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Spin amplification in realistic systems

Ivan Iakoupov 127 Victor M. Bastidas ®,2 Yuichiro Matsuzaki,?> Shiro Saito®,% and William J. Munro ® -2
Y"Quantum Engineering and Design Unit, Okinawa Institute of Science and Technology Graduate University,
1919-1 Tancha, Onna-son, Okinawa 904-0495, Japan
2Basic Research Laboratories, NTT, Inc., 3-1 Morinosato-Wakamiya, Atsugi, Kanagawa 243-0198, Japan
3Department of Electrical, Electronic, and Communication Engineering, Faculty of Science and Engineering,

Chuo University, 1-13-27 Kasuga, Bunkyo-ku, Tokyo 112-8551, Japan

® (Received 18 September 2024; accepted 14 July 2026; published 26 August 2026)

Spin amplification is the process that ideally increases the number of excited spins when one of them is
excited initially. We show that by applying optimal control techniques to design classical drive pulse shapes,
spin amplification can be achieved in a previously unexplored fast regime, with amplification times comparable
to the intrinsic interaction timescale. This is an order of magnitude faster than the previous protocols and makes

spin amplification possible even with significant decoherence and inhomogeneity in the spin system. The initial
spin excitation can be delocalized over the entire ensemble, which is a more typical situation when a photon is
collectively absorbed by the spins. We focus on the superconducting persistent-current artificial atoms and the

Rydberg atoms as spins.

DOI: 10.1103/4ngk-9t5s

I. INTRODUCTION

Control of ever larger quantum systems is essential for
quantum simulation [1-4], quantum sensing [5-8], and error-
corrected quantum computing [9-11]. Such quantum systems
can be viewed as collections of spins encoded in real or artifi-
cial atoms. Instead of aiming to deliver a separate driving field
for each spin, experimental complexity could be decreased
by using a global drive for the entire spin ensemble [12-23].
Addressing the individual spins or spin groups can then be
done by frequency or polarization selectivity and engineering
of the spin-spin interactions.

One of the operations that is useful for quantum sensing is
spin amplification [23-25], which can be implemented with a
global drive [17-19]. The idealized version of this operation
amplifies a single excited spin into many excited spins, while
keeping the ensemble with zero excited spins unchanged [see
Fig. 1(a)]. This can be realized using the transverse-field Ising
model with nearest-neighbor interactions. A continuous-wave
weak classical field is applied such that it is off resonant
with the frequency of the spins. One excited spin shifts the
frequency of the neighboring spins into resonance with the
drive, making a domain wall propagate in such a way that the
number of the excited spins is increased [17-19,23,26].

The transverse-field Ising model can be implemented on
general-purpose quantum computers [4], but this requires
individual drives for the spins. In contrast, ensembles of
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Rydberg atoms, for instance, implement this model while
utilizing a global drive [2,3]. An implementation of the
transverse-field Ising model can also be achieved by the
ensembles of superconducting persistent-current artificial
atoms [27,28]. Compared to other superconducting artificial
atoms with much better coherence properties [29-32], the
primary advantage of the persistent-current artificial atoms is
the small size that permits fabrication of thousands of spins
on a compact chip [33]. Their large anharmonicity makes it
possible to treat them as two-level systems even with strong
drives, although large anharmonicities could also be obtained
with, for instance, fluxonium [31] at the cost of a larger foot-
print. Due to being related to the persistent-current artificial
atom, fluxonium can also have native ZZ interactions [34].
This allows a fluxonium ensemble to be another possible
implementation of the transverse-field Ising model.

Realistic spin systems have imperfections, such as long-
range interactions, finite lifetimes, and inhomogeneous broad-
ening [2,3,33,35]. The position of the initial single excitation
can be delocalized over the entire ensemble due to spins
collectively absorbing a photon [36,37]. Designing a proto-
col to amplify such delocalized states using imperfect spins
is difficult to do manually. Therefore, we turn to optimal
control [38] to replace the weak continuous-wave drive field
with a time-dependent one that can be much stronger at its
maximum.

The rest of the article is organized as follows. Our theo-
retical model and parameters are described in Sec. II with the
results presented in Sec. III. The implications of the results are
discussed in Sec. IV with a conclusion also provided.

II. SETUP

We focus on the two-dimensional (2D) layout of the spins
(depicted schematically in Fig. 1) due to it being easily
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FIG. 1. (a) The idealized spin amplification (SA) operation. If
all spins are in the ground state initially, there is no change (top).
If one spin is excited initially, all spins become excited (bottom).
We consider an equal superposition of all the single-excitation states
instead of a particular excited spin position, as shown in the figure.
(b) One of the considered experimental platforms: a 2D array of
persistent-current artificial atoms [27] as the spin ensemble. The
artificial atoms consist of superconducting loops interrupted by three
Josephson junctions (crosses) where one of the junctions is smaller
than the other two. The superconducting loops have linear inductance
(inductors at the bottom of the loops), and the interactions between
the spins are due to the mutual inductance between the loops. The
interactions are all-to-all in nature.

transferable to the experiments [2,3,33]. The spins are en-
coded either in the Rydberg atoms or in the persistent-current
artificial atoms. The Hamiltonians for both systems are in the
interaction picture with respect to the carrier frequency of the
drive wq and use the rotating-wave approximation.

The Hamiltonian for the ensemble of the Rydberg atoms is

Hrya =Ry (=ARj+ Q6 ) +h Y Jhiie, (1)

J Jk
J#k

where 7; = |1)(1]; = (1 4+ 6,,;)/2 is the projector onto the
excited state of the spin j (6;,; is the Pauli-Z operator), A =
wq — w1 1s the detuning between the transition frequency wy
and wq, and J; j; rj_ké, with rj; being the distance between
the spins j and k. The choices for the absent factor of 2
in the © term and double counting of the J. j terms (by
not restricting j < k in the summation) are different from
Refs. [2,3], so rescaling of the parameters is necessary. Defin-
ing J; o to be J; jx, where j and k are nearest neighbors, we
therefore set J, nn/(27) = 1 MHz, and maximum Rabi fre-
quency 2/(27) = 3.5 MHz [3]. Both the detuning A and the
Rabi frequency €2 can be time dependent to perform optimal
control of the Rydberg atoms [39]. The atoms are assumed
to be trapped in a square grid with the nearest neighbors
10 wm apart [3]. The errors in positions have two components:
the static trap position offset with the standard deviation of
100 nm, and the position of the atom within the trap due to
the finite temperature with standard deviations of 170 nm in
the plane of the array and 1 um out of the plane [3]. These
errors translate into inhomogeneity of the couplings J; jx.

The Hamiltonian for the ensemble of persistent-current
artificial atoms is

A
Hpcan = —EZ (TJ@J + fi§26+.j + ij*ﬁ—,j)
J

+RY L6 bk +h Y Jeybi 6ok (2)
Jj.k Jjik
J#k J#k

where 6 ; is the raising/lowering operator. In contrast to the
Rydberg atoms, the transition frequencies wo;,; and hence the
detunings A; are different for the different spins. They can
be written as Aj = Ayye + @o1,avg — @o1,j, Where woy avg 18
the average frequency (with averaging both over the spins in
the ensemble and inhomogeneity realizations of the ensemble)
and A,y = wg — wo1,ave- The Rabi frequency 2 can be time
dependent and complex, with the real and imaginary parts
corresponding to the / and Q signals.

The distributions of the parameters in the above Hamilto-
nian were calculated using circuit quantization, as described
in Appendix A. The input parameters to this calculation
are written in the caption of Fig. 2 that also shows the
distributions graphically. For the chosen bias flux @y, the
detunings A ;/(2m) have a standard deviation of 1.5 GHz, and
the average transition frequency is woi,ave/(27) = 8.0 GHz.
The average transition frequency iz ave/(2m) = 32.2GHz
between the first and second excited states is only calculated
to show that the anharmonicity is so large that the artificial
atoms can be treated as two-level systems and is not used in
the Hamiltonian (2).

Only the nearest-neighbor couplings Ji nnave and Jz nn ave
are shown in Fig. 2, but all the coupling strengths J j; and
J- jx in the Hamiltonian (2) are calculated based on the mutual
inductance between the superconducting loops and then used
in the simulations. The distribution of J; », /(27 ) has average
Jonn,avg/ (2m) = 39.8 MHz and standard deviation 4.4 MHz.
The distribution of Ji ,/(27) has average Ji nnavg/(2m) =
6.1 MHz and standard deviation 3.6 MHz. We account for
the small variations in the Rabi frequency for the different
spins due to the inhomogeneity in the loop area by multiplying
the ideal Rabi frequency €2 with time-independent factors f;,
which are equal to the ratio of the actual area of the supercon-
ducting loop to the design value. They have the average value
I and standard deviation 0.0014.

The idealized transverse-field Ising model of Refs. [17-19]
is obtained when couplings in the Hamiltonian (2) are such
that J+ j; = 0, and only the nearest neighbor J, j; are nonzero.
Note that the scaling of the A; and J j terms in Hamilto-
nian (2) is different from Refs. [17-19], and the choice of
the scaling is different among those references. We also have
the double counting of the terms J, ;6. ;6. in the Hamilto-
nian (2). This was chosen for consistency with the summation
over the terms J1 64 j6_ x, where no double counting oc-
curs, because the operators for j and k are different. Both
summations arise from the summation over the off-diagonal
elements of the inductance matrix that is symmetric. Nonzero
J+ m,avg 1 always present in the persistent-current artificial
atoms.

For the chosen parameters, the flux bias @ = 0.5034 x
®(, where & is the magnetic flux quantum, minimizes
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FIG. 2. The average parameters of the Hamiltonian (2) for the
persistent-current artificial atoms [27] as spins: the transition fre-
quencies between the ground and excited states wyj,ayg, the transition
frequencies between the first and second excited states w3 avg, and
the values of the nearest-neighbor couplings Ji nnave and J; nnave
(J+,jx and J, j; with the maximal absolute values, respectively). Val-
ues for a range of bias fluxes ®., /P are shown, where @ is the
magnetic flux quantum. The curves are calculated by performing
circuit quantization of the persistent-current artificial atoms with the
Josephson-junction area error of 2% for 10* different realizations
of a square 4 x 4 ensemble. The difference in the shown values
between using 3 x 3 and 4 x 4 ensembles for averaging is small.
The thickness of the curves shows the standard deviation of the
parameters. The chosen @y /Py = 0.5034 is shown by the black
dotted vertical line. The parameters of the persistent-current artificial
atoms are close to Ref. [40]: E;/h = 300GHz, E; /Ec = 75, a = 0.7
(relative area of the smaller junction). The model is extended to
include the linear inductance, and the persistent-current artificial
atoms are assumed to be square loops of size 3um x 3um and
use 0.2 um x 0.1 um traces (width x height). The error in the side
lengths of the loops is assumed to be 0.1%, and they are spaced 1 um
apart.

the inhomogeneous broadening due to the variations in the
Josephson-junction area [40]. However, this is masked by the
inhomogeneity due to variations in the loop area. While per-
forming circuit quantization, small additional inhomogeneous
broadening of A; appears due to the long-range couplings,
even in the absence of fabrication imperfections.

We consider two different initial states: the zero-excitation

state
o) = @) 10;) 3)
J
and the superposition of the single-excitation states

Y1) = fZaﬂwo )

which can be a result of N spins collectively absorbing a pho-
ton [36,37]. Unless noted otherwise, the results below focus
on such a delocalized excitation, but we also briefly consider
the localized initial state [y;) = 64 j—1|¥o), with j = 1 being
the corner spin [19]. The measurement operator for the popu-
lation (total number) of the excited spins is M = Z 6y,j6- .

Writing the spin amplification operation as a superoperator U,

we thus maximize the expectation value

Py — Py = t[MUYr1 ) (1 D] — tIMU(Yo) (WoD]. (5)

This expectation value is the difference of excited-state popu-
lations and hence —N < Py — Py < N.

For the optimal control, the main parametrization of the
Rabi frequency €2 in the Hamiltonians (1) and (2) that we
use is based on the filtered piecewise-constant parametrization
from Ref. [41]. Compared to the unfiltered piecewise-constant
parametrization where penalty terms are added to make the
pulses physically realizable, and the suitable constants mul-
tiplying the penalty terms are found by trial and error [42],
embedding the constraints in the pulse parametrization it-
self [41] avoids the need for such tuning.

Gaussian filtering of the indicator functions

|1, ift €[a,bl,
Liap) (1) = {0, ift ¢ [a, b] ©

was experimentally verified to be a good model for the finite
bandwidth of the arbitrary waveform generators [41]. Our
only change of this parametrization is to use tanh function
[which maps the real line onto the compact interval (—1, 1)]
on every amplitude to additionally constrain the extremal val-
ues. This results in

Re[21(1) — Qna /°° exp( t —t )2)
\/_o' 202
x Ztanh(ap)ll(tf/N Y-t Nop) ()AL, (Ta)
p=1
IS — Qma /°° eXp( (t — t)2>
¢—a 207

x Ztaﬂh(b e /No)p—1). /Ny (A2, (Tb)

p=1

where Q¢ 1s the maximum absolute Rabi frequency. The
integrals in Eq. (7) can be evaluated analytically in terms of
the error functions [41]. The parametrization (7) is for the
persistent-current artificial atoms, where the detunings are
constant in time, and the / and Q parts of the microwave pulse
are shaped. For the Rydberg atoms, €2 is real and positive,
and A is changed in time [39]. To make 2 positive, we use
the logistic function o (x) = 1/(1 4 ¢™*) [which maps the real
line onto the interval (0, 1)] instead of tanh in Eq. (7a) and
take Eq. (7b) to mean the parametrization of A(¢) instead of
Im[2](7) (replacing Qpax With Apay).

For the persistent-current artificial atoms, we assume the
sampling rate of 10 GS/s [43] that determines N, in Eq. (7)
and the bandwidth 1/0 = 4 GHz. In the case of the Rydberg
atoms, the output of the arbitrary waveform generator is fed
into an acousto-optic modulator [39], which determines the
final bandwidth 1/0 of the pulses. We assume that 1/0 =
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25 MHz [44] in this case, and therefore the sampling rate is set
to a lower value of 1 GS/s. To ensure that Q2 is close to zero
fort =0 and t = #, we set a certain number of a, and b, to
zero in the beginning and the end of the interval [41]. For this,
we use a heuristic rule that a, and b, are set to zero for p — 1
below 40N, /t; + 1 and above N. — 40 N, /t; — 1. For this, we
use a heuristic rule that a, = 0 and b, = 0 with p — 1 below
40N, /t + 1 and above N, — 40 N./t;y — 1 are set to zero. This
results in |Q2|/(27), |A]/(27) < 0.5kHz fort =0 and ¢t = #;
in the pulse shapes for all the plots below.

We could not reach the theoretical bound P, — Py = N with
the parametrization (7), even when the other imperfections
(finite coherence time, inhomogeneity) were removed from
the model. Therefore, to check that this theoretical bound is
indeed attainable, we also use the Fourier series parametriza-
tion [45]

2 &
Re[QFourier] (t) = \/l: Z ap SiIl(a)pl), (83)

(i

2 &
Im[ Qpourier| (1) = ‘/t—f > bpsin(wyt), (8b)
p=1

where N is the number of the Fourier components and w, =
pr /ts. The Rabi frequency is zero for the initial time ¢ = 0 and
the final time ¢ = #. We set N. = 100 so that it is large enough
to parametrize pulses with bandwidth of several gigahertz for
amplification times below 10 ns.

The initial states are propagated in time with either the
Schrodinger or master equation using the fourth-order Runge-
Kutta method. When evolving the master equation is too
costly (many time steps or averaging over many inhomo-
geneity realizations), the ensembles with N = 16 spins are
simulated using the quantum trajectory method [46]. In all
cases, the full Hilbert space with the basis size 2N s used,
necessitating significant computational power already for
modestly large ensembles.

The detuning Ay, from the average spin frequency is op-
timized together with the pulse shape parameters a, and b),.
For the persistent-current artificial atoms, A, is one time-
independent parameter, while for the Rydberg atoms, it is a
time-dependent shape that is parametrized by the values b),.
Our optimal control approach is similar to Ref. [47], where
the gradient of the final population difference (5) with re-
spect to the pulse parameters is found using the reverse-mode
automatic differentiation (cf. Appendix C) and then used
in the Limited-memory Broyden-Fletcher-Goldfarb-Shanno
(LBFGS) algorithm [48].

In contrast to the Gradient Ascent Pulse Engineering
(GRAPE) method [49], where finding the exact gradient
is computationally expensive and is often approximated
for efficiency [41,50], the gradients of the Runge-Kutta
methods can be calculated exactly with a small-constant
overhead compared to the first-order (Euler method) approx-
imation [47,51]. We use the fourth-order method similar to
Ref. [47] instead of the second-order method of Ref. [51],
because the higher order requires fewer time steps. In
Appendix B, we detail an almost matrix-free operator ap-
proach that is more efficient than the sparse-matrix operators
in Refs. [47,51] and can be used with any Runge-Kutta
method. Matrix-free operators can also be used with the

Krotov method [52], but its quasi-Newton extension (sim-
ilar to Broyden-Fletcher-Goldfarb-Shanno (BFGS)) is not
straightforward [53].

In our implementation, the total memory requirements for
the optimal control are around 14.5 (18.5) times the size of the
density matrix (state vector). The difference between the mul-
tiples for the density matrix and the state vector is that some
auxiliary vectors have a fixed size equal to the state vector, and
hence are negligible in size compared to the density matrix.
Importantly, the memory requirements are independent of the
number of the optimal control parameters and simulation time
steps. The latter is achieved by propagating the final states
backward in time during the gradient calculation [52,54]. This
makes it possible to simulate and optimize the control pulse
shapes for ensembles of up to N = 16 spins using the master
equation.

The optimization method above is only guaranteed to con-
verge to a local optimum, and we use the multistart approach
to probabilistically explore more of the optimization land-
scape. For all the optimal control results, the pulse shapes
are initialized randomly with each a, and b, sampled from
the standard normal distribution (with mean 0 and standard
deviation 1). Since different frequency scales are used for the
two different kinds of spins that we consider, Auye/(27 X
1 MHz) is sampled from the standard normal distribution for
the Rydberg atoms, and Ay, /(2w x 40 MHz) is sampled for
the persistent-current artificial atoms. We take ten such initial
pulse realizations and pick the best optimized pulse shape as
the result.

Rydberg atoms and persistent-current artificial atoms have
significantly different couplings and coherence times. In both
cases, the lifetime 7; is relatively large, but the pure dephasing
time T is the limiting factor for the coherent operations. We
set 7; = 175us and Ty =20 us for the Rydberg atoms [3],
and 71 = 1us and T, = 15 ns for the persistent-current arti-
ficial atoms [35]. The persistent-current artificial atoms have
a smaller coherence time, but they also have around 40 times
larger interaction strengths and can be driven with stronger
Rabi frequencies. This makes it possible to perform spin am-
plification much faster than with the Rydberg atoms.

In both cases, to perform the spin amplification approxi-
mately coherently, the amplification time # is chosen smaller
than 7. We set tr = 1us for the Rydberg atoms and # =
6.5 ns for the persistent-current artificial atoms. For the latter,
t; is close to the timescale set by the nearest-neighbor inter-
action 1/|J; nn| &~ 4 ns. For the Rydberg atoms, # is limited
by the maximal Rabi frequencies possible in the experimental
setups, and hence does not approach 1/|J; n,| as closely.

The previous spin amplification protocols [17-19,23] used
a small-constant Rabi frequency |2| < |/, nn| that resulted
in amplification times much longer than 1/|J; nq|. This ap-
proach only works for long 77 and Tj. Finite Ty makes the
spin amplification slower [19] and also introduces erroneous
excitations in the initial zero-excitation case as explained in
Appendix D. Finite 77 limits the total achievable excitation
number in the single-excitation case. While choosing a larger
|2] could partially compensate for this, this also increases the
zero-excitation error due to the finite 7.

Since the largest contribution to the inhomogeneity in
persistent-current artificial atoms stems from the geometric
variations of the superconducting loops and hence is fixed
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after the fabrication, we optimize distinct pulse shapes for
every inhomogeneity realization. In contrast, Rydberg atoms
have a much smaller but dynamic inhomogeneity that stems
from indeterminate positions of the atoms in the trap sites.
Therefore, for the Rydberg atoms, the pulse shapes are opti-
mized such that they work for any inhomogeneity realization
with the average P, — P, being the target to optimize.

III. RESULTS

For a 2D homogeneous ensemble with the nearest-
neighbor couplings, a two-frequency continuous-wave drive
is sufficient [19]. Since the considered systems are in-
homogeneous with long-range couplings, we follow the
recommendation of Ref. [18] to increase the drive strengths,
which may overcome frequency mismatch. This leads us to
consider the baseline with the following time-dependent Rabi
frequency:

Q) = Q1 + 2 exp(i(Aavg,1 — Aavg2)0), ©))

where the detuning Auye 1 = wq,1 — Wo1,avg Of the first fre-
quency component is included in A; = Auye 1 + @o1,avg —
wo1,; in the Hamiltonian (2).

Optimizing over €2; and A, for [ =1,2 in Eq. (9)
makes it a rudimentary form of optimal control. For every
inhomogeneity realization of the persistent-current artificial
atoms, we perform a global optimization with the algorithm
DIRECT [55,56] inside the bounds €2;/(2m) € [0.1, 2.4] x
40MHz, A, /(27) € [-5, 5] x 40 MHz, where 40 MHz is
approximately equal to the nearest neighbor |/, ji|/(27) in
Hamiltonian (2). The average values of the population differ-
ences P; — Py and error bars showing the standard deviations
are shown as cyan squares in Fig. 3. The population differ-
ences P, — Py appear to reach a limit already for N = 16 with
the value P; — Py = 1.9 £ 0.4 (increasing less than 0.1 from
N =9). The optimal 2/(27w) ~ |J; m|/(27) ~ 40 MHz is
outside of the parameter regime considered in Refs. [17-19].

Using optimal control with the parametrization (7) that
has more frequency components and the gradient-based opti-
mization improves the performance of spin amplification over
the baseline above. More importantly, P; — P, increases with
increasing N, even though the scaling is sublinear. The results
are shown by blue circles in Fig. 3. The values for N =4
and N = 9 were optimized using the master equation directly.
For N = 16, a different approach was taken, and the value
Py — Py =5.7%0.9 is not fully optimized. The pulse shapes
were found using the Schrodinger equation but with retained
parameter inhomogeneity, which is the most important im-
perfection. These pulse shapes were then evaluated using the
master equation to obtain the blue circle for N = 16 in Fig. 3.
Optimizing all of the 100 inhomogeneity realizations with the
master equation is too computationally expensive. On dual
AMD Epyc 9554 CPUs (128 cores in total), one iteration
takes around 90 h with 817 simulation time steps. The number
of time steps is double that of the homogeneous-ensemble
results below to prevent numerical instability caused by the
large inhomogeneity in the parameters. We have chosen 3
realizations that were optimized for 19 iterations each. This
has improved P, — Py for this subset of realizations from
594+0.7t06.1 £0.7.

15 =& Idealized PCAA
* Rydberg atoms

=2~ PCAA

- CW PCAA

—3

— |
16

FIG. 3. Difference of the final populations P, — P, for the spin
amplification as a function of the number of spins N. The results are
for two types of spins: Rydberg atoms and persistent-current artifi-
cial atoms (PCAA). For the continuous-wave (CW) PCAA results
(cyan squares), the two-frequency parametrization (9) is used for the
Rabi frequency with optimized [55,56] 21, 2, Aayg,1, and Ay 2.
The other curves show results for the drives found using optimal
control. The idealized PCAA results (red crosses) are obtained us-
ing the Schrodinger equation with retained long-range couplings,
but without decay, dephasing, and inhomogeneity with the pulse
parametrization (8). They lie very close to the line P, — Py = N. The
results using optimal control for PCAA (blue circles) and Rydberg
atoms (green triangles) are obtained with the master equation or
the quantum trajectory method with the parametrization (7). In all
cases except the idealized PCAA, the inhomogeneity is modeled by
averaging over a number of realizations, and the error bars show the
standard deviation of this averaging. The number of inhomogeneity
realizations is chosen to be 100, except for CW PCAA with N = 16,
where only 15 realizations are used, because each one of them needs
a slow global optimization [55,56].

Besides the inhomogeneity in the system, the other im-
portant imperfection is the finite Ty = 15ns, which is not
much larger than the chosen amplification time of 6.5 ns.
To quantify the influence of inhomogeneity in isolation
from the other imperfections, pulse shapes were also op-
timized for a homogeneous ensemble with N = 16. After
44 iterations, each with 408 time steps for speed, starting
from a pulse shape optimized by the Schrodinger equa-
tion, P, — Py = 6.2 was obtained, which is the same as the
result for the inhomogeneous ensemble within the uncer-
tainty. For the homogeneous ensemble, optimization with
the master equation is more important. Using a pulse shape
taken directly from the Schroédinger equation optimization
and evaluating it with the master equation gives P, — Py =
4.3, which is smaller than even the result obtained for the
inhomogeneous ensemble with the same procedure. This sug-
gests that optimizing the pulse shapes with the included
inhomogeneity also makes them more robust against the deco-
herence, even when the latter is not explicitly included in the
model.

Setting 77 and T, to be infinite by using the Schrédinger
equation result for N = 16 gives P| — Py = 8.0 £ 1.0 with in-
homogeneity or P; — Py = 14.4 without inhomogeneity. The
latter result is limited by the pulse shape constraints. Relaxing
the constraints by using the pulse parametrization (8), the
theoretical upper bound P, — Py = N is closely approached.
This is shown by the red crosses in Fig. 3. Even in this more
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FIG. 4. (a) Populations as functions of time for one inhomogeneity realization of N = 16 persistent-current artificial atoms as spins.
(b) Pulse shapes that drive the dynamics in panel (a). The pulse shapes are parametrized such that the extremal values of Re[€2]/(27) and
Im[2]/(27) [cf. Eq. (7)] are at 400 MHz, and the filtering bandwidth is 1/0 = 4 GHz. (c) Average populations as functions of time for
100 inhomogeneity realizations of N = 16 Rydberg atoms as spins. (d) Pulse shapes that drive the dynamics in panel (c). The Rabi frequency
/(2m) is real and positive with the maximum value 3.5 MHz. The detuning A /(27) is constrained by the extremal values +20 MHz.

idealized setting, optimal control with broadband pulses was
found to be necessary, because of the retained long-range cou-
plings and finite-size effects. Optimizing the continuous-wave
parametrization (9) and the amplification time (up to 800 ns)
for N = 16 gives only P, — Py = 6.9.

Using the pulse with a linear ramp of A inspired by
the adiabatic state preparation [39] gives P; — Py = 10.0 for
the optimized [55,56] minimum and maximum |A|/(2r) &
9.7 x 40 MHz and Rabi frequency Q2/(2m) ~ 1.2 x 40 MHz.
This is the only case where the A-ramp pulse improves on
the continuous-wave parametrization (9). With realistic de-
phasing and inhomogeneity, both for the persistent-current
artificial atoms and the Rydberg atoms, the A-ramp pulse
gives worse results. A discussion of these pulses can also be
found at the end of Appendix D.

The dynamics in time of the spin populations with the opti-
mal control pulses is shown in Fig. 4(a), and the corresponding
pulse shapes are shown in Fig. 4(b). The population difference
P, — Py does not necessarily increase monotonically in con-
trast to the weak continuous-wave spin amplification [17-19].

The above results for the persistent-current artificial atoms
were using the delocalized single excitation given by Eq. (4).
We have also checked the performance with the localized
excitation |y() =64 j—1|¥o), where j=1 is the corner
spin [19]. For N = 16 and using the same optimization proce-
dure as for the state (4), P, — Py = 7.0 £ 1.1 is obtained. This
is larger than P, — Py = 5.7 £ 0.9 obtained for the state (4)
and suggests that amplifying delocalized states is more
challenging.

The results for the Rydberg atoms are shown by green
triangles in Fig. 3. The optimization for N = 16 is done in
the same way as for the persistent-current artificial atoms.
First, the pulse shapes are found using the Schrédinger equa-
tion that includes the inhomogeneity [cf. Fig. 4(d)], and

then they are evaluated using the quantum trajectory method
with 7y = 175 ps and T, = 20 us [cf. Fig. 4(c)], resulting in
P, — Py =10.6 0.4 for N = 16. This value for P, — Py is
more limited by the pulse shape constraints compared to the
persistent-current artificial atoms.

The optimal control result for the Rydberg atoms
can be compared to the optimized [55,56] continuous-
wave parametrization (9) [within the bounds €;/(27) €
[0.1,2.4] x 1MHz, Auyg;/(2m) € [-5,5] x 1MHz to ac-
count for the changed frequency scales] that gives P — Py =
6.5 + 0.7 for the amplification time of 1.1 us (up to 5 us was
considered). Using a pulse with a linear ramp of A inspired by
the adiabatic state preparation [39] gives a worse P — Py =
5.6 £ 0.1 for the optimized [55,56] minimum and maximum
|A|/(2r) ~ 7.4 MHz, Rabi frequency 2/(27) =~ 0.5 MHz,
and ramping time of 20 us, where the maximum P; — P is
achieved for the evolution time 6.7 ps.

IV. DISCUSSION AND CONCLUSION

Spin amplification is both useful in itself for quantum
sensing or measurement, and as a step on the way to the
universal quantum computation with a global driving field.
For the quantum measurement of a single spin excitation with
a global drive, spin amplification could be used before the
global excitation is measured. In the above, we have consid-
ered persistent-current artificial atoms operated away from the
degeneracy point as spins. In this case, the two spin states
are associated with different magnetic fields that can be dis-
tinguished by a magnetometer. A superconducting quantum
interference device fabricated on the same chip such that it
encloses the entire ensemble could be used as such a mag-
netometer [57]. For the Rydberg atoms, one of the detection
mechanisms relies on the selective trapping of the two spin
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states: atoms in the ground states are trapped and imaged,
while the atoms in the excited (Rydberg) states are repelled
from the trapping sites [2,3].

The single excitation that is amplified could be a result
of an absorption of a single photon. In this case, spin am-
plification can be viewed as having the same function as
the internal dynamics of the single-photon avalanche detec-
tors [23,58]. This can enable photodetectors in the frequency
ranges where the technology is less developed. Supercon-
ducting artificial atoms as spins could detect the microwave
photons, and Rydberg atoms could detect the terahertz
photons [23].

Our results show that optimal control can significantly
reduce the time needed for the amplification. For the Rydberg
atoms, Ref. [23] found that amplification in a one-dimensional
(1D) array of 11 spins could be done in 25 us using weak
continuous-wave drives, while we show that amplification in
a 2D array of 16 spins could be done in 1us using opti-
mal control, either a simpler form that uses two optimized
frequency components or with a broadband pulse shape that
achieves better amplification. Since the dephasing time 7y of
the Rydberg levels is around 20 us [3], much faster amplifica-
tion time using optimal control is the key improvement that
makes spin amplification implementable using these spins.
For the persistent-current artificial atoms, our calculations
show that amplification time of 6.5 ns is possible using op-
timal control, which also makes it shorter than 7y = 15ns,
providing another example that faster operations using op-
timal control are essential for spin amplification in realistic
spins.

Universal quantum computation with globally driven spin
ensembles is also possible [13,14,16,21,22]. The techniques
that we have developed for the analysis of spin amplification
could be used to better understand which other operations
can be performed with such setups even in the presence of
imperfections.

It is possible to have ensembles with much larger numbers
of spins in the experimental setups of Refs. [2,3,33] than
we have considered. To find pulse shapes for such ensem-
bles theoretically, the direct simulation of the exponentially
large Hilbert space is impossible. Alternative approaches,
such as the matrix-product states [2,3,59] or semiclassical
methods [59], will be required. Experimentally, the pulses
could also be found by optimizing the setup directly [60].
The latter approach will be required to optimize the pulses for
every static inhomogeneity realization, as we have assumed
for the persistent-current artificial atoms. For the Rydberg
atoms, where the inhomogeneity is significantly smaller, the
pulse shapes found theoretically can be applied to any inho-
mogeneity realization, and thus it should be possible to use
them as a starting point for implementing spin amplification
in the experimental setups.

To conclude, our calculations show that spin amplification
is possible in noisy spin ensembles consisting of supercon-
ducting persistent-current artificial atoms or Rydberg atoms.
This is done by employing optimal control techniques to
find classical drive pulse shapes. Therefore, the time of
the spin amplification is significantly shortened compared
to the previous protocols that use weak continuous-wave
drives.
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APPENDIX A: PERSISTENT-CURRENT
ARTIFICIAL ATOMS

In this Appendix, we show how the spin Hamilto-
nian (2) can be derived from the circuit quantization of the
persistent-current artificial atoms [27]. We need to include
the self-inductance terms in the artificial atom Hamilto-
nian [62—65], because they significantly modify the transition
frequencies and are needed to introduce the couplings that are
caused by the mutual inductance. The inductance matrix L
that combines both the self-inductances (diagonal elements)
and the mutual inductances (off-diagonal elements) is calcu-
lated using a version of FASTHENRY [66] that includes the
kinetic inductance due to superconductivity [67].

For the calculation of the kinetic inductance, we set
the London penetration depth A = 0.2um as an order-of-
magnitude estimate, in line with the measurements of the
aluminum thin films [68]. The loops of the persistent-current
artificial atoms are set to be squares with the design value for
the side length equal to 3 um, but due to finite accuracy of the
electron-beam lithography, these lengths have an error, which
we set to be 3 nm [69]. The centers of the artificial atoms
are assumed to be fixed, and it is thus only their loop areas
that are changing between the inhomogeneity realizations. For
every such realization, a different input file to FASTHENRY
is generated, with the side lengths sampled from a normal
distribution with the average value 3 um and standard devi-
ation 3 nm. The other parameters are given in the caption
of Fig. 2. We get the self-inductance L = 37.45 + 0.03 pH
and the mutual inductance of the nearest neighbors M =
—0.2187 £ 0.0006 pH. The factors f; in the Hamiltonian (2)
are equal to the ratio of the actual area of the superconducting
loop to the design value, and €2 is the time-dependent Rabi
frequency that assumes the coupling to a loop with the design
value of the area.

D3
o, )
> ¥ >
a7 [6D)] a3
L
AAR
b

FIG. 5. Flux variable definitions. The integration contours that
correspond to the flux variables are displaced out of the circuit for
clarity, since some of them overlap.
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Before the Hamiltonian can be found, a classical La-
grangian L£; for the persistent-current artificial atom j is
determined from the flux variables shown in Fig. 5. The in-
dex j is omitted on the flux variables for brevity. The fluxes
are time integrals of voltages ®¢ (1) = fioo Ve(t)dt', and the

voltages are electric field line integrals Vo = fc E -dl [70,71]
along the different contours C that are segments of the loop, as
shown in Fig. 5. There is gauge freedom [70,71] in the sense
that different choices of the contours C are possible [63-65],
but they all lead to the same quantum energy levels. The total
inductive energy in the ensemble is ®TL~'®; [71], where &,
is a vector with N elements for the fluxes that correspond
to the linear inductances in each artificial atom and L~! is
the inverse of the inductance matrix. We include the diagonal
terms of this expression that are proportional to (L™');; in
the potential energies of each artificial atom. The off-diagonal
terms are subsequently projected onto the eigenstates to give
the couplings between the artificial atoms.
We have £; = T; — U;, where the kinetic energy is

C(zCJ O[3CJ

2

OlICJ . . 2 . . 2
T, = T(q)l — @) + (P — @3)" +

@2,
(A1)

the potential energy is

—1 (I)% 2w
UJZ(L )jj——alEJcos —(q>1 —‘bz)
2 @,

% cos 0] (O] o cos o5 ],
2657 I 0 2 3 3] I 0 3
(1 &2)

and ®y = h/(2e) ~ 2.068 x 10~'° Wb is the magnetic flux
quantum. The Josephson-junction energies Ej and capaci-
tances Cy are proportional to the Josephson-junction area and
are scaled by the factors ¢;. In the ideal case, «; = a3 = 1 and
ar = a = 0.7, but due to fabrication imperfections the actual
values deviate from the ideal ones. For the calculations with
inhomogeneity, the values of «; are sampled from a normal
distribution with the average value u equal to the ideal one
and the standard deviation o = 0.02.

The flux variables are not independent, as there is a con-
straint on the total flux through the loop given by

t
fi®ex = / f E@)-dld' = @ + @, (A3)
—0o0
where @,y is external flux defined to be the value for the
design loop area, and the scale factors f; [the same as in
Hamiltonian (2)] are used to model the loop area inhomogene-
ity. This is the dominant contribution to the standard deviation
of A; in Hamiltonian (2), and it is an order of magnitude
larger than the contribution due to the standard deviation of
the factors «;.

The flux variable ®; can be eliminated using the constraint
above. Assuming external flux that is constant in time, ®ex =
0, the kinetic energy is

. . arCy . . a3Cy .
(bp +@2) + 27 (dy — d3) + 7,
(A4)

a1Cy

T, =—
J 2

and the potential energy is
o}

2
U= (LY=L —a1Eycos | —(f;®Pext — P — P2)
2 [ON

Ejycos 27T(CID d3) Ejycos 27T<1>

—o — — — o — .

2Ly bo 2 3 3Ly bo 3
(AS5)

The kinetic energy can be written in terms of the capacitance
matrix

o) + o —Q o
C=¢( —Q) oy + o3 0 (A6)
o 0 o1

as Ty = (1/2)®TCD, where T = (&, d3, @) is the trans-
pose of P.

The next step is to perform the Legendre transformation
and thereby find the classical Hamiltonian. For the Legendre
transformation, the vector of the canonical momenta is deter-
mined as

=5 — o (A7)
00
The classical Hamiltonian is then
Hj=0"®—L;=2T,—L;=T;+Uj, (A8)

where the kinetic energy written in terms of the canonical
momenta is T; = (I/Z)QTC’IQ.

Performing the canonical quantization, the Poisson bracket
{®;, O} = 1., 1s replaced with the commutator [CTDI, Qm] =
ihd; ;. Defining the dimensionless external flux f = ®ey/Po
and operators

=—0, @=-—07, (A9)

2e q)()
with the commutator [@, fi,,] = i8; , the kinetic energy can
be written as T; = 4EciA"C™'ii with Ec = ¢?/(2Cy). The
Hamiltonian is

Hy =T+ 1E ¢} — a1 EycosQufif — ¢ — @2)
— azEycos (P2 — @3) — azEycos (§3),
where E; = (L71);;(Po/(27))>.
In the limit L — 0 (E, — o0), the constraint ¢; = 0 is
imposed. Replacing ¢» — > — ¢ and $3 — —@;, and using

the ideal oy = a3 = 1, @y = «, and f; = 1, the Hamiltonian
reduces to the one considered in Ref. [27]:

(A10)

A

Hjo = Tjo— (Eycos(¢1) + Ejcos((2)

+ aEycosr f + @1 — ¢2)). (A11)

The end result of the Hamiltonian diagonalization can be writ-
ten as Hj = Z:io E, jlv;)(v;| in terms of the eigenenergies
E, ; and the eigenvectors |v;). For a finite L, there is a sig-
nificant difference in the spectrum between the Hamiltonians
H ;0 and H i, as shown in Fig. 6. Our parameters approx-
imately correspond to E;/Ejy = 14.5 (ignoring the mutual
inductance), and for this value the Hamiltonian (A10) gives
(E1,j — Eo,j)/h =79GHz, while the Hamiltonian (Al1)
gives (£ ; — Eo j)/h = 8.4 GHz.
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FIG. 6. The error in calculating the transition frequencies (E; ; —
Ey ;)/h and (E, ; — E, ;)/h for a persistent-current artificial atom j
using the zero-self-inductance Hamiltonian (A11) compared to the
Hamiltonian (A10) that accounts for the finite self-inductance. The
error is plotted as a function of the ratio of the inductive energy
E; and Josephson energy Ej. For the Hamiltonian (A10), the ideal
values oy = a3 =1, oy = o, and f; = 1 are used. The bias flux is
f = ®exi/Po = 0.5034 in both cases. Other parameters are stated
in the caption of Fig. 2, but the Josephson-junction area error is
not included. Assuming that the artificial atom is isolated, i.e., the
inductance matrix L has only one element L = 37.4 pH, we have
E; /E; = 14.5, which is shown by the black dotted vertical line.

For the case of finite but small L that we consider, the term
(1/2)EL<2)% is dominant in the Hamiltonian (A10). To reduce
the total number of the basis states required to diagonalize
the entire Hamiltonian (A10), a harmonic oscillator basis is
chosen where the quadratic part

Hy, = Ai? + By} (A12)
is already diagonal. In Eq. (A12), A is proportional to the
element of the inverse capacitance matrix C~! corresponding
to §0L, and B = (1/2)E;. The operators are written as ¢ =
o [(a +a"yand Ay = —zCL[(a — a"), where the creation

operator &' and the annihilation operator a are defined by
their actions on the Fock states |nz). We have af|n;) =
&/np + 1|n, + 1) and aln;) = /nz|n; — 1). The commutator
[@r, L] =i is satisfied for any choice of the constant Cj,
but to diagonalize Eq. (A12), a particular C; = (B/A)'/* is
chosen, resulting in A;, = 2v/AB(@@a + 1).

For the representation of the Josephson-junction operators
in phases @, and (3, and the corresponding charge numbers
i, and 713 in Eq. (A10), the charge basis is used. In this
basis, the eigenstates are |n;), where [ = 2, 3, and the oper-
ators can be written as A; = Y - m|n;)(ny| and e= ¥ =
Yo oo In) (n; — 1] In the harmonic oscillator basis, e~ " is
computed using matrix exponentiation. The Hilbert spaces of
the Josephson junctions are truncated to 21 charge states each,
and the harmonic oscillator basis to 8 Fock states.

For the numerical diagonalization of Eq. (A10), the ma-
trix exponentials are decomposed using tensor products. For
example, the expression ¢/~ in Eq. (A10) is actually

exp(ipy @ LI, —ih ® 3 ®11)

= exp(id2) ® exp(—id3) ® I, (A13)

where b, I, and [}, are the identity operators on the respec-
tive Hilbert spaces. In Eq. (A13), we have used the fact that
A8 = AP for commuting matrices A and B, and that

exp(A D= exp(A) 1.

Similarly, the other operators in Eq. (A10) are rewritten with
the identity operators appearing explicitly. For example, Q%
becomes Q% ® Iy ® I, . Tt is the latter types of expressions that
are used to assemble the matrix for the numerical diagonaliza-
tion.

Coupling between the artificial atoms with Hamiltonians
H ; is due to the off-diagonal elements of the inverse induc-
tance matrix L~!. The Hamiltonian for the entire ensemble
can be written as

Hensemble - ZH + Z(L )/k(bL /q)Lk
J

(A14)

(A15)

J?ék

Making the two-level approximation, the operators ®; j are
projected onto the subspace spanned by the eigenvectors |0;)
and |1;) of H; and hence can be written as the Hermitian 2 x 2
matrices

R 0,1bz.;10;
by, = << i1,510,)

. Oj1Pzs1L0 (A16)
(1P, ;10;)

(1;1d11;)

Such matrices can be decomposed into linear combinations of
Pauli matrices and the identity matrix /;. Thus,

®pj =P + P56+ Ps, 6 + Ps. 6., (A17)

where Py for 0; ell}, 6.,6;, 6.} are real coefficients
found via the Hilbert-Schmidt inner product

Py, = tul[®; ;01 (A18)

The eigenvectors are defined up to a phase, and the relative
phases of the lowest-energy states |0;) and |1;) are chosen
such that (O j|<i>L, jI1;) is real. This results in P , = 0, but we
still keep it in the expressions for generality.

Inserting Eq. (A17) into Eq. (A15), applying the rotating-
wave approximation, and removing constants, we get

ensemble =h E _Gz J +h E jkaZ JU”

Jsﬁk
+RY Ty k66— (A19)
J.k
J#k
with
E, . —E) ; L—l .
w; = L0 - % +4Z( h)”‘P@,J,Pfk, (A20)
kij
L™h;
Jojk = ; jkP&z_,P&z,k, (A21)
L),
T ji = i (Ps,, — iPs, ;) (Ps, +iPs,).  (A22)

h
The coupling J. j; is real because of Ps , = 0. Adding the

driving terms and going into the rotating frame with respect
to Hy = (fiwa/2) > ; 6,,; results in the Hamiltonian (2) of
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the main text. Note that Eq. (A20) shows that even without
fabrication imperfections, there is a small inhomogeneous
broadening in the renormalized spin frequencies due to the
fact that spins experience different sums of mutual induc-
tances between them and the neighbors.

APPENDIX B: REDUCED-STORAGE OPERATORS

In this Appendix, we show how the action of the quantum
mechanical operators and superoperators can be calculated
with reduced storage requirements. The state vectors i are
propagated in time using the Schrodinger equation

. i A
V=—2HY, (BI)

where the Hamiltonian A is given by either Eq. (1) or (2), and
the ket notation on the state vectors is omitted. The density
matrices p are propagated in time using the Markovian zero-
temperature master equation

p= —%m, pl+ v ;D[ﬁ_, 1o+ ya Y DI lo. (B2)

J

where D[o]p = %(2(3,06+ — po'o—0"op).

For an ensemble of two-level systems, there is a direct
mapping between binary numbers and basis states. The zero-
excitation state ¥y [Eq. (3)] is mapped to the binary number
0. A basis state 6 ;64 ¢ that has spins j and k up and all
other spins down is mapped to the binary number where bits j
and k are set (equal to 1), and all the other bits are reset (equal
to 0). Interpreted as an integer, this number has value 2/ 4 2*
(if j and k are zero-based indices), but exponentiation is not
needed to calculate it—only bitwise operations that directly
set the corresponding bits. The amplitudes of the state vector
Y are stored in an array with the positions corresponding to
the binary numbers obtained by the above mapping. For the
density matrix p, both the row and the column of an element
are determined by this mapping. Thus, given a basis state
specification (i.e., which spins are up and which are down), it
allows to quickly determine the position of the corresponding
state vector amplitude or density matrix element in the stored
arrays. This leads to an efficient calculation of the action
of operators both in the Schrodinger equation (B1) and the
master equation (B2).

The commutator term on the right-hand side of master
equation (B2) can be written as

. . . +
i A i A i A
LH. Pl = th+( th> , (B3)
where we have used the fact H and p are Hermitian, i.e., A =
H and p’ = p. Writing the commutator term like this shows
that only —%ﬁ p needs to be calculated by applying —%I-AI to
each column of p, just like in a Schrodinger equation (B1),
and then the adjoint of the resulting matrix can be added to
itself to obtain —%[I-AI , p]. Hence, we first need to be able to
calculate the action of H on a state vector V.

The operators — ) ; Aftj, Y Jo juftjfy in the Hamilto-
nian (1) and -}, %6“-, > jzk I, jk0z, j62 k in the Hamilto-
nian (2) are diagonal. Therefore, their storage requirements
are the same as for the state vector i itself. Even though

TABLE I. Logical and bitwise operators used in the pseudocode
examples.

Operator Description
<< Bitwise shift
& Bitwise AND
| Bitwise OR

- Bitwise XOR
~ Bitwise NOT
&& Logical AND

|l Logical OR
! Logical NOT

the action of these operators could be calculated on the fly,
we find that for all of them except — Y ;jAnj, storing the
diagonal of the matrix and multiplying it onto ¥ is faster.
The operator — »_ ; Anj has all the detunings equal and can be
calculated efficiently without any storage. It will be explained
below, as the same approach is used for the homogeneous

part of the operator — j %61, ;- In principle, however, action
of all of these operators could be calculated in a completely
matrix-free way by adapting the code below to immediately
multiply each element of Y with a corresponding element of
the operator diagonal instead of storing it.

We will explain both this and the other computations in
terms of the pseudocode where the bitwise and logical oper-
ators follow the conventions of C and C++ languages. The
operators are listed in Table I. The loops in the pseudocode
are written in terms of zero-based indices. For example, n is
an index of the basis for which it holds that 0 < n <2V — 1,
and j, k are indices of the spins for which it holds that
0 < j,k < N — 1. The basis size is written compactly using
the bitwise shift operator as 1 << N, which is equal to 2N,
The variables are set using =, so thatn = n + 1 means that 1
is added to n.

Assume that the detunings A ; are stored in an array Delta,
with the elements Delta[j] = A;. To calculate the diagonal
d (an array of size 2V with elements d[n]) of the operator

- i %6”, the following pseudocode could be used:

forn = 0 to (1 << N) — 1
dn] =0
for j =0to N — 1
if n & (1 << j) then
d[n] = dln] — 0.5xDeltalj]
else
d[n] = d[n] + 0.5%Deltalj]
end if
end for
end for

In the above, the diagonal element d[n] is initialized with
the value zero. Then, iterating over the spin index j, the
expression n & (1 << j) is used to test whether bit j is set
in the basis state index n. Depending on the result of this test,
0.5*Deltalj] is either subtracted from or added to d [n].
To add the contribution of the term Z.,' 2k J2,jkGz, jOzk O
the diagonal d, assume that the shifts J; j; are stored in a
matrix J_z with the elements J_z[j]1 [k] = J, j if j # k and
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J_z[j1[k] =0 if j = k. Then, the following pseudocode
could be used:

for n = 0 to (1 << N) — 1
for j =0toN — 1
for k = 0 to N — 1
nj =n& (1 << 3j)
nk = n & (1 << k)
if (nj && nk) || (!nj && !'nk)

then
dn] = dln] + J_z[j] [k]

else
d[n] = dln] — J_z[j][k]

end if

end for
end for
end for

In the above, (nj && nk) | | (!nj && 'nk) evaluates to logical
TRUE if both bits j and k are set or both bits are reset. In this
case, J_z[j] [k] is added to d[n]. Otherwise, J_z[j] [k]
is subtracted. The above code can be adjusted to realize the
operator » ik Jz, jieftjfix instead by using

if (nj && nk)
then

dn] = dnl + J_z[j][k]
end if

in the inner loop, since 717 only gives a contribution when
both spins are excited.

In the Hamiltonian (2), the detunings are written as A; =
Agvg + Wo1,avg — wo1,j, Where the detuning from the average
frequency A, is also being optimized together with the
pulse parameters a, and b,,. Thus, to avoid recomputation of
the diagonal d for every new value of A,,,, we store only

2
is applied separately without additional storage. This is ac-

complished with the instruction popcount (population count)
that counts the number of set bits in a binary number. As-
suming that the variable Delta_avg holds the value of Ay,
the state vector ¥ is stored in the array psi, and the result
r=— Zj %@ﬂ/f is stored in the array res, the following
pseudocode can be used:

for n = 0 to (1 << N) — 1

. Aay .
wo1,av¢ — ot in the array Delta. The operator ——* Zj 6.

s = —0.5xDelta_avg*(2*xpopcount(n) — N)
res[n] = (s + d[n])*psil[n]
end for

The same approach is used to calculate the action of the
operator — Y ;j Anj in the Hamiltonian (1) by changing

s = —Delta*popcount(n)

in the code above.

The rest of the operators in the Hamiltonians (1) and (2) are
nondiagonal. The driving term —Q ) ;6x,j in the Hamilto-
nian (1) is the simplest to calculate. The action of this operator
on the state vector i can be implemented with the following
pseudocode:

for n = 0 to (1 << N) — 1
sum = O

for j =0to N -1
sum = sum + psi[n ~ (1 << j)]
end for
res[n] = res[n] — Omega * sum
end for

Applying the XOR operator in a loop over all the spin indices
finds the matrix elements between the states that differ by one
flipped spin.

The implementation of the driving terms — (264 +
Q*6_ ;) in the Hamiltonian (2) is more involved. It can be
done by iterating over the set or reset bits in a binary number.
Modern CPUs provide fast instructions to accomplish this.
One such instruction is ctz (count trailing zeros). Counting
the number of the trailing zeros is the same as determining
the position of the last set bit. Once the position of the last
set bit in a binary number b is determined, it can be reset by
assigning b = b & (b — 1). This can also be reduced to a single
instruction (blsr) on modern CPUs. By repeatedly finding
and then resetting the last set bit, it is possible to efficiently
iterate over all the set bits in the binary number b.

The instructions popcount and ctz can be used in
some C/C++ compilers with __builtin_popcount
(or  std::popcount) and __builtin_ctz (or
std: :countr_zero), respectively. This keeps the code
portable, as the compiler will either use the native instructions
or generate (slower) code that accomplishes the same
operation, depending on the particular CPU.

In the operator — ) ; [i$26 4 j, the factors f; are stored in
the array OmegaFactors. Then, the action of this operator
on the state vector i can be implemented with the following
pseudocode:

for n = 0 to (1 << N) — 1

suml = O

b=n

while b '= 0
sb = ctz(b)

f = OmegaFactors[sb]
suml = suml + f*psi[n & ~(1 << sb)]
b=b& (b — 1)
end while
res[n] = res[n] — Omega * suml
end for

Iterating over the set bits of n, the expressionn & ~(1 << sb)
resets the bit at the position sb (the currently found set bit
in n), and the element of psi that has this new index is
added to suml with a weight OmegaFactors [sb]. This sum
is multiplied by the variable Omega that holds the value of €.

Adding the contribution of the operator — ) i fiSe6—;
can be implemented with

forn =0 to (1 << N) — 1
sum2 = 0
b=-n& (1<<N -1
while b !'= 0
sb = ctz(b)
f = OmegaFactors[sb]
sum?2 = sum2 + f*psiln |
b=b& (b — 1)
end while

(1 << sb)]
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res[n] = res[n] — conj(Omega) * sum2
end for

Instead of iterating over the set bits, this loop iterates over
the reset bits, by using the bitwise NOT to transform the binary
number b compared to the previous loop. When using fixed-
size integers for n and b, the bits above the maximum number
of spins are unphysical. However, ~n has these bits set, and to
prevent them from interfering with the subsequent loop that
should only iterate over the physically meaningful bits, they
are reset by performing the bitwise AND with (1 << N) — 1.
Inside the loop, the expressionn | (1 << sb) sets the bit at the
position sb, and the element of psi that has this new index is
added to sum2 with a weight OmegaFactors [sb]. This sum
is multiplied by conj (Omega) that holds the value of Q2*.

The term ) itk J+ jx64, j6_ k in the Hamiltonian (2) can
also be implemented by iterating over the set and reset bits.
Assuming that the matrix J_pm has elements J_pm[j] [k] =
J+ j, the following pseudocode can be used:

for n = 0 to (1 << N) — 1

sum = O
b=-~-n& ((1 <<N) —1)
while b '= 0
sb = ctz(b)
c=n
while ¢ != 0
sc = ctz(c)
ns = (n & ~(1 << sc)) | (1 << sb)

sum = sum + J_pm[sc] [sb]*psi[ns]
c=c& (c — 1)
end while
b=b& (b — 1)
end while
res[n] = res[n] + sum
end for

The code above describes the reduced-storage multipli-
cation of a Hamiltonian H onto a state vector . For the
master equation (B2), the code needs to operate on each
column of the density matrix p. Additionally, the reduced-
storage action of the dissipators is needed. In the sum of the
terms y Zj DI[6_1p + va Zj D6, ;1p in the master equa-
tion (B2), only the term ) j 6-,jpb.j involves a nondiagonal
superoperator acting on p. The diagonal terms can be written
as

y Y DI6_jlo+vay Dls.jlp—v Y 6064
j j j

Y N ~ N N
) ;(,0011,,' +611,j0) — Ya Xj:(P —6,,;p6;,;)

=DOp, (B4)

where © is the elementwise (Hadamard) matrix product,
611,j = 64, ;6— j, and we have used that 6, ;6. ; is the identity
matrix. Since 611,; and & ; are diagonal matrices, we denote
their diagonal elements by oy, and o ,, respectively.

Then, the elements of the matrix D are

y . o
Dmn — _5 ;(O—ll,]‘,m + O—]lﬁj,n)

—va|N =D 6jmbejn (B5)
J

. The nond.iag().nal superoperator > ;6-,jp6+ j can be real-
ized by considering its elements

> (ml6—;pb. In).

J

(B6)

This sum has nonzero terms when for each spin j, both of the
basis states |m) and |n) have this spin in state |0). Assuming
that the binary number m corresponds to the basis state |m),
and the binary number n corresponds to the basis state |n), the
nonzero elements of Eq. (B6) can be found by iterating over
the reset bits of the binary number m | n. This is equivalent
to iterating over the set bits of the binary number ~m & ~n &
((1 << N) — 1), where we have used the equivalence

NOT(A OR B) = (NOT A) AND (NOT B) (B7)

and masked off the unphysical bits by the bitwise AND with
(1 << N)—1.

If we define the variable gamma that has the value of y,
the matrix mul with the elements mul [m] [n] = D,,,, and
the matrix rho that holds the elements of p, the result of
the expression y Zj DI[6_;1p + V4 Zj DI, ;1p added to the
matrix res can be found using the following pseudocode:

forn = 0 to (1 << N) — 1
form = 0 ton
sum = O
b=-m&-~n& ((1 <<N) — 1)
while b !'= 0

sb = ctz(b)
ms =m | (1 << sb)
ns =n | (1 << sb)
sum = sum + rho[ms] [ns]
b=b& (b — 1)
end while
res[m] [n] = res([m] [n]

+ gamma*sum
+ rho[m] [n]*mul [m] [n]
end for
end for

Since p is a Hermitian matrix, its lower triangular part is
not stored explicitly. Therefore, the variable m (row index)
in the above code is iterated over from O to n [instead of
(1 << N) — 1]. Omitting the lower triangular part of p does
not introduce complexity in this code, since both the variables
ms and ns are obtained from m and n, respectively, by setting
the same bit sb. This effectively adds the same constant to
both. Hence, it holds that ms < ns. However, special handling
is required for the lower triangular part of p when calculating
Hp. There, p gets temporarily uncompressed (filling the lower
triangular part) and then compressed again when evaluating
Eq. (B3).
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APPENDIX C: CALCULATION OF THE GRADIENT

In this Appendix, we describe the calculation of the gra-
dient used in the optimal control. The approach is described
in detail in the Appendix of Ref. [47], and here we only
discuss the differences. One of them is reducing the stor-
age requirement of the operators and superoperators using
Appendix B. Another difference is that both the Schrodinger
equation and master equation are used to evolve the initial
states and optimize the pulse shapes. For both equations, the
detuning A,y from the average spin frequency is also being
optimized together with the pulse shape parameters a, and b,,.

We discuss the master equation case first, as this is what
Ref. [47] considered. In the analysis, the density matrix p was
rewritten as a vector g, so that the master equation (B2) is
rewritten as

p=Lp. (C1)
where L is a matrix. While such rewriting is useful con-
ceptually, it can make the computations less efficient. Taken
literally, it can, for instance, significantly increase the storage
requirements. If p is in the row-major form (o; r = (8)i2v 11)s
then —%[H , p] in the master equation (B2) is rewritten as
—L(H®I—T®H")p, where I is the identity operator, for
the corresponding term in the vector master equation (C1).
The tensor products H ® I are 2V copies of the Hamiltonian
H and therefore have equal or larger storage requirements than
the density matrix p. Since H is usually a sparse matrix, it has
lower storage requirements than p, and calculating —%[[—AI , Pl
through Eq. (B3) avoids unnecessary storage. Additionally,
as Appendix B has shown, neither H nor the dissipators D
need to be stored to find their action on p, but we store their
diagonals as an optimization.

For the master equation, the calculation of the gradient of
Eq. (5) reduces to calculation of the gradients

0P _ 0D,

P _ i 0P
ob,

da, da, b, €2
where M is the measurement operator M in Eq. (5) written
as a vector, N, is the number of time steps, and p is defined
on the discrete times f, = n(At) with At = t;/N; such that
Pn = P(t,). The gradients in Ref. [47] are of the same form
as Eq. (C2). The calculations are written in terms of lA,l,n =
L(t)At, Ly = L(ty + (A1) /2)At, L3y = Litas1) At

1 ~ N ~ ~
Tee = =2 (A (Hare ® I =1 ® Ajg.),  (C3a)
i 5 .o
Tim = _ﬁ(At)(HdJm ®l-T®H]{,), (C3b)
where  Hage=—h) (64,;+6_;) and  Him=

—ihZ,-(?u.j—&f,j) for the Hamiltonian (2). As an
extension, we also calculate =22

—<—  for which, instead of
e
Tre o1 Tim,

N (C4)

avg

i - N~ s~
- —E(At)(HAwg Qf—T ®HATM)

is used with Ha,,, = —(h/2) )", 6 ;. The action of Txe, Tim,

Ta,,»and L on p is calculated using Eq. (B3) instead of storing
the tensor product matrices.

The Schrodinger equation is of the same form as Eq. (C1),
with the replacements p — v and L. — —iH /h. The expres-
sion for P; — Py has a slightly different form, however. The
spin amplification superoperator I/ in Eq. (5) can be written
as U(p) = UpU" with unitary operator U. Hence, Eq. (5)
becomes

P — Py =y 0" MUY, — ¢ 0 MU . (C5)

Instead of Eq. (C2), the gradient is calculated by evaluating

opP , 0
2 —Re [WVM—WN‘ } (C6a)
day, " da,
apP A0
— =2Re|yi M V. | (C6b)
ob, " ab,
The subexpressions
- VN, + o OUN,
M— M— C7
MG I (€7)

are of the same form as Eq. (C2), and hence can be calcu-
lated in the similar way. Setting L, , = —iH (t,)At/h, Ly, =
—iH (1, + (At)/2)At /R, Ly , = —iH (t,41)At /],

Tre = —%(Ar)ﬁd,Re, (C8a)

i -
Tim = _E(At)Hd,Im (C8b)
makes is possible to reuse the derivations of Ref. [47] to
evaluate Eq. (C7). Similar to the master equation, % can
avg
be calculated by replacing Tge or iy, with

N (€9

avg avg *

i .
=——(ADH
5 (ADHA

APPENDIX D: CONTINUOUS-WAVE DRIVE SPIN
AMPLIFICATION IN REALISTIC SYSTEMS

In this Appendix, we show that the imperfections com-
monly found in realistic spin ensembles make the weak
continuous-wave pulses used in Refs. [17-19] perform sub-
optimally. At the end of this Appendix, we also consider the
frequency-ramp pulse that is known to perform well for the
adiabatic state preparation [39], but applied to the spin ampli-
fication, we found it to only work well for the amplification
times that are much longer than the coherence times in the
realistic spins.

To show the effect of each imperfection separately, the
detailed models for the realistic spins are not used in this
Appendix. The ensemble is chosen to be a 1D array of 16
spins. For the idealized nearest-neighbor transverse-field Ising
model, we use the Hamiltonian (2) with J1 3 =0, J, x = J.,
J. > 0 when j and k are nearest neighbors, J; jx = 0 other-
wise. The drive has a constant Rabi frequency 2/J;, = 0.1
with f; = 1 and detunings A; = 0, where all spins have the
same transition frequency. Unless noted otherwise, the lo-
calized initial state |y1) = &4 j—1|¥o) will be used in this
Appendix, with j = 1 being the end spin in 1D [17] and corner
spin in 2D [19].

In 1D, the simple explanation of the spin amplification is
as follows [17-19]. The interaction term J,6, ;6, (for the
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nearest-neighbor j and k) in the Hamiltonian (2) causes ef-
fective detunings. When each spin is in the ground state |0;),
the drive is effectively off resonant with the detuning 8/, in the
bulk and with 4J, for the end spins. Note that there are factors
of 2 here compared to Ref. [19]. One factor of 2 is from the
term (A;/2)o; ;, and another one is because the summation
over J; jx0; j6. in the Hamiltonian (2) double counts the
interaction terms with j > k and j < k. As soon as one spin is
excited to the state |1;), the detuning on the neighboring spins
due to the interaction term vanishes, and hence a resonant
drive can create further excitations. The additional excitations
are created due to a propagating domain wall around the initial
one.

This is reflected in the numerical simulations. As shown
by the solid red curve in Fig. 7(a), putting a single excitation
in the end spin, the number of excited spins increases. The
amplification is stopped and then reversed due the propagating
domain wall being reflected at the other end of the ensemble.
The dashed green curve in Fig. 7(a) shows the effect of added
pure dephasing, i.e., with y4/J; = 0.265 and y = 0 in the
master equation (B2) (evaluated using the quantum trajectory
method [46]). The dotted blue curve in Fig. 7(a) uses yq/J; =
0.265 and y /J, = 0.004, i.e., both pure dephasing and popula-
tion decay. The decay rates are chosen to approximately match
T; and T} used for the persistent-current artificial atoms in the
main text. Assuming that J, = 27 x 40 MHz, T; = 1ys, and
Ty = 15 ns, we have y/J, = 1/(T1J;) ~ 0.004 and y4/J; =
1/(2T4J;) ~ 0.265.

For the initial zero-excitation state, using y4 = y = 0 re-
sults in off-resonant Rabi oscillations where all the spins
precess close to the state |0;). This is shown in Fig. 7(b),
where the additional complexity in the dynamics stems from
including the spin-spin interactions. Importantly, the total ex-
citation number is bounded for a given constant 2. When
the dephasing is added, it can be viewed as a continuous
measurement of the spin state by the environment, and there-
fore even a small amplitude of the state |1;) can lead to a
steady accumulation of the number of excited spins. This
accumulation happens faster for stronger drives, as they make
the spins acquire a larger amplitude of the state |1;). This is
shown in Fig. 7(c) that was obtained using y4/J, = 0.265 and
y /J. = 0.004. In the contrast to the y4 = y = 0 case, the pop-
ulations are increasing over time. Despite this, a larger 2 can
improve P; — Py. Doing the sweep over Q2 € [0.2,2.4] x J,
and Ay € [-5, 5] x J;, we find maximum P, — Py = 2.49
for Q/J; =0.4 and A, =0. This is slightly better than
P, — Py = 1.69 for Q/J, = 0.1 [maximum of the dotted blue
curve in Fig. 7(a)].

Even without decay and decoherence, deviations of the
Hamiltonian (2) from the nearest-neighbor Ising model also
reduce the quality of the spin amplification. This is illustrated
in Fig. 7(d). The long-range interaction can be detrimental
if the next-nearest-neighbor shift is larger than 2. This puts
a limitation on how weak 2 can be in practice. Assuming
that J, jx = erj_,f, the next-nearest-neighbor shift in 1D is
41J;, jk/J. = 1/16 (with rj; = |j — k|), and it is smaller than
the chosen 2/J, = 0.1, so that spin amplification still works,
as shown by the dashed green curve in Fig. 7(d). However, for
Jojk = erj_,f, the next-nearest-neighbor shift is 4|/ jx|/J;, =
1/2, which is larger than /J, = 0.1, and this completely
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R 10— +/0 =0, 7a/dz =0
| == ~/J, =0, vq/J> = 0.265
o “res ), = 0.004, v4/Js = 0.265 \/
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FIG. 7. (a) The differences of the excited spin populations P, and
Py as functions of time. The 1D ensemble of 16 spins is described
by the Hamiltonian (2) with J j = 0, nearest neighbor J. jx = J,,
J. >0, Q/J.=0.1 with f; =1, and A; =0. For P, the initial
state is with a single excitation in the end spin. (b), (c) Populations
Py with the initial zero-excitation state as functions of time. The
parameters are the same as in panel (a), except for 2. (b) Using
ya = vy = 0. Rapid oscillations make the curves appear to change
thickness. (c¢) Using y4/J, = 0.265 and y/J, = 0.004. The curves
with the nonzero y4 or y have discontinuities due to using the
quantum trajectory method with 500 trajectories instead of the mas-
ter equation for the numerical calculations. (d) Using y4 =y =0,
but where the Hamiltonian is modified to either have a long-range
Jojk = erj_kﬁ with rj; = |j — k| (dashed green) or J,/J, = 0.14 (dot-
ted blue). The dash-dotted cyan curve shows the effect of using the
equal superposition state (4) as the initial one for P,.

shuts down spin amplification. We do not show the latter case
in Fig. 7(d), but it looks very similar to the dashed green
curve in Fig. 8(d) that shows J, jx = erl._,f in 2D and will be
discussed below.

The long-range coupling J, jx = erjf is the asymptotic
form of the dipole-dipole interaction of the persistent-current
artificial atoms, but it has significant corrections when they are
close to each other. It can be analytically evaluated using the
Neumann formula for the mutual inductance. For the Rydberg
atoms, the coupling J; jx = ]zrj’k6 is more natural. Regardless
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FIG. 8. This is the equivalent of Fig. 7, but where the 16 spins
are arranged in a 2D square lattice instead of a 1D chain. (a), (d) The
differences of the excited spin populations P; and P, as functions of
time. (b), (c) Populations P, with the initial zero-excitation state. A
two-frequency drive is used with the parametrization (9). The param-
eters are 2y /J. = €2,/J. = 0.1 [for panels (a) and (d)], Agg1 =0,
and Ay, 2 /J. = —4.

of the power in the long-range interaction, it is possible to
achieve some spin amplification by choosing a larger 2 [18]
to compensate for the next-nearest-neighbor shifts and be-
yond. As discussed above, this will need to be balanced
with the other imperfections that become more significant for
larger 2.

Another imperfection of the Hamiltonian shown in
Fig. 7(d) is the nonzero J,/J, = 0.14 (dotted blue), which is
approximately equal to the ratio calculated from the full model
of the persistent-current artificial atoms for the chosen param-
eters. This also leads to a minor decrease in spin amplification.
Finally, even if the Hamiltonian is the ideal nearest-neighbor
Ising model, but the initial single-excitation state is a super-
position of all the possible positions in the ensemble instead
of being localized in the end spin, the continuous-wave drive
spin amplification has a significantly lower maximum P; — Py
(dash-dotted cyan).

The 2D version of the continuous-wave spin amplification
is illustrated in Fig. 8. The intuitive explanation [19] builds

°|~ TR I
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A
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)
£ 5l
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J.t
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FIG. 9. Frequency-ramp protocol where A is changed linearly
from A/J, =10 to A/J, = —10 in the shown time interval. In all
subplots, 16 spins are arranged in a 2D square lattice with J, j; =
]er’kﬁ, Q). =1. (@) y/J,=0, ya/J; =0 and (b) y/J, = 0.004,
va/J, = 0.265. (c) Short amplification time with y /J, = 0.004 and
va/J, = 0.265.

upon the one from the 1D case (described in the beginning
of this Appendix). Again, accounting for factors of 2 resulting
from the different scaling of the A ; terms and double counting
of the J, jx terms compared to Ref. [19], the argument is that
in 2D, when all spins are in the ground state, the corner spins
are effectively detuned by 8J,, the edge spins by 12J,, and
the bulk spins by 16J;. This is due to the different number of
the nearest neighbors that the spins in the different locations
have. Setting the corner spin to the excited state makes the
neighboring edge spins be detuned by only 4J,. Thus, in-
troducing another drive with A, > = —4J, makes the edge
spins become excited. Once they are, the neighboring bulk
spins see their detuning effectively vanish, and hence the same
resonant drive as for the 1D case can excite them. Thus, a
two-frequency continuous-wave drive is sufficient to perform
spin amplification in an idealized 2D ensemble.

There are some qualitative differences compared to the
analysis of Ref. [19]. This is due to the fact that we sim-
ulate the full nearest-neighbor transverse-field Ising model
with the exponential basis size of the Hilbert space instead
of approximating it by an effective tunneling model with
a reduced basis [19]. Because the ensemble has finite size,
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boundary effects make the amplification stop at around half of
the maximal value P; — Py = 16. The achieved amplification
stays at the same level in contrast with the 1D case where
the total population starts decreasing again after the domain
wall interacts with the boundary [cf. Fig. 7(a)]. There is also
a more subtle difference in that the population of the initial
corner spin decreases to around the same level as the steady
state of the other spins in the ensemble. This is because we do
not assume it to be of a different species with a different tran-
sition frequency like in Ref. [19]. The second drive frequency
appears to be responsible for this population decrease, because
it does not happen in 1D with a single-frequency drive.

The coherent deviations from the idealized model also
have different behavior than in 1D [Fig. 8(d) compared to
Fig. 7(d)]. Using the superposition state with the nearest-
neighbor Hamiltonian has less difference in 2D (dash-dotted
cyan curves). The 2D setup is more sensitive to the long-range
interactions, however. This is because the next-nearest neigh-
bors are closer in 2D than in 1D (across the diagonal instead
of twice the distance in the same direction). Hence, even with
Jo jk = JZerG, the next-nearest-neighbor shift is 4|J; jx|/J; =
1/2, which is exactly the same as the next-nearest-neighbor
shift for 1D with J_ jx = J; rj’,f. This shift is larger than Q2/J, =
0.1, and this prevents spin amplification from working.

A different pulse type, which was used for the adiabatic
state preparation in Ref. [39], could also be applied here. In

Fig. 9, A is changed linearly from A/J, = 10to A/J, = —10
over the shown time interval. The 2D ensemble with J; j; =
erj’,f is used to illustrate that this pulse type can handle the
long-range interactions. The case with y4 = y = 0 is shown
in Fig. 9(a) and results in maximal P; — Py = 9.4. However,
once finite coherence time is added with y/J, = 0.004 and
va/J, = 0.265, the difference P; — Py does not rise above the
initial value of unity, as shown in Fig. 9(b). This is because the
A-ramp time here is much larger than 1/y4 = 3.77/J,. Chang-
ing A over this shorter time does not recover any meaningful
P; — Py, as shown in Fig. 9(c).

The failure of the A-ramp pulse can be understood from
the fact that spin amplification is not a single-state transfer
protocol. State transfer of any of the two initial states |y) and
[v1) [Egs. (3) and (4)] is guaranteed by the adiabatic theorem
and is robust to model imperfections, but spin amplification
appears as a nonadiabatic effect where the A ramp needs to be
stopped precisely when |/ is transferred to a highly excited
state, but |y) is not, as Fig. 9(a) shows. For the realistic
spins discussed in the main text, such a window of A values
is narrow for the Rydberg atoms and does not exist at all
for the persistent-current artificial atoms due to the strong
dephasing and large inhomogeneity. The latter is illustrated
by Figs. 9(b) and 9(c), albeit with a more idealized model
than used in the main text for the persistent-current artificial
atoms.
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