,
let |0〉 be the steady state and |1〉 be first excited state obtained
from the previous DMRG procedure. Now, let λ = 〈1|L̃|1〉
and define α to minimize

arg minα‖(L̃ − λ)(|0〉 + α |1〉)‖.

FIG. 13. Same as Fig. 6 but with the system operators in Eq. (6)
restricted to X ← and X ↑↓

a . This introduces a directionality into the
model while still being consistent with a quadratic fit and thus diffu-
sive dynamics. No error bars shown.

This is solved explicitly by defining Y = L̃ − λ and comput-
ing

u1 = 〈0|Y |1〉 + 〈1|Y |0〉 , u2 = 2 〈1|Y |1〉 ,

such that α = −u1/u2. We use |ψα〉 = |0〉 + α |1〉 as an initial
guess for the ground state of nearby Xλ̃. We deem an eigen-
vector of Xλ̃ to be converged when its eigenvalue changes
ε = 10−4.

APPENDIX D: DIFFERENT CHOICES
FOR THE SYSTEM OPERATORS

In Fig. 13, we provide the cooling time in the ULE when,
instead of the full set of operators in Eq. (6), only the system
operators X ← as well as X ↑↓

a are included, thus introducing
a large directionality into the model. This heavily restricted
model is still consistent with a quadratic fit and therefore
diffusive nature of the cooling.

APPENDIX E: MEAN-FIELD MODEL
OF THE ENGINEERED DISSIPATION DYNAMICS

In this Appendix, we derive the reaction-diffusion equa-
tion in Eq. (13). This is achieved in two steps. First, we
provide a coupled system of equations for the four densities
n j,σσ ′ = x†

j,σ x j,σ ′ . Then, by introducing a continuum limit, we
arrive at the same form of equation as presented in Ref. [63].

We start from the Heisenberg equation of motion for an
operator O

∂t O = −i[O, H] +
∑

μ

(
L†

μOLμ − 1

2
{L†

μLμ, O}
)

.

By explicitly computing the relevant terms (see the Supplemental Material [88] for intermediate steps), we arrive at the following
local equations of motion for the four densities:

2

κ
∂t nk,++ = −nk,++(5 − 2nk,−− + nk+1,++ − nk+1,−− − nk−1,++ − nk−1,−− + nk−1,+− + nk−1,−+)

+ nk+1,++ + 1

2
(1 − nk+1,−− + nk+1,++)(nk,+− + nk,−+), (E1)
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2

κ
∂t nk,−− = (1 − nk,−−)(1 + 2nk,++ + nk+1,++ + nk−1,++ + nk−1,−− − nk+1,−− − nk−1,−+ − nk−1,+−)

− (1 − nk+1,−−) + 1

2
(1 − nk+1,−− + nk+1,++)(nk,+− + nk,−+), (E2)

2

κ
∂t nk,+− = nk,+−(−4 − nk+1,++ + nk+1,−−) + 1

2
(nk,++ + nk,−−)(1 − nk+1,−− + nk+1,++) − nk+1,++, (E3)

2

κ
∂t nk,−+ = nk,−+(−4 − nk+1,++ + nk+1,−−) + 1

2
(nk,++ + nk,−−)(1 − nk+1,−− + nk+1,++) − nk+1,++. (E4)

All of the above equations have been checked explicitly using computer algebra systems to avoid involuntary errors.

1. Linear deviation from the steady state

Equations (E1)–(E4) can be formulated as field equations to allow for a comparison to previous literature [63]. Crucially, we
find that they do not contain impact ionization terms and thus do not corroborate the instability scenario.

We use Wick’s theorem to turn Eqs. (E1)–(E4) into equations for the expectation values. We neglect anomalous expectation
values of type 〈x†x†〉 = 〈xx〉 = 0, as they vanish for the number-conserving state. Denote Gα,β (u, v) = 〈x†

u,αxv,β〉 with α, β = ±.
Assuming to be in a regime where Wick’s theorem holds, i.e., in the late-time limit where the state is approximately Gaussian,
we use the identity

〈nu,αβnv,γ σ 〉 = 〈x†
u,αxu,βx†

v,γ xv,σ 〉 = 〈x†
u,αxu,β〉〈x†

v,γ xv,σ 〉 + 〈x†
u,αxv,σ 〉〈xu,βx†

v,γ 〉
= Gαβ (u, u)Gγ σ (v, v) + Gασ (u, v)(δuvδβγ − Gγ β (v, u)).

From this, we derive field equation by introducing the lattice spacing a and fields ψ (x = aξ ) = G++(ξ ), �(x = aξ ) = 1 −
G−−(ξ ), α(x = aξ ) = G+−(ξ ), and β(x = aξ ) = G−+(ξ ). We denote spatial derivatives by apostrophes, i.e., g′ = ∂xg and g′′ =
∂2

x g, such that the equations of motion for these new fields read

2

κ
∂tψ = −4ψ� + 1

2
(� − ψ )(α + β ) − 2αβ + a

[
ψ (−2ψ ′ + α′ + β ′) + ψ ′ + 1

2
(�′ + ψ ′)(α + β )

]

+ a2

2

[
ψ (−2�′′ − α′′ − β ′′) + ψ ′′ + 1

2
(�′′ + ψ ′′)(α + β )

]
+ O(a3),

2

κ
∂t� = −4ψ� + 1

2
(� − ψ )(α + β ) − 2αβ + a

[
�(−2�′ − α′ − β ′) + �′ − 1

2
(�′ + ψ ′)(α + β )

]

+ a2

2

[
�(−2ψ ′′ + α′′ + β ′′) + �′′ − 1

2
(�′′ + ψ ′′)(α + β )

]
+ O(a3),

2

κ
∂tα = α(−3 − ψ − �) + 1

2
(ψ2 − ψ − �2 + �) + a

[
− α(ψ ′ + �′) + 1

2
(ψ + 1 − �)(�′ + ψ ′) − ψ ′

]

+ a2

2

[
− α(ψ ′′ + �′′) + 1

2
(ψ + 1 − �)(�′′ + ψ ′′) − ψ ′′

]
+ O(a3),

2

κ
∂tβ = β(−3 − ψ − �) + 1

2
(ψ2 − ψ − �2 + �) + a

[
− β(ψ ′ − �′) + 1

2
(ψ + 1 − �)(�′ + ψ ′) − ψ ′

]

+ a2

2

[
− β(ψ ′′ + �′′) + 1

2
(ψ + 1 − �)(�′′ + ψ ′′) − ψ ′′

]
+ O(a3).

These may be linearized for small fields ψ,�, α, β � 1. For this, we assume that their derivatives are sufficiently continuous as
well, such that they are on the order of the fields; this should, however, have already been used when we applied Wick’s theorem.
The field equations are then

2

κ
∂tψ = −4ψ� + aψ ′ + a2

2
ψ ′′ + O(a3), (E5)

2

κ
∂t� = −4ψ� + a�′ + a2

2
�′′ + O(a3), (E6)

2

κ
∂tα = −3α + 1

2
(� − ψ ) + a

2
(�′ − ψ ′) + a2

4
(�′′ − ψ ′′) + O(a3) = −3α + 1

2
ea∂x (� − ψ ), (E7)
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2

κ
∂tβ = −3β + 1

2
(� − ψ ) + a

2
(�′ − ψ ′) + a2

4
(�′′ − ψ ′′) + O(a3) = −3β + 1

2
ea∂x (� − ψ ). (E8)

Note that—in a spatially almost homogeneous case with negligible spatial derivative—the fields α and β decay exponentially
upon time evolution to their fixed point α, β ≈ (� − ψ )/6. This will be used later for corrections with α, β �= 0.

For now, it is sufficient to note that the fixed point is, however, much smaller than both the fields � and ψ . This holds
especially in the long-time limit, where both fields tend to be the same value such that their difference is small even without
accounting for the suppression by the additional factor 1/6. Thus, we start with the equations of motion for α = β = 0, which
are

2

κ
∂tψ = −4ψ� + a(1 − 2ψ )ψ ′ + a2

2
[−2ψ�′′ + ψ ′′] + O(a3),

2

κ
∂t� = −4ψ� + a(1 − 2�)�′ + a2

2
[−2�ψ ′′ + �′′] + O(a3),

The above equations already capture the dynamics contained within this mean-field description. However, previous literature
[63] formulates them using different quantities. When rewritten, we find that they lack the impact ionization terms on which
the instability scenario is based. Concretely, we want to compare this to Ref. [63] by forming the total density deviation A =
(ψ + �)/2 and the density imbalance B = (ψ − �)/2. In Eq. (26) of Ref. [63], they find the FKPP equation

(
∂t − D+∂2

x − τ−1
+

)
A + β

2
A2 = (

D−∂2
x + τ−1

−
)
B + β

2
B2, (E9)

D−∂2
x A = (

∂t − D+∂2
x

)
B. (E10)

With ψ = A + B and � = A − B, our equations look like

4

κ
∂t A = −8(A2 − B2) + 2a(1 − 2A)A′ − 4aBB′ + a2

2
2(1 − 2A)A′′ + a2

2
4BB′′, (E11)

4

κ
∂t B = 2a(1 − 2A)B′ − 4aBA′ + a2

2
2(1 + 2A)B′′ + a2

2
(−4B)A′′. (E12)

To remove the drift terms, we can switch to the comoving reference frame x′ = x − ηt with 4η/κ = −2a(1 − 2A), such that
∂t → ∂t − η∂x. This yields (

∂t − κa2

4
(1 − 2A)∂2

x

)
A + 2κA2 =

(
− κaB∂x + κa2

2
B∂2

x

)
B + 2κB2, (E13)(

− κaB∂x − κa2

2
B∂2

x

)
A =

(
∂t − κa2

4
(1 + 2A)∂2

x

)
B. (E14)

By comparing the coefficients, we find

D+ = κa2

4
(1 ± 2A)

A→0−−→ κa2

4
,

D− = ±κa2

2
B

B→0−−→ 0,

β = 4κ,

v ≡ κaB
B→0−−→ 0. (E15)

The signs in the D± are ill defined far away from the steady
state; this issue vanishes for A, B → 0 close to the steady
state. In summary, we produced a diffusion equation similar to
those presented in Ref. [63], which do not contain the impact
ionization term that would render them of FKPP type.

Beyond α = β = 0. To first order in a, we have the steady-
state value

α = β = 1
6 (ψ2 − ψ − �2 + �) = 1

3 (2A − 1)B
A�1−−→ − 1

3 B.

With this, we get the following additional terms in Eqs. (E11)
and (E12):

4

κ
∂t A = (Eq. E11) − 2Bα − 4α2 + 4aBα′ − 2a2Aα′′,

4

κ
∂t B = (Eq. E12) + 4aAα′ − 2a2Bα′′ + 2aA′α + a2A′′α.

Crucially, these are only corrections to the coefficients in
Eq. (E15) and do not change the qualitative behavior of the
equations (they also produce quantitatively indistinguishable
results).

2. Measuring impact ionization

The destabilizing terms ∝ τ−1A in Ref. [63] have been
linked to the occurrence of impact ionization. This impact
ionization and its implied instability of the ground state corre-
spond to a process in which an excitation (x+) hops and thus
excites an already equilibrated particle; in our model such a
process can be mediated by L+

j,a.
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FIG. 14. The impact ionization rate r and the added defect count �ηimp for time evolution starting from |ι6〉 on an L = 6 system averaged
over m = 10 000 trajectories. While roughly 40% of the jumps are ionizing events, the amount of defects created by it decreases significantly
as the steady state is reached, as expected.

To measure the effect of the impact ionization, we prepare
the system in the state |ιn〉 [cf. Eq. (15)], which features a
field configuration susceptible to impact ionization by L+

j,a.
The rate of impact ionization r is measured by counting the
number of ionizing jumps, where the dark state occupation
after the jump is lower than before the jump, and dividing by
the total number of jumps observed in a time period. We may
also define the added defect count �ηimp = η(t + ε) − η(t )
created by the ionizing event at time t . In Fig. 14, we show that
while the ionizing events constitute approximately the same
number of jump events (which is to be expected, as the nature
of the jump operators does not change), their overall effect on

the dark state occupation diminishes. The latter is destroying
this apparent instability.

3. Comparing to numerical data

Finally, we compare the time evolution of the fields A and
B to those obtained by implementing Eqs. (E13) and (E14).
In Fig. 15, we show the results of this simulation (second
column) against data (first column). While the time evolutions
agree initially, Eqs. (E13) and (E14) dictate algebraic decay in
the long-time limit, while we observe exponential decay in the
exact numerics. This is due to the finite size of our system (in

FIG. 15. Time evolution (cf. Fig. 14 for state and parameters) of the fields A and B on different sites. While the field dynamics given in
Eqs. (E11) and (E12) roughly capture the short-term behavior, for B ≈ 0 they predict algebraic decay of A, which does not match the observed
exponential decay. Upon adding the finite-size correction term in Eq. (E16), this can be fixed.

023336-16



DIFFUSION IN QUANTUM STATE PREPARATION: … PHYSICAL REVIEW RESEARCH 8, 023336 (2026)

FIG. 16. Same as Fig. 15 but with an additional nonvanishing impact ionization term τ+ = τ− = 1. The field A takes a nonvanishing value
for t → ∞, which can, however, be ruled out in our model with certainty.

this case L = 6, which is quite small). This can be accounted
for by adding the finite size correction term

∂t A = · · · − λLA (E16)

with λL → 0 for L → ∞ the gap of the system. It is crucial
to note that the new λL is not the impact ionization term −τ−1

+
of Ref. [63], which differs in sign; the opposite sign would
cause an instability. In Fig. 16, we show the fields A and B
with impact ionization τ+ = τ− = 1. Clearly, the equilibrated
and nonvanishing value of A is not observed in our model.
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