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Quantum-electrodynamical time-dependent density functional theory description
of cavity-mediated interactions between spatially separated molecules
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We study light-mediated interactions between spatially separated molecules using real-time quantum-
electrodynamical time-dependent density functional theory based on the Pauli-Fierz Hamiltonian. An ultrashort
delta-kick excitation selectively perturbs a single molecule, while a second, distant molecule remains initially
unexcited. In free space, the excitation stays localized and no response is observed in the second molecule.
In contrast, when both molecules are coupled to the same cavity mode, the initial excitation induces coherent
dynamics in the distant molecule through the shared quantized electromagnetic field.
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I. INTRODUCTION

Cavity quantum electrodynamics (QED) explores how
quantized electromagnetic fields inside optical resonators re-
shape atomic and molecular behavior. When molecules are
placed between mirrors, the vacuum field enhances or sup-
presses spontaneous emission, modifies energy landscapes,
and—in strong-coupling regimes—creates polaritonic states
that can redirect chemical reactivity and generate new spec-
troscopic routes [1–4].

Recent reviews span quantum optics, chemistry, and ma-
terials science [2,4,5]. Ebbesen and collaborators highlighted
how strong coupling reshapes chemical landscapes [1,6],
while Rubio and co-workers surveyed theoretical methods for
light-matter hybridization [2,4]. The theoretical advances in
electronic-structure methods for QED chemistry have been
reviewed in Refs. [7–9], and Basov et al. provided a materials
perspective [5]. Together, these reviews reflect the increas-
ingly interdisciplinary reach of cavity QED [1,3,8,10–47].

In cavity QED, two spatially separated atoms (or
molecules) can interact over distances far beyond their bare
dipole-dipole range because they both couple to the same
quantized cavity mode. In the dispersive regime, virtual pho-
ton exchange generates effective spin-spin or exciton-exciton
couplings that can be engineered to entangle well-separated
atom pairs and control their energy-level structure [48,49].
Experiments and theory now show that this photon-mediated
coupling can hybridize distant molecules into “optical bonds,”
where individual emitters share delocalized polaritonic states
via a common microcavity mode [38]. Real-time simulations
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of strongly coupled electron-photon dynamics reveal how
energy is redistributed between matter and light degrees of
freedom during such processes, highlighting the role of po-
lariton formation, dephasing, and dissipation in setting the
strength and coherence of interatomic interactions [50,51].

From a more general perspective, off-resonant coupling to
the cavity background field can induce long-range, cavity-
mediated interactions between low-energy excitations even
when no real photons are present, providing a unifying
framework for photon-induced modifications of collective
phases and transport [23,52]. Complementary numerical stud-
ies of photon-mediated energy transfer show that the cavity
can substantially enhance or suppress transfer efficiencies
between atoms and molecules, depending on spectral de-
tuning and spatial configuration [27,53]. At the many-body
level, these mechanisms give rise to cavity-enhanced energy
transport in extended molecular systems, where excitations
delocalize over many emitters and propagate via polaritonic
channels that can span micrometer scales [52,54]. Together,
these works establish that in appropriately designed cavities,
“light-induced” interactions are not a small perturbation but a
powerful resource for tailoring how two (or many) atoms talk
to each other through the shared electromagnetic vacuum.

The Pauli-Fierz (PF) Hamiltonian provides a rigorous and
gauge-invariant formulation of the interaction between non-
relativistic charged matter and the quantized electromagnetic
field [55,56]. It constitutes the fundamental starting point for
a wide range of theoretical and computational approaches in
cavity quantum electrodynamics [10,57], enabling a consis-
tent treatment of light-matter coupling across different gauges
and levels of approximation. Owing to the explicit coupling
between electronic and photonic degrees of freedom, the PF
Hamiltonian leads to a substantially enlarged Hilbert space,
rendering its exact solution generally intractable for realistic
many-body systems.

In practice, this complexity is addressed by adopt-
ing either wavefunction-based or density-based approaches.
Wavefunction-based methods explicitly represent the coupled
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electron-photon state in a tensor-product Hilbert space and
allow for systematic improvability and high accuracy, albeit at
a steep computational cost [38,58]. In contrast, density-based
approaches, most notably quantum electrodynamical density
functional theory (QED-DFT), reformulate the PF problem in
terms of reduced variables, yielding coupled auxiliary equa-
tions for matter and photon fields that are computationally
more tractable for extended systems [10,46].

Wavefunction-based cavity QED approaches explicitly
construct correlated electron-photon states in a tensor-product
Hilbert space composed of an electronic many-body ba-
sis and a photonic Fock basis. Within this framework, the
full PF Hamiltonian is treated variationally or through sys-
tematic many-body expansions, enabling an accurate and
nonperturbative description of strong light-matter coupling
and photon dressing effects. Representative methods include
quantum-electrodynamical Hartree-Fock [59,60], coupled-
cluster generalizations such as QED-CC and equation-
of-motion QED-CC [42,58,61,62], and multireference ap-
proaches like QED complete-active-space configuration in-
teraction (QED-CASCI) [44,63]. The density matrix renor-
malization group method has also been extended to study
polaritonic chemistry [64]. In addition, explicitly correlated
stochastic variational methods have been developed to capture
electron-photon correlations beyond standard orbital-based
expansions [65,66]. These wavefunction-based methods are
systematically improvable and can achieve benchmark-level
accuracy for ground and excited polaritonic states. However,
their computational cost grows steeply with the number of
electronic degrees of freedom and photon modes, as the com-
bined electron-photon Hilbert space scales exponentially. This
limits their applicability to relatively small molecular systems
and few-mode cavities.

Alongside traditional computational methods, quantum
computing has emerged as an alternative platform for
tackling these problems. Notable advances include quan-
tum algorithms derived from the anti-Hermitian contracted
Schrödinger equation [67] and the implementation of po-
laritonic unitary coupled-cluster methods [68,69] within the
variational quantum eigensolver framework. In Ref. [70], a
novel methodology is introduced that employs a generalized
contracted Schrödinger equation (CSE) to construct a rig-
orous ansatz for coupled fermion-boson systems, which is
executed on quantum hardware through the contracted quan-
tum eigensolver protocol that progressively improves trial
wavefunctions by evaluating CSE residuals, thereby avoiding
dependence on approximated exchange-correlation potentials
or truncated exponential parametrizations. Additional quan-
tum strategies have also been developed for both model
systems and first-principles Hamiltonians [71,72]. Initial ef-
forts have begun to develop ansatz circuit architectures for ab
initio polaritonic chemistry across various quantum hardware
implementations, including qubit-based, qudit-based, and hy-
brid qubit-qumode platforms [73].

Density-based methods, most notably QED-DFT, refor-
mulate the PF problem in terms of coupled electron and
photon densities rather than explicit many-body wavefunc-
tions. In this approach, the interacting electron-photon system
is mapped onto auxiliary Kohn-Sham (KS) electrons coupled

to quantized or classical Maxwell-like equations for the pho-
ton modes [10,14].

The resulting QED-Kohn-Sham equations retain the favor-
able scaling of conventional electronic DFT while incorporat-
ing light-matter interactions through effective electron-photon
exchange-correlation functionals [40]. This framework en-
ables simulations of realistic molecular and condensed-phase
systems in optical cavities, spanning regimes from weak to
strong coupling [46].

Practical implementations often employ reduced cavity de-
scriptions or effective models, such as single-mode Rabi or
Dicke Hamiltonians, to capture dominant photonic effects at
low computational cost [35,74]. While QED-DFT is computa-
tionally efficient and scalable, its predictive accuracy depends
critically on the development of reliable exchange-correlation
approximations capable of describing nonclassical electron-
photon correlations.

To describe realistic cavity QED systems within the
Pauli-Fierz framework, further physically motivated approx-
imations are typically introduced in order to render the
problem computationally tractable. One central simplification
is the dipole (long-wavelength) approximation, which exploits
the separation of length scales between the spatial extent of
the matter subsystem and the wavelength of the relevant cavity
modes. When the electronic system is localized on a length
scale much smaller than the cavity wavelength, the spatial
dependence of the electromagnetic mode functions can be
neglected across the matter region, and the vector potential
may be evaluated at a fixed reference position. As a result,
the light-matter interaction reduces to a coupling between the
total electric dipole moment of the matter system and the
quantized field amplitude, while preserving gauge invariance
at the level of the full Pauli-Fierz Hamiltonian [10,56].

A second widely employed approximation is the trunca-
tion of the electromagnetic field to a finite number of cavity
modes, often to a single resonant mode that dominates the
light-matter interaction. This truncation is physically justified
when the cavity features a well-isolated resonance with a
large quality factor and when off-resonant modes are energet-
ically separated and weakly populated. However, care must be
taken, as a naive mode truncation can violate gauge invariance
and lead to unphysical results, such as spurious ground-state
instabilities or incorrect light-matter decoupling limits. A con-
sistent single-mode description therefore requires retaining
all gauge-related terms generated by the truncation, includ-
ing diamagnetic contributions and self-polarization terms,
ensuring that physical observables remain gauge invariant
[10,46,75]. Under these conditions, the single-mode Pauli-
Fierz Hamiltonian provides a controlled and widely used
effective model for realistic cavity QED systems.

Importantly, no physical cavity is strictly single mode;
rather, this approximation is justified when one cavity mode
dominates the dynamics over all relevant energy scales
and timescales [1,76,77]. Such conditions are realized in
a variety of experimental platforms. In Fabry-Pérot micro-
cavities, a small mirror separation leads to a large free
spectral range, allowing a single standing-wave mode to be
spectrally isolated from neighboring longitudinal and trans-
verse modes. Photonic crystal nanocavities provide an even
stronger form of modal confinement, where a localized defect
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mode appears inside a photonic bandgap, yielding ultrasmall
mode volumes and strong light-matter coupling [78]. In the
microwave domain, circuit QED architectures achieve ex-
ceptionally clean single-mode behavior through large mode
spacings and low dissipation [79,80]. Plasmonic nanocavities,
while intrinsically lossy, can also be described in terms of
an effective single dominant resonance when dissipation and
non-Hermitian effects are properly accounted for [76,77].

In this work, we present a real-time, first-principles
investigation of light-mediated interactions between spa-
tially separated molecules using time-dependent quantum-
electrodynamical density functional theory in the velocity
gauge. Our approach [81] combines a Pauli-Fierz Kohn-Sham
formulation with a tensor-product representation of elec-
tronic real-space orbitals and photonic Fock states, enabling
explicit simulation of coupled electron-photon dynamics be-
yond perturbation theory. The electromagnetic field is treated
within a consistent single-mode approximation, retaining both
paramagnetic and diamagnetic couplings to preserve gauge
invariance [81].

We have employed our approach to compute potential
energy surfaces and characterize upper and lower polariton
states, with benchmarking against established QED-CC and
QED-CASCI approaches [82]. While our previous work fo-
cused on single-molecule properties, this study extends the
methodology to examine light-mediated interactions between
spatially separated molecules. The large intermolecular sep-
aration ensures that direct interactions are negligible in the
absence of cavity coupling, allowing us to isolate the role of
photon-mediated effects.

To study the light-mediated interaction, we use a delta-kick
excitation to selectively excite only one molecule in a system
of two widely separated molecules, followed by real-time
propagation of the coupled electron-photon system. The delta
kick represents an ultrashort laser pulse that instantaneously
imparts momentum to the electrons of the targeted molecule
while leaving the second molecule completely unperturbed
at the initial time. This protocol allows us to unambiguously
isolate and identify the mechanism by which excitation can be
transferred between distant molecules.

Our results demonstrate a striking contrast between vac-
uum and cavity environments. In the absence of light-matter
coupling, excitation remains strictly localized: The molecule
subjected to the delta kick exhibits dipole oscillations, while
the second molecule—being far beyond the range of direct
intermolecular interactions—remains entirely unexcited. In
sharp contrast, when both molecules are coupled to the same
cavity mode, the initially excited molecule generates a cross-
coupling via the shared the photon field, which then exterts
a back action on the second, distant molecule. After a short
transient, the unexcited molecule begins to oscillate, eventu-
ally synchronizing its dipole motion with that of the initially
perturbed molecule. This behavior provides direct, real-time
evidence of photon-mediated excitation transfer between dis-
tant molecular subsystems [27,52,53].

By analyzing the time evolution of molecular dipoles,
photon occupation numbers, photon coordinates, and charge-
density rearrangements, we show that the cavity mode acts as
a dynamical communication channel that converts a strictly
local excitation into a collective response. Importantly, this

effect does not rely on near-field Coulomb interactions,
molecular overlap, or classical radiation fields; it arises
solely from the coherent coupling of both molecules to the
quantized cavity mode. The phenomenon persists across dif-
ferent molecular species (formaldehyde, HF, CO, and mixed
dimers), and its strength and symmetry depend sensitively on
molecular orientation and field polarization [38,83].

Overall, this work establishes a clear and physically trans-
parent picture of how ultrashort optical excitation of a single
molecule can trigger coherent dynamics in a distant, initially
inactive molecule via quantized light. Beyond its fundamen-
tal significance, this mechanism opens new possibilities for
cavity-controlled energy transport, molecular synchroniza-
tion, and nonlocal manipulation of molecular excitations on
ultrafast timescales [1,4].

II. FORMALISM

The Pauli-Fierz Hamiltonian provides a gauge-invariant
description of nonrelativistic charged matter interacting with
quantized electromagnetic fields. In the velocity (Coulomb)
gauge, the separation between instantaneous Coulomb in-
teractions and dynamical photon-mediated interactions is
explicit. This makes the velocity gauge particularly well
suited for discussing truncations of the photonic Hilbert space,
such as the single-mode approximation commonly used in
cavity quantum electrodynamics. The details of the formalism
are given in Appendix A.

A. Dipole-approximate single-mode PF-KS Hamiltonian

The PF-KS single-particle Hamiltonian

ĤKS = 1

2m
[−ih̄∇ + eÂc]2 + VKS(r, t ), (1)

with

Âc = Ac(âc + â†
c ), Ac =

√
h̄

2ωc
λc, λc = εc√

ε0V
, (2)

where εc is a (unit) polarization vector, Veff is an effective
mode volume, âc and â†

c are creation and annihilation oper-
ators, and ωc is the cavity frequency (see Appendix A for
details). The KS potential is decomposed as

VKS(r) = VH[ρ](r) + VXC[ρ](r) + Vion(r), (3)

where VH is the Hartree term, VXC is the exchange-correlation
functional, and Vion is the external ionic potential.

Several important points should be noted. The Hamiltonian
[Eq. (1)] is applicable under the long-wavelength approxi-
mation with a single-mode truncation (see Appendix A for
details). In this work, the exchange-correlation functional
is purely electronic in nature generalized gradient approx-
imation (GGA), and does not account for electron-photon
exchange-correlation effects. Consequently, this approach
represents a mean-field QEDFT approximation. Developing
accurate electron-photon exchange-correlation functionals re-
mains an ongoing area of research [84–87]. Equation (1)
contains both paramagnetic (p̂ · Âc) and diamagnetic (Â2

c)
coupling terms. Under a gauge transformation to the velocity
gauge, these terms are converted into a dipole-photon coor-
dinate coupling term and a dipole self-energy contribution.
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However, the dipole self-energy does not appear as a separate,
explicit term in the velocity gauge formulation.

B. Tensor-product KS ansatz

We represent the KS orbitals on a tensor product of real
space and photon Fock space. For electronic orbital index m
and photon number n,

�mn(r) = φmn(r) ⊗ |n〉, n = 0, . . . , NF , (4)

where NF is the Fock truncation (often NF = 1 for the vac-
uum plus single-photon sector). In practice, the computational
domain of size Nx × Ny × Nz × NF , with (Nx, Ny, Nz ) the real-
space grid.

The full KS orbital is

|�m(t )〉 =
NF∑

n=0

φmn(r, t) ⊗ |n〉. (5)

C. Physical quantities

We define the electronic dipole moment operator of the
system as

d̂ = −e r̂, (6)

where e is the elementary charge and r̂ is the electronic
position operator. The total dipole moment (summed over
occupied orbitals) is then

d(t ) =
∑

m∈occ

〈�m(t )|d̂|�m(t )〉. (7)

We define the weight of the n-photon sector (summed over
orbitals) as

Pn(t ) =
∑

m

∫
dr |φmn(r, t)|2. (8)

For a single photon mode, the photon-number operator is
N̂ph = â†

c âc. Using the Fock-basis expansion above, its expec-
tation value can be written in terms of the sector weights as

Nph(t ) = 〈â†
c âc〉 =

NF∑
n=0

n P̃n(t ), (9)

where P̃n(t ) is the normalized photon-number probability:

P̃n(t ) = Pn(t )∑NF
k=0 Pk (t )

. (10)

For a single photon mode with frequency ω (we drop c in
the following), the photon coordinate operator is

q̂ =
√

h̄

2ω
(âc + â†

c ). (11)

The expectation value of the photon coordinate for the KS
orbital |�m〉 is therefore

qm(t ) = 〈�m(t )|q̂|�m(t )〉

=
√

h̄

2ω

NF −1∑
n=0

√
n + 1(〈φmn|φmn+1〉 + 〈φmn+1|φmn〉).

(12)

The total photon-coordinate expectation value is obtained
by summing over orbitals:

q(t ) =
∑

m

qm(t ). (13)

The photon coordinate depends on the coherence between
adjacent photon-number sectors |n〉 and |n + 1〉, not on the
photon-number probabilities |φmn|2 alone.

The systems we consider consist of two spatially well-
separated molecules, denoted by A and B. Their separation
is chosen large enough that the molecular orbitals do not
overlap and direct intermolecular electronic interactions are
negligible. Under these conditions, the electronic orbitals can
be unambiguously partitioned into subsets associated with
molecule A and molecule B, allowing observables to be de-
fined for each subsystem separately. We can define the energy
of molecule A:

EA(t ) =
∑
m∈A

〈�m(t )|Ĥ |�m(t )〉, (14)

where the summation includes orbitals belonging to molecule
A. This will be used to characterize energy transfer between
two molecules. The dipole of a given subsystem can be de-
fined similarly to Eq. (7) restricting the summations to the
orbitals belonging to A. A corresponding definition can be
introduced for molecule B by applying the same construction,
but restricting the sums (and/or integrations) to the orbitals
associated with molecule B.

D. Time propagation

The real-time evolution of each KS orbital �m(t ) is gov-
erned by the time-dependent Schrödinger equation

ih̄
∂

∂t
|�m(t )〉 = ĤKS(t ) |�m(t )〉 . (15)

The initial KS orbitals are obtained by minimizing the
ground-state Kohn-Sham energy functional defined on the
coupled electron-photon Hilbert space. This minimization is
carried out using iterative gradient-based schemes, where the
Pauli-Fierz-augmented Hamiltonian is assembled in a tensor-
product representation of electronic real-space orbitals and
photonic Fock states.

To probe the excitation spectrum, we apply an impul-
sive delta-kick perturbation to selectively excite only the first
molecule, positioned on the negative z axis, while the second
molecule remains initially unperturbed on the positive z axis.
This asymmetric excitation protocol at t = 0 allows us to
directly observe how light-mediated coupling facilitates inter-
action between the two spatially separated molecules. In the
velocity gauge, the excitation is implemented via a spatially
uniform, time-dependent vector potential,

A(t ) =
{

−κ ê	(t ), if z � 0,

0, if 0 < z,
(16)

where κ controls the strength of the perturbation, ê is the
polarization direction, and 	(t ) is the Heaviside step function.
The associated electric field is given by E(t ) = −∂t A(t ) =
κ êδ(t ).
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In the PF Hamiltonian formulated in the velocity gauge, the
coupling to the vector potential enters through the minimal-
coupling substitution. The action of the delta kick is therefore
realized by an instantaneous boost of the electronic momenta.
At the level of the KS orbitals, this corresponds to the trans-
formation

�m(0+) =
{

e−iκ ê·r�m(0−), if z � 0,

�m(0−), if 0 < z,
(17)

which is equivalent, up to a gauge transformation, to
the length-gauge formulation. This procedure excites all
dipole-allowed modes simultaneously. The initial perturbation
depends on the kick strength, just like a larger laser electric
field amplitude excites molecules into higher excitations. We
use a small κ value and the results are not very sensitive to the
κ used. The κ dependence is discussed in Appendix B.

In cavity QED simulations, the velocity-gauge delta kick
provides a numerically convenient and gauge-consistent way
to initiate coupled electron-photon dynamics, particularly
when paramagnetic and diamagnetic light-matter coupling
terms are treated explicitly.

The real-time propagation of the Kohn-Sham orbitals is
performed using an explicit fourth-order Taylor expansion of
the time-evolution operator, a method that has proven robust
and efficient for real-space time-dependent density functional
theory and its extensions [88,89]. The accuracy and stability
of this approach rely on a consistent choice of the time step
and spatial grid spacing, as discussed in detail in the context
of computational nanoscience simulations [90].

Explicitly, the KS orbitals are advanced according to

|�m(t + �t )〉 =
4∑

k=0

1

k!

(
i�t

h̄
Ĥ (t )

)k

|�m(t )〉 . (18)

The numerical accuracy and stability of the propagation
require a consistent choice of the time step �t and the spatial
grid spacing �x. On a real-space grid, the highest kinetic-
energy components that can be represented are determined by
the grid spacing:

Emax ∼ h̄2

2m(�x)2
. (19)

To accurately resolve these components, the time step must
satisfy

�t <
h̄

Emax
∼ 2m

h̄
(�x)2. (20)

When this condition is fulfilled, the fourth-order Taylor prop-
agator provides stable and accurate real-time dynamics of the
KS orbitals in coupled electron-photon systems.

E. Computational details

The external potential due to the ions is modeled with
norm-conserving pseudopotentials centered on each nu-
cleus as given by Troullier and Martins [91]. For the
exchange-correlation functional, we have used the Perdew-
Burke-Ernzerhof GGA function [92].

A uniform 80 × 80 × 140 cubic grid with a spacing of
�x = 0.5 a.u. represents the orbitals in real space. The grid

0 10 20 30 40
t (a.u.)

-1.0

-0.5

0.0

0.5

1.0

d
 (

a.
u
.)

cavity
vacuum

FIG. 1. Temporal dynamics of nitrobenzene’s dipole moment.
Solid line: cavity-coupled molecule; dashed line: uncoupled
molecule in vacuum (magnified by 100 for clarity). λ = 0.005 a.u.
and ω = 0.289 a.u. are used in the calculations.

spacing, dictated by the requirements of the pseudopotential,
is fine enough to ensure numerical accuracy of the results.
The Taylor propagation is conditionally stable, and the time
step has to satisfy Eq. (20), that is, �t < 1.87(�x/π )2 in
atomic units. For our grid spacing of �x = 0.5 a.u., this
means that the time step must be smaller than 0.047 a.u. In our
simulations, a time step of �t = 0.01 a.u. (0.25 as) was used.
This time step and a 0.5 a.u. grid spacing have been shown
to yield accurate results in our previous studies [81,82]. The
Kohn-Sham orbitals are set to zero at the box boundaries. The
kick strength is κ = 0.001. NF = 2 is used in the calculations
(including photon states |0〉, |1〉, and 2〉), but for the small
λ values employed, only states |0〉 and |1〉 have significant
population with Pn(t ) > 0.001.

III. RESULTS

A. Nitrobenzene in cavity coupled to light

We computed the ground state of a single nitrobenzene
molecule both in vacuum and within an optical cavity. Follow-
ing convergence of the ground-state calculation, the system
was perturbed by a delta-kick pulse, and the molecular or-
bitals were propagated in time. Figure 1 displays the time
evolution of the dipole moment for nitrobenzene, plotted as
d = d (t ) − d0, where d0 represents the ground-state dipole
moment. Two scenarios are compared: the molecule inside an
optical cavity (with light-matter coupling) and the molecule
in vacuum (without coupling). The results reveal that cavity
coupling substantially amplifies the dipole response. To fur-
ther illustrate the contrast between these two environments,
we analyzed snapshots of the electron density difference,
obtained by subtracting the ground-state density from the
time-dependent excited-state density. Figure 2 demonstrates
that density oscillations differ markedly between the cavity
and vacuum cases. In the cavity, the density oscillations are
more pronounced and localized to distinct regions of the
molecule. While the oscillations decay over time in vacuum,
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FIG. 2. Snapshots of the charge density difference between the
excited state and the ground state. Left panel: molecule in vacuum;
right panel: molecule in an optical cavity. All parameters are identical
to those used in Fig. 1. The three shades of magenta represent values
of −0.00002, −0.00001, and 0.00002 electrons /�x3 ranging from
the lightest to the darkest.

they persist with significant amplitude in the cavity environ-
ment.

B. Two formaldehyde molecules coupled by light

Next, we examine the light-matter interaction between
two spatially separated molecules as shown in Fig. 3. The
system consists of two formaldehyde molecules separated
by a large distance (30 a.u.) [see Fig. 4(a)] such that
their direct interaction (without light coupling) is negligi-
ble. Formaldehyde has a substantial dipole moment of 2.33

FIG. 3. Formaldehyde dimer configuration: The light polariza-
tion vector is aligned along the O-C bond direction of each molecule,
with the O-C axes positioned perpendicular to the z axis that connects
the two carbon centers.

FIG. 4. Temporal evolution of dipole moment changes relative
to ground-state values for the formaldehyde dimer. The cavity fre-
quency is ω = 0.289, and the light-matter coupling strength is
λ = 0.005. (a) Time evolution of dipole moments following delta-
kick excitation of the left molecule only, with no light-mediated
coupling between molecules: left molecule (solid black) and right
molecule (dashed red). (b) Dipole moment dynamics with light-
mediated coupling after selective delta-kick excitation of the left
molecule: left molecule (solid black) and right molecule (dashed
red). The blue dotted line shows the uncoupled evolution of the left
molecule for comparison, identical to the black curve in the previous
figure.

Debye, enabling strong light coupling. The left molecule
is selectively excited with a delta kick, and the system
dynamics are time propagated. In the first case, where
molecules are not coupled to light, Fig. 4(a) demonstrates
that only the excited left molecule’s dipole moment evolves,
while the right molecule’s dipole remains unchanged at
zero. Figure 4(b) compares the dipole dynamics when
molecules are light coupled, with only the left molecule
receiving delta-kick excitation. Initially, the left molecule’s
dipole begins oscillating due to the excitation, while the
unexcited right molecule’s dipole remains near zero for the
first 2–3 atomic units of time. After approximately 5 a.u.,
the right molecule’s dipole also begins to oscillate, closely
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FIG. 5. Temporal evolution of (a) photon occupation number P1

of the |1〉 space, (b) dipole moment, (c) photon coordinate, and
(d) energies of the formaldehyde dimer. The solid black line shows
the dynamics of the left, kicked molecule, the dashed red line repre-
sents the right initially unperturbed system.

following the left molecule’s behavior. For comparison, this
figure includes the uncoupled left molecule evolution (blue
dotted line). Initially, the coupled and uncoupled systems be-
have similarly, but after 5 a.u., light-mediated coupling causes
the systems to diverge.

Figure 5 extends the coupled dynamics over a longer time
period, revealing that after the initial few atomic units, the
two molecular dipoles evolve nearly identically, demonstrat-
ing strong synchronization through light-mediated coupling.
The figure illustrates the temporal evolution of the photon
occupation number [Fig. 5(a)], dipole moment [Fig. 5(b)],
photon coordinate [Fig. 5(c)], and energies [Fig. 5(d)] as the
formaldehyde dimer molecules move in a concerted, identical
manner. An interesting observation is that the photon occupa-
tion number and photon coordinate, though related, oscillate
with very different periods. The dipole moment—a real-space
variable—also oscillates, but its behavior differs from both
quantities. The energy, however, shows an oscillation pattern
more similar to that of the photon occupation number. This
can be easily understood: The photon occupation corresponds
to population changes between the zero-photon and one-
photon states, which have different energies. Consequently,
the total energy oscillates synchronously with these occupa-
tion changes.

Figure 6 shows temporal snapshots of charge oscilla-
tions for both molecules. At early times, only the perturbed
molecule displays appreciable oscillations, while charge re-
arrangement gradually builds up on the second molecule.
Eventually, the charge oscillations synchronize, with both
molecules oscillating identically, as evidenced by the dipole
oscillation [Fig. 5(b)].

C. Two HF molecules coupled by light

Next, we present a similar calculation using two spatially
separated HF molecules. The molecules are aligned parallel
to each other and to the x axis, with a separation of 30 a.u.

FIG. 6. Snapshots of the charge density difference between the
excited state and the ground state for the COH2 molecule. The left
molecule is excited with a delta-kick perturbation. λ = 0.005 a.u.
and ω = 0.289 a.u. are used in the calculations. The three shades
of magenta represent values of −0.00005, −0.0002, and 0.00005
electrons /�x3 ranging from the lightest to the darkest.

along the perpendicular z direction. The electromagnetic field
is polarized along the x axis, parallel to the molecular axes.
Figure 7 displays the occupation of the |1〉 Fock state and
the time evolution of the dipole moment. As observed in the
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FIG. 7. Occupation of the |1〉 Fock space and the change of the
dipole moment as a function of time. The solid black line shows the
dipole of the molecule, which was perturbed by a delta-kick excita-
tion; the red dashed line shows the dipole of the second molecule.
λ = 0.01 a.u. and ω = 0.467 a.u. are used in the calculations.
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FIG. 8. Two HF molecules oriented perpendicularly. Temporal
evolution of (a) photon occupation number and (b) dipole moment.
The solid black line shows the dynamics of the left, kicked molecule;
the dashed red line represents the right initially unperturbed system.
λ = 0.01 a.u. and ω = 0.467 a.u. are used in the calculations.

formaldehyde case, the dipole moments of both molecules
oscillate synchronously after an initial transient period during
which the perturbed molecule induces charge oscillations in
the second molecule. Here, the dipole oscillations exhibit
periodic sinusoidal behavior and the Fock state occupa-
tion follows this oscillatory pattern. This contrasts sharply
with the formaldehyde case, where no such strong coupling
between the dipole and photon occupation dynamics was
observed.

The coupling between the two molecules is highly sensitive
to their relative orientation and the polarization of the incident
light. Figure 8 illustrates the dipole moment evolution when
the molecule excited by the delta kick is aligned parallel to the
light polarization—identical to the previously discussed paral-
lel configuration—while the second unperturbed molecule is
oriented along the z axis, perpendicular to the first molecule.
The dipole moment of the first molecule exhibits the same
temporal behavior as before, whereas the dipole moment
of the second molecule remains nearly constant over time.
Figure 8 also displays the occupation dynamics of the |1〉
Fock state. While the occupation pattern resembles that of
the parallel case, its amplitude is reduced by half due to the
negligible contribution from the second molecule.

The orientation dependence is further demonstrated in
Fig. 9. In this configuration, the two molecules are aligned
antiparallel to each other, with their molecular axes perpen-
dicular to the field polarization. The occupation of the |1〉
Fock state remains largely consistent with the parallel case
[Fig. 9(a)]; however, the dipole moments now oscillate syn-
chronously in opposite directions [Fig. 9(b)]. The photon
coordinates also oscillate in the opposite direction, but with
different amplitudes [Fig. 9(c)]. Finally, the energy, which is
primarily governed by the photon occupation number, oscil-
lates in phase with it [Fig. 9(d)].

Figure 10 displays snapshots of the charge density varia-
tions for the antiparallel-oriented HF molecules. As observed
in the formaldehyde case, excitation initially occurs exclu-
sively in the first molecule, followed by gradual excitation

(a)

(b)

(c)

(d)

FIG. 9. Two HF molecules oriented antiparallelly. Temporal
evolution of (a) photon occupation number, (b) dipole moment,
(c) photon coordinate, and (d) energies of the formaldehyde dimer.
The solid black line shows the dynamics of the left, kicked molecule;
the dashed red line represents the right initially unperturbed system.
λ = 0.01 a.u. and ω = 0.467 a.u. are used in the calculations.

of the second molecule. Once the second molecule becomes
excited, the charge-density oscillations on the two molecules
occur in opposition to one another, mirroring each other’s
behavior.

FIG. 10. Snapshots of the charge density difference between the
excited state and the ground state for the antiparallel HF molecules.
The left molecule is excited with a delta-kick perturbation. The three
shades of magenta represents values of −0.00003, −0.00001, and
0.00004 electrons /�x3 ranging from the lightest to the darkest.
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FIG. 11. Occupation of the |1〉 Fock space and the change of
the dipole moment as a function of time when the CO molecules
oriented parallelly. The solid black line shows the dipole of the
molecule, which was perturbed by a delta-kick excitation; the red
dashed line shows the dipole of the second molecule. λ = 0.01 a.u.
and ω = 0.467 a.u. are used in the calculations.

D. Two CO molecules coupled by light

We conducted a similar investigation to that described in
the previous section, but using CO molecules instead. Fig-
ure 11 demonstrates that the molecular dipoles align and
oscillate synchronously, mirroring the behavior observed for
parallel HF molecules. However, both the amplitude and fre-
quency of these oscillations differ compared to the HF case.
The photon occupation in the |1〉 state is higher for CO com-
pared to HF, which can be attributed in part to CO having
a greater number of molecular orbitals than HF. Consistent
with the HF results, antiparallel CO molecules exhibit dipole
oscillations that are out of phase with each other (Fig. 12).
Additionally, the dipole oscillation of the initially perturbed
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FIG. 12. Occupation of the |1〉 Fock space and the change of
the dipole moment as a function of time when the CO molecules
oriented antiparallelly. The solid black line shows the dipole of the
molecule, which was perturbed by a delta-kick excitation; the red
dashed line shows the dipole of the second molecule. λ = 0.01 a.u.
and ω = 0.467 a.u. are used in the calculations.
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FIG. 13. Occupation of the |1〉 Fock space and the change of the
dipole moment as a function of time. The black solid line repre-
sents the time-dependent dipole moment change for the perturbed
HF molecule, while the red dashed line indicates the dipole mo-
ment change for the unperturbed CO molecule. When the H and F
atomic positions are reversed, the long dashed cyan line displays the
resulting time-dependent dipole moment change for the perturbed
HF molecule, and the dotted blue line shows the dipole moment
change for the unperturbed CO molecule (which overlaps with the
red dashed line). λ = 0.01 a.u. and ω = 0.467 a.u. are used in the
calculations.

molecule remains largely unchanged regardless of whether
the molecules are arranged in parallel or antiparallel config-
urations. The |1〉 photon state occupation also shows minimal
variation between these two orientations.

E. A CO and an HF molecule coupled by light

In this section, we examine light-mediated coupling be-
tween two distinct molecules. The system consists of HF and
CO molecules with their molecular axes aligned parallel to
both the x axis and the light polarization direction. These
molecules are arranged symmetrically about the z axis, with
each positioned at a distance equal to half its bond length
from the z axis. A separation of 30 a.u. between the molecules
ensures negligible intermolecular interaction.

A delta-kick excitation is applied to an HF molecule, which
subsequently induces excitation in a CO molecule. Figure 13
displays the time-dependent changes in dipole moments and
the occupation of the |1〉 Fock state. Two calculations are
presented: In the first, the F and C atoms are positioned at the
top, while the H and O atoms are at the bottom; in the second,
the H and F atoms are exchanged. This exchange leaves the
photon occupation unchanged but symmetrically inverts the
dipole oscillation of the HF molecule. The CO molecule’s
dipole oscillation remains unaffected in both cases. Figure 14
presents an analogous study with a modified cavity frequency
of 0.289 a.u. (compared to 0.467 a.u. used in all previous
HF and CO calculations). The qualitative behavior persists:
Photon occupation remains independent of atomic switching,
the CO dipole is unchanged, and the HF dipole undergoes a
sign reversal upon switching. However, the oscillation pat-
terns differ markedly—The photon occupation now exhibits
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FIG. 14. Same as Fig. 13 but with ω = 0.289 a.u.

four oscillations in the same time period compared to the
previous single oscillation, and the dipole moments display
increased oscillatory character.

IV. SUMMARY

This work presents a real-time investigation of light-
mediated interactions between spatially separated molecules
using quantum-electrodynamical time-dependent density
functional theory based on the Pauli-Fierz Hamiltonian in
the velocity gauge. We have developed a first-principles
computational framework that combines a Kohn-Sham for-
mulation with a tensor-product representation of electronic
real-space orbitals and photonic Fock states, enabling ex-
plicit simulation of coupled electron-photon dynamics beyond
perturbation theory. The approach employs a consistent
single-mode approximation within the dipole regime, retain-
ing both paramagnetic and diamagnetic coupling terms to
preserve gauge invariance. Time propagation is performed
using a fourth-order Taylor expansion of the time-evolution
operator, providing a computationally tractable yet rigorous
description while maintaining the favorable scaling of con-
ventional density functional theory.

Our simulations demonstrate a striking contrast between
vacuum and cavity environments. For nitrobenzene, cavity
coupling substantially amplifies the dipole response and sus-
tains coherent charge-density oscillations that decay rapidly
in vacuum, reflecting modification of the molecular energy
landscape through polariton formation. For spatially separated
molecular dimers positioned far beyond the range of direct
intermolecular interactions, excitation remains strictly local-
ized in vacuum, with the distant molecule remaining entirely
unexcited. In sharp contrast, when both molecules couple to
the same cavity mode, the initially excited molecule gener-
ates cross-coupling through the photon field, which acts back
on the distant molecule. After a transient period, the two
molecular dipoles synchronize, oscillating nearly identically
and demonstrating coherent energy exchange mediated by the
shared quantized field.

The strength and symmetry of cavity-mediated cou-
pling depend sensitively on molecular orientation relative to
field polarization. Parallel-aligned molecules exhibit in-phase

dipole oscillations, while antiparallel configurations produce
out-of-phase oscillations with inverted charge-density dy-
namics. Perpendicular orientations suppress coupling almost
entirely. The photon occupation number and photon coor-
dinate exhibit distinct oscillatory behaviors, with the total
energy oscillating synchronously with occupation changes re-
flecting population redistribution between photon states. The
amplitude, frequency, and coherence time of cavity-mediated
oscillations vary across different molecular species, reflect-
ing differences in dipole moments, electronic structure, and
resonance conditions. These results provide direct evidence
that the cavity mode functions as a dynamical communication
channel, converting strictly local excitations into collective
responses through coherent coupling to the quantized field
rather than near-field Coulomb interactions or molecular over-
lap.

The present work establishes a foundation for exploring
several important directions. The tensor-product framework
can be scaled to investigate cavity-mediated energy trans-
port in larger molecular assemblies, including molecular
crystals and light-harvesting complexes, revealing how excita-
tions delocalize over many emitters via polaritonic channels.
Extending the formalism to multimode environments will
enable more accurate modeling of experimental platforms
and could uncover interference effects and selective energy-
transfer pathways. Incorporating dissipation through cavity
losses and molecular vibrational coupling will be essential for
quantitative comparison with experiments and assessing the
robustness of cavity-mediated phenomena under realistic con-
ditions. Exploring alternative excitation schemes beyond delta
kicks, such as continuous-wave driving or phase-controlled
pulse sequences, could reveal new regimes of molecular syn-
chronization and coherent control.

The formalism is appropriate for weak-to-intermediate
coupling regimes, long-wavelength optical cavities, and
single-mode truncation. It may not be reliable in the
ultrastrong-coupling regime and does not include multimode
or nondipole effects. Limited extension to multimode systems
is possible, similar to the approach in Ref. [66], but the num-
ber of modes is restricted by computational constraints.
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APPENDIX A: FORMALISM

In this Appendix, we give details of the formalism used in
the calculations.
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1. Pauli-Fierz Hamiltonian in velocity gauge

We work in the Coulomb gauge, ∇ · Â(r) = 0, and con-
sider nonrelativistic electrons of charge −e and mass m
interacting with the quantized electromagnetic field.

The full Pauli-Fierz Hamiltonian reads

Ĥ =
∑

i

1

2m
[p̂i + eÂ(r̂i )]

2 + V̂ext + V̂ ‖
Coul + ĤEM, (A1)

where p̂i = −ih̄∇i is the canonical momentum and V̂ext in-
cludes nuclei-electron interactions and any external scalar
potentials. The instantaneous longitudinal Coulomb interac-
tion,

V̂ ‖
Coul = 1

2

∫
dr dr′ ρ̂(r)ρ̂(r′)

4πε0|r − r′| , (A2)

with the electron charge density operator

ρ̂(r) = −e
∑

i

δ(r − r̂i ). (A3)

This term is independent of the transverse vector potential and
is fixed by Gauss’s law. It must not be altered when truncating
the photon field [93].

The transverse vector potential is expanded in cavity
modes:

Â(r) =
∑

α

√
h̄

2ε0ωα

fα (r)(âα + â†
α ), (A4)

where fα (r) are real transverse mode functions satisfy-
ing the cavity boundary conditions and normalization (e.g.,∫

V dr |fα (r)|2 = 1). The Hamiltonian of the transverse photon
field is defined as

ĤEM =
∑

α

h̄ωα

(
â†

α âα + 1

2

)
. (A5)

2. Single-mode truncation in velocity gauge

A consistent single-mode approximation is obtained by
projecting the transverse vector potential onto one cavity
mode α = c:

Â(r) −→ Âc(r) =
√

h̄

2ε0ωc
fc(r)(â + â†) (A6)

and simultaneously truncating the photon Hamiltonian to

ĤEM −→ h̄ωc
(
â†â + 1

2

)
. (A7)

No modification is made to the longitudinal Coulomb interac-
tion or to the KS scalar potential VKS.

3. Single-mode PF-KS Hamiltonian

The single-particle KS Hamiltonian in the single-mode
velocity gauge becomes

ĤKS = 1

2m
[−ih̄∇ + eÂc(r)]2 + VKS(r, t ). (A8)

Expanding the kinetic term yields

ĤKS = p̂2

2m
+ e

m
p̂ · Âc(r) + e2

2m
Â2

c (r) + VKS(r, t ). (A9)

Both the paramagnetic p̂ · Âc and diamagnetic Â2
c terms must

be retained.

4. Dipole (long-wavelength) approximation

Assume the electronic system is localized near a point
r0 (e.g., the molecular center of mass) within a region of
characteristic size �. If the cavity mode varies on a length scale
L such that

� � L, (A10)

then within the matter region the mode profile can be approx-
imated as constant:

fc(r) ≈ fc(r0) ≡ f0
c . (A11)

This is the dipole or long-wavelength approximation.
In this approximation, the vector potential becomes spa-

tially uniform over the matter:

Âc(r) ≈ Âc(r0) = Ac(âc + â†
c ), Ac ≡

√
h̄

2ε0ωc
f0
c .

(A12)
Often one writes f0

c = εc√
Veff

, where εc is a (unit) polarization
vector and Veff is an effective mode volume at r0. Introducing
the dimensionless photon coordinate q̂c = (âc + â†

c )/
√

2, the
vector potential becomes spatially uniform:

Âc =
√

h̄

ωc
λc q̂c, λc = εc√

ε0V
. (A13)

5. Dipole-approximate single-mode PF-KS Hamiltonian

Inserting Eq. (A12) into Eq. (A8) yields the dipole-
approximate PF-KS single-particle Hamiltonian

ĤKS = 1

2m
[−ih̄∇ + eAc(âc + â†

c )]2 + VKS(r, t ). (A14)

The KS potential is decomposed as

VKS(r) = VH[ρ](r) + VXC[ρ](r) + Vion(r), (A15)

with VH the Hartree term, VXC a GGA exchange-correlation
functional (e.g., Perdew-Burke-Ernzerhof) [92], and Vion the
external ionic potential.

6. Tensor-product KS ansatz

We represent the KS orbitals on a tensor-product of real
space and photon Fock space. For electronic orbital index m
and photon number n,

�mn(r) = φmn(r) ⊗ |n〉, n = 0, . . . , NF , (A16)

where NF is the Fock truncation.
Because Fock states are orthonormal, overlaps factorize:

(�mn|�m′n′ ) = 〈φmn|φm′n〉δnn′ , (A17)

where the real-space inner product is

〈φmn|φm′n〉 =
∑
i, j,k

φmn(xi, y j, zk ) φm′n(xi, y j, zk ). (A18)
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FIG. 15. Temporal evolution of the dipole moment of the unper-
turbed HF molecule. The distance between the two HF molecules
is 20 a.u. (blue dotted line), 25 a.u. (red dashed line), and 30 a.u.
(black solid line). ω = 0.467 a.u. and λ = 0.01 a.u. are used in the
calculations.

We orthogonalize the real-space components within each pho-
ton sector (e.g., Gram-Schmidt) and normalize such that

NF∑
n=0

‖φ̂mn‖2 = 1 ∀ m. (A19)

The expansion of the kinetic term in Eq. (A14) contains the
paramagnetic coupling

e

m
p̂·Â = e

m

√
h̄

ωc
p̂·λcq̂c (A20)

and the diamagnetic (seagull) term

e2

2m
Â2 = e2

2m

h̄

ωc
λ2

c q̂2
c . (A21)

The paramagnetic interaction links photon states that differ
by one quantum number (�n = ±1), while the diamagnetic
interaction connects photon states with quantum number
changes of �n = 0,±2. In the special case where the dia-
magnetic term couples photon states with identical quantum
numbers (�n = 0), it behaves analogously to the dipole self-
interaction found in the length-gauge formulation.

APPENDIX B: ADDITIONAL TEST CALCULATIONS

1. Selection of distance between molecules

Figure 15 displays the dipole moment of the second
molecule in the HF-HF system. Both molecules are placed
in a cavity restricted to the zero-photon mode, ensuring that
they are not coupled through light. The figure demonstrates
that at sufficiently large intermolecular separations, the sec-
ond molecule remains unexcited. In contrast, when the same
system is coupled by light, the unperturbed molecule exhibits
a maximum dipole oscillation amplitude of approximately
0.005 (Fig. 7).
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FIG. 16. Temporal evolution of (a) photon occupation number
P1 of the |1〉 space, (b) dipole moment, and (c) photon coordinate of
an HF dimer. Three different cavity frequency have been used: ω =
0.467 a.u. (solid black line), ω = 0.2335 a.u. (red dashed line), and
ω = 0.7005 a.u. (blue dotted line). λ = 0.005 a.u. is used in these
calculations.

2. Cavity frequency dependence

In Fig. 14, we demonstrated that the cavity frequency
strongly influences the temporal evolution of various phys-
ical quantities. Here, we provide an additional illustration
using the HF molecule. We employ a cavity frequency of
0.467 a.u., which closely matches one of the molecular ex-
citation energies (the present approach predicts excited states
at 0.39, 0.467, and 0.5 a.u.). For comparison, we examine two
additional frequencies: one below the excited state manifold
(ω = 0.2335 a.u.) and one at 1.5 times the resonant frequency
(ω = 0.7005 a.u.). Note that in this Appendix we employed
a smaller coupling strength (λ) than in Sec. III C to better
illustrate the dependence of the results on the light-matter
coupling parameter.

As shown Fig. 16(a), the photon occupation probability
in the |1〉 Fock state is significantly enhanced at ω = 0.467
a.u. compared to the off-resonant cases. This enhancement
arises from strong light-matter coupling when the cavity fre-
quency is nearly resonant with the molecular excited states.
The dipole moments [Fig. 14(b)] show minimal variation
across cavity frequencies because they are dominated by con-
tributions from the zero-photon subspace, where occupation
probability is high. The exception is the resonant case (ω =
0.467 a.u.), which exhibits markedly different behavior due to
its substantially enhanced |1〉 Fock state occupation. Finally,
while the photon coordinate exhibits distinct temporal evolu-
tion in all three cases, the oscillation amplitude and frequency
remain comparable. These photon oscillations are driven by
the molecular dipole oscillations and display similar patterns
with smoother periodicity. Most importantly, the two spatially
separated molecules maintain complete synchronization, con-
sistent with the results in Sec. III C (not shown here to avoid
overcrowding the figure).
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3. Kick strength dependence

The amplitude of the initial perturbation depends on
the kick strength. In conventional absorption spectrum
calculations, the kick strength (provided it is sufficiently
small) does not affect the final result because the Fourier-
transformed, time-dependent dipole moment is normalized by
dividing by the kick strength to obtain the absorption function.
However, in the present approach, a stronger kick corresponds
to a stronger perturbation. The kick strength plays a similar
role as the maximum electric field amplitude of a laser excita-
tion.

In the calculations presented in this paper, a kick strength
of κ = 0.001 was used. In this Appendix, we compare results
for two different kick strengths: κ = 0.0005 and κ = 0.0001.
Figure 17 shows the photon occupation number, dipole mo-
ment, and photon coordinate as functions of time. These
results can also be compared with Fig. 16 for ω = 0.467,
where κ = 0.001 was used.

The photon occupation number P1 remains essentially un-
changed and shows little sensitivity to the kick strength. The
dipole moment exhibits greater sensitivity because the initial
perturbation determines its initial amplitude. This is evident
immediately after t = 0, where the initial amplitude is sig-
nificantly larger for the stronger kick. Due to coupling with
the dipole oscillation, the photon coordinate also shows some
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FIG. 17. Temporal evolution of (a) photon occupation number P1

of the |1〉 space, (b) dipole moment, and (c) photon coordinate of an
HF dimer. The kick strength is κ = 0.0005 (solid black line) and
κ = 0.0001 (dashed red line). ω = 0.467 a.u. and λ = 0.005 a.u. are
used in these calculations.

sensitivity to the kick strength, though only the amplitude
changes while the oscillation frequency and phase remain
unchanged.
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