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The classical simulation of quantum dynamics plays an important role in our understanding of quantum
complexity and in the development of quantum technologies. Efficient techniques such as those based on the
Gottesman-Knill theorem for Clifford circuits, tensor networks for low entanglement-generating circuits, or
Wick’s theorem for fermionic Gaussian states have become central tools in quantum computing. In this work,
we contribute to this body of knowledge by presenting a framework for classical simulations, dubbed “g-sim”,
which is based on the underlying Lie algebraic structure of the dynamical process. When the dimension of
the algebra grows at most polynomially in the system size, there exist observables for which the simulation
is efficient. Indeed, we show that g-sim enables new regimes for classical simulations, is able to deal with
certain forms of noise in the evolution, as well as can be used to tackle several paradigmatic variational
and nonvariational quantum computing tasks. For the former, we perform Lie-algebraic simulations to train
and optimize parametrized quantum circuits (thus effectively showing that some variational models can be
dequantized), design enhanced parameter initialization strategies, solve tasks of quantum circuit synthesis,
and train a quantum-phase classifier. For the latter, we report large-scale noiseless and noisy simulations on
benchmark problems. By comparing the limitations of g-sim and certain Wick’s theorem-based simulations, we
find that the two methods become inefficient for different types of states or observables, hinting at the existence

of distinct, nonequivalent resources for classical simulation.
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I. INTRODUCTION

At a fundamental level, the ability to classically simulate
quantum dynamics in certain regimes helps us refine our
understanding of the true nature of quantum complexity. Dif-
ferent approaches allowing for scalable classical simulations
have elucidated distinct aspects of quantumness by restricting
the set of operations performed, the initial states evolved,
and the observables measured. These include, but are not
limited to, the role of the discrete-group structure of Clifford
operations in the case of stabilizer simulations [1], the impor-
tance of entanglement in the case of tensor networks [2], and
the existence of transformations to noninteracting particles in
the case of free fermions [3-5]. For all these approaches, the
computational resources required for simulations scale only
polynomially in the system size, as opposed to the exponential
cost of the generic or unrestricted case. Such simulations are
deemed classically efficient or scalable.
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At a practical level, the ability to efficiently simulate
quantum systems facilitates the development of quantum tech-
nology. As the size of experimentally demonstrated quantum
systems is starting to exceed what can be simulated classi-
cally, it is of great importance to rely on faithful classical
computational results [6], even if they are restricted to special
types of quantum evolutions, input states, and observables.
In this context, classical simulations can serve the role of
benchmarks for currently developed devices and can be used
for the purpose of characterization. Furthermore, classical
simulations can find many more applications along with the
development and study of variational quantum computing.
These encompass variational quantum algorithms (VQAs)
[7,8] and quantum machine learning (QML) methods [9-12],
which most typically rely on the ability to optimize over
parameters of quantum circuits. Despite the promises of such
algorithms and demonstrations for relatively small system
sizes, it remains unclear how viable these are when scaled
to larger sizes [13-15]. As such, scalable quantum simula-
tors can serve to study the true potential and limitations of
VQAs and QML models, and to extend their capabilities. For
instance, classical simulations can be used to provide exact
inputs for learning-based error mitigation strategies [16—19],
to probe the trainability of quantum circuits at large scale [20],
for the purpose of pretraining the models [21-31] but also to
dequantize certain architectures [32—-42].
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FIG. 1. Theoretical framework and applications of g-sim. (a) Essential components of the Lie-algebraic representation of quantum
dynamics. First, we need a description of the Lie algebra g associated with a unitary evolution of interest (3) as well as an irreducible
representation (irrep) £,: a subspace of the operator space that is invariant under the action of G = €% (Definition 3). Here we depict the
elements of £; as a collection of black geometric shapes. Next, we need to know how these elements interconnect with each other via the
dynamics. This is determined entirely by the so-called representation elements (7). The final ingredient of g-sim is a classical description of
the input state, i.e., the expectation values with respect to the elements of £, (13). (b) Comparison of naive and Lie-algebraic approaches to
quantum dynamics in the Heisenberg picture. In the naive approach, an observable A is viewed as a linear operator acting on an n-qubit Hilbert
space H, with dim(#H) = 2". The observable is represented as a 2" x 2" matrix whose coefficients evolve according to the von Neumann
equation of motion, and thus the approach always scales as ®(4") and is not classically scalable. In the Lie-algebraic approach, the observable
is instead viewed as a linear combination of distinct basis terms in g, whose coefficients couple to each other over time via the representation
elements. Whenever dim(g) € O(poly(n)), g-sim yields a scalable classical simulation framework for irreps with dim(L; ) € O(poly(n)). (c)
Summary of the potential applications of g-sim. These efficient classical simulations have utility in simulation and optimization of quantum
systems, including pretraining of VQA or QML problems, compiling unitary processes to compact quantum circuits, and characterizing QML

optimization landscapes.

Among the scalable simulation methods that have been
proposed, we focus on those based on the Lie-algebraic struc-
ture of the underlying dynamics [41,43,44]. Here, simulation
complexity scales with the dimension [denoted dim(g)] of
the Lie-algebra (denoted g) induced by the operators gener-
ating the dynamics of the system—these notions are defined
more precisely soon. Crucially, in certain cases, such di-
mensions can be substantially smaller than the dimension
of the Hilbert space of the system of interest, allowing for
more efficient simulations that would be entailed generically.
In particular, such simulations become scalable whenever
dim(g) grows polynomially with the system size n [i.e.,
dim(g) € O(poly(n))]. For example, this is known to occur
in systems with permutation symmetries [41,45], underlying
free-fermionic algebras [46,47], continuous-variable or free-
bosonic systems [48—50], and others [51,52]. The study and
cataloging of the many Lie algebras occurring in quantum
systems is an active field of research [52-57].

In this work, we present a framework for the efficient
implementation of Lie-algebraic simulations (referred to as
g-sim) and their utilization. As a first contribution, we extend
techniques from Refs. [43,44], significantly widening their
scope. We formulate these techniques in a modern language
oriented to the quantum computing community, offering new
optimizations that improve their efficiency and extend their
utility to optimizing circuits (as opposed to merely simulat-
ing them). Comparing g-sim against Wick-based simulation
techniques, we show that these can be efficient for different
types of states and observables, hinting at some deep connec-
tions with resource theory [58], and demonstrating that our
proposed method enables new classical simulation scenarios
beyond those reachable via Wick’s theorem. Our second con-
tribution is to showcase the utility of g-sim in four different
tasks pertaining to the development of quantum technologies.

These include the study of the optimization landscapes of
parametrized quantum circuits, improving on the initializa-
tions of such circuits, problems of quantum circuit synthesis,
and the training of a binary quantum-phase classifier. A high-
level overview of our theoretical framework and applications
for this work is provided in Fig. 1.

In the first part of this work (Sec. II), we review the theory
grounding Lie-algebraic simulations and provide guidelines
for their efficient implementations. The exposition here is
aimed to be pedagogical, with an eye toward generic and
efficient algorithms. It follows from Refs. [43,44] and extends
them in terms of scope (an increased set of initial states and
of observables supported together with the ability to deal
with certain forms of noise in the circuits) and implementa-
tion (including both the ability to simulate and differentiate
evolution).

In the second part (Sec. III), we summarize necessary
conditions for the scalability of g-sim and demonstrate its
capabilities in nonvariational benchmark problems. These in-
clude both noiseless and noisy simulations of n = 200 qubits
systems and will serve us to highlight fundamental differences
with established classical simulation techniques.

In the last part (Sec. IV), g-sim is put into practice in
four distinct scenarios. As a warm-up example, we provide
a large-scale study of the overparametrization phenomenon
(Sec. IV A). Then, g-sim is applied for the purpose of the
initialization of (non-classically-simulable) circuits in two dif-
ferent setups (Sec. IV B). Next, tasks of circuit synthesis and
dynamical evolution are addressed (Sec. IV C). Finally, as
an application in the context of QML, we resort to g-sim to
train a quantum-phase classifier (Sec. IV D). Overall, these
examples aim at illustrating the diversity of tasks that can be
accomplished via g-sim, and also showcase some avoidable
pitfalls.
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II. FRAMEWORK
A. Setup

Through this article, we focus on quantum dynamics re-
alized by means of quantum circuits (i.e., digital quantum
computations) but stress that the same principles can equally
be applied to continuously driven systems (i.e., analog quan-
tum computations). Also, we note that while exposed in the
context of the qubit model, the same principles are readily
ported to other models of quantum physics.

With this scope in mind, we will henceforth study a system
of n qubits with an associated Hilbert space H = (C?)®" of
dimension d = 2", and we denote as L the space of operators
acting on . We further consider the case when the dynamics
of the quantum system are determined by a unitary operator

L
U®) =[] (M

I=1
specified in terms of angles (or parameters) § = [0}, ..., 0]

and Hermitian operators H; taken from some set of gate gen-
erators S of the circuit.

In the following, we will be concerned with tasks of simu-
lation and optimization of quantum circuits. For an observable
0, an initial statep™, and a circuit U (), simulation consists
of evaluating the expectation value of O for the evolved state
p(@) = U(0)p"™UT(#). That is, by simulation, we mean
the evaluation of a quantity of the form

(0(0)) = Tr[OU (0)p™ U (8)] = Tr[0p“"V(0)].  (2)

In addition to simulation, one is often interested in actively
optimizing the system’s dynamics to achieve a certain objec-
tive. For instance, this is at the core of most problems found
in the field of VQAs and QML. These rely on optimizing
circuit parameters to decrease the value of a loss function that
can be evaluated through expectation values. As an example,
in a variational quantum eigensolver (VQE) [59] aiming at
preparing the ground state of a Hamiltonian H, this loss would
be the expectation value (H(#)). Similarly, in the context of
QML, the same circuit unitary may be applied to a dataset
of quantum states, and the loss to be minimized could be a
function of expectation values of a set of observables {O;} that
are obtained for each state. In both cases, optimization of the
circuit parameters can be enhanced by the ability to compute
gradients of the form dg(O(9)).

B. Lie theory

Here we recall elementary results of Lie theory that are
relevant to this work. For a general treatment of Lie groups
and Lie algebras, we recommend standard textbooks [60,61].
A more specific presentation of Lie theory in the context
of quantum control can be found in Refs. [62,63], or in the
context of quantum circuits in Refs. [64,65]. We start by
reviewing the concepts of dynamical Lie algebra (Definition
1) and dynamical Lie group (Definition 2), which characterize
the expressiveness of quantum circuits of the form in Eq. (1).

Definition 1 (Dynamical Lie algebra). Consider an ansatz
of the form in Eq. (1). Its dynamical Lie algebra g is de-
fined as the vector space spanned by all the possible nested

.,iH; }. That s,
c iH e € su(2"), 3)

where (-)rje denotes the Lie closure, i.e., the set of elements
obtained by repeatedly taking nested commutators until no
new linearly independent elements are obtained. We denote
as {iGy}?/':fg) a set of anti-Hermitian operators which form a
Schmidt-orthonormal basis of g.

The dynamical Lie algebra g constitutes a Lie subalgebra
of the special unitary Lie algebra su(2"), the space of linear
anti-Hermitian operators acting on the n-qubit system. For
details on numerical algorithms to compute the Lie closure,
we refer to Refs. [63,64,66].

In correspondence to the dynamical Lie algebra g, we can
also define the dynamical Lie group G as follows:

Definition 2 (Dynamical Lie group). The dynamical Lie
group G of a circuit of the form Eq. (1) is determined by its
dynamical Lie algebra g and defined as

g=¢e%= {eiA, iA € g}. )

Notably, the dynamical Lie group G corresponds to all
possible unitaries that can be implemented by circuits of
the form in Eq. (1). That is, for every V € G there exists
(at least) one choice of parameter values 0 for a sufficiently
large, but finite, number of layers L such that U(0) =V [62].
Overall, g determines the group G of unitaries that could be
realized, and we can take their dimensions in correspondence:
dim(G) (as a smooth differentiable manifold) = dim(g).

Having defined the Lie algebra and group associated with
the dynamical process in Eq. (1), we can now study how they
act on the operator space £. Our strategy to evaluate Eq. (2)
will consist in evolving operators—either the state p™ or
the observable O—through conjugation by U (#). Hence, we
are interested in the action A — VAV of the group unitaries
V € G onto operators A € L. For arbitrary V, evaluating such
action would scale polynomially with dim(£) = d*. However,
we can exploit the structure of G to decompose £ into smaller
subspaces in order to simplify the problem. These are the
invariant subspaces that are now defined.

Definition 3 (Invariant subspace). We say that an operator
subspace £, C L is invariant under the action of G whenever

VAV e L, VAe L, and VV eg. ®)

commutators of iS = {iH|, ..

g = spang({iHy, ..

Furthermore, we say that £, is irreducible (and call it an irrep)
when it is invariant and when there exists no nontrivial £, C
L; that is also invariant.

For compact groups acting on finite-dimensional spaces, as
considered throughout, one can always decompose £ in terms
of invariant subspaces L, as

c=@e. (©)
A

The maximal of such decomposition, whereby each L,
does not further contain invariant subspaces, is called the
irreducible (irrep) decomposition. The benefits of such de-
composition is that the complexity of evaluating Eq. (2)
becomes related to dim(L;,) that can be substantially smaller
than dim(£).

In what follows we will generically refer to the £, as the
irreps, but we note that all results hold true provided that
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L, are invariant subspaces, not necessarily irreducible ones.
For instance, in the demonstration and application sections of
Secs. IIl and IV, we will focus on the case where £, = ig. Al-
though not irreducible in general, ig is an invariant subspace,
as shown in Appendix A 1. Furthermore, we will denote as
B [witha = 1, ..., dim(L;)] the Hermitian operators such
that {B((X*)}a forms a Schmidt-orthonormal basis of £,. We say
that an observable A is supported by the irrep £; whenever
A € L, such that A can be entirely decomposed in the basis
of observables {B&’\)}a.

The fact that operator space decomposes into irreps allows
us to precisely characterize how a given operator transform
under the action of a unitary in the dynamical Lie group. For
this purpose, we begin by recalling that given an operator
iG, € g, its adjoint action on an irrep £, is fully characterized
by taking a Hermitian basis of £, and computing the represen-
tation elements ;" = Tr[iB}’[iG,.iB]] € R, through

dim (£3)
[iGy.iBP) = Y fu”iBy. )
p=1

By linearity, these constants fully capture the action of any
Lie-algebra elements over any operators belonging to £, in
terms of dim(g) matrices of sizes dim(L;) x dim(L;). We
leverage the following definition:

Definition 4 (adjoint representation of g in the Ath irrep).
Given an operator iG, in g, its adjoint representation on the
irrep £ is obtained via the map & : g RAM(£3)xdim(Ly)
and is defined by

(®5GG)),p = fug” = TeliB[iGy, B ®)

We note that if the underlying algebra is compact, and if the
basis observables Bf}) of the irreps are Schmidt orthonormal,
then the adjoint representation is faithful [43] (i.e., the map
<I>'j‘\d is injective). It is clear that since the adjoint representation
is linear, Definition 4 implies that knowledge of the adjoint
representations of the dim(g) basis elements is sufficient to
obtain the representation of any element of g. That is, for any
A= Zy(w)y G, (with w € RI™®) supported by the algebra,
one has ®(A) = >, (w), PY(G,).

Next, by means of the exponential map, we can obtain the
adjoint representation of the elements of the Lie group G.

Definition 5 (Adjoint representation of G in the Ath irrep).
The adjoint representation of g in £, induces the adjoint
representation @Qd of G. This representation is a linear map
P24 G 1> CL(RUIMEN) ¢ RIML) XML from the group
G to the group of invertible linear operators GIL (R~
defined as

CDQd(U — eiA) — ei[l’ 9)

forall iA € g (orany U € G), and with A = ®2(A).

The main appeal of such representation is that we can
evaluate the action of any U € G over any basis element B
of any £, as

UTBPU =) (o)), 5B (10)
B

We refer the reader to Appendix A1 for more details
on Eq. (10). As further detailed below, these adjoint

representations allow us to perform (Heisenberg) evolution of
any operator in an irrep £, under the adjoint action of any U €
G with a time complexity scaling with O[poly (dim(L;))] as
opposed to ®(4").

Before moving further, we highlight that the faithfulness of
a Lie algebra representation does not imply faithfulness of its
corresponding Lie group representation. To understand this,
we need to recall what the center Z(G) of G is.

Definition 6 (Center of a group). The center of a group G
is the subset of G that simultaneously commutes with all
elements of G. That is,

Z2(G)={WeG|YUeG, WU =UW). an

Specifically, one can readily verify that for any U = ¢
and W € Z(G), we have that V A:

PMWU) = MUW) = dMW), 12)

showing that a nontrivial center Z(G) results in unfaithfulness
of the ®29. Even though the Lie algebras g considered in this
work are centerless, the Lie groups G = ¢9 can still have a
nontrivial center, leading to unfaithfulness of de‘d. While not
an issue for most situations encountered, we will see later
in Sec. IV C that this introduces additional considerations for
unitary compilation.

C. g-sim principles

In this section, we present the main results that comprise
the foundation of g-sim. These include noiseless simula-
tions with observables supported by one or multiple irreps
(Sec. IIC1) or products of observables (Sec. IIC2), noisy
simulations (Sec. II C 3), and optimizations (Sec. IIC4). Ad-
ditional details are provided in Appendixes A, B, and C.

1. Simulation with observables supported by a single irrep

Let us first consider the case of simulation problems where
the observable of interest is supported by a single irrep. That
is, we want to evaluate Eq. (2) when O € £, for some A.

Let us define dim(L; )-dimensional vectors of expectation
values that captures the description of the input and output
states p1°") over the basis of observables B%):

(egjn—ou[))a = Tr[B((x)\)p(in—Out)]. (13)

The following result holds:

Result 1 (Simulation of observables in the Ath irrep).
Consider a circuit of the form in Eq. (1), and let O be an
observable with support in £; such that O = )" (w),B{" for

w € RYMED Then, given e(;n), we can compute

(00)) =w - e, (14)

with the vector of output expectation values obtained as

L
eiout) — <1_[ e—i@H,) _eghin)’ (15)
=1

where H; = ®¥(H)).

Result 1 indicates that, in order to compute (O(9)), it
suffices to have a decomposition of O in the Hermitian ba-
sis of the irrep, the adjoint representations H; of the gate

033266-4



LIE-ALGEBRAIC CLASSICAL SIMULATIONS FOR ...

PHYSICAL REVIEW RESEARCH 7, 033266 (2025)

generators, and the vector of expectation values of the basis
observables {Bé*)}iiflw‘) for the input state. We stress that,
although Eq. (15) resembles unitary evolution in the Hilbert
space H, it differs subtly. The vectors ef\m'o“t) are not state
vectors in the usual sense, but vectors of expectation values
of observables, and consequently, the phases (signs) are in-
deed physical. Since the H; are purely imaginary Hermitian
matrices, the gate representations e~ are real-valued and
describe linear coupling between observables induced by uni-
tary evolution.

An immediate consequence of Result 1 is that we can
compute expectation values of observables supported by the
irrep with a time complexity scaling as O(L dim(L;)?), with
the cubic power arising from matrix exponentiation. However,
as detailed in Appendix B 1, we provide a more efficient al-
gorithm based on precomputation of the eigendecomposition
of the H; matrices. Further improvements for algebras with a
Pauli basis are provided in Appendixes B 2 and B 3. This leads
us to our first main contribution, which improves on the time
complexity of g-sim.

Theorem 1. Computing expectation values of observables
supported by a given irrep £, using g-sim has a time com-
plexity in O(L dim(L;,)?) for circuits of the form in Eq. (1).

Result 1 and Theorem 1 can be naturally extended to ex-
pectation values of operators supported in multiple irreps £;,
due to linearity. In particular, we have that the following result
holds:

Result 2 (Simulation of operators in multiple irreps.).
Consider a circuit of the form in Eq. (1), and let O be an
observable with support in a set of irreps {L£,,}; such that O =
Y. 0%) where 0%) = ¥ (w®)),B%) for w?) e RIME:),

Then, given the vectors eg_“), we can compute

(00)) =) w - e, (16)

with each vector of output expectation values is obtained as in
Eq. (15).

Here, we can see that Theorem 1 directly implies the fol-
lowing corollary:

Corollary 1. Computing expectation values of an observ-
able with support in a constant set of irreps {£,,}; has a time
complexity in O(L max;{dim(L;, ).

2. Simulation with products of observables, each supported
by a single irrep

Taking a step further, we can simulate expectation val-
ues of the product of observables, each supported by a
single irrep. First, let us focus on simulating correlators
of the form (0OVOP(9)) = Tr[OU (0)p™UT(8)] for O =
00 with O € L, and 0 € L,,. For these, we define
a [dim(£,,) x dim(L;,)]-dimensional matrix of expectation
values that captures the description of the states p°") over
products of the basis observables

(E(in—out))aﬁ = Tr[B((x)nl)Bl(g)»z)p(in—out)]‘ (17)

As shown in Appendix A 2, we have the following result:
Result 3 (Simulation of product of two operators). Consider

a circuit of the form in Eq. (1), and let OV and O® be

observables with support in £,, and £;, respectively such

that O =Y, (w™"),B) and 0P =Y, (w®),Bj> for
w e RIMEn) and w? e RIMEn), Then, given EM™, we
can compute

<0(1)0(2)(0)> — (w(l))T . Eut) | w(2)’ (18)

with the superscript 7' denoting the matrix transpose, and with
the matrix of output expectation values obtained as

L L r
E(Oul) — (1_[ ei01H1>E(in) (1—[ eielHl) . (19)

=1 =1

The complexity of such simulations is provided in the fol-
lowing corollary, and we note that it is the same as Corollary 1.

Corollary 2. Computing expectation values of products of
observables 0 = 0'V0? with O € £;,, 0% € £;, has a
time complexity in O(L max;{dim(L;,)*}).

Going further, g-sim can be extended to compute expecta-
tion values of correlators of any order, such as a Mth-order
product OV ... O™ with each O™ supported by potentially
distinct £,. However, as detailed in Appendix A 2, simulating
an Mth-order correlator for arbitrary initial state has com-
plexity O(max;{dim(£;,)”}) that becomes impractical for
large-order M. In this work, however, we require only M < 2.

Finally, we note that, in general, a given observable sup-
ported by an irrep £, can also be decomposed as a product of
two or more observables supported in different irreps. Hence,
depending on the decomposition adopted, its simulation could
be performed through Result 1 or through the results of this
section. Different approaches entail different computational
scalings such that, in implementations, one may be favored
over the other.

3. Noisy simulations

From the previous discussion, one can already see how
some restricted forms of noise can be introduced in the sim-
ulations. Over- and under- rotations in the circuit gates of
Eq. (1) are readily captured through updates of the angles
0, — 6, + &; by some perturbations ¢;. Fluctuations or un-
certainty in such angles are modeled by repeatedly sampling
perturbations ¢; and averaging over the different realizations.
Going further, one can also incorporate noise channels con-
sisting of probabilistic occurrences of elements of G. All
these, however, may be rather limited as we are forced to
consider noise that is generated by g, and introduce some
overhead due to repeated sampling of the noise realizations.
However, as we now discuss (and detail further in Appendix
A 3), often we can do much more and do it more efficiently.

To capture the noise that can be simulated in g-sim, we
introduce the notion of the normalizer of an irrep.

Definition 7 (Normalizer of L;). Given an irrep L,, we de-
fine its normalizer as all the operators that leave the subspace
invariant under conjugation:

N(L):={Ae L|IATXAe L, VX € L;). (20)

We stress that by definition of the irreps, as per Def-
inition 3, we have G C N(L;) for any L£,. However, the
normalizer may contain many more operators A ¢ G. Notably,
whenever the Lie algebra g has a basis of Pauli operators, any
of the exponentially many Pauli operators will belong to the
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normalizer, and that independently of dim(g). As we will soon
see, this means that the action of Pauli noise channels can be
dealt with in g-sim. A demonstration of such possibilities is
provided in Sec. III.

Let us consider a noise channel A with decomposition,

All=) E E. @21
k

in terms of Kraus operators Ej satisfying ), E,j E, =1
Whenever E; € N(L,) for all k, and if O € L, we have
the guarantee that A[O] € £;. Akin to Definition 5, we can
define the adjoint representation of any A € N(£L,), and by
linearity of A, as dim(L;) x dim(£,) matrices. The latter
fully captures the action of A on L;: given the adjoint rep-
resentation <I>§\d(A) of a channel A and an observable O =
Y (w),BY € L;, we get that A(0) =) (w),BY with
updated weights w’ = ®24(A) - w.

In noisy simulations with g-sim adjoint representations
of the noise channels are simply interleaved in between the
adjoint representations of the unitary gates and only incur
constant overhead in the simulations. This is formalized in
Result Al of Appendix A3 a and captured by the following
corollary:

Corollary 3. Provided that the noise channels have a Kraus
decomposition as per Eq. (21) such that all E; € N(L,), then
Corollary 1 extends to exact noisy simulations with the same
complexities.

We see that whenever the noise channels admit a Kraus
decomposition with operators supported by N(L; ), we can
perform exact noisy simulations for observables with support
in a constant set of irreps, with the same time and memory
complexity as the noiseless simulations. This is in stark con-
trast with typical noisy simulations of quantum systems that
are either approximate (based on sampling many random re-
alizations of the noise) or exact but incur a quadratic increase
in memory and computing requirements. However, as detailed
in Appendix A 3 b, the case of noisy simulations for the prod-
uct of observables needs to be performed through sampling
of noise trajectories. Given S such trajectories, this incurs
a complexity O(S max;{dim(L;,)*}) for an error scaling as

OK/S - ). We note that while this does not allow for the sim-
ulation of symmetry-violating noise channels, in many cases,
twirling procedures may remove their symmetry-violating
properties. For example, simulations in gy can accommodate
arbitrary Pauli noise channels, to which a very general class
of noise processes can be twirled [67,68]. Indeed, Pauli noise
channels have proven sufficiently descriptive for some real de-
vices that they have enabled highly effective error mitigation
techniques [6,69].

4. Simulation of gradients

In addition to simulating parametrized quantum circuits, in
a variational quantum computing setting, one aims to optimize
the parameters to minimize a loss function. In order to benefit
from gradient-based training schemes, one needs to compute
derivatives of expectation values with respect to the circuit
parameters.

Given that Lie-algebraic techniques were originally envi-
sioned for simulating fixed unitary dynamics and not for their

optimization, there are no existing methods that use g-sim
to compute partial derivatives. However, due to the form of
the evolution in the adjoint representation of Eq. (15), we
can port reverse-mode differentiation methods [70] to g-sim,
yielding an efficient algorithm for gradient computation. Such
an algorithm is presented in detail in Appendix C 1; here, we
only remark on the complexity entailed.

Theorem 2 (Gradient calculations in g-sim). Computing
the gradient of the expectation value of an observable sup-
ported by an irrep £; using g-sim has a time complexity in
O(L dim(L,)?) for circuits of the form in Eq. (1).

Overall, the previous results form the basis of g-sim com-
prising noisy and noiseless simulations and optimizations of
quantum circuits. In Appendixes A4 and C 3, we detail how
this is extended to analog quantum computing. In the follow-
ing, we demonstrate situations where g-sim leads to scalable
computations when we specialize to the case where £; = ig.

III. SCALABILITY AND COMPARISON

In this section, we aim to demonstrate the capabilities of
g-sim and contrast it with other established simulation tech-
niques. In Sec. IIT A, we collect and summarize conditions for
scalability. In Sec. III B, we contrast g-sim with simulation
techniques based on Wick’s theorem, including the standard
treatment of free-fermion systems. In Sec. III C, we introduce
a Lie algebra of interest go. This Lie algebra will form the
basis of both the numerical examples of this section and of
many of the tasks tackled later on in the application sec-
tion (Sec. IV). In Sec. IIID we report results for noiseless
and noisy simulations for system sizes of n =200 qubits
and discuss the distinction of g-sim compared with related
free-fermion methods. Additionally, we present details of a
benchmark test to numerically verify polynomial resource
scalings.

A. Scalability of g-sim

As discussed in the previous section, g-sim recasts quan-
tum evolution as linear algebra problems on vectors in
R4M(L:) and matrices in RIML)xdim(L)  a¢ well as linear
combinations thereof. Although such techniques can be ap-
plied to any system, most dynamical Lie algebras, and their
associated irreps, have dimension scaling as ®(4") (e.g., ran-
domly sampled anti-Hermitian operators generate the whole
special unitary algebra su(d) [71]), and thus this framework
does not, in general, yield an asymptotic advantage. Yet, as
pointed out earlier, special cases exist where such dimension
scales as O(poly(n)), such that g-sim can be used to per-
form classically efficient simulations despite the exponential
dimension of H.

For convenience, we explicitly reiterate the conditions re-
quired for classically efficient simulations via g-sim:

(1) The Lie closure of the gate generators must lead to
an algebra g such that there exist irreps £, with dim(L,) €
O(poly(n)).

(2) We must know a Schmidt-orthonormal basis of the
polynomially large £,, as well as the nonzero representation
elements.
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(3) Observables of interest must be supported by polyno-
mially large irreps, or products of terms, each supported by
polynomially large irreps, up to some constant order M.

(4) The expectation values of the irreps basis elements (or
their products up to some fixed order M), over the initial state
must be known.

Let us make some brief comments regarding these re-
quirements. First, we recall that, while most evolutions
lead to exponentially sized algebras, there exist examples
where the algebra grows polynomially with the number of
qubits [41,45-51], including free-fermions, free-bosons sys-
tems with permutation symmetries, and more. We further note
that studies of Lie algebras, originally motivated by prob-
lems of controllability, have received renewed attention lately.
While recent works [52,55-57] have been mostly limited to
qubit systems and to Lie algebras generated by Pauli opera-
tors, we expect that it would extend to more families of Lie
algebras. In turn, these could offer many more applications
for the techniques presented.

B. Comparison of g-sim to other Wick-based simulation
methods; connections to resource theory

At this point, we find it convenient to briefly compare
g-sim to a different Lie-algebraic simulation method: Wick’s
theorem. Commonly, the latter is used to simulate noninteract-
ing free-fermionic evolutions [72], i.e., unitaries generated by
Hamiltonians expressed as a combination of quadratic prod-
ucts of fermion creation and annihilation operators. We refer
the reader to Appendix D, but also to Refs. [43] for additional
details on this method. In particular, one can show that there
exist polynomially sized Lie algebras g for which Wick’s the-
orem enables the efficient classical simulation of expectation
values for a O in any £, that is expressed as a product of
polynomially many products of elements in ig [3], so long as
the initial stateis either a generalized coherent state [73-76]
(i.e., p™ = V|hw)thw|VT for V € ¢9 and |hw) the highest-
weight state of g), or a linear combination of polynomially
many generalized coherent state. As such, simulation tech-
niques based on Wick’s theorem will become exponentially
expensive when the initial state has to be decomposed into
an exponential number of generalized coherent states. On the
other hand, when using g-sim, the simulation is efficient for
general states (provided we can get the associated expectation
values in the basis of £,) but for observables in irreps whose
dimension scales only polynomially with the system size, as
per Theorem 1. Broadly speaking, we can summarize these
results as the following constraints:

(1) Wick-based simulation: general observable, special
state;

(2) g-sim-based simulation: general state, special observ-
able.

The previous distinction between Wick-based techniques
and g-sim shows that the two methods have merit for different
types of states. On the one hand, Wick-based simulations
fail for states with exponential “extent” [77-79], or, in the
language of resource theory [58], for states that are expressed
as an exponential combination of free states. On the other
hand, if the input state has zero component on the polysize
dimensional irreps, then its dynamics therein are trivial (i.e.,

g-sim would predict zero for all observables taken from such
irreps). Hence, to perform nontrivial simulations, one would
have to implement g-sim on the exponentially large irreps, in
which case it becomes inefficient. In fact, it has been recently
proposed that the irrep decomposition of a quantum state is a
measure of its resourcefulness [80], and that highly resource-
ful states have little-to-no component in the smaller irreps.
Crucially, since this notion of resourcefulness is nonequiva-
lent to the extent [80] (i.e., states with both order-one and
exponentially large extent can fail to have component in the
smaller dimensional irreps), we can see that the distinction
between Wick-based techniques and g-sim appears to arise
on a more fundamental level—both methods allow for effi-
cient simulations for low-resource states, with the nature of
the resource quantified differently for each method. Hence,
g-sim can enable new scenarios for simulation beyond those
achievable with Wick-based techniques.

C. A polynomially large Lie algebra

As a specific example of an algebra with dim(g) € poly(n),
we consider a special model with free-fermion mappings
where dim(L,) € O(n?). This algebra, or its subalgebras, will
be used in the numerical simulations performed. The algebra
under consideration is given by

. -1
U {lUJI'LGJP+1}?=1

W V=X,Y

go = span[R< U {ia;}’;=1> . (22)
Lie

with o denoting a single-qubit Pauli operator labeled by o €

{x, y, z} acting on the qubit i. A basis for g is given by the set

of Paulis [47],

z{aj,aiaj,aiaj,aiaj,alraj|1§t<]§n}, (23)
—
where we used the notation A;B; :A[Uiﬁr] -~-of_lBj. This

algebra is a representation of s0(2n), and hence its dimen-
sion is dim(gg) = n(2n — 1) [47,52]. All the representation
elements can be obtained with a time complexity of O(n’);
in the GitHub repository of Ref. [81], we have reported these
representation elements together with the basis.

Expectation values of the basis elements in Eq. (23) (or
their products) can be efficiently computed on a classical
computer for many families of initial states. These include
the highest weight states [43], any product states or stabilizer
states, and even superpositions of polynomially many of these.
Interestingly, as we explore in the following section, these
also include initial states that are magic states for the class
of circuits under consideration, allowing g-sim to efficiently
evolve initial states that typical free-fermionic methods could
not support—even some with exponentially large fermionic
extent. One could even envision the situation where a generic
input state is provided as a physical quantum state or as a
description of its preparation. One would then estimate these
expectation values by using a quantum computer, preparing
or accessing p™, and making measurements of all the irrep
basis elements. This procedure yields a form of ‘“classical
description” [41] of the input state that g-sim can use.
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FIG. 2. Noiseless and noisy dynamics of a 200-qubit magic state using g-sim. We simulate the Trotterized dynamics of an initial magic
state (25) under a TFXY spin-chain Hamiltonian (24) for n = 200 qubits and T = 2.81 in g-sim. We report values for correlators of the form
(GJY 07,1) along the dynamics. (a) In the absence of noise, we see that the correlations propagate across the whole chain. This simulation ran
in 16 minutes on a single CPU core. The inset shows small oscillations in the correlators that reach the far end of the chain, confirming that
the light cone of the dynamics reaches from the first to last qubit. (b) Including noise in the dynamics, in the form of random 2-qubit Pauli

channels (26) acting after each entangling gate with a fault probability of p = 3 x 107*, we see that the dissipation weakens the correlations

_— x107% smaller —
(a)

__—é_l %10-°

-2 0

150

100

Site number j
<U;'J‘7f+1>

50

L N
—2 0 2 x10
100 200 300

300 400 500

Time t

600 0
Time ¢t

by six orders of magnitude.

D. Demonstration and resource benchmark of g-sim

To demonstrate the power of g-sim, we first showcase its
application to a quantum simulation task. We seek to simulate
the dynamics of the transverse field XY (TFXY) model with
random magnetic fields, whose Hamiltonian reads

n—1 n
HTFXY = Z (O'])-CO'])-C+1 + UJ)»)Gjy_H) + ijO'?, (24)
j=1 j=1

where the coefficients b; are randomly drawn from a Gaussian
distribution N (0, £2). We note that Hamiltonian dynamics in
g-sim can be implemented either by directly exponentiating
the adjoint representation of the Hamiltonian (9) or by sim-
ulating an appropriate quantum circuit (15). Here, we apply
the latter as it will allow us to insert noise channels in be-
tween gates for subsequent noisy demonstration. The circuit is
obtained by resorting to a first-order Trotterization of the dy-
namics with a total of 300 Trotter steps with step size At = 2.

For our simulations, we initialize the system in the magic
state

0000) 4 [0011) + [1100) + €7|1111)7%*
|w>=[| ) +10011) + [1100) + €| )} @5

2

for n =200 qubits and aim at computing the dynamics of
observables O € L, = igy. Although this state has exponen-
tial fermionic extent (i.e., it can only be decomposed into an
exponential number of Gaussian states) [82,83], the vector of
expectation values needed for g-sim can be trivially classically
computed, such that simulations are scalable. This highlights
the differences between g-sim and Wick-based methods, as
using Wick’s theorem along with the state in Eq. (25) would
lead to an exponential computational complexity, whereas the
cost of g-sim remains polynomial. Hence, this is an example

of a simulation that can be performed efficiently with g-sim
but not with closely related methods. However, we note that
such simulations with g-sim were possible as we limited our-
selves to observables supported by a polynomially large irrep.

In Fig. 2(a), we explore the dynamics of the system in the
absence of noise. In particular, we explore the propagation
of correlations across the system by evaluating the (a; oii1)
correlators at different evolution times ¢ = 0, ..., 600. As can
be seen, over the timescales probed, the correlations propagate
to the end of the chain, albeit at small values. Resolving these
values is possible due to the exact nature of the simulations
performed. The entire simulation was completed in 16 min-
utes on a single CPU core, demonstrating the scalability of
g-sim.

For the Fig. 2(b), we repeat this simulation in the presence
of noise using the methods outlined in Sec. IIC3. Given
the irrep of interest, we readily see that any Pauli operator
belongs to the normalizer N(L, = igo) as per Definition 7.
Notably, albeit of polynomial dimension, £; admits a normal-
izer containing an exponential number of linearly independent
elements. In turn, this allows us to simulate arbitrary Pauli
noise channels. In our numerical explorations, following ev-
ery entangling gate, we apply a random 2-qubit Pauli noise
channel,

p— (=pp+) w00 p o, (26)

vp.vpeflxy.z)
(vp,v)#(, 1)

where the w,, ,, are drawn from a uniform distribution 2/(0, 1)
and then normalized such that they sum to p. For the sim-
ulation depicted here, we choose an overall per-gate fault
probability of p = 3 x 10~*. Under the presence of noise, the
correlations dissipate, although they are not entirely elimi-
nated: oscillations can still be seen at the far end of the chain,
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FIG. 3. Performance benchmarks of g-sim. (a) Circuit used for
the benchmark at n = 3 qubits. The set of generators is presented
in Eq. (22). Here, Rz denotes a rotation about the Z axis, and R,
a rotation generated by the Pauli operator 6*c’. We compare (b)
the memory and (c) compute time requirements for state vector
simulations (blue) and g-sim (orange) for the unitary shown in panel

(a).

albeit six orders of magnitude smaller than for the noiseless
case.

These results highlight the exact nature of noisy simu-
lations with g-sim: Any method relying on sampling noise
realizations would have required of the order of 10'' many
repetitions to resolve such oscillations. Similarly, classical
simulations of noisy dynamics involving the truncation of
low-weight contributions in the Heisenberg picture [84,85]
also requires simulating many trajectories.

With a nontrivial application of g-sim demonstrated, we
now consider its performance and scalability more sys-
tematically with a benchmarking task, aiming to verify its
polynomial resource scaling numerically. We take the circuits
U (@) to be composed of a single layer of gates generated
by the set of operators (Umv:x‘y{ajlq’ﬁrl.}?;%) Ufo;}i_;- In
Fig. 3(a), we schematically show the circuit for n = 3.

For the benchmarking task, we evaluate expectation values
of random observables in the algebra gy for the state obtained
by applying U (@), with parameters uniformly sampled in the
interval [0, 277], to an input state p™ = |0)0|®". As was the
case for the state in Eq. (25), we can easily compute expecta-
tion values of p™ for any of the Pauli operators forming the
basis of gj.

In Fig. 3(b), we show benchmark results in terms of mem-
ory and compute time for g-sim and for full state-vector
simulations methods. The benchmarks are computed on a
single CPU core using TensorFlow Quantum for state vector
methods, and our Python implementation for g-sim. Therein
we can see that both memory and compute timescale as €2(2")

for state vector methods, and as O(poly(n)) for g-sim. The
exponential scaling of state-vector simulations makes sim-
ulations with n > 30 qubits intractable on the device used.
However, using g-sim we are able to simulate systems of
up to 200 qubits on a single core of a modern CPU. Fur-
ther comments on the benchmarking procedure are given in
Appendix E 1.

These demonstrations highlight the capabilities and scal-
ability of our framework for simulations, and in particular
its differences and advantages relative to similar methods.
These did not, however, require any optimization; in the next
section, we make use of optimization and explore applications
of g-sim to more sophisticated key problems in variational
quantum computing.

IV. APPLICATIONS

Having presented the framework for g-sim, we now explore
its benefits in concrete problems. These include a study of
the landscape of VQAs highlighting the overparametrization
phenomenon (Sec. IV A), designing improved initialization
of the quantum circuit parameters (Sec. IV B), problems of
circuit synthesis (Sec. IV C), and demonstration of the training
of a quantum-phase classifier (Sec. IV D). These illustrate the
broad range of applications that can be addressed with g-sim.

We note that in all cases, we will implement g-sim based
on either gy or subalgebras g C gy obtained by removing
some of the generators from Eq. (22). In each section, we
will specify which subalgebra of gy we will be working with,
and a more detailed outline of the relevant subalgebras is
given in Appendix F. We further remark that by definition, we
will always be simulating circuits composed of single- and
two-qubit gates with local connectivity; that is, circuits that
could be implemented on most quantum hardware without
incurring large compilation overhead. Details of these circuits
are summarized in Table I of Appendix E.

A. Characterizing VQAs

VQAs aim to enable near-term quantum advantage by
means of a hybrid quantum-classical training loop, where
some of the problem difficulty is offloaded to an optimization
problem on a classical coprocessor. However, this optimiza-
tion problem is difficult in general [86] and much remains to
be learned about its scalability. Analytic study of optimization
landscapes is difficult and limited in scope, while computa-
tional study is hindered by the exponential resource costs of
state vector simulation. In this context, scalable classical sim-
ulations allow one to dequantize certain architectures [32] but
also to characterize the trainability of VQAs at system sizes
that would otherwise be intractable. A previous study has used
free-fermion simulations for this purpose [20], but using g-sim
expands the set of systems that can be studied. As a warm-up
problem, we demonstrate the onset of overparametrization in
VQE problems for the TFXY model at up to n = 50 qubits.

1. Overparametrization in VQE

Overparametrization [87] is a surprising phenomenon in
classical neural networks, where training a neural network
with a capacity larger than that which is necessary to
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represent the training data distribution may lead to improved
performance [88-91] and even provable convergence results
[92,93], rather than to the overfitting and training difficulties
one may naively expect. This phenomenon was generalized
to quantum circuits in Ref. [65], where it was shown that
the model capacity of circuits of the form Eq. (1) can be
quantified by dim(g). In turn, overparametrization is charac-
terized by a “computational phase transition” happening at a
critical number of parameters N’f”“) < dim(g), below which
the circuit is hard to train and above which it becomes easy
to train. Exact values of this critical threshold N are state-
dependent and often hard to assess analytically because they
rely on the conjugation relationship between the initial state
and the Lie algebra g of the circuit. Thus, exact details of this
phenomenon are best probed numerically. However, initial
numerical demonstrations of the phenomenon were only pro-
vided for systems of 2—10 qubits [65]. Here, we demonstrate
the phenomenon in problems of up to 50 qubits.

2. Simulation results

To probe overparametrization, we consider a VQE task
where the goal is to prepare the ground state of the TFXY
model of Eq. (24). As an ansatz for U(#) we consider a
Hamiltonian variational ansatz [66,94] of the form in Eq. (1)
with gate generators taken from the set {0’} 07}, |, 0707, };f;} U
{o7}i_. We refer the reader to Appendix E for additional
details on this circuit. One can verify that the dynamical
Lie algebra associated with this set of generators is precisely
go in Eq. (22), such that we can use the representation ele-
ments reported in Ref. [81]. Given that dim(gy) = n(2n — 1)
and that the gates in U(f#) can be parallelized, then over-
parametrization is achievable with linear circuit depth. To
solve the VQE problem, the parameters are optimized using
the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-
BFGS) algorithm with the gradient evaluated according to
Appendix C 1 to minimize the energy

Erexy (0) = (0|U(0)Hrexy U (0)]0). 27

Note that the measurement operator Hrgxy is, by definition,
fully supported within go. Moreover, since the initial state is
the all-zero state, we can readily construct the vector el
That is, we have all the ingredients for g-sim.

For each of the system sizes probed, from n = 20 to 50
qubits, we perform optimization over circuits with a varied
number of layers L chosen to result in a number N, of cir-
cuit parameters spanning the range [1, dim(go)], and random
magnetic-field amplitude & = 0.1. For any of the circuits stud-
ied, optimizations are repeated over 50 randomized initial
parameter values and fields. Results of this study are reported
in Fig. 4.

For a fixed system size of n = 50 qubits, we display in
Fig. 4(a) all the optimization traces. We observe the conver-
gence behavior of the approximate training error etgxy(6) =
(EtexY (0) — Emin)/||HtEXY lHS, » Where Eny is the lowest en-
ergy discovered by VQE across all depths and || - [lus, = || -
llus/2" for || - ||lus the Hilbert-Schmidt norm (i.e., we normal-
ize the error relative to the energy scale of the Hamiltonian).
Optimization traces exhibit a clear change in the hardness
of the optimization problem as the depth of the circuits is

L layers
5 10 15 20

80%

60% A

40% A

probability of convergence

20% A

0% -
1500 0.00 025 050 0.75 1.00

N,/ dim(go)

0 500 1000
iterations

FIG. 4. Overparametrization in large system sizes. (a) Conver-
gence traces at n = 50 qubits of the approximate training error
erexy(0). (b) The probability of converging to erpxy < 10~ for
uniform random initialization of # as measured by 50 samples, at
varied circuit depths, with the corresponding number of parameters
N, reported as a fraction of dim(go) and for n ranging from 20 to 50
qubits.

varied. Below a critical threshold of L & 6 layers, we can
see severe trainability issues where none of the optimization
manages to converge to the ground-state energy. However, for
circuits with L > 6 layers, a sudden transition to trainability is
observed, and solutions converge toward the minimum energy.
This phase transition in computational complexity indicates
the onset of overparametrization.

More systematically, in Fig. 4(b), we study this phe-
nomenon across varying system sizes n, from 20 to 50 qubits,
and report the probability of convergence to etpxy < 107
as a function of the number of circuit parameters in units of
dim(go). We observe that the transition to the trainable region
(large convergence probability) occurs consistently across all
system sizes at N ~ 0.3 dim(g) irrespective of n. This
supports the analytic results of Ref. [65] and demonstrates
the phenomenon of overparametrization at system sizes be-
yond what could be simulated with state vector simulations.
Overall, such a detailed analysis of VQA trainability at scale,
which requires repetitions over many optimizations and many
circuit sizes, is made possible by g-sim.

Overparametrization is crucial throughout the remainder
of this work. It is provably achieved for circuits with N, >
dim(g) parameters, and thus the tractably overparametriz-
able models are those with dim(g) € O(poly(n)). In cases
where the relevant loss function depends entirely on ob-
servables supported by the algebra of the circuit (e.g., VQE
with Hamiltonian variational ansatz [66,94-96] or QAOA),
circuits overparametrizable in polynomial depth are exactly
those that can be efficiently simulated with g-sim. Hence, this
phenomenon ensures that for any problem that is efficiently
simulable in g-sim, we can guarantee good trainability using
a circuit of only polynomial gate count. Crucially, this ensures
a correctly trained prior model for our pretraining scheme
(Sec. IV B), the ability to efficiently approximately compile
unitaries in G to linear-depth circuits (Sec. IV C), and good
trainability of QML models (Sec. IV D).
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B. Pretraining quantum circuits

Although g-sim identifies certain classes of evolution that
are classically simulable (and therefore not an avenue to quan-
tum advantage), in some cases, this classical simulation can
assist in the study of systems that are not classically simulable.
Here, we detail a pretraining (warm-starting) scheme that im-
proves the training of VQAs that are not classically simulable
but related to models that are.

While the overparametrization regime guarantees trainabil-
ity from arbitrary initial parameter values, in general cases
where dim(g) € ®(4") (i.e., cases where classical simulations
are not possible anymore), it does not result in a scal-
able strategy. Indeed, trying to access the overparametrized
regime would require constructing and training exponen-
tially deep circuits, which is intractable for large problem
sizes. Still, it is hoped that with an adequate choice of ini-
tial parameters, one could train the circuits before the onset
of overparametrization. Moreover, issues of barren plateaus
[13,14,64,97] (another crucial aspect of trainability) indicate
exponentially vanishing gradients on average, but do not im-
ply that the entire optimization landscape is flat. In fact, these
are always accompanied by “narrow gorges” in which min-
ima are surrounded by regions of large gradient [98]. Hence,
improvement in the trainability of quantum circuits can be
achieved by means of “pretraining” an ansatz such that its
initial parameter values are sufficiently close to the optimal
solution. As such, initialization by means of pretraining has
received significant attention lately [21-31] and is proposed
as one of the most promising methods to requantize certain
VQAs [32]. While the limitations and capabilities of pretrain-
ing are not yet fully understood, recent work has begun to
elucidate these [99].

In this section, we demonstrate the use of g-sim for the
initialization of VQAs. The idea (Sec. IVB 1) is to perform
pretraining on a related auxiliary problem that induces a scal-
able Lie algebra and to transfer the solution found as initial
parameters for the circuit addressing the target problem. It
is expected that the closer the auxiliary problem is to the
target one, the more efficient such a transfer will be. As a
first example (Sec. IV B 2), we study ground-state preparation
of the longitudinal-transverse field Ising model (LTFIM) via
solving the transverse field Ising model (TFIM) in the first
place. LTFIM only differs from TFIM by a few additional
generators (the longitudinal fields), and we find substantial
improvement both in terms of the fidelity of the ground states
prepared and the magnitude of the initial gradients when
utilizing pretraining. More surprisingly, we also show that in
problems of QAOA (Sec. IV B 3), for which target and auxil-
iary tasks differ substantially, improved performances can still
be achieved over a significant number of (but not all) problem
instances.

1. Pretraining strategy with g-sim

Let us consider again here a VQE task where the goal is
to prepare the ground state of a Hamiltonian H that can be
decomposedas H =) . ¢ jhj, where c¢; are real-valued coef-
ficients. We then define the Lie algebra gareer = ({if2j})Lie, 1.€.,
the algebra generated by the individual terms in H. The goal is
to construct a circuit U (@) to prepare the ground state of H that

is generated by some elements of giareer. In What follows, we
will assume that dim(giargec) ¢ O(poly(n)) (else the full VQE
problem could be efficiently simulated with g-sim), meaning
that U (@) should not be constructed from a generating set of
Orarget- Hence, the scheme is as follows:

(1) Identify a subset of the operators in igger, denoted as
{hi}x such that their Lie closure gaux = ({ihx})Lie, 1 a subal-
gebra gaux C Guarger With dim(gaux) € O(poly(n)). Construct
a proxy Hamiltonian Hyy = ), cchy. As we will see in the
examples below, the choice of ¢, is informed by the task at
hand.

(2) On a classical computer, use g-sim to solve VQE on
Hax using an ansatz generated by terms of guux and with a
number of parameters allowing for overparametrization.

(3) Extend the trained ansatz with new gates generated
by (some) of the terms in gerger \ Gaux- These new gates are
initialized to the identity.

(4) On a quantum computer, solve the VQE for H starting
from the ansatz constructed in step 3.

Although presented in the context of VQE, similar strate-
gies could be applied to QML problems.

2. Pretraining VOE for the LTFIM

We begin by recalling that the LTFIM is a paradigmatic
spin-chain model providing a prototypical example of a quan-
tum phase transition. Its Hamiltonian reads

n—1 n n
HLTFIM = hxeO';O-J)':Ll +hZZO'jZ +/’ZXZO')»(, (28)
Jj=1 Jj=1 Jj=1
where hy,, h;, hy € R. It can be verified that the algebra giarget
obtained from the terms in Hppppv has exponential dimen-
sion grrriv € ©(4") [64]. This renders it intractable in g-sim,
induces a barren plateau for deep Hamiltonian variational
circuits [64], and precludes efficient overparametrization [65],
thus making application of the VQE to identify the ground
state of Eq. (28) highly nontrivial.
Instead, by dropping some terms in Hyrrpy We obtain the
TFIM Hamiltonian, given by

n—1 n
HTFIM = hxx Z O';U}-Y_,'_l + hz Z O'jz (29)
j=1 j=1

Notably, taking the Lie closure of the terms in Hypp We obtain
Gaux < go- Thus, we have successfully identified a subset of
operators in igree leading to an algebra whose dimension is
in O(poly(n)), making it overparametrizable [65] and classi-
cally tractable in g-sim.

The pretraining strategy is now applied to ground-state
preparations of Hyrppy. Following Sec. IV B 1, we begin by
constructing an ansatz with L = dim(g,) and gates generated
by terms appearing in Hygpv:

dim (go) |
U@ = [ e™EmcivneXiac (30
=1

Parameters of the ansatz are initialized with random uni-
form values, and we train them to prepare the ground state
of Hrppv using g-sim. Note that since the dynamical Lie
algebra g,,x associated with Eq. (30) is a subalgebra of gg, we
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FIG. 5. Pre-training VQE for LTFIM using g-sim. (a), (b) Mean
training error € rrv (0, @) [Eq. (32)] for VQE with random initializa-
tion (blue) and pretrained with g-sim (orange), (a) at n = 12 qubits
and varying longitudinal field strengths /4, and (b) at field strength
h, = —1.0 and varying system sizes n. Dashed lines represent initial
ansatz configurations, while solid lines represent trained ansitze.
(c), (d) Comparison of gradient variances at varying system size n
and longitudinal field strengths 4, for (c) uniform random parameter
initialization and (d) g-sim pretraining. Shaded bars represent boot-
strapped 95% confidence intervals.

can use the representation elements that we have precomputed
for go. This can be seen by noting that e~ Tiniojoia =
]_[']1;} e~"19797 and that each gate generator is an element
007, of go. We detail further how to best make use of
g-sim with generators that are sums of Pauli operators in
Appendix B 2.

Once the parameters in Eq. (30) are trained to prepare the
ground state of Hyppy, we modify the circuit by inserting new
gates generated by the remaining term of Hy gy, yielding the
ansatz

dim (g0) | | 7
U@, ¢) = l—[ [e*iel-l 2jm1 0501 o2 2 iy Of o =it 35 ".’f].
I=1
(31

The new gates are initialized to the identity by setting
¢ = (0,0, ...), while the other gates retain their pretrained
values. Finally, we proceed by training the full ansatz of
Eq. (31) to minimize the expectation value of Hyrppv. Since
dim(grrev) € ©(4"), this last step must be performed using
state vector simulations (we use TensorFlow Quantum [100]),
thus limiting the system sizes that can be probed.

In Fig. 5, we report a comparison of the pretraining strategy
discussed versus uniform random initialization of the cir-
cuit parameters, for Hamiltonians with 4, = —1 and h,, = 1.
As can be seen in Figs. 5(a) and 5(b), pretraining yields
improvements by several orders of magnitude in terms of the

error

0 UT 0’ H v 0’ 0 — Enin
6LTFIM(0,¢)=< |U"(9, $)HrrenmU (9, 6)]0) ’

(32)
[lHrrEm™ Il HS,

where E, is the ground-state energy of Hyrgpv obtained by
exact diagonalization.

In Fig. 5(a), we compare these errors as a function of the
longitudinal field strength |A,|. The prepared state resulting
from the pretraining strategy (with errors depicted as an or-
ange dashed line) becomes a poorer approximation to the
ground state as |4, | increases, and even sometimes at par with
random initialization (blue dashed line). Still, after the final
step of optimization (with errors depicted as plain lines), we
found pretraining to consistently enable accurate ground-state
preparation of Hypgpy. Across all the values of 4, studied, the
pretraining strategy is the most favorable initialization.

In Fig. 5(b), we report final errors scaling with the system
size n, noting that the randomly initialized circuits quickly
become untrainable as n increases, while the pretrained ansatz
only exhibits a mild decline in trainability.

In addition to these improved errors, we observe a mit-
igation of the barren plateau effect. Due to the exponential
dimension of gy gy, in the case of random initialization, one
would expect gradient variance scaling as [64]

1
Varg,¢ [0, €Ltrm (6, ¢)] € 0<§>1 (33)

thus necessitating ®(2") circuit repetitions to distinguish
small gradient values from statistical shot noise. This is veri-
fied numerically in Fig. 5(c), which, over varied values of the
field h,, showcases exponentially vanishing gradients. How-
ever, in the case of g-sim pretraining, we can see in Fig. 5(d),
the gradient variances vanish at a much slower rate in n, effec-
tively mitigating the appearance of the barren plateau effect
and thus extending the scalability of VQE on this system.

3. Pretraining QAOA

The quantum approximate optimization algorithm
(QAOA) is a VQA that attempts to solve combinatorial
optimization problems [101]. Specifically, we consider here
its use to approximate solutions of MaxCut problems. We
recall that given a graph G with edges E and vertices V, the
maximum cut (MaxCut) problem is to find a partition of V
into two sets S and T that maximizes the number of edges
e € E having endpoints in both S and T'. Encoding a partition
as a bitstring z € {0, 1}", its fitness for the MaxCut problem
can be quantified by the approximation ratio r defined as

C(z)

arg max,C(z)’

CRy= Y wll—2)

(m,l)eE

rz) = (34)

For general graph problems, finding an exact MaxCut solution
is NP-hard [102]. Still, the Goemans-Williamson (GW) algo-
rithm [103] allows one to efficiently find an approximation
with a ratio of at least rgw ~ 0.878. To obtain a quantum
advantage with QAOA, one must outperform this threshold.
QAOA recasts a MaxCut problem as a VQE problem,
where the goal is to find the ground state of the phase
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Hamiltonian

1
Ho = 5 Z (oi0f = 1), (35)

(m,))eE

which depends on the underlying graph G. To prepare such a
ground state, one applies a circuit

P

U(ﬂ’ }’) = 1_[ eiiﬂmHMeiiVmH(;’ (36)

m=1

where Hy = Z';:l aj‘ is the so-called mixing Hamiltonian,
to an initial state |+)®". By optimizing the variational
parameters (8 and y) to minimize the expectation value
(+|®"UT(B, y)HpU (B, y)|+)®" and measuring the resulting
state in the computational basis, one may construct approx-
imate solutions to MaxCut. In correspondence to Eq. (34),
the approximation ratio of the solution generated by QAOA
is defined as
®nyrt ®n
By = U B VHUB R
(Vas|Hg|Ves)

where |Y¥gs) is the ground state of the Hamiltonian H.

While optimal parameters can be identified for p =1
[104], optimizing them for larger depth (where improved solu-
tions can be found) remains a challenge. Indeed, several works
show that general problem instances are likely to experience
unfavorable optimization landscapes in the absence of any
special underlying structure [105,106]. These point toward
the necessity of finding pretraining strategies for deep-circuit
QAOA.

It has been reported that, for most choices of G, the Lie al-
gebra associated with Eq. (36) will have dimensions in €2(2")
[52,64]. Hence, to apply our pretraining strategy, we need to
identify an algebra with a polynomial dimension that is related
to the original problem. For the circuit of Eq. (36), this is
the case for the path graph G = P, on n-vertices. For such
a choice, the Lie algebra goaoa,p, = span{{iHp,, iHy})Lic 15
such that (up to a change of basis, where the Pauli o*
and o° are interchanged) ggaoa,r, C g0, and therefore has
dim(ggaoa.p,) € O(poly(n)) (see Appendix F). Hence, we
can again use the representation elements of go, and start by
training such a circuit for p = dim(gqaoa,p,)-

The pretrained parameters B and y can then be used to
initialize the modified ansatz

P

Us(a, B, y) = [ [ [ PHueimtinetutic] — (38)
=1

for any general graph G # P,, with the new parameters ini-
tialized to & = (0, O, . ..). We then train the parameters «, f3,
y to minimize the expectation value of Hg.

We study the benefits of this pretraining at n = 16 qubits on
random 3-regular graphs and Erdos-Rényi graphs with edge
probability pr = 0.3. Results are reported in Fig. 6, showing
that pretraining significantly outperforms randomly initialized
QAOA circuits.

In terms of the mean approximation ratio r [Fig. 6(a)],
both randomlyinitialized strategies vastly underperform the
GW threshold rgw (horizontal dashed line), while the pre-
training strategy achieves comparable average performance.

—— Randomly-initialized, standard ansatz
Randomly-initialized, modified ansatz
—— Pre-trained, modified ansatz

3-regular Erdés—Rényi (pg = 0.3)
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FIG. 6. Pre-training QAOA using g-sim. Performances of QAOA
on MaxCut at n =16 qubits for the standard randomlyinitial-
ized QAOA ansatz (blue), the modified randomlyinitialized ansatz
(orange), and the modified ansatz pretrained with g-sim (green).
Comparisons are made across ensembles of 200 random 3-regular
graphs (left panels) and 200 Erdos-Réyni graphs with edge probabil-
ity pr = 0.3 (right panels). We compare (a) the mean approximation
ratios r (shaded bars are bootstrapped 95% confidence intervals),
(b) individual training trajectories, and (c) the fraction of solutions
outperforming the GW threshold (reported as a horizontal dashed
line).

More strikingly, when looking at details of the approximation
ratios r of the individual graph problems [Fig. 6(b)], we find
that a majority of individual graphs achieve an approximation
ratio r > rgw, with the rest at par with random initialization.

Overall, the fraction of solutions that improve on the GW
threshold [Fig. 6(c)] converges to 72.5% for 3-regular graphs,
and 66.5% for pr = 0.3 Erdos-Rényi graphs. On the other
hand, no randomly initialized circuits achieved better than
this threshold. This indicates that g-sim pretraining is ad-
vantageous for QAOA on a substantial fraction of random
graphs, even for a relatively crude initialization strategy. We
stress that, even in the case of pretraining, convergence to
the improved solutions often requires performing a couple
of hundred optimization steps. When quantum devices will
be able to perform such relatively demanding optimizations
remains unknown. Nonetheless, starting closer to the solution
is always a desirable feature, and further improvements could
likely be achieved by more carefully aligning the path graph
P, along G, adaptively transforming the ansatz and cost, or re-
sorting to another polynomial size algebra for the pretraining.

C. Circuit synthesis

Until now, we have been concerned with tasks of state
preparation. We now address more difficult problems of
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unitary compilation. Here, we seek to use g-sim to identify
the parameters of an ansatz circuit U(f) € G of the form (1)
to implement a target unitary V € G. Despite the fact that both
the target and circuit must belong to a unitary Lie group whose
associated Lie algebra is of polynomial dimension, such a
strategy can already enlarge the reach of g-sim. In particular,
previous uses of g-sim (as reported in Results 1 and 3) were
restricted to certain initial states and observables, but our
circuit synthesis compilation goes beyond these cases. Now,
g-sim can be used to classically compile a polynomial-gate-
count circuit, and then implement it on a quantum computer
to evaluate the evolution of any observable or state. More
generally, the unitary to be synthesized could be part of a
larger protocol such that the initial state or observable may not
even be known beforehand. Finally, we note that there may be
utility in compiling random unitaries corresponding to poly-
nomially sized Lie algebras because sampling from the output
of some of these circuits has strong hardness guarantees that
can be used to demonstrate quantum advantage [107].

The scheme proposed is presented in Sec. IV C 1. We probe
its convergence properties for random targets in Sec. IV C2,
displaying polynomial optimization effort in most cases.
However, as documented in Sec. IV C 3, given that we work in
a reduced representation of the algebra, issues of faithfulness
can arise and compromise compilation. Still, we provide a
strategy to overcome this issue. Resorting to this strategy,
we demonstrate exact compilations with g-sim in a task of
dynamical evolution in Sec. IV C4.

1. Variational compilation of unitaries in g-sim

In variational circuit compilation, we typically seek to train
the parameters of an ansatz circuit U (6) to approximate some
target unitary V. Existing techniques for compiling variational
circuits to target unitaries usually seek to minimize the cost

1
LustU®6),V)=1- d—2|Tr(UT(0>V)|2, (39)

that has computational complexity growing quadratically with
d = 2" rendering it quickly classically intractable, and thus
would require evaluation on a quantum computer for even
modest system sizes. In this situation, evaluation of Eq. (39)
could rely on the Hilbert-Schmidt test [108,109] or on estima-
tion via state sampling [110,111]. In any case, these assume
implementation of the target V in the first place, which is often
unrealistic.

In contrast, provided a description of V € G with dimen-
sion of the associated Lie algebra dim(g) € O(poly(n)), the
present approach to compilation can be performed entirely on
a classical computer with O(poly(n)) resources. To that end,
we propose the loss function

1 7 7 112
LyU®),V) = T dim (g)IIU(f)) Vs
Re[Tr(@" (0)V)],  (40)

1
dim(g)

where || - ||gs _is again the Hilbert-Schmidt norm and U () =
P2U(9)), V = (V) are the adjoint representations

of U(#) and V, respectively. Gradients of L; can be
calculated efficiently, with implementation details provided in
Appendix C2.

In effect, £, measures how accurately U (#) approximates
the evolution of the expectation values (G,) under evolution
by V for all initial states. Although the Hilbert-Schmidt loss
Lust, in Eq. (39), and its adjoint-space version Lg, in Eq. (40),
are similar in form, we highlight that £ is sensitive to global
phase differences between U (@) and V, whereas Lygr is not
sensitive to global phase differences between U(#) and V.
This is because global phase differences in the full Hilbert
space are nonphysical, whereas global phase differences in
the adjoint representation correspond to a sign flip on all
basis observables, which is indeed physical. As we shall see
(Sec. IV C3), related subtleties may compromise our ability
to perform faithful compilation. For now, we leave these aside
and assess the convergence of optimizations with the loss in
Eq. (40) for random target unitaries.

2. Compiling random unitaries

We first benchmark our compilation scheme against ran-
dom unitaries in Gy = €%, which is the most general and
demanding task for this scheme. Any unitary in G may be
written in the form

Vo= T 2a WG 1)

where we fix |w|, = 1 such that T parametrizes the effec-
tive duration of the corresponding dynamics. To generate the
weights, we sample a matrix from a Haar distribution over the
orthogonal group and set the weight vector w equal to one
of its columns (potentially padding with zeros to account for
elements of the basis not present in the sum).

In general, Eq. (41) involves highly nonlocal interactions,
since many elements of g are nonlocal Pauli operators [see
Eq. (23)]. By excluding greater-than-k-local G, from Eq. (41),
we can refine our study to k-local Hamiltonian dynamics.

We test our scheme by compiling global and 2-local
dynamics, both with the 2-local ansatz of Fig. 3(a), (see Ap-
pendix E for more details), using L = [2dim(g)/K] layers,
with K the number of generators, ensuring overparametriza-
tion. In Fig. 7, we show that the compilation of random
unitaries V € Gy performs and scales well. At fixed n =
20 qubits [Fig. 7(a)], the convergence requirements (mea-
sured as the number of optimization iterations required for
convergence) plateau to a constant value irrespective of T,
indicating that our approach allows fixed-circuit-depth Hamil-
tonian simulation for arbitrary evolution time. We note that
this phenomenon was demonstrated in Ref. [47] on related
systems, but with different methods and only targeting local
dynamics.

At fixed T [Fig. 7(b)], the number of steps to converge ap-
pears constant in n for 2-local targets, and polynomial in n for
global ones. The case of global targets with small duration T’
is detailed further in Appendix G 1. Overall, this demonstrates
that our methods can efficiently minimize the loss £y on an
overparametrized ansatz for a range of random unitaries in Gy
with varying locality, system size n, and dynamics duration 7',
providing a strong foundation for our compilation scheme.
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FIG. 7. Scaling properties of circuit compilation with g-sim. We
compare the mean number of iterations to converge to a loss [de-
fined in Eq. (40)] L4 < 1073 for random target unitaries [defined in
Eq. (41)] with varied levels of locality, including 2-local and global
generators. Results for (a) varying duration 7 at n = 20 qubits, and
for (b) varying system size n at duration 7 = 10. The Shaded bars
depict bootstrapped 95% confidence intervals. The scaling of the
iteration number is found to be polynomial in n and 7.

3. Faithfulness of compilation

Although we saw consistent convergence with respect to
Ly (Fig. 7), one should question whether minimizing L, is
sufficient for unitary compilation. It can be seen from Eq. (40)
that L is a faithful loss function for unitary training iff o4
is a faithful representation.

As discussed in Sec. II B, faithful representation CIJZd of
the Lie algebra does not guarantee faithful representation

(b)

24 of the Lie group. In particular, we have already seen in
Eq. (12) that for unitaries W € Z(G) (i.e., for unitaries in the
center of the group), it is the case that CD’:d(W) = I such that
@fd(WV) = q)fd(V). That is, in the adjoint representation,
one cannot distinguish V from WV. For the case of g, the
center is Z(G) = {(c%)®", I} up to a global phase (as detailed
in Appendix G 2).

Such an issue can indeed be seen in our numerics. In
the first row of Fig. 8(a), we report systematic success in
minimizing £4. However, as can be distinguished by the loss
Lyst, only half of the optimizations yield the correct target V
while the other half rather yield the unitary (6%)®"V (second
and third row). To guarantee successful compilation of V', one
must either ensure convergence to the manifold of correct so-
lutions or be able to flag when an error has occurred such that
it could be corrected [i.e., by applying an additional unitary
(0%)®"]. We now detail a strategy for achieving the former.

Any unitary target V € G may be written in the form V =
e~ T with iH € g as in Eq. (41). Rather than directly aiming
for the compilation of V', we consider a family of intermediary
targets V,, = e~ for increasing steps t,, € [0, T'], with to =
0. We then solve the corresponding compilation problems
0,, = argminy L4 (U (0), V,,) sequentially, with @ initialized to
0,,—1 at each step. For sufficiently small At,, = t,, — t,,—1, it is
expected that no jump between solution manifolds will occur.
Crucially, given that Vjy = I, we can ensure that we start in the
correct manifold by setting 8 = 0 such that U (6y) = I [rather
than (o%)®"].

Viability of the proposed scheme is confirmed numerically
and reported in Fig. 8(b). For all the random unitaries V

—— Successful compilation

Failed compilation

Le(U(6),V)

Lust(U(8), (0*)*"V) Lust(U(0),V)
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FIG. 8. Successfully compiling circuits in an algebra with nontrivial group center elements. (a) Although the classical loss function
L4(U(0), V) can be efficiently minimized (Fig. 7), this is a necessary but insufficient condition to minimize the Hilbert-Schmidt loss function
Lyst, and thus to faithfully compile a target unitary V. We train a linear-depth ansatz U (@) [see Fig. 3(a)] initialized with uniform random
parameters to minimize £y(U(6), V) at T = 1 and n = 10. Although L is successfully minimized in all instances (top panel), Lyst is only
minimized in approximately half the instances, and rather maximized otherwise (middle panel). In all cases where the compilation fails, the
optimized ansatz instead approximates (o°)®"V (bottom panel). (b) The scheme outlined in Sec. IV C 3 successfully rectifies this issue. The
ansatz is initialized at # = 0 and compiled to a sequence of intermediate targets V,, corresponding to increasing #,, from 0 to 7 (bottom panel),
with the parameters obtained from compiling a target used to initialize the next. For sufficiently small time steps At,,, successfully minimizing
L (top panel) ensures minimization of Lygr (middle panel) and thus faithful compilation of the final target V.
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assessed, the optimization concludes with parameters replicat-
ing accurately the desired target, as evinced by the low values
of Lust(U(0),V) < 107°. This demonstrates that faithful
compilation is possible even when the cost function L4 is not
faithful.

4. Application to dynamical simulation

As noted in Sec. IVC2, given a Hamiltonian supported
by a Lie algebra g with dim(g) € O(poly(n)), our scheme
enables compilation in polynomial-depth circuits of the cor-
responding time-evolution operators. This allows the study of
dynamics of observables not supported by g-sim and arbitrary
states, which are in general not classically tractable. Here we
demonstrate the utility of our scheme by synthesizing circuits
for the Hamiltonian time-evolution of the TFXY spin chain
of Eq. (24) with open boundary conditions and random local
magnetic fields b; drawn from N(0, £2). This Hamiltonian
supports the phenomenon of Anderson localization [112] and
has previously been utilized to demonstrate related compila-
tion techniques based on Cartan decomposition [47].

We aim to train an ansatz U(#;,) to approximate V, =
e~ inHTXY gt a range of discrete times t,, € [0, 200]. For each
1, the ansatz has a structure

L

n—1
U@ = l_[ |:1_[ e_igl,(n+2j+l)(7;f7;+1efiel,(n+2_/)al;aj;+l
Jj=1

=1
x [ Je 2 "f}. (42)
j=1

One can verify that the dynamical Lie algebra associated
with this circuit is again go as defined in Eq. (23), meaning
that we can again utilize the representation elements already
computed. At this point, we note that, while U (@) has the exact
same structure as that of a first-order Trotterization of any of
the V,, unitaries, each term of the Hamiltonian is associated
with an independent trainable parameter in U (). This fact is
important as U (0) is not trying to learn a Trotterized version
of V,,. In fact, because we use g-sim, we do not need to ever
perform a Trotterization of the target unitary, as V,, can be
compiled exactly for all evolution times #,,. This is due to the
fact that one can efficiently compute the adjoint representation
@fd W,) = e~ ®G(HexY) o g classical computer. This is ad-
vantageous compared with variational compilation schemes
for time evolution that necessitate the target to be imple-
mentable on a quantum device in the first place, which is often
achieved by means of a Trotter approximation [47,111,113—
116], and therefore introduces approximation errors.

For the sake of concreteness, we focus on the dynamics of
a single-spin-flip initial state || MMM 1) for n = 12
qubits. In the absence of a magnetic field(b; = O for all j),
this excitation diffuses throughout the system, but a disordered
field (¢ > 0) restricts this diffusion (Anderson localization).
Following the example of Ref. [47], we study the position
operator for the excitation

_ ot
loj
,

N=> (G-D—; (43)
J=l1

whose moments provide a key signature of Anderson lo-
calization. In particular, for this system the pth moment
(IN'|?) admits a time-independent upper bound [47,117]. Note
that N2 is expressible as a linear combination of elements
in the algebra (aj) and product of elements in the algebra
(a]?aj,). Moreover, given that the algebra is composed of
Pauli operators, and since the initial state is separable, we
can readily compute the entries of the vector ¢™ and the
matrix E™ . Hence, the p = 2 moment can be efficiently com-
puted with g-sim. As noted above, larger moments quickly
become intractable. Furthermore, we stress that our choice of
a classically tractable system size (n = 12 qubits) is purely to
enable us to compute the loss Lyst(U(8,,), V;,) for verifica-
tion of correct unitary compilation. In general, our scheme can
achieve compilation at larger system sizes (e.g., n = 50 qubits
in Fig. 7).

We compile the time-evolution operators for the case of
no magnetic field (§ =0) and of a disordered magnetic
field (¢ = 4) with a Hamiltonian renormalized as Hrgxy —
Hrpxy/||Hrexy |lus, to eliminate any norm dependence of the
dynamics. Our ansatz is determined by Eq. (42) and is com-
posed of L = 17 layers, which is overparametrized to ensure
trainability. In line with the strategy previously discussed, the
circuit is first initialized with 8;, = 0, and thereafter initialized
with 0, according to the parameters found in the #,,_; step of
optimization.

In Fig. 9, we report a comparison between the com-
piled dynamics and a first-order Trotterization at the same
depth (i.e., identical circuit structure with 6y, = ¢/L). We find
that, despite using identical circuit structures, our scheme
outperforms Trotterization by several orders of magnitude.
Looking at the dynamics of the position operator (N2)!/2
[Fig. 9(a)], one can see that Trotterization fails to reproduce
results beyond r ~ 60 while our scheme continues to track
them accurately at any of the times considered, with errors
smaller than 10~ [Fig. 9(b)]. More generally, we find that the
compiled unitaries reflect accurately the true time-evolution
with Lust(U6,),V,) < 1073 [Fig. 9(c)], thus guaranteeing
that the compiled circuits can faithfully reproduce the dy-
namics of all observables, not just those supported by g
and products thereof. Furthermore, the errors entailed by
the compiled circuit do not appear to vary substantially in
the duration of the dynamics. Overall, this shows that for
time-evolution operators whose associated Lie algebra g has
dim(g) € O(poly(n)), our g-sim compilation schemes can
determine a much more efficient circuit implementation than
standard Trotterization.

D. Supervised quantum machine learning

As a final demonstration, we employ g-sim for the training
of a quantum-phase classifier, showcasing its applicability in
the context of QML. Despite being trained fully classically on
tractable states, such a classifier could then be employed to
classify unknown quantum states. Provided that meaningful
training data points and quantum models can be found in
algebras with polynomial dimension, such schemes could find
utility in real experiments. In fact, this scenario of QML on
quantum data is very similar to quantum metrology: protocols
can be developed through classical simulations and still have
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FIG. 9. Compiling Hamiltonian dynamics with g-sim. Dynamics of a single-spin-flip excitation in a TFXY spin chain [Eq. (24) with
n = 12] in the absence of magnetic fields (¢ = 0, left panels) and with random fields inducing Anderson localization (¢ = 4, right panels).
The exact dynamics (blue) is compared with the dynamics yielded by our compilation scheme (orange X), and first-order Trotterization (green
Y). The compilation scheme accurately showcases Anderson localization, reproducing the RMS position (N?)'72 of the (a) excitation with (b)
low errors, while Trotterization quickly diverges beyond small simulation times. (¢) Furthermore, comparison of the compiled unitaries with
the exact time-evolution operators by means of the Hilbert-Schmidt test Lyst shows small errors at all times, guaranteeing faithful dynamics

of all observables.

merit when implemented through quantum technology. Addi-
tionally, in the spirit of Sec. IV B, our g-sim approach could
form the basis of approximate quantum models that are then
refined on a quantum computer.

1. Supervised QML

In general problems of supervised QML, one assumes re-
peated access to a training dataset S = {(ps, ys)}ls\':1 consisting
of N pairs of states p, together with labels y; = F(p,) that
have been assigned by an unknown underlying function F.
The task is to learn the parameters 6 of a function /g aiming at
approximating F as accurately as possible. Upon successful
training, it is then possible to accurately predict the labels of
previously unseen states.

As typical in tasks of QML, we consider a model Ay
that relies on the expectation value of an observable O
after application of a circuit U(#). That is, on £y(py) =
Tr[OU (0)p,U" (6)]. Training relies upon minimization of a

mean-squared error loss function, defined here as
|
£0=—§ s — Lo(p)]°. 44
) N 2 Lys — £o(p0s)] 44)

2. Training a binary quantum-phase classifier

For our numerical study, we apply the g-sim framework
to the classification of ground states across a phase transition
of the TFIM, in Eq. (29), at system size n = 50 qubits. We
consider parameters /,, h,, € [0, 1] in order to focus on a sin-
gle phase transition (binary classification). For i, /h,, > 1, the
ground state is in the disordered phase, while for &, /h,, < 1 it
is in the antiferromagnetic phase. Furthermore, to ensure that
the problem is nontrivial, we “disguise” the TFIM according
to arandom V € G [Eq. (41) with 7 = 10] such that

Hiisguised = VHrrmV . 45)

To generate the training and test datasets, we start
by randomly sampling values of h, and h,, and assign
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FIG. 10. Supervised QML with a classicallyefficient circuit. (a)
Label assignments from a 50-qubit classifier on a training dataset
of disguised TFIM ground states for 7 = 10 (details in the main
text), across the disordered-antiferromagnetic phase transition. The
classifier is trained to minimize the loss function in Eq. (44). (b)
Inference on a new set of data drawn from the same distribution.
The model achieves 100% classification accuracy on the test dataset.

labels y; = —1 (+1) to Hamiltonian parameters correspond-
ing to the disordered (antiferromagnetic) phase. Each set of
parameters corresponds to a distinct instance of Hyppy and,
for each of them, we take the corresponding state p; to be
the (approximate) ground state of this Hamiltonian instance.
A g-sim classical representation of p, consists of the vector
of expectation values (e))y = Tr[psG,]. Since exact diago-
nalization is intractable for n = 50 qubits, to compute these,
we resort to VQE in g-sim with an overparametrized ansatz
to obtain a circuit U (@) such that p, & U(6)|0)(0|®"U(8).
We then compute the classical representation e® by applying
Eq. (15) to a classical representation of the computational
zero state. Finally, we transform this classical representation
of the ground state of Hrgpy to the corresponding “disguised”
ground state of Hyiseuisea by applying V. Such a procedure is
repeated to generate a training dataset of 200 labeled states,
equally divided in the two phases. To evaluate the perfor-
mance of the classifier, we apply the same procedure to create
a test dataset with the same number of states but that have not
been seen by the optimizer during training.

The quantum classifier is realized as 21 layers of the 2-local
ansatz in Eq. (42) (see also Appendix E) and a measurement
observable O = o} € igo. We train it to minimize the loss
function in Eq. (44) over the training dataset. Once the pa-
rameters are trained, we assess the accuracy of the classifier
on the test dataset. Given trained parameters 6*, to perform
inference, we assign labels as

hy-(ps) = sgn (Ly:(ps)) € V. (46)

Results are depicted in Fig. 10(a), showing that, for this prob-
lem, the classifier achieves 100% classification accuracy on
the new data. Consistent classification accuracy is also veri-
fied across multiple random instances of the unitary disguise
V, thus demonstrating successful application of g-sim to a
supervised QML problem.

We note that in Appendix H, we discuss how the g-sim
phase classifier can be efficiently implemented on a quantum
device.

V. CONCLUSIONS

Efficient classical simulations of quantum circuits are a
valuable tool in scaling toward quantum advantage. In this
work, we have presented g-sim, a classical simulation and op-
timization framework that relies on the Lie-algebraic structure
of the circuits. Reformulating existing results on Lie-algebraic
simulation [43,44] into a modern presentation aimed at the
quantum computing community, we further extended the
scope of such simulations to a broader set of initial states,
observables, or noise and improved on the efficiency of their
implementations. Moreover, by comparing the scope of appli-
cability of g-sim to that of Wick-based simulations, we argue
that our proposed methods enable new regimes for classical
simulability that would be otherwise intractable. Of course,
such classical simulations are only possible in restricted sit-
uations. Conditions allowing for such scalability with g-sim
were laid out, and demonstrations, with system sizes of up to
n = 200 qubits, highlighting distinctions compared with other
classical simulation techniques were provided.

By introducing circuit optimization to this framework, we
enabled the scalable classical study of paradigmatic examples
relevant for variational quantum computing, demonstrating
utility in studying scaling behaviors of VQA problems,
improving trainability, and mitigating barren plateaus via
classical pretraining, and implementing supervised QML
problems. These results expand the growing insights in clas-
sical pretraining of VQAs [21-31], Lie-algebraic study of
trainability [64,65], and the usefulness of classically simula-
ble variational quantum algorithms [32—42].

Furthermore, we expanded the framework of g-sim to in-
clude compilation and circuit synthesis, which is a novel
direction for simulation schemes of this type. By constructing
and optimizing a circuit fidelity cost function that can be
computed entirely in g-sim, we demonstrated that one can
synthesize linear-depth circuits for unitary transformations
in %, where gy (22) is the algebra used for simulations
throughout this work. Compiling such rotations has already
proven to be of great utility to the community, with, e.g.,
the use of Givens rotation decomposition to prepare Hartree-
Fock states with linear circuit depth [118,119]. These can be
used, e.g., as initial states for more refined circuit preparation
[120]. However, our scheme does not necessarily require an
underlying free-fermion structure, and therefore expands the
class of compilable transformations to include any system
corresponding to a poly(n)-dimensional algebra.

To date, Lie-algebraic considerations have been pivotal
in many topics of quantum science, including quantum er-
ror correction [121,122], controllability of quantum systems
[62,63,123—-125], efficient measurements [126], dynamical
simulations [47,127], and studying trainability properties
of parametrized quantum circuits [64,65]. Our work has
demonstrated further utility in existing applications (dy-
namical simulations and studying trainability properties),
and expanded this list to include classical pretraining of
VQA:s, efficient circuit compilation, and supervised QML. We
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anticipate that the g-sim framework will provide helpful new
perspectives and tools in the development of variational quan-
tum computing.

A. Future work

In this work, we have explored a variety of applications of
g-sim. Nonetheless, several applications beyond the scope of
this work are apparent.

One of such applications is quantum error mitigation
(QEM) [128], a class of techniques that seek to minimize
noise-induced biases in quantum algorithm outputs without
resorting to full-fledged quantum error correction. In partic-
ular, learning-based QEM methods [16—19] require access to
pairs of noisy circuit outputs (obtained from quantum hard-
ware) and corresponding noiseless outputs (obtained from
classically efficient simulation techniques) in order to learn
a function mapping noisy outputs to their correct noiseless
values. In this context, g-sim could extend current classical
simulation techniques that have been employed.

In a similar vein, g-sim has potential applications in the
context of randomized benchmarking [129]. The greatest lim-
itation in quantum computing is the effect of hardware errors
in computations, both coherent and incoherent. There is thus
a pressing need to comprehensively characterize the type and
magnitude of errors present on quantum hardware. One ap-
proach to this is randomized benchmarking, which compares
outputs of random gate sequences of increasing length to
known expected results without resorting to standard pro-
cess tomography. Recent work [130] has investigated the use
of matchgate circuits for randomized benchmarking. Match-
gates are closely related to go, and the underlying simulation
schemes have much in common with g-sim. Much like the
case of error mitigation, g-sim could be used to generate
benchmarking data for nonmatchgate circuits, expanding the
scope of these techniques.

We remark that g-sim has already played a central role in
the study of classical simulability of certain variational quan-
tum algorithms [32-42]. Here, it has been noted that while
g-sim can emulate the information processing capabilities of
parametrized quantum circuits, its use still requires a quantum
computer to obtain the components of the input state onto
the irrep. The latter could necessitate a quantum computer
for an initial data-acquisition phase, thus indicating that the
whole algorithm is not fully classical end-to-end. It remains
an open question for future research whether such “quantum-
enhanced” simulations [32] can achieve a quantum advantage
(if only polynomial), or whether g-sim or other classical sim-
ulation techniques can be used for effective pretraining.

We also note the opportunity to further improve the com-
pilation scheme in Sec. IV C. Although its performance
appears competitive with the Cartan decomposition approach
of Ref. [47], one disadvantage is that our approach requires
re-optimization at each time step, whereas the former requires
only one optimization. We believe that this limitation could
be overcome by using a variational fast-forwarding ansatz
[113], which should work since the diagonalization unitary
must necessarily be in G. Furthermore, our scheme could
trivially be extended to the compilation of evolution unitaries
for time-dependent Hamiltonians. In the case of Hamiltonians

with periodic Floquet driving, it should even be possible to
construct a fast-forwardable solution, which, to the best of our
knowledge, would not be possible with Cartan decomposition
methods.

While the previous discussion was based on noiseless
simulations, noisy simulations also have many applications.
Understanding the limitations imposed by noise and ways to
mitigate them is primordial, and we expect the noisy sim-
ulation capabilities through g-sim to play an important role
in such research. Already, several of the studies can readily
be extended to a noisy setup. These include the study of
over-parametrization of Sec. IV A that could be performed
under Pauli noise channels, providing further insights into
noise effects when optimizing quantum circuits [131,132].
The pre-initialization of Sec. IVB and the QML model of
Sec. IVD could be retrained, including such noise, leading
to more robust circuits.

More generally, tasks of state preparation could benefit
from the inclusion of noise, with in particular the preparation
of Hartree-Fock states [118,119] that could be optimized to
reflect more realistic conditions. Going further, one could
envision noise-aware compilation, whereby one would aim
at compiling a target unitary, e.g., as needed to reduce the
number of measurements required to estimate energies in
fermionic systems [133]. Depending on the details of the
noise, different circuit realizations more robust to noise could
be identified through optimization. Adequacy of the scalable
cost function used for the noiseless case (40) will need to be
assessed for this noisy scenario. We leave this aspect for future
works. These are all straightforward examples of the use of
noisy simulations with g-sim, but more applications could be
expected.

As discussed earlier and developed further in the ap-
pendixes, several generalizations of g-sim are possible. In
particular, while presented here in the context of digital quan-
tum computations, the methodologies can be easily adapted to
analog computing. This opens up the possibility of exploring
similar applications in this domain, and we anticipate that
Lie-algebraic simulations will be valuable for further inves-
tigations of the capabilities and constraints of analog and
emerging digital-analog quantum platforms [134-139].

Finally, we recall that by studying the limitations of g-sim
and Wick-based techniques, we uncovered a deep connection
between these classical simulation methods and quantum re-
source theories. Importantly, our results hint at the existence
of different, nonequivalent types of resources that make each
of those methods fail. The exploration of this line of thought
could lead to further understanding of what makes a quantum
process truly “quantum,” and thus deepen our understanding
of the limitations of classical simulation strategies.
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APPENDIXES FOR “LIE-ALGEBRAIC CLASSICAL
SIMULATIONS FOR QUANTUM COMPUTING”

Here we present additional details for the main results in
our manuscript. In Appendix A, we present proofs supporting
the ability to perform noiseless and noisy simulations through
g-sim. In Appendix B, we describe several techniques that
significantly improve the efficiency of our implementation of
g-sim. Further expanding these improvements, in Appendix C
we present efficient methods for computing gradients to en-
able optimization of circuits and dynamics with respect to
observable cost functions. Then, Appendix E contains the
ansatz circuits used throughout the work and further details on
the benchmarking procedure used to evaluate the performance
of our g-sim implementation. In Appendix F, we note several
algebras of interest closely related to go. In Appendix G, we
outline some subtleties of unitary compilation with g-sim.
Finally, in Appendix H we comment on the practical imple-
mentation of a g-sim-trained phase classifier on a quantum
device.

APPENDIX A: THEOREMS AND PROOFS
1. Representations of unitary evolution

Lemma Al (Invariance of the algebra). Suppose U € G
and iG, € g. Then defining G, = UTG,U for any G,, we
have iG, € g. That is, ig is an invariant subspace as per
Definition 3.

Proof. Since U € G, there exists some iH € g such that
U = e ", The exponential mapping is defined by
GH)*  (H)

- +- (AD)

—iH _ 1 _
S T T

and it follows that

Go = Gy +ilH, G,] — L[H, [H, G 11 + - - (A2)

Since all the terms of Eq. (A2) are generated by nested
commutators only involving elements of g (up to appropriate
factors of i for each term), by Definition 1 of the Lie algebra,
we have that iG, € g. |

Lemma A2 (Adjoint representation of unitary evolution,
adapted from Appendix C in Ref. [43]). Suppose that U € G,
and that {B&”}i‘;"l(ﬁ *) forms a Schmidt-orthonormal basis of
L;. Defining B = UTBJ’U, we have

B® = Z s B>,

where the corresponding matrix elements u,g are those of the
adjoint representation of U,

Uap = (cbf;d(U))aﬂ

(A3)

(A4)

Proof. Since U € G, there exists some iH € g such that
U = ¢~ '", Furthermore, U may be decomposed as

M
U= lim HU(A),

corresponding to infinitesimal steps A = 1/M and infinitesi-
mal unitaries U®) defined as

UD = 0 — 1 —_jAH + O(A?). (A6)

Given the definition of the invariant space £,, and the fact that
U™ e G we can always write

R S LA
B
Using Equations (A6) and (A7) we obtain
U BPUD = B 1 i[AH, BP] + O(A?)
=BY - > v'BY. (A8)

B

We may discard vanishing terms in O(A?) since we are in the
infinitesimal limit M — oo. Doing so, and taking Tr[B{") - - -]
of both sides of Eq. (A8) yields

iTe[BY[AH, B Z ey Tr[BVBYY] (A9
=— Z Al Te[BY), [Gk, BP]] =iavly (A1)

=vi) = iA th (¥5'(G),, = in(PFH)), . (ALD)

where we have expanded H = ), hGy for Iy € R in terms
of a Schmidt-orthonormal basis {G;} of g and used Defini-
tion 4 of the adjoint representation. Substituting the result of
Eq. (Al1) into Eq. (A7) reveals that the infinitesimal group
operation is determined entirely by the adjoint representation
PU(H)

AT pypra) _ : A dpad )
UN'BPU® =) (1 - iadyH)), By
B

— Z (efiAq)agd(H) ()n) + O(AZ) (A12)
B
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We may again discard terms in O(A?) since we are in the
infinitesimal limit M — oo. Noting that the full unitary is ob-
tained by composing infinitesimal steps [Eq. (A5)], we obtain
from Eq. (A12) that

BY =U'BPU =" (705 ™) B

B
- Z (@fd(U))aﬁBf;). (A13)
B
which is exactly the desired result. |

2. Evolution of product of observables

Here, we provide details about how products of observ-
ables are simulated with g-sim. When specializing to a
product of either a single or two observables, we retrieve
the setting of Results 1 and 3 of the main text, respectively.
However, this encapsulates more general situations. In the
following, we wish to evaluate the expectation value

(0) : =Tr[OUp™U"], where 0 =]]0“
a

and 0@ = (w“),BY. (Al4)
o

Each O@ is supported by a single irrep £, , and we recall that
the unitary realized by the circuit is defined through

L

—i60H]

=1

(A15)

with all the generators iH; € g such that U € G. For notational
brevity, we dropped the dependency on the circuit parameters
0 in our notation.

First note that from Definition 5 of the adjoint representa-
tion that we have CDQd(VV’) = CDQd(V)d)Qd(V’) for any V and
V’ € G. Hence, we can obtain the adjoint representation of the
overall circuit through

L
@fd(U) — <l_[ e—ib‘/l_ﬂ).
=1

with H, = @id(HZ) the adjoint representations of the gener-
ators H;. Equation (A16) specifies how elements By of the
irrep basis are transformed under conjugation by the circuit:

U'BPU =) (W), By
B

(A16)

(A17)

Second, making use of the cyclicity of the trace and of the
identity UU" = I, we get

(0) = Tr|:<1_[ é“”) p“‘”], where 0¥ = U 0@WU.
(A18)

Furthermore, from Eq. (A17), we know that we can write

0 =3 (@ ),BJ, withi =w ®}U). (A19)

By combining this expression with Eq. (A18), we are able
to evaluate the expectation value. In the following, we start
with the case where O is the product of a single (equivalent to
Result 1) and two observables (equivalent to Result 3) before
addressing the more general case.

Product of a single observable. For the case where O € L;,
we obtain

(0) =Y (@), Tr[BY p™] = w -e,

o

(A20)

where we have defined the vector of expectation values e such
that (e), = Tr[BY p].

Product of two observables. For O = 0V0® with O e
L;, OV € L;, we obtain

(0) = Z (ﬁ)(l))a,(ﬁ)(Z))azTr[Bt(y);l)Bgf)p(in)]
01,00

=" E.-d?, (A21)

where we have defined the matrix of expectation values E
such that E, 5 = Tr[B&mBémp(in)].

Product of observables. For the product of M observables,
witha =1,..., M in Eq. (A14), we get

M M
Ay, \a=1 a=1

(0)

Il
N

(A22)

I
~
2

]
=<
S
2
[
&)
s

.....

To conclude, let us briefly comment on the dil_cferent com-
plexities entailed. We assume that the terms e~*#! appearing
in Eq. (A16) are known (i.e., that the exponentiation has
already been performed) and aim at assessing the complex-
ities entailed when evaluating Eq. (A2). (i) First, we can
evaluate the distinct ®® through matrix-vector multiplica-
tion with vector dimensions dim(L,,) for each of the irreps
L,, involved. (ii) Second, we need to evaluate a number of
[1,dim(L;,) expectation values to obtain the tensor T'. (iii)
Lastly, we need to contract the tensor of expectation val-
ues together with the vectors #'®. Overall, we see that the
complexity scales as O(max, dim(L;,)"). This complexity
is dominated by the steps (ii) and (iii) and scales exponen-
tially with the number of observables involved in the product
decomposition of O. As mentioned in the main text, the de-
composition of an observable to be simulated through g-sim
is not unique, and different decompositions can yield different
computational scalings.

3. Evolution of observables under noisy channels

In this Appendix, we extend the results of the previous sec-
tion in the presence of noise in the circuit: In Appendix A 3 a,
we formalize the noisy setting under consideration and ad-
dress the case where the observable is supported by a single
irrep. In Appendix A 3 b, we rather consider the case of the
product of observables, each supported in a single irrep, as we
shall see, this case requires more care.
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a. Noisy simulation with observables supported by a single irrep

In the presence of noise, the unitary of Eq. (A15) is now
replaced by the channel

U= QO (A olh)),

Ul — e—iﬂ/Hl

with i, (-) := U, - UlT and
(A23)

Accordingly, the state obtained after the noisy circuit evolu-
tion is now given by p©" = 7{(p™). Each of the A; terms
captures the noise affecting the /th gate of the circuit and can
be decomposed as

M) =) EuiE], (A24)
k

in terms of Kraus operators Ey ; that satisfy ) ", E,:lEk_, =1
When all the A; are the identity channel, we retrieve the
unitary evolution specified in Eq. (A15). To capture the type of
noise that can be simulated with g-sim we recall the following
definition from the main text.

Definition Al (Normalizer of L, ). Given an irrep L, we
define its normalizer as all the operators that leave the sub-
space invariant under conjugation:

N(L):={Ae LIATXA e L, VX € L,). (A25)

We highlight that by definition of the irreps, we have
G C N(L,) for any L,. However, the normalizer may contain
many more operators A ¢ G. In analogy to Definition 4, we
can represent the action by conjugation of elements of N(L; )
onto £, in terms of dim(£;) x dim(£, ) matrices:

Definition A2 [Adjoint representation of N(L,)]. Given
an operator A in N(L,), its adjoint representation on the irrep
L; is obtained via the map ®Y : N(L;) > RAmM(LL)>dim(Ls)
and is defined by

(@Y(A)), 5= Te[BATB} A]. (A26)

By linearity and Definition Al we see that, if E; ; € N(L,)
for all k in the Kraus decomposition of Eq. (A24), then

VXel,, AQeCL,. (A27)

That is, if a noise channel has a Kraus decomposition with
all its Kraus operators belonging to the normalizer, then the
action of this channel also leaves £, invariant. In such a case,
we can define the action of the noise channel through

O, (A)) =) 0N (Exy). (A28)
k

One can readily verify that given an observable O =
>, (w),BY), supported by a single irrep £;, we get that
A(0) = Za(w’)anx” where we can obtain the new weights
as w = &, (A;) - w. We are now in a position to generalize
Result 1 to noisy simulations:

Result Al (Noisy simulation of observables in the \th ir-
rep). Consider a noisy circuit as per Eq. (A23) with noise
channels A; having a Kraus decomposition as given in
Eq. (A24) with operators Ej ; € N(L; ) forall kand /. Let O be
an observable with support in £; such that O = Y (w),BY”
for w € RIM(LL) Then, given e(;“), we can compute

(00) =w - ™, (A29)

with the vector of output expectation values obtained as

L
t X —i6H, i
e = (l | P(Ap)e ™ 1) e,

=1

(A30)

where H; = ®4(H;) and ®(A;) = Y, ON(Er)).

Notably, Result Al enables us to perform exact noisy
simulations while retaining the same time and memory com-
plexity as the noiseless case. This is in contrast with typical
noisy simulations that either are (i) approximate and based
on simulating many pure state trajectories, corresponding to
a random realization of the noise, or are (ii) exact but incur
a quadratic increase in memory and computing requirements
due to manipulations of density matrices. We note that the
case of noiseless simulations of operators in many irreps (Re-
sult 2) is readily ported to the noisy case in a similar fashion,
and again does not incur additional overhead. However, as is
now discussed, the case of the product of operators (Result 3)
requires more care to be ported to the noisy setup and incurs
additional limitations.

b. Simulation with products of observables, each supported
by a single irrep
As per Eq. (A14), we now consider the case where O =
]_[a 09 and 09 ¢ L,, for any a=1,...,M. The reason
why the case with the product of observables requires more
care is that we cannot deal with each of the observables 0@
separately. In particular, we see that while

uo)=uvou =uvtoPvuto?...utoMu

M
=[Jvio“vu

a=1

(A31)

holds when the channel is unitary, the same is not true for an
arbitrary noise channel:

M
Aj©O) # [ TA]©).

a=1

(A32)

Still, upon further restrictions of the noise channels, we can
perform a noisy simulation of the product of observables with
g-sim. In particular, we now require that the noise channels
acting on our circuits adopt the form

K
A= ZPk,le,z AN
k=1

(A33)

with the py; valid distributions for each / (i.e., px; > 0 and
> Pra = 1) and where the V;, ; € N(L£,,) need to be unitaries
that all belong to the normalizer of each £,,. For ease of
notation, we have assumed the same number K of unitaries
involved for each noise channel.

Equation (A33) is a restriction of the Kraus decomposition
in Eq. (A24), but still encompasses many noise channels of
interest, such as the Pauli noise channels, whereby each of the
Vk.1 1s a Pauli string. Now we have that

M
Aj0) = Z Pkl l_[ VkTZO(a)Vk.l, (A34)
k a=1
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which resembles Eq. (A31), except for the weighted sum,
and can be used for the purpose of simulations. In particu-
lar, denoting as Vy ;(-) := Vi - V,Il, the expectation value in
Eq. (A14) can be written as

(0) = Z piTr |: (H O,i”) ,o(i“)j| ,  where
k a

0" = Ol (U] oV )0, (A35)

where we have defined k = {0, ..., K}* a vector of noise
trajectories, with entries k; indicating the unitary V4, ; that has
been applied at layer /, and py = Hf:l Dk, the probability as-
sociated with the trajectory. Denoting as CDIA"“ (Vi.1) the adjoint
representation of the Vi ; € N(£L,,), we get that

O =Y (), B, with

o

(@7, (Vir) @5 (U).
1

ﬁ)k =w- (A36)

L
I=
Overall, we can estimate Eq. (A35) through the sampling of
S noise trajectories k with probability pg, and evaluating the
corresponding expectation values through Eq. (A36) and the
noiseless results for the product of observables detailed in Ap-
pendix A 2. The variance of such estimates scales as 1/S and
the complexity as O(S max, dim(L;,)) as per Appendix A 2.

4. Analog computing

So far, we have only considered the evolution of states
under the action of quantum circuits (or corresponding mixed-
unitary channels). Still, the principles underpinning g-sim can
equally be applied to the case where the system is contin-
uously driven (i.e., in the analog computing paradigm). In
the following, we limit ourselves to the noiseless case where
the observable of interest is supported by a single irrep, but
stress that extensions to the case of product of observables in
differerent irreps (as discussed earlier in Appendix A 2) or to
the noisy case (as discussed earlier in Appendix A 3 and with
similar restrictions on the noise that can be supported) readily
follow.

In the following, we consider evolution under a time-
dependent Hamiltonian

H() =Y cn(®OH,

h

(A37)

with constituents iH, € g and control functions cj(¢). Given
an initial state p™, the state of the system at time ¢
can be expressed as p(t) = U(t)p™U'(t) where U(t) =
TH{exp[—i f(; H(t')dt']} with T the time-ordering operator.
In analogy to simulation in the quantum circuit scenario, we
are now tasked with evaluating the expectation value (O) =
Tr[Op(T)] of an observable O supported by g for the state
p(t = T) obtained at the end of the evolution.

Defining (in the Heisenberg picture) the time-
dependent operator O(t) = UT(t)OU(¢t), we have that
(0) = Tr[O(T)p™]. Furthermore, the time evolution of O(t)

satisfies the ordinary differential equation (ODE):

%O(I) =i[H(@), O@)], (A38)

with the initial condition O(t = 0) = O. From Definition 4, it
can be verified that

[H@), BY] =Y [®3(H))], 4By
B

with the matrix ®X(H(t)) = Y, cx(t) DX (Hy).

Hence, decomposing O(1) = )", (0(1)), B¢ in the observ-
able basis {B&”} of the irrep L;, one can recast Eq. (A38) as
the ordinary differential equation (ODE)

(A39)

%o(t) = P (H)o(1) (A40)
over the vector o(¢) that has dimension dim(Z;).

In summary, evaluating the expectation value (O) consists
of two steps. First, solve the dynamics of o(¢) from r = 0 to
t = T according to Eq. (A40). This is achieved by standard
numerical ODE solvers and only requires acting on a dim(L;,)
vector space. Then, upon evaluation of o(7"), one can com-
pute (O) = o(T) - ™, where we recall that the vector e™
contains the expectation values Tr[BY o] of all B¢ with
respect to the initial state.

Overall, this extends the scope of g-sim to analog (and
digital-analog) quantum computing scenarios. As an exam-
ple of application, in Ref. [141] such capabilities were used
to evaluate (and optimize) continuous diabatic schedules for
tasks of ground-state preparations over system sizes of up to
n = 39 spins.

APPENDIX B: EFFICIENT IMPLEMENTATION OF g-sim

The g-sim framework outlined in Sec. II C allows scalable
classical simulations for products of observables supported
by irreps of G whenever dim(g) € O(poly(n)). In addition
to extending the scope of previous Lie-algebraic simulation
techniques [43,44], another contribution of this work is to
introduce new optimizations which substantially improve the
efficiency of g-sim. In the following subsections, we detail
three main improvements:

(1) Precomputing eigendecompositions of gate generator
adjoint representations reduces the time complexity of g-sim
evolution from O(dim(£;)*) to O(dim(L,)?) (B 1).

(2) Relevant matrices are extremely sparse when £; has a
Pauli basis, allowing speedups by use of sparse methods, even
for subalgebras whose generators are not sparse (B 2).

(3) Eigendecompositions of gates with Pauli generators
can be computed in O(dim(L,)) in the representation of a
Pauli basis, instead of the usual O(dim(L,)?) (B 3).

In practice, we found such optimizations to significantly
accelerate our simulations, and all the numerics presented in
this work rely on a Python implementation of g-sim incorpo-
rating them.

1. Efficient evolution

Evaluating each of the LK terms e ““Hx appearing in
Eq. (15) of the simulation routine has time complexity scaling

033266-23



GOH, LAROCCA, CINCIO, CEREZO, AND SAUVAGE

PHYSICAL REVIEW RESEARCH 7, 033266 (2025)

ALGORITHM 1. Efficient evolution of observable expectation
values using g-sim.

Input: Circuit parameters , input observables e/™, circuit
generator eigendecompositions [Eq. (B2)] @, and elﬁg)
e(out) (_e(in)
for/inl,...,Ldo
forminl, ..., M do
€@ Q] e
forginl,...,dim(£,) do
(e(out))g (_e*iglkﬁ(cg) (e(out))g
end for
e(oul) (_le(oul)
end for
end for
Output: Vector ™ of basis observables in £;
Asymptotic complexity: O(M dim(L,)?)

as O(dim(L£;)?) using standard matrix exponentiation rou-
tines. However, given the full-rank eigendecompositions
7 T 1 dim (LN AT
Hy = Q,diag(e", ..., "™ "), (B1)
of the (adjoint representation of the) gate generators H, the
action of these parametrized gates is given as

_ife dlm( 3)
e’ )Qk,

which can be applied to a vector e e RI™~ED  with
O(dim(L;)?) time complexity. Notably, these decomposi-
tions only need to be performed once per algebra and per
gate generator used, the number of which is typically no more
than polynomial in the system size n for relevant applications.
Pre-computing these eigendecompositions naively scales as
O(dim(L;)?), however, in Appendix B 3 we detail a proce-
dure by which the eigendecompositions for any Pauli-basis
irrep (e.g., igo) can be computed in O(dim(L,)). An explicit
algorithm for simulation incorporating these precomputed
eigendecompositions is provided in Algorithm 1.

WA= = () diag(e (B2)

2. Sparsity of adjoint representation

When the relevant basis of £, consists of Pauli strings and
the gate generators are also Pauli strings (e.g., when perform-
ing simulations in igy where all gates have Pauli operator
generators), the adjoint representations H; of the gate gen-
erators and their corresponding parametrized gates are of an
extremely sparse form, having fewer than 2 dim(£, ) nonzero
entries per [dim(L,;) x dim(L; )]-dimensional matrix. Thus,
substantial speedups can be obtained by leveraging sparse
linear algebra libraries. This is the case for most simulations
presented in this work.

However, we sometimes must apply gates whose gener-
ators are not Pauli strings, such as e 0 IR LN for VQE
on the LTFIM (Sec. IVB?2) or e~ Xi-1%%:1 for QAOA
(Sec. IV B 3). For gates like these, the adjoint representation of
the generator does not admit an efficient sparse representation
and will, in general, be dense. Figure 11 depicts this difference
in sparsity.

0T T n—1
67“90"102 7202m 1Tm Ot
0
EOTIT
204
% - "
< 404 ™. .
= 601 -
£
z 80
o
100 A
0 20 40 60 80 100 0 20 40 60 80 100
Eigenvector Eigenvector

FIG. 11. Sparsity of gates generated by Pauli strings versus gen-
eral gates. We plot sparsity maps for the elgenvector matrix Q where
DM exp(—ioH) = Qdiag(e*"@‘(“ e NG for H = 603
(left) and H = Z:’n;ll o, (right), for a system of n = 8 qubits
in the £; = igo representat1on. White (black) entries in the map
indicate (nonzero) zero entries. The gate exp(—iflo{03) has a sparse
eigenvector matrix since it is generated by a single Pauli string,
whereas the gate exp(—i6 Y _, 005, ,) has a dense eigenvector
matrix since it is generated by a sum of Pauli strings.

For gates not generated by single Pauli strings, but rather
sums of commuting Pauli strings, one can factorize the gate
and still use sparse methods. For example

n—1
n—1
71021 o ] I+1 _ l_[ 1(9(7]0'/+] (B3)

sparse

n—1

— e
= oM(e TR ) [ P In), B4
j=1

dense

since the adjoint representation is a homomorphism. However,
in such cases, the dense nature of the eigenvector matrix can
make GPU-accelerated dense linear algebra methods highly
appealing. For example, we consider tests on our hardware (a
single core of an Intel Xeon Platinum 8268 for CPU methods
vs an NVIDIA Tesla V100 for GPU methods), for our imple-
mentation of g-sim. We found that for systems with sparse
gates only, GPU acceleration provided an overall speedup
of a factor of 3 to 5 versus a single CPU core, whereas
for systems with dense gates, GPU acceleration provided an
overall speedup of a factor of 60—100. The choice of sparse
or dense methods and CPU or GPU hardware must be made
judiciously, depending on problem type and the need for
parallelizability.

3. Efficient calculation and eigendecomposition of Pauli-basis
adjoint representations

For our Lie-algebraic simulations, we must be able to
compute the adjoint representations (Definition 4) of our gate
generators Hy:

(Hy)op = —Tr[Hi Gy, Ggll, (BS)

naively computing an adjoint representation via Eq. (B5)
would scale as O(dim(L;)?). However, if the basis operators
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G, of L, are Pauli strings
G, = ®o-;lu‘m’ Sa.m € {x,, 2}, (B6)
m=1

as is the case for igg, and Hy is also a Pauli string, then for
fixed k and o (B), Eq. (BS) has a nonzero value for at most
one value of B (). That is, each row and column has at
most one nonzero entry. Thus, one can construct the adjoint
representation for H; in just O(dim(L;)) by iterating over
a € {l,...,dim(L,;)}, inverting Eq. (BS) to find the Pauli
string o such that Tr[H;[G,, o]] (which is possible since by
assumption Hy and G, are Pauli strings), checking if o = Gg
for some B [which can be done in O(n) by using a hashmap],
and populating the corresponding element if so.

Similarly, although naively computing the eigendecompo-
sition (B1) would be O(dim(L;)?), one may compute it in
just O(dim(L,)) in the case where the H; and G, are Pauli
strings. Since the H are Hermitian and at most one element
of each row or column is nonzero, the adjoint representations
take the form (up to some permutation of rows and columns)

{dim (£;)—dim [ker (H:)]}/2 dim [ker (H;)]/2
H =2 P #le|l @ o
m =1 my=1

(B7)

where the factor of 2 originates from the Pauli commu-
tation relations, and ¢ = ((3 _0’) and 0 = (8 g) are the
Pauli Y matrix and the zero matrix, respectively. Since the
eigendecomposition of ¢ is known, one may compute the
eigendecomposition of Hy in O(dim(L,)) by iterating over
the &, summands, populating the corresponding eigenvec-
tors and eigenvalues, and using any set of vectors spanning
ker(H ) as the remaining eigenvectors with zero eigenvalues.

APPENDIX C: GRADIENT CALCULATIONS

1. Observable gradients

For VQA and QML applications, it is often beneficial to
be able to efficiently calculate gradients V4(O) of observables
0=Y,(w)BM forw e RIME) BH) ¢ £, Differentiating
Eq. (14) with respect to 6,,, we find

9(0) DLW )\ (i
(Vo(OD), = 5o = WT()L&T ™. (Cl)
where we may compute
dp2(U(0)) o _
ABT = _I(Um—H:MHkUltm)’ (CZ)
where U, = e 0Hoe=i0-1Hoo1 . o=ibHa 1 ig a combined

index for [/ and k, and M = LK. Naively evaluating
Eq. (C2) requires O(M 2) matrix-vector multiplications [each
O(dim(L;)%)], however, by exploiting a recurrent property of
the gradients, one may compute the gradient with only O(M)
matrix-vector multiplications (i.e., with the same asymptotic
complexity as simulating the circuit in the first place). This
procedure, which follows the “reverse-mode” gradient calcu-
lation of Ref. [70] in conjunction with the efficient spectral
approach of Algorithm 1, is outlined in Algorithm 2.

ALGORITHM 2. Calculating gradients in g-sim.

Input: Circuit 0, input expectation value vector e, circuit
generator adjoint representations H and eigendecompositions
0,. E,Eg), coefficients w of observable O
n<Ue™ > Use the main loop of Algorithm 1.
d<—w

forminNn, ..., 2do
<@,
$<0,9
forginl,...,dim(L,) do
g (_eiem e,(,f) Mg
¢g (_eie,,,e,(,f) ¢g
end for
<0,
$<0,¢ )
(Vo{O)n-1<= — i¢"H,m
end for
Output: Gradient vector Vy(O)
Asymptotic complexity: O(M dim(L,)?)

Higher-order derivatives can also be computed, such as the

Hessian
9%(0) I O m . i)
"= 76,06, =—h" Ui .yHU j H Uy je™ .

(C3)

(V5(0))

However, since the circuit generators H are typically non-
invertible, Algorithm 2 cannot be generalized to evaluate
Eq. (C3) and higher-order derivatives. Although still polyno-
mial in complexity, evaluating a Pth-order gradient for P > 2
will be a factor O(M?) slower than efficiently evaluating the
gradient.

2. Compilation of cost function gradients

For unitary compilation (Sec. IV C), the use of gradient-
based optimizers requires the efficient calculation of
dL4/06,,. Differentiating Eq. (40), we obtain

Ly 1
96,,  dim (g)

where we have used properties of the ansatz structure, given in
Eq.(A15),and U, =0, 0, -0} Noting that the matrix
terms in Eq. (C4) have the same recurrent form as Eq. (C2),
we may compute the full gradient vector in O(N dim(g)?) by
a straightforward modification of Algorithm 2 (with matrix-
matrix multiplication instead of matrix-vector multiplication).

For efficient implementation, care should be taken with
the order of operations when evaluating Egs. (40) and (C4),
in particular, to avoid any dense-dense matrix multiplication.
For example, in Eq. (C4), one should store the products
U ns1:0)TV and U, as dense matrices, use sparse rep-
resentations of the U,, when applying the iterative step in
Algorithm 2, and use sparse representations of H,, when
evaluating each element of the gradient. We find that with this
order of operations, the evaluation is substantially accelerated
by the use of sparse-dense matrix multiplication algorithms,

Im[Te(V' T i1 HolU )], (C4)
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and further improved by the use of GPU acceleration (e.g.,
SpDM with cuSPARSE). Finally, the trace in Eq. (C4) of the
product of two dense matrices (V' U143 and H,,U .,) can
be evaluated in a dense O(dim(g)?) operation as

Tr[‘_/TUI11+l:MHm01:m]

=Y (@ mi1) V1o HuO1)ap,  (C5)
ap

where o denotes the Hadamard product. This avoids
costly O(dim(g)®) dense-dense matrix multiplication en-
tirely, which would otherwise be by far the most expensive
operation in this procedure.

3. Analog computing

Gradients of expectation values can also be obtained in the
analog computing scenario that was laid out in Appendix A 4.
While not providing full-fledged details of the implementation
required, we specify the problem and point the reader toward
dedicated references for implementation.

In the analog computing scenario, control of the system
occurs at the Hamiltonian level through the control functions
cp(t) appearing in Eq. (A37). A first step toward defining
the gradients of interest requires parametrizing these control
functions in terms of a finite set of parameters @ [i.e., ¢, () —
cn(0, 1)]. Upon such parametrization, and given an observable
O, an optimization task would consist in identifying values of
0 that minimize the expectation value (O), with the gradients
of interest denoted 9(0)/dy,,.

While similar in notations to the gradients of the cir-
cuit parameters in Eq. (C1), we note that, depending on the
parametrization of the controls adopted, each of the control
parameters may affect the control values along the whole
evolution, and would appear particularly difficult to evalu-
ate. Still, progress has been made toward efficient evaluation
of such gradients in the context of quantum optimal con-
trol and machine learning. In particular, methods presented
in Refs. [142,143] generically enable such calculations and
require numerical solving of an augmented ODE but avoid
the necessity of storing in memory the state of the system
along each numerical step of its evolution. Applications of
these numerical methods have already found application in
quantum optimal control problems [144,145] but to date have
remained limited to small system sizes due to the exponen-
tially growth of the underlying Hilbert space. Incorporating
them with g-sim would circumvent such limitations for certain
quantum dynamics.

APPENDIX D: REVIEW OF WICK’S THEOREM

In this section, we review Wick’s theorem from a Lie-
algebraic perspective, which can be used to efficiently
compute expectation values of arbitrary operators over the
highest weight states of the circuit’s Lie algebra [43,44].

Consider the Cartan-Weyl decomposition of g, given by
g="h@ gy ®g_, where hh = spangi{H;} denotes the Cartan
subalgebra, g; = spangi{E,} and g_ = spangi{E_,}, with
E, and E_, being the sets of raising and lowering operators,
respectively. Let us denote as |hw) the highest weight state

of the algebra. In what follows, we study the task of simulat-
ing an expectation value (O(8)) = Tr[OU (8)|hw)hw|UT(0)].
Note that more generally, we could also consider the case
when the initial state is a generalized coherent state [73-76],
i.e., a state of the form [¢) = V|hw) with some (known)
V € €9 as the action of V can be absorbed into U (0).

To begin, take O € ig. Then, as per Eq. (10), we know that
UT(#)OU () will always be expressed as

U'®OU®) = e+ Y coFu +cyEv, (D)
k o

where the coefficients g, ¢y, and ¢, can be obtained from the
adjoint representation of the unitary. Since

Eylhw) = (hw|E_o =0, Hilhw) = Ix|hw),  (D2)
where ﬁk are the weights of |hw), we can see that
(00) =Y i (D3)

k

Note that up to this point, we have used the adjoint representa-
tion (just like in g-sim), but we have leveraged the fact that the
expectation values of a highest-weight on the algebra elements
can be readily computed via the Cartan—Weyl decomposition.
This is the key idea behind Wick’s theorem.

Next, consider more general observables given by prod-
ucts of (polynomially many) elements of the algebra such as
O = 0,0,, with Oy, O, € ig. These can belong to higher-
dimensional irreps, making a simulation via g-sim more
expensive according to Eq. (1). However, we can again use the
adjoint representation to evolve each element in the algebra as
U'(0)0U 0) = UT(0)0,U (0)U"(0)0,U (), which will lead
to a summation of elements of the Cartan subalgebra, times
raising and lowering root operators. Given that these act on the
highest-weight, only a few of those terms will be nonzero. In
the former case, only the terms (H,Hy') = hihy, and (Ey E_y')
are nonzero. The latter can be expressed in terms of compo-
nents of the root vector (see Ref. [43]).

More generally, the overall goal of Wick’s theorem is to
use the (known) commutation relations of the elements of
the algebra to get all the lowering operator to the “left” and
all the raising operators to the “right” because these will
vanish when acting on the highest-weight state. While this
commutation procedure could be computationally demanding
in principle, in practice, the properties of g can be used to
greatly simplify the required calculations. For instance, when
considering free-fermionic evolutions (see the main text), the
highest weight and generalized coherent states, correspond to
Gaussian states, and the evaluation of expectation values over
products of elements in the algebra can be mapped to the task
of evaluating a Pfaffian [146]. Hence, the simulation of expec-
tation values for free-fermionic evolutions becomes efficient
when the initial state is a Gaussian, or a linear combination of
a few Gaussian states.

When applying Wick’s theorem to more general initial
states, one would need to expand them into a linear combina-
tion of generalized coherent states and apply Wick’s theorem
for each one, as well as for the cross terms. In such a case, the
computational complexity scales with the number of general-
ized coherent states, and when such a number is exponential,

033266-26



LIE-ALGEBRAIC CLASSICAL SIMULATIONS FOR ...

PHYSICAL REVIEW RESEARCH 7, 033266 (2025)

TABLE 1. Layers of all variational ansétze used in this work, with reference to their applications, whether or not they are classically
efficient in g-sim (for simulating dynamics of observables supported by g), and circuit diagrams for single layers of each ansatz. In diagrams
where individual qubits are depicted, the example layer is given for n = 3 for compactness.

Applicatios g-sim efficient Ansatz layer

=

S Benchmarking (B 1) [ | L |

= TFXY VQE (IVA) Bxx@n)| [ Bxr @) | | Brxow)| | Revn)

[a\} [—]

>  Random compilation (IV C2) Yes i A A B x| || |aexoun]| | mwon|

E: Phase classifier (IV D) 2 (00) - - ] L

=

2(011 —
> E S Rax(0) | | Byv (005)
é ¥ Dynamics compilation (IV C4) Yes R+ 1 N N
xx(fre. vy (61,7)

= [0 H -
<
- ; LTFIM pretraining (IV B 2) Yes Attty ot —
& <
Ev >  LTFIM pretraining (IV B2 No B T S it
Sm pretraining ( ) e e e e e e
<
S E QAOA pretraining (IVB3) For Hg € {Pa,Cn}
c

QAOA pretraining (IVB3) For Hg € {Pn,Cn}

QAOA

pretrained | standard

e g ey

the overall cost becomes exponential, even for observables
in ig.

APPENDIX E: ANSATZ CIRCUITS AND BENCHMARKING

Details of all ansatz circuits used in this work are given in
Table 1.

1. Benchmark calculations

For the compute time benchmarks in Fig. 3, we repeatedly
simulate evolution of a state initialized to |0) and transformed
by a single layer (L = 1) of the TFXY 2-local ansatz (see
Table I) using both our Python implementation of g-sim and
TensorFlow Quantum on a single core of an Intel Xeon Plat-
inum 8268. We stress that, unlike tensor network methods, the
time complexity of applying a gate is independent of circuit
depth, so we report our timings per gate. We collect timings
using the timeit Python package in batches of repeated sim-
ulations (to minimize the influence of measurement distortion
due to environmental factors) and average over batches. We
bootstrap 95% confidence intervals on these averages, but they
are too small to be visualized in Fig. 3.

Memory requirements for state vectors are computed
assuming double-precision arithmetic on a 2"-dimensional
Hilbert space H. Memory requirements for g-sim are com-
puted by profiling the actual memory footprint of the
observable vector e and algebra data (adjoint representations
of generators H), and their eigendecompositions).

APPENDIX F: SUBALGEBRAS OF g,

Throughout this work, we use the algebra gy, defined in
Eq. (22), which has dimension dim(gy) = n(2n — 1) and en-
compasses many models of interest:

(1) The Hamiltonian algebra for the XY model with open
boundary conditions and free coefficients forms a proper sub-
algebra gxy C go with dim(gxy) = n(n — 1) [47], given by

gxy = spanﬂ({io}‘aﬁ&?j) U ({io}o?,, }';:))Lle (F1)

(2) The Hamiltonian algebra for the transverse field Ising
model (TFIM) with open boundary conditions and nonfree
coupling coefficients forms a proper subalgebra grriv C go
with dim(grev) = n? [52], given by

ulid ot > . (F2)
j=1

Lie

n—1

: X X
i E 07074
j=1

(3) For a path graph P, on n vertices, the circuit of the
quantum approximate optimization algorithm [101] has an
associated algebra

9TFIM = span[R<

. (F3)
Lie

n—1 n
— 7 2 ; X
gQa0A,p, = Spang( | i E 0707, Uli E o
j=1 j=1

which is isomorphic to that of the TFIM, goaoa,r, = gTFIM-
The two are related by a Hadamard transform.
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FIG. 12. Compiling short-time dynamics for global Hamiltoni-
ans. For a system of n = 20 qubits, we train an overparametrized
(27 layer) ansatz to minimize L4, with a target unitary generated
by a normalized global Hamiltonian. At larger values of T, the
expected exponential convergence is observed. At T & 1, a transition
is observed to a regime with poorer trainability.

APPENDIX G: FURTHER DETAILS ON CIRCUIT
COMPILATION

1. Compiling small-7" global rotations

In Sec. IVC2, we investigate the trainability of L4 for
general random V € G. This includes both global and local
dynamics [the respective locality is controlled by the choice
of Hamiltonian generators G, that are included in Eq. (41)].
Our numerics suggest that compilation of local dynamics is
scalable in system size n and rotation angle (dynamics du-
ration) T', with £ vanishing exponentially in the number of
iterations at all tested values for local dynamics. Similarly, for
global dynamics, £ vanishes exponentially in the number of
iterations when T is sufficiently large (beyond 7" ~ 1 for a
normalized global Hamiltonian). However, for smaller values
of T, a different convergence behavior is seen when compiling
global dynamics. After a brief initial period where £ van-
ishes exponentially in the number of iterations, a transition
to very slow convergence is observed. This is demonstrated
in Fig. 12. The reason for this phenomenon is not currently
understood.

2. Center of Grpxy

In Sec. IV C3, we observed that when Z(G) is nontrivial
(i.e., including nonidentity terms), elements of Z(G) can be
compiled by the ansatz but cannot be distinguished by the
adjoint-representation loss function £4. Here we show that
there is exactly one nontrivial element of Z(Grgxy) up to a
global phase.

We note that for a dynamical Lie algebra g and its dy-
namical Lie group G = €%, we have Z(G) = g’ N G, where
g ={A e C™|VBecg, AB = BA} is the commutant of g.
Hence, given the characterization of the commutant of the
Lie algebra of interest, it is relatively easy to determine
the center of its Lie group. For instance, we have gpyy =
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FIG. 13. Comparison of exact label inferences to their 2-local ap-
proximation. We compare the exact inferred labels of the TFIM phase
classifier on an unseen training dataset to a 2-local approximation.
The 2-local approximation still achieves 100% classification accu-
racy, although £4(p) changes less rapidly near the phase transition.

span{l, (c)®"} [52], and one can see that the nonidentity
element of the commutant (qz)®” can be compiled up to a
global phase, since o, = ie=3% = —je~ 7% That is, (0%)®"
can be compiled with o, rotations on each qubit, with angles
/2 or /4, and thus belong to Grexy. This leaves us with
exactly one (nontrivial) element of the group that cannot be
detected by L.

APPENDIX H: IMPLEMENTING THE BINARY
QUANTUM-PHASE CLASSIFIER ON A QUANTUM DEVICE

In Sec. IV D, we described the training of a quantum-phase
classifier, implemented via a variational ansatz circuit U (6)
defined in Eq. (42). After training, a set of optimal parameters
0" is acquired, allowing classification of unseen states using
the unitary U, = U (0*). Straightforward implementation of
the classifier on quantum hardware consists in applying the
unitary U, to an unknown state, measuring the operator O =
o}, and assigning a label according to Eq. (46). However, we
could also replicate the model by means of measurements and
postprocessing only. Indeed, while Result 1 was framed as an
evolution of expectation values, it can equivalently be seen as
an (Heisenberg) evolution of the observable.

Given the adjoint representation U, = ®24(U,) of the
trained circuit (computed in g-sim), and a description of the
observable O € ig as the vector w such that O = " (w),G,,
we have

dim (g)
0 :=U[OU, = Y (W)yGa, withw' =w"0,. (HI)
a=1
Hence, one recovers the classifier outputs as a weighted sum
of the expectation values of the observables G, .
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Depending on the characteristics of the quantum device
at hand (i.e., measurement versus gate fidelity and cycle
times), one approach may be preferred over another. For
the measurement-based one, one may further reduce the
amount of measurements required by pruning the model
[i.e., approximating Eq. (H1) with a subset of the terms
involved]. For instance, this could be achieved by discard-
ing terms corresponding to small weights |(w'),| < 8 for
some threshold 8, or by discarding greater-than-k-local terms.
In particular, the latter could be combined with classical
shadows [147] by means of random measurements (rather

than direct measurements of expectation values of all the
G,), ensuring small approximation error due to the bounded
locality.

To study further the effect of such locality-pruning, we
compare the accuracy of a trained classifier to its 2-local
approximation, for an undisguised (7' = 0) TFIM of n = 50
qubits. As can be seen in Fig. 13, despite slight differences in
the output of the models, the approximated classifier retains
full accuracy (with 100% of the testing data correctly classi-
fied), which can be explained by the high locality of the TFIM
order parameters.
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