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Universal weakly fault-tolerant quantum computation via code switching in the [[8,3,2]] code
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Code switching offers a route to universal, fault-tolerant quantum computation by circumventing the limitation
implied by the Eastin-Knill theorem against a universal transversal gate set within a single quantum code.
Here, we present a fault-tolerant code-switching protocol between two versions of the [[8,3,2]] code. One
version supports weakly fault-tolerant single-qubit Clifford gates, while the other supports a logical CCZ gate
via transversal T/T † together with logical CZ, CNOT, and SWAP gates. Because both codes have distance 2,
the protocol operates in a postselected, error-detecting regime: Single faults lead to detectable outcomes, and
accepted runs exhibit quadratic suppression of logical error rates. This yields a universal scheme for postselected
fault-tolerant computation. We validate the protocol numerically through simulations of state preparation,
interblock logical teleportation, code switching, and a three-logical-qubit implementation of Grover’s search.
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I. INTRODUCTION

Quantum error correction (QEC) protects quantum infor-
mation from noise by encoding logical states into a code
subspace or subsystem [1–12]. Beyond storage, quantum
computation also requires controlled processing of encoded
logical information. This is accomplished by applying quan-
tum circuits that transform logical states while preserving the
code. Moreover, these circuits must be fault-tolerant (FT):
Errors must not spread faster than the code’s ability to correct
them, or for purely error-detecting (distance-2) codes, at least
to detect them. When this condition is met for a suitable
choice of code and for physical error rates below a thresh-
old, the logical error rate can be suppressed to an arbitrarily
low value for an arbitrarily long computation [13–18]. Very
recently, the first empirical evidence of subthreshold scaling
has started to emerge [19–23].

One of the simplest routes to fault tolerance is through
transversal gate implementations [24]. A transversal logical
gate decomposes into physical gates that act independently
on each qubit within a code block (and, for two-block gates,
couple only corresponding qubits across blocks). This struc-
ture prevents a single physical error from spreading within a
block and turning into a higher-weight error [17,25]. While
scaling quantum computers to fully error-correcting fault tol-
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erance remains challenging, a recent study demonstrated an
approach to weak fault tolerance in implementing the logical
Clifford set on the high-rate [[n,n − 2,2]] family of codes
without using any transversal logical gates [26]. In this weakly
fault-tolerant setting, circuits are designed so that any error
produced by a single faulty gate is detectable. Detection is
performed by measuring the ancillas used in weakly fault-
tolerant implementations of two-qubit entangling gates. Runs
with nontrivial syndrome are discarded [17,26]. Although
this approach is error detecting rather than error correcting,
postselection yields a quadratic suppression of logical errors,
consistent with the expected behavior of the [[n,n − 2,2]]
family of codes, and does not require real-time decoding and
feedback.

Encoded universal quantum computation requires a set of
logical gates that can approximate any unitary transformation
[27]. A common minimal choice is {H, CNOT, T }, where H
and T denote the Hadamard and π/8 gates, respectively [28].
However, the Eastin-Knill theorem implies that no QEC code
admits a universal set of transversal logical gates [25]. A
widely used work-around is magic-state injection and distil-
lation [29]: Noisy “magic states” are injected as non-Clifford
resources, and distillation (using only Clifford operations)
converts many noisy copies into fewer copies with higher
fidelity.

The associated space-time cost depends on the chosen
distillation protocol, physical error rate, target output error
probability, and the code distances used in its surface-code
implementation. Reference [30] showed that this cost can be
substantially reduced by carefully tailoring the code distances
of the different surface-code patches. More recently, magic-
state cultivation has been proposed as a low-overhead prepa-
ration method that gradually increases the size and reliability
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FIG. 1. Summary of this work. The two versions of the [[8,3,2]]
code, each of which can be geometrically represented by a cube. The
three red edges of the [[8,3,2]]1 code represent the fixed weight-2
gauge GX operators, and the three blue faces of the [[8,3,2]]2 code
represent the fixed weight-4 gauge GZ operators.

of a single encoded magic state and may reduce the need for
subsequent distillation in favorable noise regimes [31,32].

An alternative route to a fault-tolerant universal gate set
is code switching between codes that implement comple-
mentary logical gates via transversal physical gates [33].
Switching codes while preserving the logical information typ-
ically proceeds via gauge fixing, i.e., measuring suitable gauge
operators and projecting onto eigenstates so that the measured
eigenoperators become stabilizer generators of the target code
[34–37].

Fault-tolerant code-switching protocols have been devel-
oped, for example, between the [[7,1,3]] Steane code (the
smallest two-dimensional color code) and the [[15,1,3]] Reed-
Muller code (the smallest three-dimensional color code)
[33,37]. The same work also presented a protocol between
the [[7,1,3]] Steane code and a “morphed” [[10,1,2]] code
derived from the [[15,1,3]] Reed-Muller code [38], reducing
circuit depth and resource requirements, at the cost of reduced
error-correction capability.

In this work, we further reduce the required resources by
code switching between two versions of the [[8,3,2]] code.
Because our codes have distance 2, we adopt fault tolerance
in the error-detecting (postselected) sense. One version of
the [[8,3,2]] code is the “smallest interesting color code,”
with fault-tolerant implementations of the logical CCZ, CZ,
and CNOT gates [39–43]. We call this the Version 2 [[8,3,2]]
code, because it lacks fault-tolerant implementations of logi-
cal single-qubit gates. The Version 1 [[8,3,2]] code can instead
use the weakly fault-tolerant circuits of Ref. [26] to implement

the logical H , S, and
√

X
†

gates. Together, the two codes
provide an overcomplete universal set of logical gates while
still achieving quadratic suppression of logical errors with
postselection. This protocol is summarized in Fig. 1.

In comparison to the existing error-detecting scheme via
code switching between the [[7,1,3]] code and the [[10,1,2]]
code, this work reduces the number of physical qubits and in-
creases the number of logical qubits, yielding a more efficient
encoding. As a result, our scheme is well suited for near-
term proof-of-principle demonstrations under realistic qubit
constraints, such as running small-scale quantum algorithms
(e.g., Grover’s algorithm [44,45]) within a single code block.
Moreover, choosing distance-2 codes allows us to optimize
the encoding rate while maintaining consistency with the im-
plementation of single-qubit Clifford gates, which are fault
tolerant in the error-detecting sense. Finally, because many

quantum algorithms make extensive use of the Toffoli gate
[46–55], native logical ccz support can reduce the synthesis
depth and non-Clifford overhead of Toffoli-intensive circuits
relative to schemes in which ccz must be synthesized from
other logical resources.

The remainder of the paper is organized as follows. We
first review, in Sec. II, the weakly fault-tolerant logical gates
available on the [[n,n − 2,2]] family. Then, in Sec. III, we
introduce our two versions of the [[8,3,2]] code. Additionally,
we introduce the circuit that composes multiple blocks of
[[8,3,2]] codes for larger-scale computations in this section. In
Sec. IV, we present a fault-tolerant code-switching protocol
between them. Next, in Sec. V, we summarize fault-tolerant
state-preparation routines for logical states relevant to appli-
cations. Finally, in Secs. VI and VII, we report numerical
simulations of state preparation, interblock logical telepor-
tation, code switching, and an encoded three-logical-qubit
Grover search. Appendixes A–C present various technical
details of our protocol, including fault-tolerant implementa-
tions of two-qubit rotation gates, encoding circuits used in
the simulations of state preparation and Grover search, and
extensions of the single interblock logical CNOT gate.

II. FAULT-TOLERANT LOGICAL GATES
ON [[n,n − 2,2]] CODES

This section summarizes the constructions in Ref. [26]
for implementing weakly fault-tolerant logical single-qubit

Clifford gates (H , S, and
√

X
†
) on the [[n,n − 2,2]] code

family with two-qubit entangling gates. Since these codes
have distance d = 2, our notion of fault tolerance is the d = 2,
postselected one: Any single faulty gate during the circuit
must either leave the data in the codespace or produce an error
that is detected by the stabilizer (and ancilla) measurements,
so that the run can be discarded.

The [[n,n − 2,2]] code has stabilizer generators

SX = X ⊗n, SZ = Z⊗n. (1)

A convenient choice of logical Pauli operators is

X j = XjXn−2, Z j = ZjZn−1 ( j = 0, . . . , n − 3), (2)

with Y j ≡ iX jZ j (global phases are irrelevant throughout).
Logical gates implemented transversally are naturally

compatible with weak fault tolerance: A single faulty loca-
tion can create at most a weight-1 error in each code block,
which remains detectable for a distance-2 code. In contrast, a
faulty entangling gate that acts within a block can produce a
weight-2 error in the code block, potentially causing logical
errors on a distance-2 code. Such gates can still be used in
a weakly fault-tolerant manner, but only when embedded in
ancilla-assisted measurement gadgets that ensure any single
fault produces a detectable syndrome.

It is useful to distinguish three conceptual levels:

logical level → physical level → FT physical level. (3)

At the logical level, we denote ideal encoded operations with
a straight overline (e.g., H j). At the physical level, we use a
wavy overline to denote the corresponding compilation into
elementary physical operations; the particular two-qubit rota-
tions used below are defined in Sec. II A. These physical-level
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TABLE I. Conjugation action of the XX and ZZ rotation gates
on selected two-qubit Pauli operators (e.g., XI denotes X ⊗ I). Other
Pauli mappings follow analogously.

XI ZI Y X Y Z XX ZZ

XX gate XI Y X −ZI Y Z XX ZZ
ZZ gate Y Z ZI Y X −XI XX ZZ

two-qubit entangling gates are not fault tolerant on a distance-
2 code and must be replaced by fault-tolerant gadgets at the FT
physical level; the gadgets we use are shown in Appendix A.
We write products of unitaries in the usual right-to-left circuit
order (the rightmost factor acts first).

A. Elementary Clifford rotations

Both the physical-level compilation and the FT gadgets use
the following Clifford rotations:

UXX := I + iXX√
2

, UYY := I − iYY√
2

, (4a)

UZZ := I − iZZ√
2

, RX := I − iX√
2

, (4b)

where XX , YY , and ZZ denote products of Pauli operators
on two qubits (e.g., XX = X ⊗ X ). We refer to these as the
XX , YY , ZZ , and RX gates; note the opposite sign convention
for the XX gate. We use X̃X (i, j) [resp. Z̃Z (i, j)] to denote
applying UXX (resp. UZZ ) to physical qubits i and j.

For later reference, Table I lists the conjugation action of
the XX and ZZ rotations on a set of two-qubit Pauli operators
used in the discussion.

B. Logical level −→ physical level

At the physical level, the logical single-qubit gates S j

(where S is the phase gate),
√

X
†
j , and H j can be expressed

using X̃X and Z̃Z rotations involving the “shared” qubits
n − 2 and n − 1:

S j = Z̃Z ( j, n − 1),
√

X
†
j = X̃X ( j, n − 2), (5)

and

H j = Z̃Z ( j, n − 1) × X̃X ( j, n − 2)

× Z̃Z ( j, n − 1) × YjXn−2Zn−1. (6)

The final factor YjXn−2Zn−1 is a Pauli by-product correction
(not merely a global phase). The sequence Z̃Z × X̃X × Z̃Z
implements H j up to a known logical Y j correction, and with
our choice of logical operators,

Y j ≡ YjXn−2Zn−1 (7)

up to an irrelevant phase.
The identities above follow from Table I together with the

standard single-qubit Clifford conjugation rules

SXS† = Y, SY S† = −X, SZS† = Z,

√
X

†
X

√
X = X,

√
X

†
Y

√
X = −Z,

√
X

†
Z
√

X = Y,

FIG. 2. Obtaining the two versions of the [[8,3,2]] code by fixing
the gauge operators of the [[8,3,3,2]] subsystem code. Together with
the transversal X ⊗8 and Z⊗8 stabilizers of the [[8,3,3,2]] subsystem
code, fixing the gauge operators gives the different stabilizers that
define the two stabilizer [[8,3,2]] codes.

HXH = Z, HY H = −Y, HZH = X. (8)

For example, Z̃Z ( j, n − 1) leaves Z j invariant and maps
X j �→ Y j (up to phase), matching the action of S j . Similarly,
X̃X ( j, n − 2) leaves X j invariant and maps Z j �→ Y j , match-

ing the action of
√

X
†
j .

C. Physical level −→ FT physical level

The two-qubit entangling gates X̃X and Z̃Z are not au-
tomatically fault tolerant on a distance-2 code, because they
may produce weight-2 errors on the data qubits that are logical
errors in most cases. Because the probabilities for two-qubit
entangling gates to produce weight-1 and weight-2 errors are
both on the order of O(p), where p is the error probability
of the gate, logical errors cannot be quadratically suppressed.
Reference [26] replaces each X̃X ( j, n − 2) and Z̃Z ( j, n − 1)
by an ancilla-assisted, verification/postselection gadget that is
fault tolerant in the error-detecting sense where all two-qubit
entangling gates act on a data qubit and an ancilla and none on
two data qubits. We reproduce these gadgets in Appendix A
(Fig. 11) and use them as primitives in the remainder of this
paper.

III. TWO VERSIONS OF THE [[8,3,2]] CODE

In this section, we discuss two versions of the [[8,3,2]]
stabilizer code: the Version 1 [[8,3,2]] code ([[8,3,2]]1) and
the Version 2 [[8,3,2]] code ([[8,3,2]]2), as well as their con-
struction from the [[8,6,2]] code. The constructions of the two
versions are summarized in Fig. 2.

A. Subsystem [[8,3,3,2]] code

The subsystem [[8,3,3,2]] code [56] is constructed from
the n = 8 [[n,n − 2,2]] stabilizer code by “gauging out” three
of its six logical operators, i.e., not using them to store logical
data and not requiring that they be protected. The stabilizers
of the [[8,6,2]] code are X ⊗8 and Z⊗8. We then choose the
following logical operators, which differ from the canoni-
cal all-weight-2 choice in Eq. (2). This choice is crucial for
the code-switching protocol to function and corresponds to
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changing the basis of the codespace.

X 1 = X0X1X2X3, Z1 = Z0Z4,

X 2 = X0X1X4X5, Z2 = Z0Z2,

X 3 = X0X2X4X6, Z3 = Z0Z1,

GX
4 = X3X7, GZ

4 = Z0Z1Z2Z3,

GX
5 = X5X7, GZ

5 = Z0Z1Z4Z5,

GX
6 = X6X7, GZ

6 = Z0Z2Z4Z6. (9)

Gauging out the last three logical qubits gives us the
[[8,3,3,2]] subsystem code. We refer to the last three logi-
cal qubits as “gauge qubits” and their corresponding logical
operators GX/Z

i=4,5,6 as “gauge operators.”

B. The [[8,3,2]]1 stabilizer code

Version 1 of the [[8,3,2]] stabilizer code is obtained by
fixing the gauge qubits of the [[8,3,3,2]] code into the logical
|+〉 state. This means that the logical X operators of the three
gauge qubits now become stabilizers of the code. Thus, the
new set of stabilizer generators is

X ⊗8, Z⊗8, X3X7, X5X7, X6X7. (10)

The additional X stabilizer generators reduce the first three
logical operators to weight 2:

X 1 = X0X1X2X3 × X ⊗8 × X5X7 = X4X6,

X 2 = X0X1X4X5 × X ⊗8 × X3X7 = X2X6,

X 3 = X0X2X4X6 × X ⊗8 × X3X5X6X7 = X1X6. (11)

Its logical Z operators remain unchanged:

Z1 = Z0Z4, Z2 = Z0Z2, Z3 = Z0Z1. (12)

Note that the logical operators are similar to those used in
Ref. [26], in that all of them are weight 2 [instead of a mix
of weight 4 and weight 2 as in Eq. (9)] and, within each Pauli
type, the same shared qubit is used for all three logical qubits:
qubit 6 for the logical X operators and qubit 0 for the logical
Z operators. As a result, we can use the same construction as

in Sec. II B to implement the logical H , S, and
√

X
†

gates for
the Version 1 [[8,3,2]] code:

H1 = Z̃Z (4, 0) × X̃X (4, 6) × Z̃Z (4, 0) × Y4X6Z0,

H2 = Z̃Z (2, 0) × X̃X (2, 6) × Z̃Z (2, 0) × Y2X6Z0,

H3 = Z̃Z (1, 0) × X̃X (1, 6) × Z̃Z (1, 0) × Y1X6Z0,

S1 = Z̃Z (4, 0),
√

X
†
1 = X̃X (4, 6),

S2 = Z̃Z (2, 0),
√

X
†
2 = X̃X (2, 6),

S3 = Z̃Z (1, 0),
√

X
†
3 = X̃X (1, 6). (13)

Then, we use the fault-tolerant implementation of Fig. 11 to
replace X̃X and Z̃Z . Finally, logical SWAPS among the three
encoded qubits are induced by the corresponding permuta-
tions of the physical qubits {1, 2, 4}, since these are the qubits
that distinguish the three logical-qubit labels.

On hardware platforms with dynamically reconfigurable or
movable qubits, or with effective all-to-all connectivity, such
as reconfigurable neutral-atom arrays, shuttling trapped-ion
architectures, and small nonshuttling trapped-ion registers,
these operations can often be absorbed into a software-
level remapping of qubit identities rather than implemented
as explicit logical gate sequences [57–60]. On architectures
without such flexibility or connectivity, the same permutations
must instead be compiled into explicit routing operations, typ-
ically SWAP networks on devices with restricted connectivity
[61,62].

Although a fault-tolerant implementation of the logical in-
trablock CNOT gate was also proposed in Ref. [26], we opt not
to use it in the Version 1 [[8,3,2]] code due to its large circuit
depth. Rather, cnots can be easily implemented in Version 2,
as we show next.

C. The [[8,3,2]]2 stabilizer code

Version 2 of the [[8,3,2]] stabilizer code is obtained by
fixing the gauge qubits of the [[8,3,3,2]] code in the logical
|0〉 state. This means that the logical Z operators of the gauge
qubits now become stabilizer generators for the code. Thus,
the new set of stabilizer generators is

X ⊗8, Z⊗8, Z0Z1Z2Z3, Z0Z1Z4Z5, Z0Z2Z4Z6. (14)

This recovers the [[8,3,2]] code (version 2) that allows a
fault-tolerant logical CCZ gate with transversal T and T † gates
[39]:

CCZ = T0T †
1 T †

2 T3T †
4 T5T6T †

7 . (15)

In addition, this code also allows fault-tolerant implemen-
tations of the logical CZ, SWAP, intrablock CNOT gates, and
interblock CNOT gates [40–43]. The logical CZ gates are im-
plemented with phase gates:

CZ(1, 2) = S0S†
2S†

4S6,

CZ(1, 3) = S0S†
1S†

4S5,

CZ(2, 3) = S0S†
1S†

2S3. (16)

The logical SWAP gates are implemented by cyclically per-
muting the physical qubits:

SWAP(1, 2) : 0 → 4 → 6 → 2 → 0, 1 → 5 → 7 → 3 → 1,

SWAP(1, 3) : 2 → 6 → 7 → 3 → 2, 0 → 4 → 5 → 1 → 0,

SWAP(2, 3) : 0 → 2 → 3 → 1 → 0, 4 → 6 → 7 → 5 → 4.

(17)

Similarly, these physical SWAP operations can be treated as
qubit permutations, explicit qubit motions, or software-level
relabelings, depending on the connectivity and layout of the
architecture.

Likewise, the following intrablock logical CNOT gates are
induced by physical-qubit permutations:

CNOT(1, 2) = 0 ↔ 4, 1 ↔ 5, CNOT(2, 1) = 0 ↔ 2, 1 ↔ 3,

CNOT(1, 3) = 0 ↔ 4, 2 ↔ 6, CNOT(3, 1) = 0 ↔ 1, 2 ↔ 3,

CNOT(2, 3) = 0 ↔ 2, 4 ↔ 6, CNOT(3, 2) = 0 ↔ 1, 4 ↔ 5.

(18)
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FIG. 3. The logical circuit for the single-pair interblock CNOT

from logical qubit 1 of block 1 to logical qubit 1 of block 2 [40]. If
the two logical SWAP gates are omitted, the circuit instead implements
CNOT(|1, 1〉, |2, 2〉); the SWAPS simply SWAP the target from |2, 2〉 to
|2, 1〉. Variants of this construction are given in Appendix C.

D. Block scalability

We consider scaling up with blocks of the [[8,3,2]] code,
which requires performing entangling gates between logical
qubits in different blocks.

A parallel interblock logical CNOT gate means that the
transversal physical CNOT gates are applied between cor-
responding qubits of two code blocks, so that the three
corresponding logical qubits undergo logical CNOT gates
in parallel. When the two blocks are in the same version
of the [[8,3,2]] code, this transversal CNOT preserves the
Calderbank–Shor–Steane stabilizer structure and therefore de-
fines a valid encoded operation [63]. For mixed versions, the
situation is asymmetric. If the control block is [[8,3,2]]1 and
the target block is [[8,3,2]]2, the fixed gauge-X operators
GX

4,5,6 of the control are copied to the target under transver-
sal cnot, so the target block is taken out of the [[8,3,2]]2

codespace. In the reverse direction, with [[8,3,2]]2 as control
and [[8,3,2]]1 as target, no such fixed gauge-X operators are
copied, so the codespace is preserved. Therefore a parallel
interblock logical CNOT is available between mixed-version
blocks only in the direction [[8,3,2]]2 → [[8,3,2]]1.

The logical circuit for a single-pair interblock CNOT is
shown in Fig. 3 [40]. It uses only logical SWAP gates, parallel
interblock logical CNOT gates, and intrablock logical CNOT

gates. Consequently, such a single-pair interblock logical
CNOT is available whenever those three ingredients are avail-
able. They are always available between two Version 1 blocks
or between two Version 2 blocks in principle, but in prac-
tice, the Version 2 realization uses much simpler circuits to
implement the intrablock logical CNOT gates. Between mixed-
version blocks, the same asymmetry as above remains, so a
single-pair interblock logical CNOT is possible from [[8,3,2]]2

to [[8,3,2]]1 but not in the reverse direction.
An interblock logical CCZ gate (with participating log-

ical qubits initially residing in different blocks) can be
implemented after first switching the relevant blocks into a
compatible version (typically Version 2). One then uses in-
terblock logical SWAP operations implemented with interblock
CNOT gates to bring the three participating logical qubits into
a common block, applies the intrablock logical CCZ gate there,
and finally reverses the SWAPS to return the logical qubits back
to their original blocks.

IV. CODE SWITCHING BETWEEN TWO VERSIONS
OF THE [[8,3,2]] CODE

The two versions of the [[8,3,2]] code are different gauge
fixings of the parent [[8,3,3,2]] subsystem code. A direct
switch by applying Hadamard gates to the three gauge qubits
would exchange the X -type and Z-type gauge operators, but
we do not know a fault-tolerant implementation of those
gauge-qubit Hadamards, because the corresponding gauge
operators have different weights in the two versions. We there-
fore switch between the two codes by measuring the gauge
operators of the target version and, if necessary, applying
gauge corrections that return all three gauge outcomes to +1.

A. Switching from Version 2 to 1

To switch from Version 2 to Version 1, we measure GX
4 , GX

5 ,
and GX

6 . These measurements project the gauge qubits onto
eigenspaces of the X -type gauge operators. For each outcome
MX

i = −1, we apply the corresponding operator GZ
i ; we refer

to this as a gauge correction.
For fault tolerance, we also measure a complementary

check X0X1X2X4 that satisfies

GX
4 GX

5 GX
6 × X0X1X2X4 = X ⊗8. (19)

Hence, the product of the three gauge outcomes and the
outcome of X0X1X2X4 is the precorrection X ⊗8 syndrome. If
this parity is −1, we discard the run before applying any
gauge correction. We also verify the target-code stabilizer
X ⊗8. The gauge outcomes alone determine the correction, but
the complementary check and the X ⊗8 stabilizer verification
are needed when the switched block will subsequently be used
for logical gates.

B. Switching from Version 1 to 2

The reverse direction is analogous. We measure GZ
4 , GZ

5 ,
and GZ

6 , and for each outcome MZ
i = −1 we apply GX

i . We
also measure a complementary check Z1Z2Z4Z7 chosen so that

GZ
4 GZ

5 GZ
6 × Z1Z2Z4Z7 = Z⊗8. (20)

Therefore, the product of the four measurement outcomes
gives the precorrection Z⊗8 syndrome. If this parity is −1,
we discard the run before applying any gauge correction. We
also verify the target-code stabilizer Z⊗8. Again, the gauge
outcomes determine the correction, while the complemen-
tary check and the Z⊗8 stabilizer verification ensure that the
switched block is in the correct sector before any Version 2
logical gate is applied.

C. Remarks on fault tolerance

Fault-tolerant code switching must do more than preserve
the detectability of a single data error. It must also place the
block in the correct gauge and stabilizer sector of the target
code before any subsequent logical gate is applied.

This matters in both versions of the code. In the [[8,3,2]]2

code, the transversal T/T † pattern implements the logical CCZ

gate only on the +1 eigenspace of the Z-type stabilizers, in-
cluding GZ

4 , GZ
5 , and GZ

6 . In the [[8,3,2]]1 code, the convenient
weight-2 representatives of the logical X operators differ from
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ALGORITHM 1. Fault-tolerant code switching from Version 1
to Version 2.

the original weight-4 representatives by products of GX
4 , GX

5 ,
and GX

6 . A wrong gauge sign can therefore change the action
of later logical gates, even if a later full target-code stabi-
lizer measurement round, including the fixed gauge operators,
would eventually reject the state.

The complementary check and the X ⊗8/Z⊗8 stabilizer veri-
fication play different roles. The complementary check detects
any single fault that flips the relevant X ⊗8/Z⊗8 stabilizer syn-
drome before a gauge correction is applied, including a single
ancilla fault during a gauge measurement. The X ⊗8/Z⊗8

stabilizer verification detects faults that occur between suc-
cessive gauge measurements and can therefore evade the
precorrection parity while still leading to an incorrect gauge
correction. For example, in the Version-1-to-Version-2 pro-
tocol, an X0 fault after the GZ

4 measurement changes the
remaining gauge outcomes to (+1,−1,−1) while leaving
Z1Z2Z4Z7 unchanged. The precorrection parity, therefore, re-
mains +1, so one would incorrectly apply GX

5 and GX
6 ; the

subsequent Z⊗8 verification would then reject the run, as it
detects the X0 error.

The two protocols are summarized in Algorithms 1 and
2, where Meas(P) denotes the eigenvalue ±1 returned by
measuring the Pauli operator P.

As in syndrome extraction, weight-4 gauge measurements
require flag qubits [64] to detect single ancilla faults that

ALGORITHM 2. Fault-tolerant code switching from Version 2
to Version 1.

FIG. 4. (a) Flag-based measurement of a weight-4 Z-type gauge
operator used in switching from Version 1 to Version 2. The upper
four wires are the data qubits in the support of the measured operator,
the fifth wire is the ancilla measured in the Z basis to decide whether
GX corrections are necessary, and the last wire is a flag ancilla
measured in the X basis. A triggered flag identifies single-fault events
that can propagate to weight-2 Z errors on the data qubits. (b) Fault-
tolerant measurement of a weight-2 X -type gauge operator used in
switching from Version 2 to Version 1. The upper two wires are the
data qubits in the support of the measured operator; the third wire is
the ancilla measured in the X basis to decide whether GZ corrections
are necessary. Because the measured operator has weight 2, no flag
ancilla is required.

can propagate to weight-2 data errors. Therefore, switching
from Version 1 to Version 2 requires flag qubits, because the
measured GZ operators have weight 4 (see Fig. 4). Switching
from Version 2 to Version 1 does not, because the measured
GX operators have weight 2 and a single ancilla fault cannot
propagate to a higher weight.

V. FAULT-TOLERANT ENCODING CIRCUITS

We require fault-tolerant preparation routines for several
logical input states in both versions of the [[8,3,2]] code. We
use |+201〉 and |+102〉 to denote mixed logical-basis states,
specifying only the numbers of |+〉 and |0〉 states and not their
ordering. The detailed stabilizer reductions, circuit construc-
tions, and explicit encoding circuits are given in Appendix B;
here, we summarize the main results.

Most of the relevant encoded states reduce, after Gaussian
elimination of their stabilizer generators, to standard en-
tangled resource states [Greenberger-Horne-Zeilinger (GHZ)
states, dual GHZ states, Bell pairs, or tensor products thereof],
so their preparation can be built from standard fault-tolerant
GHZ/Bell-state gadgets. In particular, both versions admit
fault-tolerant preparation of |000〉 and Version 1 admits a
direct fault-tolerant preparation of |+++〉. Without additional
gauge fixing, Version 1 naturally supports states of the form
|+201〉, while Version 2 naturally supports states of the form
|+102〉. For Version 2, we use the preparation circuit from
Ref. [42]; in the noisy-initialization Grover benchmark, we
augment it with additional flagged GZ

5 and GZ
6 checks to mon-

itor harmful gauge-sector faults.
When the opposite mixed-basis pairing is required, namely,

|+201〉 in Version 2 or |+102〉 in Version 1, we do not perform
a full code switching. Instead, we prepare a partially gauge-
fixed intermediate state and measure the remaining single
gauge operator, along with its complementary check, before
immediately applying the stabilizer and gauge checks. This
achieves the desired encoded state with lower overhead than a
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full switching subroutine while still ensuring that the block
is in the correct gauge and stabilizer sector for subsequent
logical operations.

Appendix B collects the explicit initialization circuits
drawn from these constructions. Their simulated performance
is discussed in the next section.

VI. SIMULATION

In this section, we use numerical simulations to evaluate
the logical error rates of our state-preparation circuits and
code-switching protocol in the presence of faulty gates. A
faulty gate is modeled as Ũ = N ◦ U , where U (ρ) = UρU †

is a noise-free unitary channel and N is the noise channel
associated with the gate. Whenever noise is assigned to a
single- or two-qubit gate, we use the depolarizing channels

N1(ρ) = (1 − p)ρ + p

3

∑
P∈{X,Y,Z}

PρP, (21)

N2(ρ) = (1 − p)ρ + p

15

∑
P∈P2\{I⊗I}

PρP, (22)

where P2 = {I, X,Y, Z}⊗2. Thus, each nonidentity single-
qubit Pauli error is applied with probability p/3, and each
nonidentity two-qubit Pauli error is applied with probability
p/15. The same physical error probability p is used whenever
both single- and two-qubit gate noise are included. The pre-
cise set of noisy gate locations is specified in each subsection:
The state-preparation benchmark assigns noise only to CNOT

gates, whereas the teleportation, code-switching, and Grover
benchmarks assign noise to each physical one- and two-qubit
gate.

Physical-qubit initialization, measurement, feedforward,
and Pauli or gauge corrections are treated as ideal. For
the Pauli-basis preparations and measurements used here,
stochastic Pauli preparation and readout faults can be rep-
resented as Pauli errors immediately after preparation or
immediately before measurement. We nevertheless do not
sample these additional boundary error locations. Our numeri-
cal results therefore isolate gate-induced faults and should not
be interpreted as hardware-level performance predictions that
include state-preparation and measurement noise; including
such faults could change the quantitative logical error and
acceptance curves. The state-preparation, interblock logical
teleportation, and code-switching benchmarks are performed
using the Python package PECOS [65], a tool designed for
efficient Monte Carlo simulations of quantum Clifford cir-
cuits. The precise set of noisy operations is specified in each
subsection.

A. State preparation

In the presence of noise, each state-preparation run falls
into one of three categories: successful runs, discarded runs,
and failed runs. A run is discarded whenever postselection
detects a fault, either through a nontrivial flag outcome or
through the final noiseless stabilizer and gauge measurements.
Among the accepted runs, the preparation is counted as suc-
cessful if the output matches the target logical state up to
stabilizers, and as a failure otherwise. For example, preparing
the logical |+++〉 state for the [[8,3,2]]1 code counts as a

failure if the output state is a +1 eigenstate of the stabilizers
in Eq. (10) but not a +1 eigenstate of the logical operators
X 1, X 2, and X 3 defined in Eq. (11).

Figure 5 shows the logical error rate and acceptance rate for
state-preparation circuits of Versions 1 and 2 of the [[8,3,2]]
code after 106 Monte Carlo samples. In these simulations, we
apply depolarizing noise with physical error rate p to every
CNOT gate and report both the postselected logical error rate

pL = nfailure

npostselected
(23)

and the acceptance rate

R = npostselected

ntotal
, (24)

i.e., the fraction of accepted runs among all runs.
The quantity pL therefore measures the logical infi-

delity conditioned on acceptance, whereas R measures the
postselection overhead. Because both versions of the [[8,3,2]]
code are error detecting rather than error correcting, the rel-
evant signature of weak fault tolerance is that accepted runs
exhibit pL = O(p2). This is what we observe in the left panels
of Fig. 5: For p < 0.1, the postselected logical error rate scales
approximately quadratically with the physical error rate, in-
dicating that only weight-2 (or higher) faults contribute to
accepted-run logical failures in the state-preparation circuits
described in Appendix B.

The right panels of Fig. 5 show the complementary be-
havior of the acceptance rate. At low physical error rates,
R remains close to 1 for all preparations, and it decreases
monotonically as p increases because single detectable faults
are removed by postselection. Thus, the simulations exhibit
the expected trade-off for an error-detecting protocol: Post-
selection suppresses the logical error rate of accepted runs
to second order, but it does so at the cost of an acceptance
penalty that appears already at first order in p. The spread
among the acceptance curves is circuit dependent and reflects
differences in circuit size and in the number and type of
postselection checks. In Version 1, the four acceptance curves
remain fairly close, indicating comparable postselection over-
head across the four preparations. In Version 2, the spread
is more pronounced: The |+++〉 preparation has the low-
est acceptance, while |00+〉 has the highest acceptance over
most of the plotted range. Acceptance and postselected logical
fidelity therefore need not track each other monotonically:
For example, in Version 2, the |000〉 preparation has a lower
postselected logical error rate than |00+〉 over most of the
plotted range, despite also having a lower acceptance rate.
Lower acceptance therefore does not mean lower fidelity of
the accepted states; rather, it means that the circuit detects and
discards faulty runs more frequently.

B. Interblock logical teleportation

To benchmark entangling operations between distinct code
blocks, we simulate the one-qubit teleportation circuits of
Fig. 6 [66]. We consider same-version benchmarks with two
Version 2 blocks and mixed-version benchmarks whose block
assignments ensure that the interblock logical CNOT always
has the allowed Version-2-to-Version-1 direction. In Fig. 6(a),
the Version 2 source is the CNOT control and the Version 1
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FIG. 5. Numerical simulation of fault-tolerant state preparation for the [[8,3,2]] code; see Appendix B for the corresponding circuits. Top
row: Version 1. Bottom row: Version 2. Left panels: postselected logical error rate pL . Right panels: acceptance rate R. In these simulations,
depolarizing noise with physical error rate p is applied to every CNOT gate. In the low-noise regime, the observed behavior is consistent with
weak fault tolerance: pL scales approximately quadratically with p, while R decreases as detectable faults are removed by postselection.

destination is the target, so the logical |+〉 state is teleported
from Version 2 to Version 1. In Fig. 6(b), the Version 2

FIG. 6. One-qubit teleportation circuits used in the two-block
benchmark. (a) Teleportation of |ψ〉 from the upper source qubit to
the lower destination qubit initialized in |0〉. (b) Teleportation of |ψ〉
from the upper source qubit to the lower destination qubit initialized
in |+〉. Double lines denote classical feedforward of the measurement
outcome.

destination is the CNOT control and the Version 1 source is
the target, so the logical |0〉 state is teleported from Version
1 to Version 2 even though the logical CNOT itself still has
the allowed Version-2-to-Version-1 direction. The single-pair
interblock logical CNOT is implemented using the construction
of Fig. 3. The encoded input states are prepared without faults,
and the intrablock permutations are treated as software-level
qubit relabelings. A depolarizing channel with error prob-
ability p is applied after each physical one- and two-qubit
gate, while initialization, measurement, feedforward, Pauli
corrections, and software-tracked permutations are treated as
ideal. For each physical error rate, we ran 106 Monte Carlo
samples.

We used the circuit in Fig. 6(a) to teleport a logical |+〉
state from a Version 2 source block to a Version 1 destination
block, and in Fig. 6(b) to teleport a logical |0〉 state from
a Version 1 source block to a Version 2 destination block.
We also simulated the same-version Version-2-to-Version-2
realizations of both circuits. Here, we describe the logical
|+〉 teleportation; the other case is analogous. For each run,
we prepare the logical |+ + 0〉 state in the source block and
the logical |000〉 state in the target block. Our goal is to
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FIG. 7. Simulation of one-qubit logical teleportation between two [[8,3,2]] code blocks. Same-version benchmarks use Version 2 source
and destination blocks. In the mixed-version benchmarks, |+〉 is teleported from a Version 2 source to a Version 1 destination using Fig. 6(a),
whereas |0〉 is teleported from a Version 1 source to a Version 2 destination using Fig. 6(b); in both cases, the interblock logical CNOT itself has
the allowed Version-2-to-Version-1 direction. Left: postselected logical error rate pL . Right: corresponding acceptance rate R. In the low-noise
regime, all four benchmarks exhibit approximately quadratic scaling of pL , while their acceptance rates are nearly identical.

teleport the first logical qubit to the second logical qubit,
resulting in the logical state |0 + 0〉 in the target block.
Therefore, we remove the logical SWAP gate in Fig. 3. After
applying the logical cnot gate, we destructively measure each
qubit of the source block in the X basis. Let mj ∈ {−1,+1}
denote the X -basis outcome on physical qubit j, and first
postselect on

7∏
j=0

mj = +1, (25)

which is the X ⊗8 stabilizer check. For Version 2, the corre-
sponding logical X -eigenvalue outcomes are

b1 = m0m1m2m3,

b2 = m0m1m4m5,

b3 = m0m2m4m6, (26)

which measure the Version 2 logical operators X 1, X 2, and
X 3. We use b1 to decide whether to apply the logical Z2 gate
on the target block. Finally, we postselect on the stabilizer
measurement results on the target block.

An accepted run is counted as a logical failure when the
decoded destination eigenvalue differs from that of the ide-
ally teleported input state. Figure 7 shows the postselected
logical error and acceptance rates pL and R, as defined in
Eqs. (23) and (24), for the same-version and mixed-version
teleportation benchmarks. The two input states provide com-
plementary state-specific tests of the teleportation channel. In
the low-noise regime, all four state-and-configuration com-
binations exhibit approximately quadratic scaling of pL with
the physical error rate, consistent with weak fault tolerance.
The logical error and acceptance curves for the mixed-version
benchmarks are close to their same-version counterparts over
the simulated range, indicating that the allowed mixed-version
interblock operation does not introduce a substantial addi-

tional penalty. As expected for a postselected error-detecting
protocol, the acceptance rate remains close to unity at low
physical error rates and decreases as detectable faults become
more frequent.

C. Code switching

We next benchmark the noisy switching step underlying
the code-switching protocol of Sec. IV. Each shot is classified
as successful, discarded, or failed. A shot is discarded when
the switching procedure detects a fault, e.g., when a flag
is triggered during a flagged weight-4 gauge measurement
or when the output fails the target-code stabilizer or gauge
checks. Among the accepted shots, the switching is counted as
a failure if the final state no longer matches the target logical
state. Thus, the logical error rate pL characterizes accepted
runs, while the acceptance rate R quantifies the postselection
overhead.

To isolate the switching step itself, we start from a
noiseless encoded source state and inject noise only during
switching. In this benchmark, we do not include the comple-
mentary checks of Sec. IV; instead, after the code-switching
circuit, we apply noiseless postselection on the target-code
stabilizers and fixed gauge operators. In each direction, we
use the representative logical state |+++〉, prepared with the
corresponding noise-free encoding circuit from Appendix B.
We then evaluate the output using the target-code stabilizers,
fixed gauge operators, and logical operators. This benchmark
therefore tests whether the switching step preserves this log-
ical state under postselection. Because pure logical X -type
faults act trivially on |+++〉, this benchmark should be in-
terpreted as a state-specific diagnostic rather than a complete
characterization of the logical channel.

In the benchmarked gauge-measurement step, the two
switching directions have different overheads. As shown in
Fig. 4, switching from Version 1 to Version 2 requires flagged
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FIG. 8. Numerical simulation of the isolated switching-step benchmark. Left: postselected logical error rate for switching in both direc-
tions. Right: acceptance rates for the flagged Version 1 → 2 benchmark and the unflagged Version 2 → 1 benchmark. We apply depolarizing
noise with physical error rate p after each single-qubit and two-qubit gate, and assume noise-free feedback and Pauli corrections. In this
benchmark, switching from Version 1 to Version 2 uses flagged weight-4 Pauli-Z gauge measurements, whereas switching from Version 2 to
Version 1 uses weight-2 Pauli-X gauge measurements without flag qubits. In the low-noise regime, the postselected logical error rates scale
approximately as p2, consistent with weak fault tolerance.

measurements of three weight-4 Pauli-Z gauge operators,
whereas switching from Version 2 to Version 1 uses only
weight-2 Pauli-X gauge measurements and therefore needs
no flag qubits. This asymmetry is reflected in the simulation
results.

Figure 8 summarizes 106 Monte Carlo samples. We use
depolarizing noise with physical error rate p after each
single-qubit and two-qubit gate, and we again compute the
postselected logical error rate pL and the acceptance rate
R using Eqs. (23) and (24). The left panel shows pL for
switching in both directions. In both cases, the postselected
logical error rate scales approximately quadratically with p
in the low-noise regime, consistent with weak fault tolerance.
Moreover, the Version 2 → 1 curve lies below the Version
1 → 2 curve across the plotted range, as expected from the
simpler unflagged weight-2 measurements used in the reverse
direction.

The right panel of Fig. 8 shows the acceptance rates
for the flagged Version 1 → 2 protocol and the unflagged
Version 2 → 1 protocol. At the lowest plotted physical er-
ror rates, both acceptance rates are high, with the Version
2 → 1 curve closer to unity than the Version 1 → 2 curve,
and both decrease monotonically as detectable single faults
are removed by postselection. This first-order reduction in
R is the expected cost of an error-detecting protocol, which
discards a fraction of shots already at O(p). The two ac-
ceptance curves therefore quantify the postselection overhead
of the isolated switching-step benchmarks, after immediate
postselection on the target-code fixed gauge operators and
stabilizers. The Version 2 → 1 curve lies above the Version
1 → 2 curve across the plotted range, consistent with the sim-
pler unflagged weight-2 measurements used in that direction.
In the full switching protocol of Sec. IV, we additionally
include the complementary checks to ensure that the target
code is reached in the correct gauge and stabilizer sector
before subsequent logical gates are applied.

VII. GROVER’S ALGORITHM WITH CODE SWITCHING

In this section, we use a three-logical-qubit instance of
Grover’s algorithm [44,45] as an algorithmic benchmark for
our code-switching scheme. Grover search has also been em-
ployed as a small-scale benchmark for computation with error
detection using the [[n,n − 2,2]] and [[8,3,2]] codes [67–69].
The algorithm searches for a set of marked strings M ⊆
{0, 1}n in an unstructured database of size N = 2n, where the
oracle operator O is defined by

O|x〉 =
{−|x〉, x ∈ M,

|x〉, otherwise,
(27)

for any n-bit string x. A classical algorithm requires O(N/|M|)
oracle queries, whereas Grover’s algorithm achieves a
quadratic speedup using O(

√
N/|M|) oracle queries [70,71].

Figure 9 shows the case M = {101, 011} for n = 3. In the
ideal noiseless circuit, one Grover iteration maps the initial

FIG. 9. Logical Grover circuit for the two marked strings 011 and
101 among eight candidates. The vertical dashed lines indicate the
two code-switching locations used in the encoded implementation.
The initial H

⊗3
layer is absorbed into preparation of |+++〉 in

Version 2, and the final H
⊗3

layer is absorbed into destructive X -basis
readout.
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ALGORITHM 3. Fault-tolerant implementation of the encoded
three-logical-qubit Grover circuit.

Preparation: Prepare |+ + +〉 in Version 2 using the
fault-tolerant preparation circuit of Fig. 15(d), including the
flagged GZ

5 and GZ
6 checks.

Oracle: Apply CZ(1, 3)CZ(2, 3) using Eq. (16) in Version 2.
Code switch from Version 2 to Version 1: Apply Algorithm 2.
Logical Hadamards: Apply H1H 2H 3 in Version 1 with Eq. (13)
using the weakly fault-tolerant gadgets of Fig. 11.
Code switch from Version 1 to Version 2: Apply Algorithm 1.
Diffusor: Apply X 1X 2X 3, then the transversal logical CCZ using
Eq. (15) in Version 2, and then another round of X 1X 2X 3.
Readout: Measure all data qubits in the physical X basis,
obtaining m0, . . . , m7 ∈ {±1}. Postselect on

∏7
j=0 mj = +1 and

decode using Eq. (26).

uniform superposition to (|101〉 + |011〉)/
√

2, so no other
output bit string occurs upon measurement. In the simulations
below, any other output bit string is counted as an output
failure.

Grover’s algorithm is a useful small-scale demonstration
of our protocol because its logical circuit uses both a logi-
cal H gate and a logical CCZ gate (see Fig. 9). Within the
fault-tolerant gate sets available in a single version of the
[[8,3,2]] code considered here, implementing both requires
switching between the two versions. The corresponding en-
coded implementation is summarized in Algorithm 3. The
algorithm is stated in terms of the fault-tolerant subroutines
introduced in the preceding sections, while their constituent
physical circuits are not repeated here.

To evaluate the algorithm’s performance with code switch-
ing, we simulated two cases using Qiskit AerSimulator [72]:
the unencoded three-qubit circuit and an encoded implemen-
tation that includes the fault-tolerant preparation circuit for
the Version 2 state |+++〉 together with the flagged GZ

5 and
GZ

6 checks. For this benchmark, we use the same depolarizing
noise model as in Sec. VI. Measurement, feedforward, and
gauge corrections are treated as ideal. For each physical error
rate between 10−4 and 10−2, we sampled 106 shots.

In the encoded simulations, the final logical H
⊗3

layer is
absorbed into destructive X -basis measurements of all data
qubits. We use Eqs. (25) and (26) to similarly postselect and
decode the measurement results. Equivalently, the decoded
logical bits are si ∈ {0, 1}. A shot is counted as successful if
the decoded bit string s1s2s3 is 101 or 011. The unencoded
benchmark is evaluated analogously after absorbing the final
Hadamards into X -basis readout. Postselection is applied to
all flag, complementary check, and stabilizer measurements,
as well as to the ancilla checks in the weakly fault-tolerant
X̃X and Z̃Z gadgets used to implement the logical Hadamards.
It is also applied to the auxiliary measurements immediately
after the state-preparation circuit in Fig. 15(d) together with
the additional flagged GZ

5 and GZ
6 checks.

In these simulations, error detection is performed at
the boundaries already required by the fault-tolerant sub-
routines, including state preparation, the ancilla-assisted
logical-Hadamard gadgets, and code switching. We do not

insert additional full QED cycles elsewhere to retain the low
resource overhead of the present demonstration. This choice
is appropriate for the relatively shallow Grover circuit consid-
ered here, for which the simulations already exhibit quadratic
suppression of the accepted-run output failure probability.
In deeper circuits, however, delaying error detection allows
multiple individually detectable errors to persist and poten-
tially combine into an undetectable logical error. Additional
intermediate QED cycles could reduce this accumulation, at
the cost of extra ancillas, entangling gates, and measurements,
as well as additional postselection losses. Optimizing the
placement and frequency of such cycles therefore involves
a trade-off between accepted-run logical fidelity and total
resource and sampling overhead, which we leave for future
work.

Accordingly, the left panel of Fig. 10 reports the output
failure probability of the unencoded circuit and the post-
selected decoded-output failure probability of the encoded
implementation. The unencoded circuit exhibits approxi-
mately linear scaling with the physical error rate, while
the encoded implementation exhibits approximately quadratic
scaling in the low-noise regime. The encoded result includes
the noisy fault-tolerant preparation of the Version 2 input state
as well as the Grover and code-switching steps.

The right panel of Fig. 10 shows the acceptance rate for
the encoded implementation. It remains close to unity at low
physical error rate and then decreases monotonically as de-
tectable faults are removed by postselection. This first-order
acceptance penalty is the expected cost of the postselected
subroutines, including state preparation, the weakly fault-
tolerant X̃X and Z̃Z gadgets used to implement the logical
Hadamards, and code switching: The accepted-run output fail-
ure is suppressed to second order, but only a fraction R of shots
are retained.

VIII. CONCLUSION

In this paper, we developed a fault-tolerant, error-detecting
protocol for switching between two versions of the [[8,3,2]]
code and used it to assemble a universal logical gate set.
Numerical simulations of state preparation and code switch-
ing show quadratic suppression of postselected logical error
rates, and the three-logical-qubit Grover benchmark shows
quadratic suppression of the postselected decoded-output fail-
ure probability, consistent with weak fault tolerance. While
the present shallow benchmark uses only the error-detection
steps associated with its constituent fault-tolerant subroutines,
deeper computations may benefit from additional intermediate
QED cycles, whose placement must balance improved error
suppression against increased circuit and postselection over-
head.

We showed that both versions arise from the same
[[8,3,3,2]] subsystem code, obtained by gauging out three
logical qubits of the [[8,6,2]] code after a noncanonical choice
of logical basis. Fixing the gauge qubits in |0g〉 yields Version
2, namely, the [[8,3,2]] code with logical CCZ, CZ, CNOT, and
SWAP gates. Fixing them in |+g〉 yields Version 1, in which
the resulting weight-2 representatives of the logical operators
enable weakly fault-tolerant implementations of H , S, and
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FIG. 10. Simulation results for Grover’s algorithm with physical error rate p. Left: output failure probability for the unencoded three-qubit
circuit and postselected decoded-output failure probability for the encoded implementation, which includes fault-tolerant preparation of the
Version 2 input state |+++〉 together with the additional flagged GZ

5 and GZ
6 checks. Right: acceptance rate for the encoded implementation.

In the low-noise regime, the unencoded circuit exhibits approximately linear scaling with p, whereas the encoded implementation exhibits
approximately quadratic scaling.

√
X

†
using the X̃X and Z̃Z rotation gadgets. We also showed

that single interblock logical CNOT gates are available between
same-version blocks and, for mixed-version blocks, only in
the direction [[8, 3, 2]]2 → [[8, 3, 2]]1.

Our construction suggests a broader family viewpoint. The
code [[8,3,2]]2 belongs to the [[2D,D,2]] hypercube family
[38,73], with D = 3, while the parent [[8,6,2]] code belongs
to the [[n,n − 2,2]] family. Our use of a noncanonical logical
basis raises the question of how to choose logical bases
systematically for [[2D,2D − 2,2]] codes so that 2D − 2 − D
logical qubits may be gauged out while preserving useful
transversal structure. Fixing those gauge qubits in |0g〉 recov-
ers the D-dimensional hypercube code, while fixing them in
|+g〉 suggests a companion family generalizing our Version
1 construction. More generally, D-dimensional hypercube
codes support transversal multi-controlled-phase gates of in-
creasing order [40,74], providing depth-1 access to higher
levels of the Clifford hierarchy. It would therefore be interest-
ing to systematically characterize the corresponding Version
1 family and to determine its logical Clifford gate set and its
fault-tolerant implementation.

A broader direction is to investigate whether the present
approach to fault-tolerant universality can be extended to
higher-distance code families. Conventional code-switching
constructions, such as those based on the [[7,1,3]] and
[[15,1,3]] codes, obtain complementary logical gate sets pri-
marily from transversal operations in the participating codes
[35,37]. In contrast, our construction combines transversal
gates in one code version with explicitly fault-tolerant, but
nontransversal, logical-gate gadgets in the other. Allowing
this mixture of transversal operations and suitably designed
fault-tolerant gadgets could substantially enlarge the class
of codes that support universal computation through code
switching, since neither code would be required to supply its
entire complementary gate set transversally.

Concatenating the present blocks with an outer error-
correcting code is another possible route toward a larger
construction. Such a scheme would require the inner code-
switching and logical-gate gadgets to preserve the effective
distance of the concatenated code.

The central requirement for any such generalization is
that the fault-tolerant gadgets scale together with the distance
of the codes. In particular, the gadgets must not reduce the
effective protection below that provided by the code blocks
themselves. Otherwise, they would become the dominant
bottleneck of the full computation. For a distance-d error-
correcting construction, this means that the gadgets should be
able to correct the same errors that are correctable by the code,
so that the leading logical failure probability remains consis-
tent with the code distance. In a postselected error-detecting
construction, faults below the relevant distance should like-
wise be either benign or detected before acceptance. The
present distance-2 construction satisfies this matching con-
dition: The codes detect any single-qubit Pauli error, and
the weakly fault-tolerant gadgets are designed so that any
such error is either harmless or rejected. Together, they yield
first-order suppression of the logical errors. Extending this
compatibility between code distance and gadget fault toler-
ance is therefore a necessary first step toward higher-distance
versions of the protocol.
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APPENDIX A: FAULT-TOLERANT IMPLEMENTATIONS
OF TWO-QUBIT ROTATION GATES

Figure 11 is the fault-tolerant implementation of the X̃X
and Z̃Z gates taken from Ref. [26]. Both implementations
have two versions. In the first version, ancillas are prepared
in a Bell state and end in a |++〉 state, while in the second
version, ancillas are prepared in the |++〉 state and end in
a Bell state. Hence, alternating between two versions avoids
the need to reprepare the ancillas. After each circuit, Pauli
operations are applied according to Table II.

The logical Hadamard gate can be implemented by us-
ing the decomposition in Eq. (13). To avoid repreparing the
ancillas between successive two-qubit-rotation gadgets, one
may choose the gadget versions so that the ancilla output
of one gadget is the required ancilla input of the next: use

FIG. 11. Weakly fault-tolerant gadgets for the XX (top two pan-
els) and ZZ rotations (bottom two panels). The top and third panels
consume a Bell pair and return the ancillas in |++〉; the second and
bottom panels consume |++〉 and return a Bell pair. Alternating the
two versions allows successive XX and ZZ gadgets to reuse ancillas
without an explicit repreparation step.

TABLE II. Pauli recovery operations to apply after each weakly
fault-tolerant X̃X or Z̃Z gate. The row is determined by the initial
state of the ancilla qubits, and the column by the rotation gate being
implemented.

Z̃Z rotation X̃X rotation

|�+〉 ZIZI IZY I
| + +〉 XIXI Y IY I

a Bell-to-|++〉 version of Z̃Z , followed by a |++〉-to-Bell
version of X̃X , followed by a Bell-to-|++〉 version of Z̃Z .

To characterize the encoded Hadamard gate, we performed
Monte Carlo sampling with two-qubit depolarizing noise
applied to every physical two-qubit gate in the circuit; mea-
surements were assumed ideal. For each sampled fault pattern,
the induced Pauli error is propagated through the Clifford cir-
cuit, the run is postselected on the trivial stabilizer syndrome
and on the ancillas returning to the expected final state, and
the resulting logical action is compared with the ideal encoded
Hadamard on the chosen logical qubit. One could also choose
the opposite versions of the X̃X and Z̃Z gadgets, but then the
final ancillas would need to be checked in the Bell basis rather
than in the X basis.

The resulting postselected logical error rates and postse-
lection success rates for the three logical qubits are shown in
Fig. 12. In the low-noise regime, all three implementations
exhibit approximately quadratic suppression of the logical
error rate with the physical two-qubit error rate, consistent
with weak fault tolerance.

APPENDIX B: FAULT-TOLERANT ENCODING CIRCUITS
FOR BOTH VERSIONS OF THE [[8,3,2]] CODE

In this Appendix, we collect the explicit fault-tolerant
state-preparation circuits used throughout the paper. We
consider the logical-basis states |000〉 and |+++〉 in both
versions of the [[8,3,2]] code, as well as mixed logical-basis
states. For the latter, we use the shorthand |+201〉 and |+102〉
to indicate only the numbers of logical |+〉 and |0〉 states,
not their ordering. Without additional gauge fixing, Version
1 naturally supports states of the form |+201〉, while Version
2 naturally supports states of the form |+102〉. The opposite
pairing is obtained more efficiently by preparing a partially
gauge-fixed intermediate state and then performing only the
final gauge-fixing step, rather than a full code switch.

1. GHZ and dual-GHZ resource states

Most of the encoding circuits below reduce, after Gaus-
sian elimination of the stabilizer generators, to standard GHZ
states, dual GHZ states, Bell pairs, or tensor products thereof.
An n-qubit GHZ state [76] in the computational basis is

|GHZn〉 = 1√
2

(|0〉⊗n + |1〉⊗n), (B1)
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FIG. 12. Simulation results for the encoded Hadamard gate on the three logical qubits. In the low-noise regime, the postselected logical
error rate is approximately quadratic in the physical two-qubit error rate, consistent with weak fault tolerance. The right panel shows the
corresponding postselection success rate.

with +1 eigenoperators X ⊗n and Z0Zj for j = 1, . . . , n − 1.
The corresponding dual GHZ state in the X basis is

|Dual GHZn〉 = 1√
2

(|+〉⊗n + |−〉⊗n), (B2)

with +1 eigenoperators Z⊗n and X0Xj for j = 1, . . . , n − 1.
The fault-tolerant preparation circuit for |GHZn〉 is shown

in Fig. 13. The dual GHZ state is prepared by the same
construction after interchanging the X and Z bases, i.e., by
replacing |0〉 ↔ |+〉, reversing the CNOT directions, and mea-
suring in the X basis instead of the Z basis.

2. Version 1

The Version 1 preparation circuits are collected in Fig. 14.
Logical |000〉 [Fig. 14(a)]. This preparation fixes all three

logical qubits of the parent [[8,3,3,2]] subsystem code to
|0〉 and all three gauge qubits to |+g〉. Since all relevant
logical and gauge operators are weight 2, we can reuse the
fault-tolerant preparation of logical |+ j0n− j−2〉 states in the
[[n,n − 2,2]] code from Ref. [64], after changing basis. In
particular, the required state is equivalent to the logical |+303〉
state of the [[8,6,2]] stabilizer code with logical operator
basis

XkX7, Z0Zk, k = 1, . . . , 6. (B3)

FIG. 13. Fault-tolerant GHZ state encoding circuit [64]. The
black part is the encoding circuit, and the red part checks for error
propagation.

Because j = 3 is odd, this state factorizes into a four-qubit
dual GHZ state and a four-qubit GHZ state:

|+303〉 = 1√
2

(|+3 +5 +6+7〉 + |−3 −5 −6−7〉)

⊗ 1√
2

(|00010204〉 + |10111214〉). (B4)

This gives the Version 1 logical |000〉 state.
Logical |+++〉 [Fig. 14(d)]. Here, all three logical qubits

and all three gauge qubits are fixed to |+〉 and |+g〉, respec-
tively. The +1 eigenoperators reduce as

X 1 = X0X1X2X3 → X6X4,

X 2 = X0X1X4X5 → X6X2,

X 3 = X0X2X4X6 → X6X1,

GX
4 = X7X3 → X3X6,

GX
5 = X7X5 → X5X6,

GX
6 = X7X6 → X7X6,

SX = X ⊗8 → X0X6,

SZ = Z⊗8 → Z⊗8. (B5)

These reduced generators are those of the eight-qubit dual
GHZ state, so the preparation reduces directly to the dual-
GHZ gadget.

Logical |+ + 0〉 [Fig. 14(c)]. This is the native mixed-
basis state in Version 1. Using |+ + 0〉 as a representative,
the Gaussian-eliminated generators are identical to those of
|+++〉 except that X ⊗8 is replaced by X0X1. Together with the
additional operator Z0Z1, this isolates a Bell pair on qubits 0
and 1 and a six-qubit dual GHZ state on the remaining qubits:

|+ + 0〉 = 1√
2

(|+3 +5 +6 +7 +2+4〉 + |−3 −5 −6 −7 −2−4〉)

⊗ 1√
2

(|0001〉 + |1011〉). (B6)
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FIG. 14. Fault-tolerant state-preparation circuits for the Version 1 [[8,3,2]] code: (a) |000〉, (b) |00+〉, (c) |+ + 0〉, and (d) |+++〉. Terminal
X and Z labels on ancilla lines denote measurements in the corresponding basis. Boxes labeled X or Z connected by classical double lines
denote feedforward Pauli corrections conditioned on the measured ancilla outcome.

The Bell state is prepared fault tolerantly without ancillas,
and the six-qubit dual GHZ state is prepared fault tolerantly
with one ancilla. Other orderings of |+201〉 are obtained anal-
ogously.

Logical |00+〉 [Fig. 14(b)]. This is the non-native mixed-
basis state in Version 1, so we prepare it through a partially
gauge-fixed intermediate state. We first fix GX

4 , GX
5 , and GZ

6 .
For the representative state |00+〉, the +1 eigenoperators re-
duce to

Z1 = Z0Z4 → Z0Z4,

Z2 = Z0Z2 → Z0Z2,

X 3 = X0X2X4X6 → X1X7,

GX
4 = X7X3 → X7X3,

GX
5 = X7X5 → X7X5,

GZ
6 = Z0Z2Z4Z6 → Z0Z6,

SX = X ⊗8 → X0X2X4X6,

SZ = Z⊗8 → Z1Z3Z5Z7. (B7)

These reduced generators describe a four-qubit GHZ state on
the even qubits {0, 2, 4, 6} and a four-qubit dual GHZ state on

the odd qubits {1, 3, 5, 7}. After preparing this intermediate
state, we measure the single remaining gauge operator GX

6 =
X7X6 together with its complementary check X0X1X2X3X4X5,
whose product gives the precorrection X ⊗8 syndrome. Be-
cause only one gauge operator remains to be measured, there
are no later gauge measurements whose outcomes can be
corrupted by an intermediate fault, so an additional dedicated
X ⊗8 stabilizer measurement is not needed inside this subrou-
tine. Any residual data error is handled by the stabilizer and
gauge checks immediately after state preparation.

3. Version 2

The Version 2 preparation circuits are collected in Fig. 15.
Logical |000〉 [Fig. 15(a)]. This preparation fixes all

three logical qubits and all three gauge qubits of the parent
[[8,3,3,2]] subsystem code to |0〉 and |0g〉, respectively. The
+1 eigenoperators reduce as

Z1 = Z0Z4 → Z0Z4,

Z2 = Z0Z2 → Z0Z2,

Z3 = Z0Z1 → Z0Z1,

GZ
4 = Z0Z1Z2Z3 → Z0Z3,
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FIG. 15. Fault-tolerant state-preparation circuits for the Version 2 [[8,3,2]] code: (a) |000〉, (b) |00+〉, (c) |+ + 0〉, and (d) |+++〉 (from
Ref. [42]). Terminal X and Z labels on ancilla lines denote measurements in the corresponding basis. Boxes labeled X or Z connected by
classical double lines denote feedforward Pauli corrections conditioned on the measured ancilla outcome.

GZ
5 = Z0Z1Z4Z5 → Z0Z5,

GZ
6 = Z0Z2Z4Z6 → Z0Z6,

SX = X ⊗8 → X ⊗8,

SZ = Z⊗8 → Z0Z7. (B8)

These are the generators of the eight-qubit GHZ state, so the
logical |000〉 preparation reduces to the GHZ gadget.

Logical |+++〉 [Fig. 15(d)]. For Version 2, we use the
fault-tolerant preparation circuit for |+++〉 introduced in
Ref. [42].

Logical |00+〉 [Fig. 15(b)]. This is the native mixed-basis
state in Version 2. Using |00+〉 as a representative, the +1
eigenoperators reduce to

Z1 = Z0Z4 → Z0Z4,

Z2 = Z0Z2 → Z0Z2,

X 3 = X0X2X4X6 → X0X2X4X6,

GZ
4 = Z0Z1Z2Z3 → Z1Z3,

GZ
5 = Z0Z1Z4Z5 → Z1Z5,

GZ
6 = Z0Z2Z4Z6 → Z0Z6,

SX = X ⊗8 → X1X3X5X7,

SZ = Z⊗8 → Z1Z7. (B9)

These reduced generators describe two independent four-
qubit GHZ states, one on the even qubits {0, 2, 4, 6} and one
on the odd qubits {1, 3, 5, 7}. The logical state is therefore
prepared by fault tolerantly preparing those two GHZ states.

Logical |+ + 0〉 [Fig. 15(c)]. This is the non-native mixed-
basis state in Version 2, so again we use a partially gauge-
fixed intermediate state. We first fix GZ

4 , GZ
5 , and GX

6 . For the
representative state |+ + 0〉, the reduced +1 eigenoperators
are

X 1 = X0X1X2X3 → X4X5,

X 2 = X0X1X4X5 → X0X1,

Z3 = Z0Z1 → Z0Z1,

GZ
4 = Z0Z1Z2Z3 → Z2Z3,

GZ
5 = Z0Z1Z4Z5 → Z4Z5,

GX
6 = X7X6 → X7X6,

SX = X ⊗8 → X2X3,

SZ = Z⊗8 → Z7Z6. (B10)

These generators define four Bell states on the qubit pairs
{0, 1}, {2, 3}, {4, 5}, and {6, 7}, so the intermediate state is
prepared fault tolerantly without ancillas. We then measure
the single remaining gauge operator GZ

6 = Z0Z2Z4Z6 together
with its complementary check Z1Z3Z5Z7, whose product
gives the precorrection Z⊗8 syndrome. As in the Version 1
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FIG. 16. Interblock logical gates between blocks 1 and 2. (a) Smallest interblock logical CNOT, (b) Alternative interblock logical CNOT,
and (c) Interblock logical CZ.

construction above, no additional dedicated Z⊗8 stabilizer
measurement is required inside this single-step gauge-fixing
subroutine, because there are no later gauge measurements
whose outcomes can be corrupted by an intermediate fault.
Any residual data error is handled by the stabilizer and gauge
checks applied immediately after state preparation.

4. Remarks on circuit simplifications

Single-qubit errors may propagate to higher-weight errors
through an encoding circuit. If these propagated errors can
be detected by measuring the ancillas and stabilizers in the
following subroutines, the encoding circuit is fault tolerant.
Figure 5 has shown that the encoding circuits in this sec-
tion are fault tolerant when the corresponding stabilizers and
gauge operators are measured immediately after the encoding
circuits.

Measuring the X ⊗8 and Z⊗8 stabilizers is sufficient to ver-
ify that the state lies in the stabilizer codespace. However, as
discussed in Sec. IV, this is not always sufficient to guarantee
the correct gauge sector for subsequent logical operations,
because incorrectly applied gauge operators can act as logical
faults. Some encoding circuits therefore do not require any
gauge measurement, whereas others do. We discuss the differ-
ent scenarios below. Note that fault-tolerant measurement of
weight-4 gauge operators requires flag qubits [64], as shown
in Fig. 4.

All the native encoding circuits with GHZ states. They do
not need to measure any gauge operator immediately after,
because all the propagated errors act as stabilizers.

All the non-native encoding circuits. A single Pauli fault
on the gauge-measurement ancilla can flip the reported gauge
outcome and thereby cause an incorrect gauge correction. For
this reason, the remaining gauge operator is measured together
with the complementary check described above. Their product
gives the precorrection X ⊗8 or Z⊗8 syndrome, so a single
outcome-flipping fault is rejected before any gauge correction
is applied. The full stabilizer and gauge checks immediately
following state preparation detect residual data errors.

The logical |+++〉 state in Version 2. In this fault-tolerant
preparation circuit, the propagated errors X0X3, X4X5, X4X6,

and X4X7 are not detectable by measuring only the Z⊗8 stabi-
lizer. Moreover,

X0X3 = X 1X 2X 3 GX
5 GX

6 ,

X4X5 = X ⊗8X 1GX
6 ,

X4X6 = X ⊗8X 1GX
5 ,

X4X7 = X ⊗8X 1GX
5 GX

6 . (B11)

Therefore, on the logical state |+++〉, for which X 1 = X 2 =
X 3 = +1 and X ⊗8 = +1, these propagated errors are equiva-
lent to the gauge operators GX

5 , GX
6 , or GX

5 GX
6 . As in Sec. IV,

incorrectly applied gauge operators can cause logical errors
under subsequent Version 2 logical gates, so a standalone
verification of this preparation circuit requires measuring both
GZ

5 and GZ
6 . This verification strategy is used in the Grover

algorithm simulation in Sec. VII.

APPENDIX C: EXTENSIONS OF THE SINGLE
INTERBLOCK LOGICAL CNOT GATE

The logical SWAP gates in Fig. 3 are used only to move the
target from |2, 2〉 to |2, 1〉; they are not required for the core
construction. Removing them yields Fig. 16(a), which imple-
ments a single interblock logical CNOT from logical qubit 1 of
block 1 to logical qubit 2 of block 2.

More generally, two layers of parallel interblock logical
CNOT gates, separated by an intrablock logical CNOT(i → j)
on one block and followed by the same intrablock gate again,
cancel the unwanted pairwise couplings and leave only the
desired single interblock logical CNOT from logical qubit i
in one block to logical qubit j in the other. In Fig. 16(a),
the intrablock gate is applied on block 1, whereas Fig. 16(b)
shows the equivalent construction with the intrablock gate
applied on block 2. The latter form is useful when only one
of the two blocks admits a convenient fault-tolerant intrablock
logical CNOT implementation.

The same cancellation idea also gives a single interblock
logical CZ: Replacing the two layers of parallel interblock
CNOT gates by layers of parallel interblock CZ gates yields the
construction shown in Fig. 16(c).
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