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Interplay of noise and reservoir-induced decoherence in persistent currents
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Persistent current is a hallmark of quantum phase coherence. We study the fate of the persistent current in
a nonequilibrium setting, where a tight-binding ring is subjected to stochastic disorder as well as a fermionic
reservoir attached to each site. We evaluate the current using the Keldysh technique and find that it exhibits
nonmonotonic behavior, suggesting two distinct mechanisms of decoherence. While coupling to the reservoirs
introduces a coherence length scale given by the inverse of the coupling strength, the other mechanism is more
subtle and driven by the ratio of noise strength to reservoir coupling. The interplay of noise and reservoir consti-
tutes a purely nonequilibrium steady state with a flatter distribution function that we effectively describe using
classical rate equations. We also discuss possibilities of realizing our findings in ultracold-atom experiments.
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I. INTRODUCTION

Decoherence or loss of quantum coherence is ubiquitous
as quantum many-body systems are never perfectly isolated.
Interaction with the environment [1-4], presence of noise
[3-6], and quantum measurements [7-15] lead to loss of
coherence, giving rise to emergent classical behavior. On
the contrary, isolated disordered systems in equilibrium may
undergo intrinsic decoherence due to electron-electron or
electron-phonon interaction, resulting in suppression of inter-
ference effects like weak localization [16—18] and persistent
current (PC).

Persistent current is one of the striking signatures of
quantum phase coherence, arising when electronic wavefunc-
tions remain coherent around a mesoscopic ring threaded by
magnetic flux, producing the Aharonov-Bohm effect. Con-
sequently, a suppression of the current indicates that one or
several mechanisms of decoherence are at play. Although
first introduced in early quantum mechanics [19], persistent
currents gained significant attention only after their modern
formulation in the context of mesoscopic systems [20]. Over
the last few decades, both analytical [21-39] and numerical
[40—44] studies have elucidated the role of static impurities,
interactions, and temperature on the PC. Several experi-
mental works [45-50] on isolated and ensembles of small
metal rings have confirmed these understandings. Beyond
fundamental interests, PC in ultracold atomic rings has also
found applications [51,52] in high-precision rotation sens-
ing, atomtronic superconducting quantum interference device
(SQUID) analogs for flux detection, and neutral persistent-
current qubits.
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While PC has been studied in the context of systems in
thermodynamic equilibrium and in the presence of electron
reservoirs [35-37], its behavior in nonequilibrium systems
driven by the interplay of stochastic noise and reservoir cou-
pling remains elusive. Such an interplay is known to give
rise to nonequilibrium steady states [53—62] marked by un-
usual transport [63—76], dephasing [76—81] and entanglement
[7,8,82—-87] properties. In such systems, PC can reveal the de-
coherence mechanisms due to the competing effects of noise
and reservoir coupling. Moreover, considering the averaged
dynamics, due to a correspondence between such stochastic
systems and quantum systems under continuous weak mea-
surements [14,88-90] through a process known as unraveling
[91-94], PC can also probe the decoherence processes in
weakly yet continuously monitored systems.

In this paper, we investigate the decoherence mechanisms
that result in the decay of the persistent current in a ring of
fermions subjected to stochastic white noise and fermionic
reservoirs coupled to each site. Using a Keldysh formalism
[95], we find that noise and reservoir effects compete rather
than add, giving rise to two distinct decoherence mechanisms
exhibiting unusual decay of PC. Remarkably, the reservoirs
play a dual role, with weak coupling supporting the current
while strong coupling suppressing it. In the context of con-
tinuously monitored systems, the same mechanisms would
prevail with noise strength replaced by the measurement
rate.

The rest of the paper is organized as follows. In Sec. II,
we introduce the model of our study and also quantitatively
define persistent current. In Sec. III, we introduce the Keldysh
action to describe the nonequilibrium system, compute the
effective contribution of the fermionic reservoirs, and also
derive the effective action by performing the disorder av-
eraging. In Sec. IV, we discuss the self-energy induced by
the stochastic noise and compute exact expressions for the
full nonequilibrium Green’s functions of the system with the
help of self-consistent Born method. In Sec. V, we calculate
the steady-state persistent current and show that it shows
nonmonotonic behavior due to two decoherence mechanisms.
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FIG. 1. (a) Schematic of the tight-binding ring in the presence of
a time-dependent stochastic noise with strength ¢ and identical one-
dimensional fermionic reservoirs coupled to each site with coupling
strength 7.. The ring is threaded by a magnetic flux ¢ that gives rise
to the persistent current in the system. (b) Persistent current in units
of Iy = evp/L as a function of flux ¢ /¢, for three different sets of
(y,A)=1(0,0.1),(0.001, 0.01), (0.01, 0.001) in the units of 7. A :
bath hybridization function (see main text). The system size is L =
16 with N = 8 electrons.

Then, in Sec. VI we describe the two decoherence mecha-
nisms in detail. Finally, in Sec. VII we summarize and provide
future perspectives. Some of the details of the calculations are
provided in the Appendixes.

II. THE MODEL: NOISY RING

We consider a tight-binding ring of spinless fermions on
L sites, subjected to a stochastic disorder that couples to the
fermion density. Identical fermionic reservoirs with an energy
dispersion E,, chemical potential u, and temperature 7 are
connected to every site, which helps maintain a steady state in
the presence of noise. As the ring is threaded by a magnetic
flux ¢, the Hamiltonian of the composite system is given by

L L
H(t)=—1) Y]y, +He)+ Y ViOwy,
j=1 j=1

L
+ Y Y (Ey—
i=1 g¢q

)Cq Icli J

—nZZw, c,; +He). (1)

The ring fermion (/) at site j is coupled to the zeroth site of
the corresponding reservoir (¢,—o ; = » 4 €q.j) With coupling
strength 7., while the tight-binding hopping in the ring is given
by ¢. The magnetic flux is incorporated as a vector potential
A= ZTﬂ(¢ /®0), where ¢ is the flux quantum and % has been
set to 1 for convenience. The stochastic disorder V;(t) is a
Gaussian white noise, with the noise correlation given by

Vi()V;(t') =2y §;;8(t — 1'). @

A schematic of the model is shown in Fig. 1(a) for illustration.
The total persistent current in the presence of magnetic flux
is given as a weighted sum over the energy levels I(¢) =
>, F(E(@NL,(p), where f(E) is the distribution function

and

e &9 _
L 0k,

is the current carried by nth energy level [22] in the presence
of flux. For a system in thermal equilibrium, f(£) would be
given by the Fermi-Dirac distribution. Evidently, in a system
with translational invariance, the net PC would be zero in
the absence of magnetic flux, due to the exact cancellation
of the currents carried by the pair of levels at k and —k.
However, the presence of a magnetic flux (noninteger multiple
of ¢y) breaks the time-reversal symmetry, thereby generating
a nonzero PC.

I(¢) = —ev,(¢)/L 3

III. KELDYSH ACTION

To study the nonequilibrium steady state due to the inter-
play of these two effects, we start with the Keldysh partition
function [95] given by

= / D, V) f D(E, ¢)eST a0, 4)

where the Keldysh action S can be split into parts involving
the system (s), bath (b), and coupling (s-b), i.e.,

S =S¥, ¥) + Sp(C, ¢) + Ssp (¥, ¥, , ©). &)

We assume that the Grassmann fields (\/, ¥, ¢, ¢), defined on
the upper and lower branches of the Keldysh contour, have
been rotated following Larkin-Ovchinnikov (LO) prescription
[96]. The quadratic nature of S, and S;_; allows us to integrate
out the reservoir fermions and incorporate it as an effective
term in Ss. In Fourier space, we perform the Gaussian integral
involving the reservoir fermions, assuming a constant density
of states (DOS) (the details of this derivation are provided in
Appendix A). This yields finally S = Sy + S'(¥, ¥), where

a)dk A 1 2tanh[%] P!
ZA// v )<0 -1 v )
(6)

The superscripts 1 and 2 denote the LO rotated Grassmann
fields in Keldysh space, and we have omitted the k, w labels
for the fields for brevity. Furthermore, we introduce A =
rcz /vF, the bath hybridization function. Here, vg, the Fermi
velocity of the reservoir, is directly related to the constant
DOS of the reservoir per unit length as py = 1/(wvg). The
resulting full action can yet again be separated into two parts,
S = So + Sais, Where Sy governs the nondisordered part of
the ring incorporating the effect of the reservoirs and Sgis
describes the stochastic noise. The advantage of such separa-
tion is that the former, being time independent and quadratic,
can be expressed in terms of exact retarded, advanced, and
Keldysh Green’s functions ggsa/x. The entire procedure of
integrating out the reservoirs amounts to the appearance
of a finite lifetime and a temperature in the Green’s functions
of the ring fermions. More specifically, Sy is given by

d [g7'] !
S, = / a)/ 1 (gg ggX1K> (zz)’ @

with gR(A) =w—EKk)LiAand [g 'k = 2iA tanh(%7).
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Heuristically, the bath hybridization A can now be under-
stood as the effective imaginary self-energy of an electron
going from the ring to the reservoir and back. Naturally, this
suggests that an electron in the ring has a finite lifetime given
by the inverse of A due to the presence of reservoirs.

The disorder averaging over the Gaussian distribution
is performed at the level of the Keldysh partition func-
tion. In Fourier space, the probability distribution for
the disorder potential can be expressed as P[V] = exp
[~ [ 55 [ 52 V*(k, )V (k, )], V (k, w) being the Fourier
transform of V;(¢). The disorder averaging

Z: /D(¢» W)eiso/DVP[V]eiSdis[V]

gives rise to quartic terms in the action (see Appendix B for
the detailed derivation):

7 = /D(l/_/,w)eis“ exp{ —J/Z/ dl(lp}(l)lﬂ}(f)
j —00

+ YOV O) (F] O] () + &f(x)wfu))}. (8)

Note that, while the original action is not translationally
invariant, disorder averaging with the given probability dis-
tribution restores the translational invariance.

IV. SELF-ENERGY: SELF-CONSISTENT BORN METHOD

At the level of the Green’s function, this effective inter-
action arising from the disorder averaging is incorporated
through a self-energy X. Subsequently, the Dyson equa-
tion G = [g~! — X]~! relates the full Green’s function with
the bare Green’s function g and self-energy X. The boldface
indicates that it is a matrix equation with each quantity hav-
ing 2 x 2 structure in Keldysh space. Diagrammatically, we
represent the different components of g as follows:

gR:.—q—.’ gA:.___q.__..’ gK:o—q-——e

In general, the self-energy X is given as a series of all one-
particle irreducible diagrams at different orders. For instance,
Y has the following perturbative series expansion:

s A Dt S DN

The wiggly lines represent the effective interaction and the
number of such lines is a measure of the order in the perturba-
tion series. The series representation for ¥4 can be obtained
by replacing the solid straight lines with dashed lines. On the
other hand, the Keldysh component Xk has, in principle, more
terms at each order depending on the position of the Keldysh
component gg.

S = T e e e
+m+m+%+...

(10)
Incidentally, the delta correlation of the disorder [Eq. (2)]
helps simplify the diagrammatic series for self-energy dras-
tically, since all the diagrams involving a crossing of two

wiggly lines vanish [74]. This is a consequence of the causal
(anticausal) structure of the retarded (advanced) Green’s
function. Consequently, the self-energy consists of only the
rainbow-type diagrams and can be exactly resummed us-
ing the self-consistent Born approximation (SCBA) [74,79],
which is exact rather than an approximation in our case.
Quantitatively, we can write in frequency space,

dk [do

In terms of diagrams, this implies

where the double lines indicate the full Green’s function. We
notice immediately from Eq. (11) that the self-energy is not
dependent on w and k. This is again a signature of uncorre-
lated stochastic noise in space and time [Eq. (2)]. The retarded
and advanced components turn out to have very simple forms
Y r@) = Fiy /2, which is equal to the contribution from the
first-order rainbow diagram. In fact, all the higher-order di-
agrams for Xz and X4 can be shown to be precisely equal
to zero. The Keldysh self-energy, on the contrary, is slightly
nontrivial to derive and depends on 7' and p of the reservoirs.
Assuming T = 0 for the reservoirs, we have (detailed calcu-
lations of the self-energies provided in Appendix C)

4i T dk Ek) —
Yk = _1_)//’ — arctan (u>
T Jo 2w A+vy/2

The Dyson equation, along with the self-energy expressions,
yields exact formulas for the different components of G:

1
w—Ek)Li(A+y/2)

Mg —2iAtanh (%2)
Gy (k, =1 .
Kk ) = A EWP + (A + /27

13)

Gry(k, w) =

(14)

V. STEADY-STATE PERSISTENT CURRENT

We now use these steady-state Green’s functions to
evaluate the persistent current. Of particular interest is
Gk, which determines (details provided in Appendix D)
the nonequilibrium steady-state occupation function n(k) =
M —i [ 42Gk(k, w)].

Instead of a discrete sum over the energy levels, we express
PC as a Fourier series in flux (details of the calculations to be
found in Appendix E) exploiting the flux periodicity:

o0 b
1) =—— Y & / dk v(on(ke "k (15)
27‘[ e —00 -

where v(k) = 0E€(k)/dk is the electron velocity at k. Thus, the
computation of PC requires the knowledge of the nonequi-
librium distribution function. Evaluating Eq. (15) using n(k)
from Eq. (14), we obtain the behavior of PC for different
values of the noise strength y and bath hybridization A. In
Fig. 1(b), we plot the PC (in units of Iy = evp /L) as a function
of flux ¢/¢y for three sets of parameter values (y, A) =
(0,0.1), (1073, 1072), and (1072, 10~3), which shows typical
oscillatory behavior with different amplitudes. We note that
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FIG. 2. (a) Amplitude of the persistent current (I,,c) plotted as
a function of the bath hybridization function A, for different values
of the noise strength y. For nonzero y, I,,x exhibits nonmonotonic
behavior showing first a growth, then a peak, and finally decay with
increasing A. We fix L = 16 and N = 8, respectively. (b) Two inde-
pendent and distinct mechanisms for the suppression of the persistent
current are revealed, if I, is plotted as a function of the pair of
parameters (y /A, A), as opposed to (y, A).

throughout the text, the numerical values of these parameters
are taken to be in the units of ¢, the hopping parameter.

We now look at the variation of the amplitude of the PC
(Imax) at T =0, as a function of A and y. Surprisingly, in-
stead of an overall suppression from the additive effects of
noise and the fermionic reservoir, they compete, leading to an
unusual nonmonotonic current. In Fig. 2(a), we show I« as
a function of A in a semi-log plot for different noise strengths
y =0, 1075, ...,107". Here, I, is the current carried by an
electron at the Fermi level, with vr being the Fermi velocity
of the electrons in the ring. The system size is L = 16 with
N = 8 fermions.

We observe in Fig. 2(a) that for nonzero y, Ih. first
increases with increasing A, reaches a maximum, and then
decays to zero. We also notice that the position of the peak of
Imax shifts toward smaller A as y gets smaller and the maxi-
mum becomes flatter or plateaulike. Additionally, for y = 0,
I'nax shows monotonic behavior without any maximum at any
A. Furthermore, the decay at large A is seen to be almost
independent of the value of y. This suggests the existence
of a sweet spot in the parameter space, where the PC is
not appreciably affected. Nevertheless, two distinct pathways
exist that destroy phase coherence in the system and suppress
the PC.

VI. TWO MECHANISMS OF DECOHERENCE

The two independent routes for suppression of the PC
become more apparent, once we look at the contour plot of
Inax as a function of A and y /A, instead of y and A, as shown
in Fig. 2(b). It clearly suggests that for a fixed A, the ratio
of noise to reservoir coupling y /A provides an independent
channel of decoherence and vice versa. In the absence of the
reservoirs (A = 0), the presence of noise (y # 0) will heat
the system up to an infinite-temperature steady state. We now
turn to inspect each of these two mechanisms, driven by A
and y /A, respectively, more closely.

A. Reservoir-induced decoherence

In Fig. 3(a), we look at the behavior of I,,x as a function
of A for different system sizes L = 8, 16, ..., 120 at half

(a)
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FIG. 3. (a) Plot for I,,x as a function of A for different system
sizes L = 8§, 16, ..., 120 at half filling in the absence of noise (y =
0). The curves show a systematic L dependence and excellent scaling
collapse if plotted as a function of LA [inset of panel (a)], leading
to the notion of a coherence length scale £, = vp/A. (b) L. as a
function of the ratio y /A for different L = 16, 24, ..., 120 at half
filling for fixed A = 0.001. Except for the peak values, the curves
are almost independent of L, which becomes clear if each of the
curves is normalized by its peak value and plotted for different L
[inset of panel (b)]. (c) The momentum occupation function n(k)
for different ratios y/A =0.01,1,...100 at a given A = 0.001.
As y /A increases, n(k) becomes progressively flatter, though the
sharp jump at kr = /2 persists indicating the emergence of a pure
nonequilibrium state distinct from a high-temperature equilibrium
state.

filling, in the absence of noise y or equivalently the ratio
y/A = 0. We immediately see that I,,x shows a systematic
system-size dependence, and the curves show a reasonably
good scaling collapse once we rescale A by the system size
L [inset of Fig. 3(a)]. We infer that for a fixed y /A, the decay
of maximum persistent current follows a universal function
Inax/Io ~ F(LA), with I, dropping to zero once LA ex-
ceeds 1. This prompts us to define a coherence length scale
Er ~ 1/A (modulo a factor of Fermi velocity vy ~ 2f) in-
duced by the reservoirs, beyond which the phase coherence
of the system is lost and PC is suppressed. Equivalently, in
terms of energy scales, reservoir-induced decoherence be-
comes significant when A exceeds characteristic level spacing
SE =1t/L.

B. Decoherence driven by noise to reservoir ratio

In the regime of small reservoir coupling, the decoherence
is driven by the ratio of noise to reservoir coupling y /A. The
variation of I, as a function of y /A, for fixed A = 1073,
shows little to no dependence on the system size L, except
for the peak values, as shown in Fig. 3(b). Accordingly, the
normalized I,,x, obtained by dividing each of the curves by
the respective peak values, can be seen to be almost inde-
pendent of L as shown in the inset of Fig. 3(b). Hence,
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FIG. 4. (a) Ratio of steady-state average occupation above (n..)
and below (n.) the Fermi energy obtained using Keldysh calculation
for different A = 0.1, 0.01, and 0.001 contrasted with the same ob-
tained from the classical rate equations (16). (b) The difference of
steady-state average occupation n_ — n.. for the same values of A as
panel (a) contrasted with rate equation calculations.

this mechanism of decoherence cannot be associated with a
length scale. However, the steady-state occupation function
n(k) for different values of the ratio y /A for given A = 1073
exhibits interesting behavior. We notice in Fig. 3(c) that as
the ratio of noise to reservoir coupling y /A increases, states
at k > kp = m /2 start filling up, while states at k < kg start
getting depleted. This causes n(k) to become flatter, although
the discontinuous jump at the Fermi momentum kr remains.
A flatter distribution implies that occupation probabilities are
similar for states close in energy, carrying currents of either
sign. The positive and negative contributions to the current
cancel each other out significantly, leading to the suppression
of the PC. In contrast, the distribution function of a higher-
temperature equilibrium state is rounded with a broadening of
the edge at kr.

Empirically, this steady state can be understood using
classical rate equations for momentum occupations. Spatially
uncorrelated noise scatters fermions between filled and empty
states regardless of momentum. As a result, the momentum
distribution tends to be flatter. The retarded and advanced self-
energies indicate that the scattering rate or strength is y /2.
Conversely, the reservoir will tend to relax the occupation of
each momentum state toward the Fermi-Dirac distribution (at
T = 0) of the bath. Defining the average occupation above
and below Fermi energy p as n. (<) = %Z|k|>(<)kF ng, with
the constraint n. 4+ n_. = 1, we finally arrive at

dne _ 7 )= Az — 1)

— =— < —n;)— ne—1),

dt 4

dn.

; =—£m>—mJ—Am. (16)

In the steady state, the derivatives are zero as there is no
transfer of particles. The average steady-state population is
then given by

_ 4A+y
T 2QA+y)

In Fig. 4, we contrast the ratio of occupations n. /n_
[panel (a)] and the difference of occupations n.. and n_ [panel
(b)], obtained from rate equation calculations to those from
Keldysh calculations for varied A = 0.1,0.01, and0.001.
The two approaches show remarkable agreement with de-
creasing A, suggesting that the classical rate equation can

n.=1-n.. (17

n<

efficiently describe the emergent steady state due to the
interplay of noise and reservoir.

VII. CONCLUSION AND PERSPECTIVES

To summarize, the nonmonotonic behavior in the PC arises
due to the competition between the stochastic noise and reser-
voir. In particular, the origin of the two mechanisms can be
understood from the distinct effects of the reservoir couplings.
For weak reservoir coupling, the reservoirs essentially help
maintain the Fermi-Dirac distribution of the ring electrons
counteracting the noise that tends to flatten the distribution.
Increasing A for a fixed noise y therefore initially enhances
the current. At stronger coupling, however, the reservoirs
broaden the energy levels and introduce a finite coherence
length set by £ = vp/A. Once A becomes comparable to
the characteristic level spacing 8 E (~t /L), or equivalently, the
coherence length scale becomes equivalent to or shorter than
the system size £ < L, reservoir-induced decoherence takes
over. Therefore, increasing A further supresses the persistent
current irrespective of y. Thus, the two regimes are controlled
by the competing scales y/A and A/SE, respectively, with
the persistent current saturating in the window y < A < SE.

A natural extension is to incorporate interactions in the
nonequilibrium scenario, as in equilibrium, attractive inter-
actions can enhance the current while repulsive interaction
typically suppresses it [27,34,38]. Another interesting direc-
tion would be to study the time evolution of the system toward
this nonequilibrium steady state. Moreover, we believe our
results could be accessible in ultracold-atom experiments,
where realization of persistent currents in fermionic rings
[51,52,97], fermionic reservoirs [98,99], and external noise
[100,101] has already been possible.
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APPENDIX A: DERIVATION OF EFFECTIVE
ACTION BY INTEGRATING OUT
THE RESERVOIR FERMIONS

We present here the details of the derivation of the effective
action by integrating the reservoir fermions. The Keldysh
partition function of the system-reservoir composite is
given as

Z = /D(&, 1/;)[@(5, C)eilsx(‘/;»‘ﬂ)+Sh((_‘,c)+szb(1/;,I/I,E,c)]7

(AD)
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where the partition function involving the bath and the system-
bath coupling in Fourier space is given by

Zoar = [ Dle. 0005

L
_ [ e : dq [de
- /D(c, c)exp [z;/ el
X (511-(61, ) 5%(6], a)))
w—E, +in 2intanh (%)) (c}(g, ©)
X
0 w—E;—in J\ci(q, )
¥} ()
+7.(¢j(q. ) (g, w))( ’ )

V()

_ i cHg, w)
+ (V] (@) w,?(a»)( . )}
(g, »)

(A2)

We evaluate this Gaussian integral on the (¢, ¢) Grassmann
fields using the Hubbard-Stratonovich transformation to
obtain

dw & - _
Zpath =/D(57 ¢) exp |: — iTCZ/ ﬁ jzz; (Wj] (o) W%(O)))
x/ d_‘]<G§mh(é], ®)  Ghan(q, “))> (w}(a)))]‘
27 0 Gﬁmh(‘]ﬂ (,()) W,z(w)
GEW

(A3)
We introduce the reservoir Green’s functions G, (g, @) =

m and Gl (g, ) = —2mitanh(“*)8(w — E,).
Momentum integration on these Green’s functions re-
quires the knowledge of the reservoir dispersion E,. We
assume the reservoir dispersion to be linear with a cor-
responding Fermi momentum (velocity) given by gr(vr).
The chemical potential is therefore given by u = gp,
since we have set i = 1. Consequently, the dispersion is
given as

lg — qrl
lg + gr|

o {w(q —qr), A

A,
B —vr(q + qr), A

<
<

)

where we have put a large cutoff A in momentum for reg-
ularization. The integrals can now be performed with this
dispersion,

dq R(A) dq 1
57 bath (g,

w)= [ 5= .
2m w — (Eg — ) £ in

_/A dq 1
oA 2mw—vpgtin

/A dq 1

+ P ———
_A2mw+vpqLin
Next, we take the limit A — oo and use the Sokhotski-
Plemelj theorem, which states ﬁ =P.V.()1—C):|:i7t8(x) as
n — 0. Here, P.V. denotes the Cauchy principle value. This

(AS5)

yields finally

dq 1
/ 565533(‘1’ ©0)=F - (A6)

On the contrary, the Dirac delta function in G{fmh(q, w) can be
easily integrated due to the linearity of dispersion

dq 2i w— U
/ ZG{)(ath(qs w) = —;tanh( 57 )

The entire partition function can therefore be rewritten as
Z = [ D, ¥)eSF5), where §' is the resulting action af-
ter integrating the reservoir fermions and has the following
expression:

S By [ G
YF = 21 J J

(1 2ranh () w,i(w)' A8)
0 1 I/IJ(‘U)

Subsequently, we introduce bath hybridization function A =

2

g—ﬁ and perform a Fourier transform of the fermionic fields

(A7)

as ¥; = 1 >, Yxe "/, while the inverse Fourier transform is

Yy = Z?:l ;e The Fourier transform of the ¥ fields can
be done by conjugation to ensure anticommutation relations
in momentum space as well. Finally, taking the contin-
uum limit in the discrete momentum sum ), — L [ dk/27
yields Eq. (4).

APPENDIX B: AVERAGING THE STOCHASTIC

DISORDER: EFFECTIVE QUARTIC INTERACTION

The Keldysh action involving the stochastic disorder is

Sa=—3" /C AtV (O OY5 (1)
J
=-> / dtViO)[ ¥} O] @) + 7 Ov; )]
j —0oQ0

= _Z/ dtV;(t)p;(1), (B1)
j —00

where C under the time integral denotes the Keldysh contour,
the second equality is coming due to the LO rotation of the
fields in the Keldysh space [95], and p;(t) = [/ ()Y} (t) +
&}(r)wf(t)]. The disorder V;(¢) is a white noise that follows
the Gaussian distribution

1 o0 o0
P[V] = exp -3 E / dt/ dt'V()D; (1 — Wi |
ij T -

(B2)

with the variance of the distribution being V;(1)V;(t') =
Djj(t —t') =2y8;;6(t —t’). Since in Keldysh formalism the
observables are obtained from the Keldysh partition function
as opposed to the logarithm of it, as in equilibrium formalism,
the disorder averaging is performed over Z. If S, represents
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the action for the nondisordered part of system, the disorder
averaging proceeds as follows:

Z= / DY, ¥)e™ / DV P[V]eSelV]
:/fmﬁww%/DVap®4§:/wm%Omﬁ)
j —00
1 o0
— EZ[ dr'Vi(t)D;/(t —t')Vl(t)i|.
gleT®

In the above expression, f DV can be evaluated exactly, since
it is a Gaussian integral, leading to an expression that is
quadratic in p. This yields

= /D(lﬂ Vet exp|:(_i)2 Z/OO dt
, > ).
x / dt'pi(t)Dj(t —t')pl(l/)}
= /D(zﬁ,w)eiso exp[—yz'/ dl/)j(l),oj(l)]
F —00

- / D, )

(B3)

< exp[—yz [~ tlovio+ sovo)
I —00

X (F] O] @)+ &?(x)ﬁ(r))dr] (B4)
We have used the delta function correlation of the disorder
Dj;(t —t'). Finally, Fourier transforming the fields we arrive
at the effective action involving quartic interaction mentioned
in the main text.

APPENDIX C: SCBA SELF-ENERGY

We start with the bare Green’s functions given in Eq. (5),
which denotes the nondisordered part of the action. As ex-
plained in the main text, SCBA provides an exact method to
obtain the self-energy in our case due to the delta correlation
of the disorder (also see Refs. [74 79]) The equation for
SCBA self-energy is £ =1y [ & [42G(k, w), which for
retarded and advanced components becomes

1
5 _ . (C1
RA) =Y [ﬂ / 2T w — E(k) £iA — X (D

The limits of the w integral being —oo to 0o, the integral is
fairly straightforward and is given by £*4 = 1y The full
retarded and advanced Green’s functions become

1

w—EK) +i(A+y/2)
1

—E(k) —i(A+y/2)

The Keldysh self-energy is slightly tricky to obtain. The
SCBA equation for the Keldysh component of the self-energy

Grk, w) =

Galk, w) = (C2)

reads

d d
Sk =V / p]/ ﬂGk(pl,wl)
d d
= y/ ce / ﬂ[GR([g“]K — 2%)Gul

dpl * dw
=y —GR(Pl,wl)EKGA(Pl,wl)

/ dp1/ doy 2iA tanh (2572)
Y 27 (01 — EP) + (A + /27

(C3)

Next, we take the limit of 7 — 0, causing the tanh func-
tion to approach a step function asymptotically and therefore
the integral in the second term becomes tractable. We also
take the first term to the left-hand side of the equation and
arrive at

( / dp1/ da)1 1 )
- 271 (@1 — E(PpNP + (A +7/2)

5 / dp 2 Ep)—n
= —2iAy —————arctan | ——— ),
. 27 2m(A+y)2) A+y/2

Y
(1 — ————
- K( 2<A+y/2>>
_ 2y T dpy an<<‘3(p1)—u>‘ (4
n(A+y/2) ), 2n A+y/2

After final rearrangements, this yields the expression for the
Keldysh self-energy at T = 0 given in Eq. (10):

<E(k)—u>
arctan | ——— |.
A+y/2

It should be noted that the self-energies are constant and not
functions of p and w, due to the delta function correlation of
the stochastic noise.

4i T dk
5, = iy 7 dk

C5
T Jo 2w €5

APPENDIX D: NONEQUILIBRIUM OCCUPATION
FUNCTION FROM THE KELDYSH GREEN’S FUNCTION

In a nonequilibrium steady state, i.e., when the correlation
functions of the system only depend on the relative time,
the Keldysh Green’s function is related to the retarded and
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advanced Green’s function as
GX(k, ») = F (0)[G*(k, 0) — G* (k, w)]

=(1 = 2f(@)[GR(k, w) — G*(k, w)],  (D1)

where f(w) is the nonequilibrium distribution function. The
spectral function A(w) is also related to the retarded and
advanced Green’s function as

Ak, w) = i[GR(k, w) — GA(k, w)]. (D2)

In addition, the spectral function also obeys the following sum
rules:

d d

[ Seaker =1, [ S2f@atko) =n. ©3)
2 2

The second equation in Eq. (D3) and Eq. (D2) trivially lead to

the relation between GX (k, w) and n(k):

n(k) = %[1 - i/w dw/27GX (k, w)]. (D4)

[ee]

APPENDIX E: EXPRESSION FOR THE PERSISTENT
CURRENT AS A FOURIER SERIES IN MAGNETIC FLUX

In this Appendix, we will derive the general expres-
sion for the persistent current, presented in Eq. (12). This
expresses the persistent current as a Fourier series in the
magnetic flux and the Fourier coefficients contain the occu-
pation distribution, which can account for both equilibrium or
nonequilibrium cases. Our starting point is the discrete sum
in Eq. (3):

e
I=-7 Z V(@) (Ea(@)) (E1)

Here, f(€) is the distribution function. For a tight-binding
ring with L number of sites, the energy levels are &,(¢) =
—2t cos [ZT”(n 4+ @/do)] = Em+ ¢d/do), and subsequently,
the velocities of those levels are wv,(¢) = 2fsin [2T”(n +
¢/d0)] = v(n+ ¢/¢o), and n ranges from —L/2to L/2 — 1.

Let us define two functions ¢(n+ ¢/¢pg) = v(n+
¢/$0)f(Em+d/po)) and E(P/do) = 01, c(n+ ¢/
o). Then,

L/2—1
E@/po+ D)= > t(n+1+0/p0)
n=—L/2
L/2
= Y t(+e/d0)
n=—L/2+1

=&(9/b0) + L(L/2+ ¢/¢o)
— C(=L/2+ ¢/¢0). (E2)
However, ¢(L/2+ ¢/¢o) —¢(—L/2+ ¢/¢pp) =0, since
v(L/2
+¢/po) =v(=L/2+¢/¢o)  and  E(L/2+¢/po) =

—&(—=L/2+ ¢/¢p). These relations along with Eq. (E2)
lead to the fact that

E(@/¢o+ 1) =E(D/¢o). (E3)

or in other words &(¢/¢o) is a periodic function with period
1. This suggests that £ (¢/¢o) admits a Fourier series in ¢/¢g:

E@/d0)= Y E(m)e™mI%,

m=—0oQ
1
Eom) = f dyE(y)e > (E4)
0
Thus, using the relation between ¢ and &, we can write
1 L2
Eon = [y 3 consye ™
L— |
L2 '
[ e
—L)2
T L Lk .
:f _dké. - e—szk’ (ES)
_p 2T 2

. 2Ty .
where we have defined a new variable k = =*. This re-

definition helps simplifying the expression as {(%) =
v(k)f(E(k)), with E(k) = —2t cos(k) and v(k) = 2t sin(k).
We can now simply replace (£ (k)) with n(k), the momentum
space occupation function.

The expression for persistent current can now be expressed
as

1=-7 D v E)) = —Z6(6/90)
__° {% /ﬂ dkv(k)n(k)e,’mLk}eian¢/¢o

o0 o
__° e / dkv(n(k)e ™% (B6)
-

This is precisely the expression for persistent current given
in Eq. (12).
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