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Fermionic versus spin baths in noninteracting transport models
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We investigate how fermionic anticommutation shapes transport in a noninteracting resonant-level model
where a single central site is coupled to an environment. To this end, we compare a fermionic reservoir with

a bath of spin-% modes using exact diagonalization and a perturbative expansion of the master equation to
identify the differences. Notably, we find different reduced dynamics for the spin and fermionic baths even
though both models restrict each local mode to at most one excitation; unlike the fermionic bath, however,
the spin bath consists of commuting two-level modes and therefore lacks the global exchange antisymmetry

of true fermions. These differences originate from higher-order terms in the system-bath coupling, where
fermionic anticommutation introduces exchange signs in higher-order correlations. In contrast, all second-order
contributions, set solely by two-point correlators, coincide. Deviations are largest for small to intermediate bath
sizes, fading in the effectively Markovian regime where higher-order corrections are negligible. These results

identify when spin baths can be a substitute for fermionic reservoirs and vice versa.

DOI: 10.1103/4n1t-qpm7

I. INTRODUCTION

Transport through discrete quantum systems is a funda-
mental problem in quantum physics. Intriguing phenomena
such as the Kondo effect arise in quantum transport due to
many-body interactions, whose study has yielded fundamental
advances in theoretical methods [1-5], and which also finds
applications in experimental techniques, such as probes for
the presence of local spins [6]. Beyond the Kondo effect,
quantum transport is central for nanojunctions [7-13] with
possible applications as single-electron transistors [14—18].
There, many-body Coulomb interactions are mainly respon-
sible for reducing the active state space in a central site due
to the Coulomb blockade effect [19,20], while many-body
correlations in the fermionic bath that describes the metallic
contacts can be largely ignored. A challenge in modeling
nanojunctions is the fact that real-world systems are typi-
cally coupled to additional bosonic environments, such as
vibrations described by phonons, where different methods
are considered depending on whether the coupling to the
vibrational environment dominates over the coupling to the
fermionic leads or vice versa [21-27].

Commonly, the effects of vibrational environments are
treated within the framework of open quantum systems, where
the environment is traced out. For bosonic degrees of freedom,
open quantum systems theory is very well established with
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many techniques available under conditions of strong system-
environment coupling, where the environment constitutes a
complex, non-Markovian memory [28-33]. In contrast, a cen-
tral site coupled to a bath of electrons is typically analyzed
with nonequilibrium Green’s functions, making use of Wick’s
theorem [34-36]. For the noninteracting resonant-level model,
the same quadratic fermionic structure also admits an exact
single-body diagonalization, summarized for completeness in
Appendix C; this exact noninteracting reduction is absent for
the spin bath considered here. As a step toward a unified treat-
ment of a quantum system coupled to fermionic and bosonic
environments, particularly when anharmonicities render the
environments non-Gaussian and Wick’s theorem invalid, it
is instructive to also consider the coupling of a central site
to a fermionic bath within the framework of open quantum
systems [37].

However, fermionic anticommutation poses subtle ques-
tions for an open quantum system formulation, e.g., when
defining fermionic reduced density matrices [38]. A mod-
ern framework where the fermionic reduced density matrix
is composed of two parts corresponding to even and odd
particle numbers [39] enables the formulation of fermionic
influence superoperators, hierarchical equations of motion,
including recent extensions to lower temperatures and more
general reservoir structures [40,41], and generalized Lind-
blad master equations for fermionic open quantum systems.
Numerical methods to simulate the dynamics of quantum
systems coupled to fermionic baths may be derived using
the Jordan-Wigner transformation, such as in the fermionic
time-evolving density operator with orthogonal polynomials
algorithm (TEDOPA) [42] or making use of Grassmann alge-
bra, as in the fermionic version [43] of process tensors [32,33],
where the Feynman-Vernon influence functional is efficiently
represented using temporal tensor networks. Notably, the
fermionic process tensors can also be obtained using the
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Jordan-Wigner mapping instead of Grassmann algebra (see
Appendix B of Ref. [44]). The challenge in working with
Grassmann numbers is their noncommutativity. However, the
Jordan-Wigner transformation maps a fermionic system onto
one composed of spin-% and can thus also be used to simulate
fermionic systems on gate-based quantum computers, but at
the cost of introducing nonlocal string operators. It is impor-
tant to note, however, that the Jordan-Wigner transformation
yields an exact fermion-spin equivalence only when the asso-
ciated nonlocal string operators are retained, and is therefore
tied to a one-dimensional ordering of the modes [45,46]. A
bath of independent spin-% modes in which operators on dif-
ferent sites commute may thus be viewed, in the site basis, as
a bath of hard-core-boson modes, i.e., commuting two-level
modes with a local occupancy constraint. It shares the local
single-occupancy constraint of fermions, but not the basis-
independent exclusion principle and exchange-sign structure
that follow from global fermionic antisymmetry [47].

This naturally raises the question of whether it is really nec-
essary to account for the proper fermionic anticommutation
relation in quantum transport, and under which circumstances
it is a good approximation to replace a fermionic environment
by a bath of two-level (spin-%) systems while simply ignoring
any possible sign change due to the fermionic anticommuta-
tion. Then, conventional open quantum system methods for
bosonic or other commuting environments could be directly
transferred to systems coupled to fermionic baths. Noting that
the most prominent phenomena arising from the fermionic
anticommutation are a basis-independent exclusion princi-
ple and exchange-sign structure, one may ask whether, in
the absence of additional many-body interactions, a bath of
commuting two-level modes, which shares the same local
single-occupancy constraint in the site basis, can reproduce
similar environment effects as a fermionic bath.

Here, to test this hypothesis, we consider a noninteracting
transport model that is small enough to be solved by exact
diagonalization for both the fermionic bath and the corre-
sponding spin bath. Surprisingly, we find that both systems
only show the same dynamics up to second order in the
system-bath coupling, while for small to moderately sized
baths near half filling, sizable discrepancies are identified.

The remainder of the paper is organized as follows. In
Sec. II, we define the resonant-level model in fermionic and
spin formulations and summarize the perturbative master-
equation approach, highlighting where algebra-dependent
terms arise. Section III presents and discusses exact-
diagonalization results across different bath sizes and com-
pares them to the second-order master-equation prediction.
We conclude in Sec. IV by summarizing the regimes of
agreement and difference and discussing implications for sim-
ulations of open quantum systems.

II. THEORY
A. Model

We consider an open quantum system described by the
total Hamiltonian:

H = Hs + Hp, (D

where Hy represents the system Hamiltonian and Hy describes
the environment and its interaction with the system. Explicitly,
these are defined as (throughout this work, we adopt natural
units, i.e., A = 1)

Hs = wo 000, )
Ne

Hp =) [0 O[Ok + Vi (O[0x + 0j0p)l.  (3)
k=1

Here, the system is represented by a single mode at fre-
quency wy, coupled to an environment composed of Ng modes
with frequencies wy. The coupling strength between the sys-
tem mode and the kth bath mode is given by V;. The operator
O; is a generic two-level lowering operator associated with
mode j, and we study two distinct physical realizations:

(1) Fermionic model. Here, we set O; = c;, where c; are
fermionic annihilation operators satisfying the canonical anti-
commutation relations:

fei iy =81, e} =0. )

(2) Spin model. Alternatively, we choose spin (two-level)

lowering operators O; = 0. The corresponding algebra is
{o;.0f}=1, lo;,01=0 fori#j. 3)

In the site basis, this algebra can be viewed as a hard-core-
boson description, i.e., as bosonic modes subject to an infinite
on-site repulsion that restricts each mode to at most one ex-
citation [47]. The exact fermion-spin equivalence, however,
requires the nonlocal string operators of the Jordan-Wigner
mapping, which encode the fermionic exchange signs [45,46].
It is also important to note that the total Hamiltonian con-
serves the total particle number. Throughout this work, the
exact-diagonalization calculations are therefore carried out at
fixed total occupation, so the closed-system dynamics remain
at fixed total parity from the outset.

The resonant-level model [48] serves as a minimal yet
powerful framework for exploring open quantum dynamics,
transport, and many-body effects in nonequilibrium settings.
While the fermionic and spin variants differ in their al-
gebraic structure, both capture the essential dynamics of
impurity-bath coupling. Figure 1 illustrates the system-bath
coupling common to both fermionic and spin realizations of
the resonant-level model.

It is worth noting that in the fermionic model the total
Hamiltonian is quadratic in creation and annihilation op-
erators and thus admits an exact single-particle (one-body)
diagonalization. In contrast, in the local spin or hard-core-
boson representation used here, the same hopping structure
corresponds to a constrained many-body problem; equiv-
alently, in canonical-boson language it carries an infinite
on-site repulsion, so the efficient single-particle diagonaliza-
tion available for fermions does not carry over to spins. For
completeness, we outlined this briefly in Appendix C.

B. Perturbative master equations

Master equations provide a standard yet powerful analyt-
ical framework for studying the dynamics of open quantum
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FIG. 1. Schematic representation of the resonant-level model: A
system mode at energy wy is coupled (with coupling strengths V)
to an environment consisting of discrete modes within a bandwidth
wpw, partially filled up to the chemical potential .

systems [28]. By tracing out the environment degrees of
freedom and expanding perturbatively in the system-bath
coupling strengths, one obtains an effective dynamical equa-
tion governing the reduced density matrix of the system. In
this section, we examine the perturbative expansion, begin-
ning with the second-order master equation (ME2), where
the dynamics remain unaffected despite the distinct operator
algebra of the spin and fermionic models. At fourth order,
this correspondence need not hold in general; to explore this,
we analyze a representative term that naturally arises in the
expansion.

1. Second-order master equation

At second order in the coupling strength, the master
equation governing the reduced density matrix pg(t) can be
obtained. A detailed derivation is provided in Appendix A.
The resulting equation reads

dpst) _ _

- /0 dt'[Cy(2)[0y, O} ps(t")]
+ Co(D)lps ()0}, Ol +Hecll, ©6)

where H.c. is the Hermitian conjugate and T =t — ¢/, and the
bath correlation functions are

Ci(r) = ) VilPe =% (0[0x)
k

=D VilPe T fa), )
k

Ca(r) = Y [VilPe @07 (0,0])
k

=D WVilPe @m0 — f(wp)]. ®)
k

The operators appearing in Eq. (6) are kept deliberately
generic and may correspond to either fermionic or spin op-
erators. Crucially, at second order, the master equation we
derive is identical for both the fermionic and spin models in
the present single-mode, number-conserving excitation set-
ting. Although a general fermionic reduced-state formalism
distinguishes even- and odd-parity blocks [39], no coherences
between them are generated here, so Eq. (6) is sufficient
for the reduced dynamics relevant to the observables studied
below. This equivalence arises because the bath correlation
functions depend only on the occupation of bath modes, such
as (0,10;() = f(wy), which reflect the local single-occupancy
constraint obeyed by each bath mode in both models. These
expectation values capture only the population of each mode
and are insensitive to the underlying commutation or anticom-
mutation relations.

Consequently, at second order, the dynamics account only
for direct, single-excitation exchange events between the
system and the bath. Interference pathways—such as those
arising from higher-order processes involving multiple bath
excitations or exchange loops—are entirely absent. As a re-
sult, the evolution is insensitive to operator ordering, and the
reduced dynamics of the system are indistinguishable between
the two models. This agreement, however, is limited to second
order; as we will see, differences between the fermionic and
spin formulations begin to emerge at higher orders.

2. Fourth-order master equation

At higher orders in the perturbative expansion, the struc-
ture of the reduced dynamics becomes qualitatively richer
because the system and bath can exchange excitations re-
peatedly before the bath is traced out. At fourth order, two
such system-bath exchange events are involved, giving rise to
four-time bath correlation functions involving multiple bath
operators. In such cases, the ordering of operators becomes
relevant—particularly when comparing fermionic and spin
environments, whose operator algebras differ fundamentally.

A complete fourth-order master equation contains many
contributions. Rather than printing the full raw expansion,
Appendix B classifies the six bath-operator orderings with
two creation and two annihilation operators that can sur-
vive the bath trace for the number-diagonal product state
considered here. We focus below on a minimal exchange-
sensitive correlator, denoted by Kermion and Kgpin for the two
baths, because for this ordering the nonzero distinct-mode
contributions reduce to a direct index structure and an ex-
change index structure whose relative sign already exposes
the fermion-spin difference. In this sense, the term is used
as an explicit demonstration of the recurring bath-algebra
distinction rather than as a stand-alone derivation of the full
fourth-order kernel. The mode frequencies enter only through
the phase factors in Appendix B and do not alter this structure.
In the standard nonequilibrium language, these four-time bath
correlators may equivalently be viewed as branch-resolved
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components of contour-ordered correlators on the Keldysh
contour [36,49]. The nested real-time integrals used here
simply pick out the corresponding contour ordering in the
perturbative expansion.

For the fermionic bath, the relevant correlation function is

Crermion = Tt [C;; Cly Chs C;; pB]
= 8k1,kz 8/(3,/(4(1 - 8k1,k3)fk1 1 - fk;)
= 8t ks Oty ks (1 = 81y ) fio 1 = fr). ()

For this ordering, the only nonzero cases are k| = ky, k3 =
k4, kl 75 k3 and kl = k3, k2 =k4, kl 75 kz. The case kl = k4,
ko = k3, ki # ko and the fully equal case k; =k, = ks = k4
both vanish. Because we assume a Gaussian fermionic bath,
Wick’s theorem [34] applies, and the same two contributions
follow from the corresponding pairings of two-point func-
tions. The crucial minus sign in the second term originates
entirely from fermionic anticommutation.

For a spin bath, the corresponding correlation function
reads

Copin = Trzlo; o1, 01, 0, ps]
= Skl,kz 3k3,k4(1 - 8k1,k3)fk1(1 - fks)
+ 8k ks Sa kg (1 — 8y 1) fiy (1 = fi). (10)

Unlike the fermionic case, spin operators commute on differ-
ent sites, so the exchange contribution enters with a plus sign.
For this ordering, the same two cases contribute, while the
case ky = ky, ky = k3, ki # k and the fully equal case again
vanish. More generally, as summarized in Appendix B, other
balanced fourth-order operator orderings can contain non-
vanishing terms when indices coincide in the non-Gaussian
spin bath.

The resulting representative fourth-order terms, Kgermion
and Kgpin, derived explicitly in Appendix B, thus differ in a
fundamental way: For the exchange-sensitive case displayed
above, fermionic anticommutation introduces a relative minus
sign in the exchange contribution that has no analog in the
spin case. This sign reflects the exchange statistics of indistin-
guishable fermions, a feature absent in the spin bath, and gives
different fourth-order contributions to the reduced dynamics.

Consequently, although the second-order master equa-
tions for the two baths are identical, their fourth-order
dynamics diverge significantly. The fermionic bath encodes
antisymmetric exchange correlations through its operator al-
gebra, whereas spin baths treat operators on different sites as
commuting. This distinction becomes important when mul-
tiexcitation processes are relevant—particularly in strongly
coupled or small baths—and motivates the use of exact-
diagonalization methods discussed in the next subsection.

The relative minus sign in Eq. (9) is thus simply the famil-
iar fermionic exchange sign generated by Wick contractions,
closely related to the sign structure appearing in real-time
Keldysh expansions of transport kernels [49,50]. The corre-
sponding exchange contribution is present for the spin bath
as well, but without this minus sign, so the two baths already
differ at the level of the representative fourth-order term. It is
important to note, however, that the fourth-order expressions
are not used here as a quantitative approximation scheme
for the reduced dynamics at arbitrary coupling or memory

time. Beyond second order, a truncated perturbative master
equation need not be systematically convergent without fur-
ther resummation. Their purpose here is instead diagnostic:
They identify the lowest order at which the distinct operator
algebras of the two baths generate different contributions.

C. Exact diagonalization

Our numerical analysis relies exclusively on exact diag-
onalization in the many-body basis [51]. In the fermionic
model, each mode j can be either occupied or unoccupied,
resulting in a Fock-space dimension of (fol) for a fixed
total number n¢y. of occupied modes. In the st)Lin model, each
mode is similarly described by two states—occupied (|1))
or unoccupied (|| ))—and hence, for a given fixed number
of occupied modes, the Hilbert space dimension remains the
same as in the fermionic case. However, the fundamental
differences between these representations emerge in the oper-
ator algebra rather than in the dimension of the Hilbert space
itself.

Once the total Hamiltonian is represented in this many-
body basis, it can be diagonalized to yield eigenstates and
eigenenergies:

H|®y) = Ey|Py). an

The time evolution of an initial state [i(0)) is then com-
puted as

W) = e Y0) =D e Dy ) (g [ (0).  (12)

From [y (¢)), any observable of interest—such as the system
population (08 0Oy)—is readily computed.

It is important to note, however, that the computational
cost of exact diagonalization depends on the size of the
Hilbert space, which scales combinatorially. The dimension
is maximal near half filling, where it reaches ((NI:’T:; ) and
scales exponentially with Ng (up to a subexponential pref-
actor). In contrast, configurations with very low or very
high occupied numbers of bath modes correspond to sig-
nificantly smaller subspaces. Accordingly, we restrict our
analysis to small environments, where exact diagonalization
remains computationally feasible, enabling direct numerical
comparison between the fermionic and spin representations.
It should be stressed, however, that this restriction reflects our
use of full exact diagonalization. In the present calculations,
we already exploit particle-number conservation by working
at fixed total occupation.

Larger baths could, in principle, be addressed using
Krylov-based propagation, purification-based tensor-network
methods, or compressed-environment approaches such as
automated compression of environments and treelike process-
tensor contraction [33,44,52]. For the present purposes,
however, bath sizes up to Np = 16 already suffice to reveal
the statistics-dependent deviations at intermediate sizes and
the approach to the common ME2 limit.

III. NUMERICAL RESULTS

We begin by comparing the two models for a small bath,
where differences are expected to be most pronounced. We
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consider Ng = 3 bath modes with n = 2 initially occupied,
the system initially empty, and a uniform coupling V; =V =1.
The bath bandwidth is wpw = 2, with equally spaced mode
frequencies w; = —1, wy, = 0, and w3 = 1. To make the al-
gebraic origin of the differences transparent, we write the
Hamiltonian in matrix form. Denoting the vacuum by |0), we
label the six basis states |0), ..., |5) as

10) = ¢ ¢} |0y,
13) = ¢l |0),

1) = cjcf 10y,

14) = ¢ ¢l |0),

2) = ¢ ¢} 10y,

15) =cichl0). (13)

Equivalently, we can define the same six states using spin
operators. The action of the Hamiltonian, for example,

J

wo + W 0 0
0 woy + wy 0
_ 0 0 wo + w3
H = :FVZ V1 0
:FV3 0 Vl
0 :FV3 Vz

This compact form makes the algebraic origin of the differ-
ent dynamics explicit: The two models differ only by these
statistics-dependent signs, so their time evolutions already
diverge at the level of this finite matrix.

Figure 2 shows the resulting system population ng(t) from
exact diagonalization for the two models. We can see that
even for this minimal bath, the two models display distinct
oscillation and relaxation patterns.

In this model, if ne. =1 or ne. = Ng, then every
nonzero off-diagonal element only transfers that single ex-
citation between the system and one bath mode. No process
ever exchanges two indistinguishable bath particles, so no

1.0
= Spins
= = Fermions
"2 08- \
50.8 /
i
.8
E 0.6 1
=
[oR
o
20044
£
]
+—
2,
A 0.2 1
0.0

FIG. 2. Population dynamics from exact diagonalization for
Ng = 3, Hexe = 2, uniform coupling V = 1, and wgw = 2 with mode
frequencies {—1,0, 1}. Fermionic results (red dashed) vs spins
(blue).

on |0), is
H|0) = H ¢{c}|0) = (o + 1) |0) + V2 ceocichl0)
=—13)

+ Vs cieocleh|0), (14)
——

=)

where the minus signs are replaced by plus signs for spins
because operators on different sites commute.

Collecting all matrix elements in this basis yields the fol-
lowing statistics-aware Hamiltonian matrix. Entries whose
sign depends on operator reordering are written with F; take
the upper (—) sign for fermions and the lower (+) sign for
spins:

V2 V3 0
Vi 0 FVi
0 Vi Vs
w) + Wy 0 0 3)
0 w] + w3 0
0 0 wy + w3

anticommutation sign arises. Consequently, the fermionic and
spin Hamiltonians are identical in these cases, and the dynam-
ics coincide.

We now turn to parameter choices relevant for larger
environments. For an (effectively) infinite bath with equidis-
tantly spaced modes, all coupled with the same constant
Vi =V, Born-Markov master equations predict a golden-rule
rate [28,29,53]

y = 21 [V|* p(ay), (16)

where p(wp) is the mode density at the system frequency.
In our discrete bath with Ny modes uniformly spanning a
bandwidth wpw, p(wy) = Ng /wpw. We therefore parametrize
the coupling by

vV = 4 _ Y wBW
V27 plwy) V27 Ng'

This scaling is the discrete analog of the standard continuum-
limit prescription in Born-Markov theory. Indeed, the bath
kernels entering the second-order master equation con-
tain sums of the form ), |Vi|?e™"@~)7 which become
[dw p(w)|V(®)|?e" @~ as the mode spacing tends to

a7

zero. Choosing V o< Ny '/2 at fixed bandwidth therefore keeps
p(wo)|V|%, and hence the characteristic rate y, finite as
Ng — oc. In the following results, we set wgw = 4y, with the
bath frequencies uniformly spaced within wgw.

Representative population dynamics for Ng = 4, 8, 16 are
shown in Fig. 3. The system is initially unoccupied, and the
bath is always half filled.

The master-equation results provide an analytic reference
for the observed convergence. The black solid curves in Fig. 3
correspond to the second-order master equation [28,54,55]
derived in Sec. II, which, to second order in the system-
bath coupling, is identical for fermions and spins. For small
baths [panel (a)], both fermionic and spin results deviate
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FIG. 3. System population ng(t) with bandwidth wgw = 4y
for (a) Ngp =4, nege =2, (b)) Ng =8, neee =4, and (¢c) N =
16, ne = 8. Black solid ME2; red dashed fermionic bath; and blue
dotted spin bath. As N increases, the fermionic and spin results
converge and approach the ME2 prediction, reflecting the Markovian
limit.

noticeably from the ME2 prediction, reflecting the importance
of higher-order exchange processes neglected by the master
equation. These deviations are strongly influenced by interfer-
ence pathways between multiple bath excitations. As the bath
size increases [panels (b) and (c)], both exact-diagonalization
results approach the ME2 prediction, confirming that higher-
order corrections become negligible when Ng is large and
the per-mode coupling decreases as 1/4/Ng. By Ny = 16, the
agreement is nearly quantitative, indicating that the dynamics
can be fully captured by second-order processes in this effec-
tively continuous-bath limit.

This convergence can also be interpreted in terms of bath
statistics: The fermionic bath is Gaussian by construction,
with all higher-order correlations reducible to products of
two-point functions via Wick’s theorem. The spin bath, in
contrast, is generally non-Gaussian at finite bath size and does
not admit a simple Wick reduction [56,57]. However, as Ng
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154

3141
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£ 131 0.10

é 124

g 111 0.08
10 4

T -

% 8 0.06 <

8 71

o

o 61

5 5 0.04

E 4

=

Z, 31 0.02
2-

0.00

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
Number of bath modes (Ng)

FIG. 4. Maximum population difference A,,x between fermions
and spins with wgw = 4y, plotted as a function of Ny (x axis) and
the number of occupied bath modes r.,. (y axis). Differences peak
at moderate bath sizes and near half filling, while vanishing for very
small or large Ng.
grows, while the individual couplings scale as Vi oc Ny 12,
the contribution of such higher-order terms to the reduced dy-
namics becomes progressively less important. The large-bath
agreement with ME2 can therefore be understood as arising
from the suppression of higher-order spin-bath corrections in
this scaling limit. This convergence, however, does not by
itself imply a general equivalence with a genuine bosonic
bath. The point of Fig. 3 is that, in the scaling limit considered
here, the exact fermionic and spin many-body dynamics both
approach the common second-order master-equation limit. At
that level, the reduced dynamics depend only on the two-point
bath correlation functions entering Eq. (6). In this restricted
sense, any suitably engineered environment—including, in
principle, a bosonic one—could reproduce the same ME2
dynamics if it generated the same kernels C;(7) and C,(7).

To systematically quantify the discrepancy between the
two models, we define

Amax =

max }’ ngfermion)(t) _

(spin)
t
y1€(0.10 s 0

; (18)

the maximum absolute difference in system population over
time. Figure 4 shows a heatmap of A« plotted against bath
size Ng and number of initially occupied bath modes 7exc.
Note that the absolute magnitudes here are smaller than those
in Fig. 2. This is because we now use a coupling defined
in Eq. (17), which is relatively smaller than the unscaled
coupling V = 1 used in Fig. 2.

The largest discrepancies occur for moderate bath sizes
(4 < Ng < 8) and near half filling. In this regime, multiple
bath modes participate in multiloop exchange processes, with
contributions that are strongly affected by fermionic antisym-
metric operator ordering. For very small or very large bath
sizes, Amax decreases: In small baths, only a limited number
of exchange pathways exist, while in large baths the weak per-
mode coupling suppresses higher-order contributions, leaving
only second-order processes. When the bath is nearly empty
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or almost completely filled, Ap.x is also small, since the
number of available exchange pathways is minimal, leading
to identical dynamics for fermions and spins.

IV. CONCLUSIONS

We compared a minimal resonant-level model coupled
to either a fermionic or a spin bath using exact diago-
nalization and an analytically tractable second-order master
equation. Importantly, the reduced dynamics are already sen-
sitive to operator ordering, despite the model being strictly
quadratic. The two descriptions agree at second order—where
only two-point correlators enter—but differ once higher-order
processes contribute. In small and moderately sized baths,
especially near half filling, antisymmetric fermionic operator
algebra introduces exchange minus signs that suppress certain
multiexcitation pathways, while commuting spin operators
make those pathways add constructively, yielding different
dynamics.

As the bath size increases while the per-mode cou-
pling decreases as V o< N "2 for a fixed Markovian rate v,
higher-order corrections become negligible and both mod-
els converge to the ME2 prediction. The convergence can
therefore be understood as arising from the suppression of
higher-order spin-bath corrections in this scaling limit.

Practically, spin-bath simulations are reliable for large,
weakly coupled environments, but for smaller or more
strongly coupled baths—particularly near half filling—a fully
fermionic treatment is required to capture exchange-statistics-
driven effects in the reduced dynamics. This also clarifies the
scope for simplified bath representations in numerical impu-
rity solvers: For approaches such as fork tensor-product states
(FTPS), fermionic TEDOPA, or fermionic process-tensor for-
mulations [42,43,58], replacing a fermionic reservoir by a
commuting spin bath may be justified only in the large,
weakly coupled regime identified here, whereas whenever
higher-order exchange-sensitive contributions remain appre-
ciable, the full fermionic structure must be retained.
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APPENDIX A: SECOND-ORDER MASTER EQUATION

Consider the total Hamiltonian defined in Sec. Il as H =
Hg + Hg, where Hg bundled together the free bath and the
system-bath coupling. For the master-equation derivation, it
is convenient to split this into a free part and an interaction:

H = Hs+ Hp+ Hg, (A1)
where the system Hamiltonian is
Hg = w9 0}0y, (A2)
the bath Hamiltonian is
Hy = Y 0[O, (A3)
k
and the system-bath interaction is given by
Hsg = Y (Vi Of O + Vi O} Op). (A4)

k

Here, Oy may represent either a fermionic annihilation opera-
tor ¢o or a spinlike lowering operator oy. Likewise, Oy is the
corresponding bath operator (¢, or oy), with i = 1 throughout.

Moving to the interaction picture, the free evolution of the
system and bath operators is

Oo(t) = e~ '™ Oy, (AS)
Ok(t) = e™ ' O, (A6)

and thus the interaction Hamiltonian becomes
Hsp(t) = Y [Vie' ™ " 05 0y + Hel. (A7)

k

Assuming an initially factorized system-bath state, the
second-order contribution to the master equation for the re-
duced density matrix pg(t) is

d ' 7 7
s _ / dr' Try [Asp(t), [Asp(t), ps(t') @ ps]l

dt 0

(A8)
As noted in Sec. IIB 1, although a fully general fermionic
reduced-state formalism distinguishes even- and odd-parity
components [39], in the present single-mode, number-
conserving setting these sectors remain decoupled, so the
standard reduced operator ps(7) is sufficient. Expanding the
nested commutators and discarding vanishing terms, one
obtains

t
=—> V%l / dr'le’ (00 e T [0y, Of pst)] + €' (0k0)) e T (') Of, O]
k 0

(A9)
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We assume the bath is in thermal equilibrium, governed by
a Fermi-Dirac distribution:

flaop) =

1
eBlo—m) 4 1°

Then, the correlation functions are

(0L 0F) = 811 — fl@p)], (A10)
(0} 0) = 8; f (). (A11)
Defining
Ci(t) =Y Vil e 0T f(my),  (Al2)
k
Co(r) =Y Vil e =07 [1 = f(ap)], (A13)

k

and letting T =¢ — ¢/, one can rewrite the master equa-
tion compactly as

dpst) _
dt

/ dt’ (Ci(t) [ 0o, O} ps(t"]
0

+ () [ ps() O, O] + H.c.).

Crucially, this second-order master equation depends only on
bath correlation functions, which are entirely specified by the
bath statistics and do not hinge on the (anti)commuting nature
of Oy. As aresult, the same expression holds whether Oy and
Oy are fermionic annihilation operators or spinlike lowering
operators.

(A14)

APPENDIX B: FOURTH-ORDER MASTER EQUATION

In this Appendix, we carefully look at a fourth-order
contribution to the perturbative master equation, explicitly

J

addressing the crucial aspects of operator ordering in the bath
correlation functions. Equivalently, the multitime bath objects
evaluated below can be regarded as branch-resolved compo-
nents of contour-ordered correlators on the Keldysh contour;
the explicit real-time expressions written here are the com-
ponents selected by the nested commutator structure of the
fourth-order master-equation expansion [36,49]. The starting
point is the total Hamiltonian in the interaction picture:

Hsp(t) = Y [ViO'Oce™" + VF0[0e ™™, (BI)
k

with
Ap = wy — wy,

where O and O' denote system operators, while O, and OZ act
on the bath. Our goal is to analyze the perturbative expansion
of the master equation to fourth order in Hsg, focusing on a
representative terms that yield nonzero contributions under
the bath trace. We retain an abstract operator notation for O
and Oy, until we later specify whether the bath operators are
fermionic or spin.

The reduced dynamics of the system can be obtained from
the Liouville-von Neumann equation via a perturbative ex-
pansion. Specifically, the time evolution of the system density
matrix pg(#) may be written as

oo

dps(t)
— =Y D), B2
r ; (1) (B2)
where D(t) denotes the nth-order contribution in the
system-bath coupling. At fourth order, the contribution takes
the schematic form

DY) = (=i / dn, / dt, / s f " dty Trg[Hsp (), [Hsp(ta), [Hsp(), Hsp(ta), psee) ® psllll. (B3
0 0 0 0

The nested time integrals explicitly enforce the causal order-
ing t| > t, > t3 > t4, which is equivalent to the action of the
standard time-ordering operator 7 in the Dyson series. Thus,
T does not appear explicitly in Eq. (B3). Although the nested
commutators generate 16 distinct terms, we now focus on one
representative nonvanishing term. In particular, we consider

Trp[Hsp(t1) Hsp(t2) Hsg (13) Hsp(t) ps(t) ® pgl,  (B4)

which describes a sequence of four interactions between the
system and the bath. Substituting Eq. (B1) into this product

J

Kt ta, t3,14) =
ki,ka ks ka

(

and simplifying yields 16 terms, only some of which survive
under the bath trace.
At a given time #;, we write

Hsp(t;) = Z[Vk,- 0"y e ™' + Vi 0, 0™ '241], (BS)
ki

with Ay, = wo — wy,. Substituting Eq. (B5) into the nested
commutators yields a product of four such interaction Hamil-
tonians. After simplifying, one encounters another 16 terms,
and we focus on a representative nonvanishing term:

Z [qu ij Vi ij el (FAK 1Ak b+ A =Ry t4)0;£1 00" Oy, o Oy, 0}:4 0 ps ® ,OB]- (B6)

To isolate the essential operator structure pertaining to the bath, we may rewrite /C in the form

Kt 1,13, 14) =
ki,ka k3, ka

Z [Vk| ij Vk3 V/:Z ei(*Akl H+Ag +Diy t3— Ay 1a) (0 OTOT 0) Ps X Cbalh]7 (B7)
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TABLEI. Systematic classification of the six fourth-order fermionic bath correlators containing two creation and two annihilation operators
for the product state in Eq. (B9). The first three columns assume k # ¢g; the last column gives the case where all indices are equal, k; = k, =
ks = k4 = k. The corresponding spin-bath values are obtained by replacing the exchange-generated minus signs by plus signs, while leaving

the zero and same-mode entries unchanged.

Operator ordering  (ky =k, = k)(ks = ky = q)

(ki =ks =k)ky = ks = q)

(ki =ks=k)ky = k3 = q) (ki =k =k =ky =k)

€l Ch CiyCly 0 —fify +fify 0
ol cicl ch, Jelq 0 M= 1) Ji
€l CiyCiy €, Ll =1 —fl = f) 0 0
Cy €1, €t Cy (1= ffy —(1=ffy 0 0
¢ ¢ ccy, (1= fd = fy) 0 (1= ff, 1—fi
Ciy Syl ct, 0 —(1 = f1 = fy) +(1 = fol = fp) 0

where the bath-dependent part is

Coarr = Trz[O}, O, O, O} ps)- (B8)

From this point onward, we focus on the evaluation of Cypyg,,
while understanding that the time-dependent phases from
Eq. (B6) factor out.

To determine which index combinations {ki, ks, k3, k4}
yield a nonzero trace, we assume a product-state bath density
matrix,

N
pr=Q) py - pg = (L= f10)(O] + fi[)cll,
k=1

(B9)

with f; = f(wy). Therefore, only terms with an equal number
of creation and annihilation operators on each mode con-
tribute to the trace. Each factor Hsg(z;) contributes either
OTOk,. or OZ,-O’ so four interaction Hamiltonians generate

2% = 16 bath-operator strings. For the number-diagonal prod-
uct state in Eq. (B9), only the six strings with two bath
creation and two bath annihilation operators survive under
the bath trace. Up to relabeling, their nonzero contribu-
tions reduce to the index patterns k| = kp, k3 = k4, k| = ka,
k2 = k4, k1 = k4, k2 = k3, and kl = k2 = k3 = k4. The mode
frequencies enter only through the phase factors in Eq. (B6),
so the fermion-spin distinction is determined entirely by the
algebraic evaluation of the bath trace. Table I summarizes the
corresponding fermionic four-point traces.

For a fermionic bath, where {cy, cz,} = Sy, We evaluate
representative contributions explicitly. Three illustrative cases
are given as follows:

Case 1: kl = kz, k3 = k4, and kl 75 k3.

Céelr)mion = 8.k Oks ks Tr[CZ, Chy pl(ikl)] Tr[ck3 C;l p1(3k3)]
= Skiko Ot S (1= fio)- (B10)
Case 2: kl = k3, k2 = k4, and kl 75 kz.
Chomion = — Ska ook Tr[cf, e, pi] Tr[cy, ], g™ ]
= =0 ks Or ks S (1 _sz)- (B11)
Case 3: k; = kg, ko = k3, and k| # ks.
Clenmion = Tr[cf, ¢, p5"] Tr[e, i o] = 0. (B12)

Summing the nonzero contributions for the ordering in
Eq. (BS8), we obtain

Cfermion == akl,kz 8k3,k4(1 - 6k|,k3)fk1(1 - fk3)
- 5k17k3 8k2,k4(1 - skl,kz)fkl(l - fk2)~

For completeness, Table I shows that for other orderings with
two creation and two annihilation operators, terms with equal
indices need not vanish. For the ordering in Eq. (BS), however,
both the crossed case and the fully equal case are zero.

For spin baths, with [oy, ol:r,] = S, the same index pat-
terns contribute, but no minus sign appears:

CSPiH = Ok ko 8/<3J<4(1 - 8k1,k3)fk1(1 - fk3)
+8k1:k3 8k2,k4(1 _Skl,kz)fkl(]‘ _sz)- (B14)

For the ordering in Eq. (B8), this differs from Eq. (B13)
only by the sign of the exchange contribution. However, even
if these terms are neglected or vanish, the fermionic and
spin correlations remain distinct: The fermionic case carries
a relative minus sign from anticommutation in the exchange
pattern k; = k3, k, = k4, whereas spin operators commute on
different sites. Thus, the representative fourth-order terms in
the master equation differ for the two types of baths, even
when their spectral densities and occupations are identical.

(B13)

APPENDIX C: SINGLE-BODY DIAGONALIZATION FOR
FERMIONS VERSUS SPIN MODELS

A key simplification of the fermionic formulation is that
the Hamiltonian is quadratic in creation and annihilation

operators,
H = ZA,‘]' CITCJ',
iJ

with
{ci, C;} =&, Hci,cj}=0.

The single-particle problem defined by the Hermitian matrix
A can be diagonalized via a unitary transformation

¢ = ZP,-ada, clT = Zd;P:Y
o o

The new operators obey

{do> dj} = (P'P)ap = Sup, {du,dp} =0,
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so the fermionic algebra is preserved. In the new modes d,,
the Hamiltonian becomes diagonal,

H=> lodid,.

Population dynamics and correlation functions can then be
computed directly from this single-particle diagonalization
without constructing the full many-body Hilbert space.

For the spin model, the bath modes are described by ladder
operators {0, 0,7} obeying

fo; 0 =1, loj,01=0 (#)).

These relations mix commutation and anticommutation de-
pending on whether operators act on the same or different

sites. If one attempts a basis transformation
O—,‘izzpiadon O'iJr:Zd;Piz,
o o
the resulting mode operators satisfy

{dardj} = (P'P)ap +2)  PLPipoj oy,
k€

where the second term is operator valued. This means the
transformed operators do not obey simple canonical anticom-
mutation relations, and the Hamiltonian cannot be reduced to
a diagonal sum of commuting bilinear terms. As a result, the
efficient single-particle diagonalization applicable to fermions
does not carry over to the spin model, which must be treated
by explicit many-body diagonalization or other approximation
schemes.
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