PHYSICAL REVIEW RESEARCH 8, 013198 (2026)

Stability of thermal equilibrium in long-range quantum systems
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Experimental realizations of spin models are irremediably prone to errors, which can propagate through the
system corrupting experimental signals. We study how such errors affect the measurement of local observables
in systems with long-range interactions, where perturbations can spread more rapidly. Specifically, we focus
on the stability of thermal equilibrium and investigate its relation to the correlation structure of the system, both
analytically and numerically. As a main result, we prove that the stability of local expectation values follows from
the decay of correlations on the Gibbs state and the Lieb-Robinson bound. We also provide numerical evidence
that this stability extends to an even larger regime of interacting long-range systems. Our results support the
robustness of analog simulation platforms for long-range models and provide further evidence that computing
physical quantities of interest can be significantly easier than performing arbitrary quantum computations.
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I. INTRODUCTION

A variety of experimental platforms are capable of probing
models of interacting quantum particles. In many of these
systems, the interactions can be tuned to have a long-range
character, decaying as an inverse polynomial of the distance
d™® [1,2]. This includes several types of analog simulation
experiments, which are often considered among the leading
candidates for achieving a “useful quantum advantage” [3,4].

The idea behind them is to mimic complex quantum phe-
nomena, enabling the study of many-body physics in regimes
beyond classical computation and without the need for fault-
tolerant quantum computers. They promise to impact different
areas such as condensed matter physics [5], lattice gauge
theories [6], and quantum chemistry [7]. Although these simu-
lators are not necessarily universal [8], they can often prepare
ground or thermal states, probe dynamics, and allow for the
measurement of key observables [9].

All experimental platforms, and likely any other physi-
cal realization of many-body models, are bound to contain
imperfections in the design. These often take the form of
“coherent errors,” which can be understood as perturbations
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to the original Hamiltonian [10,11]:
H — H+ &V,

with some other Hamiltonian V. It is therefore of interest to
understand how large systems respond to such perturbations,
and in particular, to explore the conditions under which they
remain stable.

A deeper understanding of this stability is of fundamental
interest to understand how physical features such as the ab-
sence of long-range order and the clustering of correlations
relate to it. It is also important from the perspective of analog
quantum simulation, in order to assess the impact of errors
on the measured signals and to establish guarantees regarding
their reliability.

These questions have been studied in a variety of scenarios
[10,12—14]. The work [11] studied the stability of dynamics
and equilibrium, both at zero and nonzero temperatures, fo-
cusing on finite-range spin and fermionic Hamiltonians. Other
results include [15], which considered the effect of stochastic
errors; [16], which focused on open analog quantum simula-
tion; and [17], which considered the stability of typical analog
dynamics.

Most of these results focus on finite-range systems. How-
ever, the picture becomes more complicated when long-range
interactions are present. These can introduce additional col-
lective or long-range effects that can hinder stability. For
certain questions, these effects can easily be controlled. For
instance, the arguments in Ref. [11] show that the stability of
dynamics and gapped ground states essentially follows from
the existence of a Lieb-Robinson bound, which is relatively
well understood in long-range systems both from the analyti-
cal [18-25] and numerical [26,27] point of view. However, the
stability of thermal equilibrium is more subtle, and the stan-
dard proofs for finite-range systems do not directly apply to
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long-range systems [28-31]. The effect of local perturbations
on local properties of gapped ground states is discussed in
Ref. [25], and the stability of Gibbs states on one-dimensional
(1D) systems in Ref. [29]; however, the proof techniques used
in these works differ substantially and do not apply in our
setting. This is unfortunate, since current simulation experi-
ments already study questions related to thermal equilibrium
in general long-range models [32-34], and there are quantum
algorithms that can efficiently sample long-range Gibbs states
at high temperatures [35].

In this work, we address this by analytically proving the
stability of thermal long-range systems in arbitrary dimen-
sions. In particular, we demonstrate that this stability follows
from two well-established properties: the decay of correla-
tions on the Gibbs state and the Lieb-Robinson bound.

We also study these questions numerically by simulating
a long-range spin chain with tensor networks, providing ev-
idence that the stability likely holds in a wider regime of
interaction strengths. Additionally, we study the related notion
of local indistinguishability in long-range models and show
how all the different notions of clustering are weakly equiva-
lent.

The proofs, on a high level, involve a perturbative analysis
of matrix exponentials in terms of an operator that, due to
locality, is of a constrained radius. This, together with cluster-
ing properties, yields the stability results [11,29]. These steps
are standard for short-range systems. However, for long-range
systems, the effect of the perturbations is significantly larger,
so that a straightforward translation of previous arguments
yields useless bounds. Here, we circumvent this difficulty by
combining a careful analysis of the matrix exponential from
Ref. [36] with the Lieb-Robinson bound.

II. PRELIMINARIES

Let (V, E) be a possibly infinite graph and A C V be a fi-
nite subset of it, H,; a d-dimensional Hilbert space and # 4 for
A C A the tensor-product space Hy = Hy Q@ -+ - @ Hy of |A|
copies of H, indexed by the elements in A. When considering
the whole system A, we shorten the notation to H, = H. The
space of bounded operators on # is B(H), and the operator
and trace norms are | - |, || - |1 := tr[| - |], respectively. A
locally supported operator is of the form O4 ® T 4¢, or simply
0,4, with the complement A = A\ A, Oy € B(H4) and the
identity acting on H4c. Given a finite lattice A C ZP with
|A| = N sites, we define the Hamiltonian H = H" in k-local

form by
H= Y Iy (1)

Z:1ZI<k

where Z C A is a set of interaction sites. We assume that the
Hamiltonian is long range, i.e.,

Jip= Y lhll <

Z:{jj'cz

8
5 @
(I +4d@. j))
where d(j, j’) denotes the graph distance between sites j and
Jj on A, g >0 is a constant, and « > 0 is the index of the
power-law decay of the interactions. It is also useful to define

the quantity u = max; ) ; W, which is constant as
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FIG. 1. Two disjoint subregions A and B of a square lattice A.

long as @ > D. Note that the graph distance between two sets
A and B is defined by d(A, B) := minje4, jep d(j, j').

The Hamiltonian defines the Gibbs state pg[H] =
e PH jir[e=PH] with inverse temperature B > 0 or pg if the
Hamiltonian is known from the context. To measure the cor-
relations in pg, we use the covariance

Cov,, (04, Op) := tr[pgOa0p] — tr[ppOaltr[pgOp]  (3)

defined for observables O4 and Op supported in A, B C A.
A key assumption in our analysis is decay of correlations,
which quantifies how the covariance decreases as the distance
between A and B increases.

Definition 1 (Decay of correlations). Given an inverse
temperature 8 > 0, and any A, B C A as in Fig. 1, the Gibbs
state pg satisfies decay of correlations if there is a constant
K > 0 so that

|A| |B|e(AI+IBD/k
(1+dA,B))™

for all observables O, € B(H,) and O € B(Hp).

This functional form is motivated by the recent result in
Ref. [[37], Theorem 2], which demonstrates it under the as-
sumption that « > D and B < B* = Sulgk' For the decay of
correlations in 1D systems at all temperatures (with a weaker
decay exponent o — 2), see Ref. [38].

Covy, (04, O) < K[|O41111 05l G

Technical tools on locality

For our proofs, we assume that the long-range Hamiltoni-
ans satisfy a Lieb-Robinson bound of the form

el —1
(1+dA, B)~’

for any Oy € B(H4) and Op € B(Hp), with v = 2gu, and x5
a constant depending on «, g, and D, regions A, B C Z” and
with O (t) := ™ O,e~"" . This bound was proven in Ref.
[39], and it holds across the entire weak long-range regime
a>D.

More recent results [19-23] prove bounds with improved
time dependence but stronger constraints on «. In particular,
Kuwahara and Saito [19] prove that for ¢ > 2D + 1,

p(lr)
(d(A, B) — vlt])*’

I[0A(2), OBl < kL&lIOAlll OBl ®

I[0A(®), Oplll < krr 1[0l OBl (6)
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where p(|t]) := |¢t|*’*!. For the regime 2D < o < 2D + 1,
there also exists a Lieb-Robinson bound with a slower
polynomial decay [23]

I[0A(®), OBl

£
2

.
d(A’ B)a—2D+e )

t
oG} "

for an arbitrarily small € > 0.

Another tool that is useful to study Gibbs states whenever
a Lieb-Robinson bound holds for H is the quantum belief
propagation (see Refs. [29,40,41]). Consider two self-adjoint
operators H and V, and the path of Hamiltonians H (s) :=
H + sV. Then, the exponentials e 7 satisfy the differential
equation

< [0l OBl [KLR,2<

d B
Y —BH() _ _F [ —BH(s) HH(s)
75¢ = {0 el (8)

with the belief propagation operator

LIV = /

—00

[e¢]

dtfﬁ (t)e_itH(s)VeitH(S), (9)

where f3(t) = ﬂiﬂ log(%), such that

@5V <Vl (10)

We identify two complementary regimes of interest for our
results, which we consider in order to prove our main result.

Assumptions 1. We differentiate the following cases:

(1) High-temperature regime: with 8 < * = 8ulgk and
o > D, so that the Lieb-Robinson bound of the form of Eq. (5)
holds.

(2) Strong Lieb-Robinson Bound regime: o > 2D, so that
one of the stronger Lieb-Robinson bounds, given by either
Eq. (6) or Eq. (7), holds.

That is, for the weaker condition o > D, we are bound
to considering high temperatures. In both cases, we assume
that decay of correlations holds throughout (although note that
high temperature already implies decay of correlations [37]).
The motivation for differentiating the two cases is that we
expect the decay of correlations to hold in relevant regimes

beyond high temperatures, e.g., for 1D systems [38].

III. STABILITY TO GLOBAL ERRORS

Our main focus is on the stability of expectation values to
errors in the Hamiltonian of the form

H— H+eV, (11)

where V is a Hamiltonian satisfying the same general assump-
tions as H. We show that local expectation values do not
depend on the size of the system on which the perturbation
V acts (which can be the entire lattice A) and are controlled
only by local quantities and the parameter ¢, which is assumed
to be small.

A. Analytical results

Consider a finite lattice A and long-range Hamiltonians
HandV =}, , V; onit, satisfying Eqs. (1) and (2) with
power-law decay o > D.

The main aim of this section is to prove that the assump-
tions in Assumption 1 together with decay of correlations
imply stability of long-range Hamiltonians. The main result
is formally stated as follows.

Theorem 1. Consider H and V as above, and either condi-
tion in Assumption 1 holds. Fix any & > 0 and assume that
the Gibbs states of H + esVr satisfy decay of correlations
(Definition 1) at inverse temperature 8 < oo uniformly in

s €[0, 1] forany Vr = >V, with " C A. Then,
Zcr

[0 pslH1] — tr{OapslH + eV 1]]
< e%x<ﬂ>||0A||k|A|e'A'/’<“,

for all local observables O4 € B(H,) and a constant x(8) > 0
depending polynomially on 8 and super exponentially on «.

Therefore, Theorem 1 shows that in both regimes of As-
sumption 1

1[0 pslHT] — tr[OapslH + V11| < O(e|Oalle T ) (12)

for all ¢ > 0 and local observables O4. The proof of Theorem
1 for both cases of Assumption 1 is based on two steps:

(1) Use of decay of correlations and the Lieb-Robinson
bound to prove the intermediate result named Local perturba-
tions perturb locally (LPPL) (cf. Appendix A 1).

(2) Show that LPPL implies that a global error affects
local expectations only locally.

These two steps are also required in the analogous proof
for the case of finite-range interactions. However, the expected
decay rate of correlations and the prefactors appearing in that
case are smaller, which substantially simplifies both steps (cf.
Ref. [[29], Theorem 34]). For long-range interactions, these
aspects present more subtleties.

For the first step of the proof, consider pg[H] the Gibbs
state of H in A at inverse temperature § < oo, and a local
perturbation Vg supported in B. Denote by pg[H + Vp] the
Gibbs state of the perturbed Hamiltonian. Then, if we con-
sider an observable O4 supported in A, LPPL (see Definition
2 below) states that the expectations of O4 with respect to
pglH] and pg[H + Vg] are practically indistinguishable when
A and B are far apart. In other words, the expectation values of
local observables supported far from the perturbation are not
influenced by its presence.

Definition 2 (LPPL). Given a finite lattice A and an inverse
temperature B8 > 0, we say that H satisfies LPPL if there is a
constant K’ > 0 such that

[tr[OapplH]] — tr[Ospg[H + Vp]l|
|A||B|eAIHIBD/K
(1+d(A, B))*
for every A, B C A (see Fig. 1), any local perturbation Vz =
V, € B(Hp) and any O4 € B(Ha).

The notion of LPPL concerns local perturbations of quan-

tum systems and is often used to study the stability of Gibbs
states [29,42] as well as ground states [43—45]. Using this

< K[| OalllIVs

)
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concept, we present our main technical lemma of independent
interest: that LPPL holds in both regimes of Assumption 1
given decay of correlations.

Lemma 1 (c¢f. Lemma Al). For A,BC A and H, Vp as
above, if H 4 sVp satisfy either assumption in Assumption
1 and decay of correlations (Definition 1) uniformly in all
s € [0, 1], then,

|tr[Oapg[H]I] — tr[Ox pp[H + V1 |

|A||B|e(AIFIBD/K

< K(,B)”OA””VB”m,

where Oy € B(H,) and «(8) > 0 are polynomials in 8 and in
the constants of the Lieb-Robinson bound.

The proof is given in Appendix A 1, and it distinguishes
between the two regimes of Assumption 1, as we now summa-
rize. We separate the argument into short- and long-distance
contributions. For short distances, the contribution to the
matrix exponential of Vp is bounded directly using the per-
turbation formula in Eq. (8). For long distances, the same
perturbation can be written in terms of a generalized covari-
ance [36] via Duhamel’s formula, which we then relate to
the correlation function in Eq. (3) using the Lieb-Robinson
bound. The result follows by assuming decay of correlations
to estimate the resulting integrals.

At this point, a difference in the proof arises between the
two cases of Assumption 1. For D < « < 2D, since we use a
weaker Lieb-Robinson bound [Eq. (5)], we need to assume a
high-temperature regime 8 < B*. In contrast, for @ > 2D, the
stronger Lieb-Robinson bounds [Egs. (6) and (7)] allow us to
bound these contributions independently of the temperature.
Note, however, that for 2D < o < 2D + 1 we obtain a weaker
decay o< 1/r*7P.

Thus, if « > 2D, LPPL can be established whenever decay
of correlations holds, independently of the temperature. This
includes, in particular, the case of 1D systems at arbitrary
temperatures [29]. For D > 1, however, this still relies on
the validity of decay of correlations in a regime that may lie
beyond currently known proofs [37].

As the second step toward proving Theorem 1, we show
that local expectation values are stable against perturbations
by sums of small local terms in the underlying Hamiltonian,
assuming LPPL. This result was previously proven for finite
and short-range interactions in Refs. [11,29,31].

Lemma 2 (cf. Lemma A2). Assume that H + eV defined
above, forany Vr = ), . Vz with ' C A, satisfies the LPPL
(Definition 2) for « > D. For a given ¢ > 0, we have

[te[Oaps[H1] — tr[O 05l H + V]|
< eg’kK'|| O] 1ALV,
where O4 € B(H) and K’ > 0, which is polynomial in the
Lieb Robinson bound constants, from Definition 2.
Proof. We start by defining the level sets (see Fig. 2)
AC} = {x € A°|d(A, x) = ¢}
forall £ € N and

B} = {x € A°|d(A,x) < £}

FIG. 2. For a region A C A, graphical definition of B} and 9C
for £ = 2.

Next, we delete the perturbation terms V; level by level: First,
we fix a level set by £ € N and consider all perturbations
intersecting dC# and with an element B¢ of minimal distance
to A. By using a telescopic sum, the level sets and the LPPL
assumption, we show

[tr[Oapp[H]] — tr[Oapp[H + eV 1] |
(o]
<X X
=0 ZCA |Z>{b,c}eB} xdC}
s.t.d(A,Z)=d(A,b)

< kK'egl| 04l 1Al MV/FH!

0 1
IS (1 +d(b, 0))*(1 +d(A, b))

=0 cedCy beB;

k|A|e\A\/k+l

KelVzlllOal =
ellVzlll A||(1+d(A,b))“

Then, we apply the uniform summability and convolution
properties of the polynomial decay for o > D [46,47] (cf.
Lemma B 1), which show

ltr[Oxpp[H]] — tr[Oapp[H + eV ]]|

o0
< £gK' )| Oa lIk|A |+ TTdaor
< egK'||Oallk|Ale Z Z (14+d(A, o))

£=0 cedcy
< U’ K[| O k| AlV/AH
[ |
Proof of Theorem 1. Since V =}, _, Vy, for any of these
Vz, by Lemma 1, assuming decay of correlations for the Gibbs

states of H + sV, and our assumptions in Assumption 1, we
have

|tr[OapplH1] — tr[OappH + V1] |
|A|kelAI+R)/k
(1+d(@A, B2y

where By is the support of V;, with cardinality |Bz| = k. We
conclude by using Lemma 2. ]

< ek (BNOAlNVZI

B. Numerical results

Our analytical results hold in the long-range regime o > D,
and under additional assumptions of Lieb-Robinson bounds.
However, multiple relevant quantum platforms have inter-
actions with stronger long-range interactions, often even
satisfying o < D [1]. Since an analytical approach is still
missing for this regime, this motivates employing numerical
methods in its exploration. The purpose is twofold: to inves-
tigate a regime not covered by our analytical treatment and to

013198-4
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—— o =0.5 —— o =25 a=4.>5
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FIG. 3. Absolute value of the difference in the expectation value of a local observable O, = 007, at the middle of the system between
perturbed and unperturbed Gibbs states of Hamiltonian in Eq. (13). This difference is plotted as a function of system size fixing ¢ = 0.1 (left),
and then with fixed system size N = 45, against the magnitude of the perturbation ¢ (middle) and against « (right). All plots are at fixed
inverse temperature 1/J. We show both numerical simulations (points) and linear fits (dashed lines). See Appendix C for the specific values

and parameters of the simulations and further discussion of the results.

further test the accuracy of our analytical bounds within their
domain of applicability.

We perform numerical simulations of the following system
defined on a spin chain (D = 1):

H = Hirys + €V, (13)
with the long-range transverse-field Ising model
J 01-"0]’-‘
Hirs = — ——+h ) of, (14)
YT Nig ; li — jl¢ Z
with N7 g = N~ > icjli— jI7¢, and the perturbation
V= Z oF. (15)

From an experimental perspective, this perturbation can sim-
ply correspond to a miscalibration of the magnetic field in the
z direction.

The results are shown in Fig. 3, where we observe that
the effects of global perturbations, when computing local
expectations, tend to stabilize as the system size increases,
as expected from the analytical results above. It is worth
highlighting that this behavior persists even in the strong
long-range regime o < D = 1, which goes beyond all our
assumptions.

Additionally, Fig. 3 shows that the difference between ex-
pectation values grows linearly with ¢, in agreement with the
upper bound provided by Theorem 1. This indicates that the
bound is optimal with respect to the perturbation magnitude.
We also show the effect of the perturbation as a function of «,
and we see that the more local the system (i.e., the larger the
value of &), the more pronounced the impact of perturbations
becomes. For further discussion on the simulations performed
as well as additional plots, we refer the reader to Appendix C.

IV. LOCAL INDISTINGUISHABILITY AND CLUSTERING

In order to obtain the results in Sec. III A, it is crucial to
consider the notions of decay of correlations and LPPL. We

complete the picture of clustering in long-range systems by
considering the important and closely related notion of local
indistinguishability [28]. For simplicity, we here assume that
the lattice is hypercubic, but the results hold for any other
D-dimensional lattice simply by changing constant factors.
This property provides a decay bound on the error made when
local expectations of a global Gibbs state are approximated
by a localized one. It is also known as locality of temperature
[36,48].

Definition 3 (Local indistinguishability). Consider A C B
C A as in Fig. 4 and H as above. Then, the Gibbs state is
locally indistinguishable if

|tr[OapplH]1] — tr[OappHpll |
|A|elAl/k

< K'|04|| ——m——m———,
<KNOA g 5oy

for every Oy € B(H,), with a constant K” > 0, where Hp :=
zcphz:
Thus, expectation values of local observables can be com-
puted using the Gibbs state on a smaller vicinity [36,49]. It
also has relevant implications for the preparation of Gibbs

oo
oo
L N
.C.
oo
oo
oo

FIG. 4. A square lattice A split into B and C. The region A,
signaled with diagonal blue lines, is a subregion of B.

013198-5



TIM MOBUS et al.

PHYSICAL REVIEW RESEARCH 8, 013198 (2026)

states [28]. We prove that this property also follows from
LPPL, albeit with a slightly worse dependence on |A| and
d(A, C) than that of Definition 3.

Lemma 3 (cf. Lemma A2). Assume that a Hamiltonian H
as in Egs. (1) and (2) for o > D satisfies the LPPL prop-
erty (Definition 2) for all V € {Hg | E C A}. Then, for all
8 € (0,0 —D),

[tr[Oapg[H]] — tr[Oapp[Hp]]|
|A|2elAI/k
(1+d(A,C)—P=3"

<K'E(1+ )[04l

where ACBC A, Hg=) ;. 3hz, C:=A\B, k" >0 and

¢ the Riemann zeta function, e.g., £(2) = %-.

The proof is shown in Appendix A 2. It involves an iterative
elimination of the Hamiltonian terms coupling B with its exte-
rior, which can be done through the LPPL property. Then, the
total sum of terms can again be controlled by the convolution
and uniform summability properties of the long-range decay.
The resulting sum only decays with a weakened exponent
o — D. As in Sec. IIT A, these implications had already been
proven for finite and short-range interactions [28-30], but the
proof in the long-range case is more subtle.

To complete the picture, we also explore local indistin-
guishability numerically in Fig. 5 for the model in Eq. (14).
We again find that it holds for ranges of o beyond our present
results, and into the strong long-range regime o < D. The
decay exponents also appear to be larger than those predicted
in the bounds and Definition 3.

An interesting feature of local indistinguishability is that it
allows us to close the circle of implications with the starting
point being decay of correlations, although also with a slower
decay with the distance d(A, B) than the original Definition 1.

Lemma 4 (cf. Lemma A3). Assume that a Hamiltonian H
as in Egs. (1) and (2) satisfie the local indistinguishability
(Definition 3) with @ > 2D. Then,

Covp, (Oa, Op) < k" 04l 10l

1 ,

Al Bl AIHB/k
x14]Ble (1 + d(A, B))*2D

where Oy, Og € B(H) and «” > 0 a constant.

The proof is shown in Appendix A 3. It follows the proof
for finite-range from Ref. [29] by applying local indistin-
guishability to the joint observable O40p, and to each of
O4, Op separately, done by considering buffer regions X, Y.
To compare the resulting expectation values, we need to
bound the contribution of terms that couple the buffer regions
X,Y, which we have to pick large enough so that local in-
distinguishability holds, but small enough so that the terms
that couple them are small. The optimal choice leads to the
decay with exponent o — 2D, slower than that those in Defi-
nition 1 and of Fig. 5 (see also Fig. 8 in the Appendix). This
equivalence is expected to be physically meaningful when-
ever correlations decay with an effective exponent e > 2D,
as observed in certain long-range models [50]. In practice,
this condition is met for microscopic exponents o > 2D, as
realized in experimental platforms such as Rydberg-atom ar-
rays [1].

—— a =05 —_—— =25

a=3.5

a=4.5

—— a=1.5

x10~4

_ 10 20 30

(] d(4,C)

T 100 4 oee

= ] .""""-O-o...._.*‘ * s
S 1077 oo
= ]

? 10784

&) E

R

= 1077

) ]

| 10710 5

T 1

ESURE

Q E

o

< T T T

Q 10 20 30

o d(A, B)

FIG. 5. Test of local indistinguishability (top) and decay of
correlations (bottom) in the model of Eq. (14). For local indistin-
guishability, we show the difference between thermal mean values
of the observable O4 in the middle of the chain of N =75 sites
in regions B and BC, as illustrated in Fig. 4, against the distance
between the frontiers of both regions. We again see that it holds for
a wider range of « than Lemma 3. For the decay of correlations, we
locate the observable Oy = o0}, at i = 4 and move Og to the right

i+
of the chain to test the dependence with distance.

This last result closes a circle of implications between
the different properties. In finite-range systems, where cor-
relations often decay exponentially, it is known that the
exponential behavior carries throughout the circle of im-
plications [29]. Here, instead, the long-range nature of the
interactions prevents us from such a clean equivalence of
decays, since the polynomial overheads we incur in the proof
affect the final scaling of the bound, unlike in finite range
where decaying exponentials always dominate (see Fig. 6 for
an illustration).

V. CONCLUSION

We have studied the relation between the stability of expec-
tation values to global errors and various properties related to
clustering of correlations, with the extra technical difficulty
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LONG-RANGE INTERACTIONS
g
H= Y hs > lhzll < =
Z:\2I<k  z:{ji'}cz (+dG. )

[36, Theorem 2]
B < B

DECAY OF CORRELATIONS

141 BledarizDre

Cov,(04,05) < C||04]l|O5] T(+dA B

Lemma 4

a— a—2D}

: LOCAL INDISTINGUISHABILITY Lemma 1
. H‘— (0] H, <c”|o. 7| |E| -

t t

| T[ Apﬁ[ ]] T[ Apﬁ[ B]]|_ “ A||(1 d(A,BC))D‘

N

Lemma 3
a— a—D—§

LOCAL PERTURBATIONS PERTURB LOCALLY

| A||BledAI+ BN/
OAlVElEF e
[OAllllVall (+d(4 B)"

|20 aps[H] - tx[0apslH + V]| < €]

FIG. 6. Equivalence between decay of correlations, LPPL and
local indistinguishability for Hamiltonians with long-range inter-
actions. Note that o changes in some of the implications, as
indicated next to the corresponding arrows. As a result, complet-
ing a full cycle—starting and ending, for example, at decay of
correlations—yields a different version of the property. At high
enough temperature, decay of correlations and subsequently all prop-
erties hold.

of assuming that the interactions are long range. This diffi-
culty required a different proof method to that of finite-range
systems, and introduces several overheads. The most natural
next step is to find arguments that at the very least reach the
regimes of stability and clustering that we see in the numerical
examples studied. Other directions in which to extend the
results are to long-range bosonic [51], fermionic [11,52], or
open quantum systems [16,53].

With our results, we give a piece of evidence of the ro-
bustness to coherent errors of analog simulation experiments.
They thus motivate the quantum simulation of Gibbs states
of long-range models. A potential further motivation is that,
even at high temperatures, it is unclear whether it is possible
to efficiently calculate local expectation values and partition
functions [54], as opposed to what happens in finite-range
interactions [55-57].

We expect that our results could also be of use in the
context of learning Gibbs states of long-range Hamiltoni-
ans within phases of matter as in Ref. [30]. There, relations
between properties akin to those here, but for finite-range
interactions, were crucial in the proof.
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APPENDIX A: TECHNICAL PROOFS

We now show the proofs of the relations between decay
of correlations (Definition 1), stability against local perturba-
tions (Definition 2), and local indistinguishability (Definition
3).

1. From decay of correlations to LPPL

To cover the cases in Assumptions 1, we first establish
a slightly more abstract result for any Lieb-Robinson bound
that admits the following structure for ¢ < 448 —: p with

v T
v = 2gu given disjoint regions A, B C ZP":
8()
(1+d(A, B’
forany O4 € B(H,) and Op € B(Hp), kg a constant depend-

ing on o, g, and D, and with O4(t) := " O4e~" . Moreover,
assume that g: [0, 00) — [0, 00) is an integrable function

satisfying
b -2t/
e 8(1)
/0 S < LB,

ILO0A(®), Oplll < kLrlOAllll OBl (AD)

given a polynomial /.(8) independent of b. In the different
cases of Assumption 1, Corollary A 1-A 3 directly follow
proving the result “From decay of correlations to LPPL” for
the specific cases.

Lemma A l. Let A be a finite lattice and A, B C A. Con-
sider the Hamiltonian H defined as in Egs. (1) and (2), and for
any Vg = Vy supported locally on B C A, define H + sV} for
any s € [0, 1]. Assume that for a given o > 0, H + sVj satis-
fies decay of correlations (Definition 1) and a Lieb-Robinson
bound of the form (A1) uniformly in all s € [0, 1]. Then,

[tr[OapgH]] — tr[Ogpg[H + Vp]] |

|A||B|e(AIHIBD/k
<k 0O Vi )
< k(B 0alllIVa (1L dA. B
where Oy € B(H) and «(B8) > 0 a constant depending in
particular polynomial on B but also on the constants of the
Lieb-Robinson bound.
We start by listing the corollaries that follow, before pre-
senting a detailed proof of Lemma A 1.
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Corollary A 1. Let A be a finite lattice and A, B C A. Consider the Hamiltonian H defined as in Egs. (1) and (2), and for any
Vg = Vg supported locally on B C A, define H + sVp for any s € [0, 1]. Assume that 8 < 8* = @ and o > D. Then,

|A||B|e{AIFIBD/K

|tr[Oapp[H]] — tr[OapslH + V11| < K(,B)HOA””VB”m

s

where O4 € B(H) and x(8) > 0 a constant depending in particular polynomial on S.

Proof. Due to the assumption, § < 8* = lgk and @ > D, the work [39] proved the Lieb-Robinson bound

— 8u

eVl —1

I[OA(t), O]l < krr||OAll ”03"m’

(A2)
forany Oy € B(HA) and Op € B(Hp), with v = 2gu, and k. a constant depending on «, g, and D, regions A, B C Z” and with
04(t) := €™ 04e~"  Moreover, the recent result in Ref. [[37], Theorem 2] proves decay of correlations (see Definition 1). To
apply Lemma A 1, we need to bound the integral

b ,—2mt/B
e 8()
/(; mdf < I(B)

for g(t) = ¢” — 1. In a first step, we use the inequality # <1+ )1—6, which shows

b g=2mt/B o b b b
/ ¢ & g()dzgf ez”’/ﬂ<1+ p >(e”’—l)dt=[ e*z”’/ﬂ(evf—l)dtqu/ B — 1)L ar.
0 0 0 0 2mt

1 —e27m/B 2t

Next, we drop the negative term in the first integral and apply e” — 1 = vt fol eV'ds < vte”, showing

b g2/ g(r) v b /byt ge VB B —@r/B—v)b vB
/O—dt<<1+_)/e dt—(l+g>m(l—e )<ﬂ<1+§>, (A3)

1 —e27nt/B 2 ) Jo

where in the last inequality we assumed that we are in the high-temperature regime § < ﬁ,
bound is true for any b > 0, it completes the proof with b = % assumed in Eq. (Al). |

Corollary A2. Let A be a finite lattice and A, B C A. Consider the Hamiltonian A defined as in Eqgs. (1) and (2), and for any
Vg = Vg supported locally on B C A, define H 4 sVp for any s € [0, 1]. Assume that « > 2D + 1. Then,

so 2w — vpB = 1. Since the above

|A||B|elAIHIBD/K

|tr[OapplH]] — tr[OapplH + Va1l | < K(ﬁ)lloA””VB”m

)

where O4 € B(H) and «(8) > 0 a constant depending in particular polynomial on 8.
Proof. Due to the assumption @ > 2D + 1, the paper [19] proves that

p(lr])
I1[0A@), Oplll < krrllOAIOB =
(d(A, B) — v|t|)*
for p(t) := |¢]2P+ any O4 € B(H,) and Op € B(Hp), and k; a constant depending on «, g, and D, regions A, B C Z” and
with O4(t) := €™ O e~ . Moreover, the recent result in Ref. [[37], Theorem 2] proves decay of correlations (see Definition

1). To apply Lemma A 1, we use b = d(gl’}B ) 50 that

pdt])
(1 +d, B)*’

p(zD

I[0A(t), O]l < KLRHOAIIIIOBIIW

< kR4 10A N1 Ol

where we used x > %(x + 1) for x > 1 in the last inequality. Next, we bound the following integral

b ,—2mt/B
e 8()
/0 FE=—nr dt < I.(B)

for g(t) = p(¢). In a first step, we use the inequality ﬁ <1+ %, which shows

b efp.ttl b 1
— At < | e+ — ) dn, (A4)
1 — e
0 —e 0 1%
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ford =2D+1and u = %’ For the first integral, by iteratively applying integration by parts, we obtain

b -1 b
/ e Mitdt = — e 0Bt — ¢ / e Mgy
0 1% 0

14

1 ettt AR
= —e"‘b T + 7/ e M dt
e Ul DL A )

R I

A - + < )
S wi (6 —j+1)  ptt! pbt

—e

(A5)

which holds for all » > 0 and completes the proof. |
Corollary A3. Let A be a finite lattice and A, B C A. Consider the Hamiltonian H defined as in (1) and (2), and for any
Vg = VBT supported locally on B C A, define H + sVp for any s € [0, 1]. Assume that 2D < « < 2D + 1. Then,

|A||B|e(AIFIBD/K

[tr[Oapg[H]] — tr[Oappg[H + V11| < «(B)IIO0AIVE W,

where O4 € B(#H) and «(B) > 0 a constant depending in a particular polynomial on 8.
Proof. Due to the assumption 2D < « < 2D + 1, the paper [23] provides the following Lieb-Robinson bound

a—D €
t «=2D " 2 t
0A(1), Op1ll <0410 S — )|
I10A(1), Oplll <I1OallllOsl| [KLR,z(d(A’B)QZDH) +KLR,3<d(A’B)aD>i|

for an arbitrarily small € > 0. For € < 2

( 2D+ ) a—D € ( D) a—D o — 2D € € o >e 2D >0
- € ——|—(@—D)=¢ - — === —€e)lz2=l——-€) >
“ a—20 2] o —2D 2 2) " 2\a=2p " ¢) 72\

so that

tep =5 4t )

0A(t), O5] <2*7P , OO\ T —aa gy
I[0A(®), O] < max{KLR,z KLR,3}|| Allll B”((l—}—d(A,B))O‘D

where we used x > %(x + 1) for x > 1 in the last inequality. Next, we choose

D D
e=2< _{ J) € (0,2),
o —2D oa—2D

a—D
a—2D

so that with

(Sl

') 4y )

0 t , 0 <20t—D , 0 0 -
1[04 (), Oslll < max{kzr 2, kzr 3} Oalll B||<(l+d(A,B))°‘D

To apply Lemma A 1 for the shifted long-range decay o — D, we required to bound the following integral

b ,—2mt/p
e () L elen)
/O l_e——Zm/ﬂdt < L(B) for gt) =1t "tem 4 ¢,

Then, Egs. (A4) and (AS5) show

2! 1! 2! 2!

for £ = Lﬁj, w = %’, and for all b > 0. This finishes the proof of the statement. ]

Proof of Lemma A 1. The proof splits into two cases:
Case I d(Oy, V) = 0. We start with the case A N B # (. For that we combine the proof idea used in Ref. [[36], Theorem 1]
with the quantum belief propagation presented in Ref. [[29], Sec. 10]. Denote H (s) := H + sV and Z,(B) := tr[e #7®)]. Using
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the fundamental theorem of calculus, (8) for the derivative of e ##(), and the chain rule in the derivative of pg[H (s)], then

Ld
tr|:0A/(; apﬁ[H(s)]dsi|

tr| Oa / (! gty _ pplH (5)] Ll Lempior | Vg
o \Z(B)ds ? Z(B) Lds

1
tr[oA fo ({pplH ()], @5V (Vi)} — 2pﬁ[H(s)]tr[pﬁ[H(s)]@,@””(vg)])ds]

8 0 em/ﬁ +1
< 104 ||VB||/ log (—)dz,
0

|tr[pg[H]04] — tr[pg[H + VB]O4ll =

emt/f — 1

where the explicit expression for <I>§I (S)(VB) is given in Eq. (9) and the last bound follows from Eq. (10). Next, we rewrite the
integral by substitution with x = ¢~7//#

S nt/B 4 ] o 1 —mt/B\ —Ze~ /B
/ log e ! dt =—é log te P dt
0 emt/B — 1 T Jo 1 — e—7t/B e—Tl/B
0
1 1
= _f log ( i x) —dx
T J; 1—x/x
B /1 <10g(1+x) log(1 —x))
= - - dx
T Jo X X

-1 1
_ é(/ log(1 _x)dx _/ log(1 _x)dx)
T 0 X 0 X

where Li, is the dilogarithm (or Spence’s) function, which admits a series representation for |x| < 1 by Lix(x) = Z,foz, jcf—z , SO

that
/°° | B 3% Bm
log| ———— Jdt = ——— = —,
0 emt/B — 1 7 12 4
because of
S ( 1)k+1

— 7?2 <1 72
“Liy(—1) = =T =T
i2(=1) kz:l: i 6 kz:l: 2k 12

Together, this finishes the first part of the proof
|tr[pg[H]104] — tr[pg[H + VB]0all < 2804l ||Vl (A6)

Case II: d(Og4, Vg) > 1. Similarly, we apply the identity [[36], Theorem 1]

1
|tr[pp[H104] — tr[pg[H + VB]1O4ll = ‘,3 // Covy, 1115 (Oa, V)dsdt |, (A7)
0

where
Cov},(Oa. Op) = Tr(p" 0ap' " Op) = Tr(pO)Tt(pOp), (A8)

and then relate the generalized covariance to the standard covariance. Here, we use the upper bound proven in Ref. [[59],
Eq. C.22], so that for all T € [0, 1] (see also Ref. [60])

. 2 oo p2mlil/B
‘Covpﬁ[H(x)](OAv Vi) — CoV 1151 (Oa, VB)‘ < E /_oo 1_e——27rlt|/ﬂ”[0A(t)’ Vallldt,
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where O4(t) := ¢ 04e ") Next, the long-range Lieb-Robinson bound assumed in the statement [see Eq. (5)] for b =

w with v = 2gu shows that
v

d(A.B)*°
2, otherwise

4 AllB b p=27t/B o 0o -2mt/B
> _( kLr|Al|B| / e 8( )dt+2/ e dt).
0 b

e 2mlip {KLR|A||B|(H¢ ifb > |t],

2 o0
|COV;ﬁ[H(s)](OA’ V) — CoV 111511 (Oa. Vi) | /(1 0all 1V < 5 [m T o2

S B\ +d(A,B) Jo 1 —e2m/p 1 — e 2mt/p
11 12
(A9)
By assumption, we can directly apply I.1 < I, and continue with substituting x = e~2*"/# in 1.2:
2 oo p2mt/B 0 1 e~ 27b/B
il B . dx=mn(1+——" ).
B J, 1—e2m/B /e_znh/ﬂ 1—x * g ( + 1-— 62”17//3)
Then,
00 e—27'rt/ﬂ ,3 e—271b/ﬂ ’3 1 ’3 ﬂ
LIS S— oy LU P——— L A10
/b =28 S g T 2wblp ~ 27°¢ vt 1) St NETT (A10)

converging exponentially with the distance d(A, B) (b = bd(A, B)) and temperature 8~'. Next, we upper bound Eq. (A9) with
the help of the bounds on I.1 and 1.2, which shows

C:‘T (()4 V )—COV (0 ‘/ )’/(”0 ””V ”) < 4 K1R|A||B| I (/3) /3 ZJTdﬂ(A.B) 1 U,B
ppl(s > VB P, H(s 5 -1 2_ m
/3[ ()] fi[ ()] A B A B RS (l ( : )) ( ’ )

<P g1
5 (1 +d@, B

(A11)
where c3(8) is polynomial in 8. Finally, perturbing the long-range Hamiltonian locally by V supported on B C A for d(A, B) >
1 can be upper bounded using (A7) combined with the bound (Al1l) and the assumption of the decay of correlations (see
Definition 1):

1
[tr[Oappia)] — tr[Oappia+vill < ‘,3// COV;ﬂ[H(s)](OA, Vp)dsdt
0

1
< a3(B)0AlIVBIIALIB| + ‘/3/ CovV,1(5)1(Oa, Vp)ds
0

1
(1+d(A, B))*

1 |A| |B|e(AlFIBD/k
————— + BCOAIVBIl ————
1+ dA.B)" BCIOalllIVI (0L dA. B
|A]|B|etAIFIBD/k

< K(ﬂ)||0A||||VB||m, (A12)

< a(BNOlIVaIIA]IB]

where «(f) is a polynomial in 8 and also in the constants of the Lieb-Robinson bound. Notice that we did not assume the
temperatures to be high at this point but only decay of correlations and the Lieb-Robinson bound from Eq. (A1).

2. From LPPL to local indistinguishability

Lemma A2. Assume that the Hamiltonians H defined in Eq. (2) for a given o > D satisfy the LPPL property (Definition 2)
forallV € {Hg | E C A}. Then, forall § € (0, « — D),

|A|2e|A|/k

1104 py H1D] = wlOapgl Hsll| < k'€ + D0l o s

where A C B C A, Hg = ZZcB hz, and ¢ the Riemann zeta function, e.g., {(2) = %2
Proof. First, we define C = A\B. In a first step, we number all Hamiltonian terms iz with Z N B # ¢} # Z N C (that is, those
of H— Hg) from 1 toM € N,ie., {h,....,hy} ={hz|ZNB # @ # ZNC}. Let us set hy = hy 1 = 0. Then, the telescopic
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sum together with LPPL show

M Jj Jj+l1
[tr[OappH1] — ulOapslHpNIl < ) [tr| Oaps| H = D hi | | —tr| Oapp| H =D i

= - ,

M
|A|kelAl/kH]
<K D N0alllA | ——————,
p (1+d(A, Z))
where Z; is the support of 4; for all j € {1, ..., M} and by assumption |Z;| < k. Next, we restructure the sum over 1, ..., M by

all Z such that {i, j} e Zwithi e B, j e C and d(A Z)y=d(A,i).

hz|l
tr[Oaps[HT] — [0 ps[Hp11| < K'|Alke™ 110 > _ Azl
[tr[Oapp[H]] [Oapp[HB]I |A] I A”Z AT dA. D)
|Z>{i,j}eBxC,
dA,D=d(A,Z)

1
A 4+d@A, D)) +da, j))-

< K'Alke* < glloa] Y
{i,j}eBxC
B

< K'|AlkeV g0 _
Al el AuZ(Hd(A e

where we used Eq. (2) in the second inequality and applied Lemma B 1 in the last step as Well as the fact that if £ € A is such that
d(A,i)=d(, 1), then (1+d(¢, j))* < (1+d(A, j))*. Here, up = maxjep < u. Next, we consider the level
sets

ieB (H—d(l s

IC} ={j e C|d(A, j) =1},

which have cardinality upper bounded by

D+e—1 D+ ¢ — 1)P! _
8C7 | < |A|2D< ' ) < |A|2Dﬁ <2Al3(D + £ — 1P (A13)

due to Eq. (B2). Therefore,

[ee]

(D + ¢ —2)P"!
oo

|tr[OapplHI] — tr[Oa pglHpl| < 2K'€*|A ke gug )| O T

£=d(A,C)+1

Next, we upper bound the series. The case D = 1 is trivial because

i 1 < 1 Z 1 < 1 (148 1 72
e X —1—5 s X a—1—5 = a2 ¢ °
rediieyer b d@A,C)+1) S T d@A O+ 1 dA,C)+1)2 6

Note that the last line is only valid if « — D > 1, which allows for the choice § = 1. Otherwise, we stop the argument one line
before. The case D > 2 is bounded as follows:

0 _ 0 (—1\D—1 00
(D+¢—2)P1 _ I+ 5=) _ 1
D il el VD D e SN Rl DA S e
£=d(A,C)+1 £=d(A,C)+1 £=d(A,C)+1
1 1 1 §=1 1 T
< — < 1+68)°= -
d(A,C)+ 1)*=P= ;0” S @a o+ et U = Ga ey T 6
so that
tr[Oxpg[H1] — tr[Oapp[Hpll| < 2K’ |A 2 ke * gu||O 1+6).
|tr[Oapg[H]] — tr[Oapp[Hp]]| e’ |A["ke™ " gul| A”(d(A,C)—i—l)a—D—‘SC( +6)
Denoting k' = 2K’e’kgu, we conclude. [ ]
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FIG. 7. SubsetsA C X C AandBCY C Asothatd(A,X)=¢=d(B,Y°),for{ =3 and 2¢ < d(A, B).

3. From local indistinguishability to decay of correlations
Lemma A 3. Assume that the Hamiltonians H defined in Eq. (2) satisfy the local indistinguishability (Definition 3) for a given
o > 2D. Then,

1
(14+d(A, B)a-20

Cov,, (On, 05) < 1041l [O5ll 1A] |BleMIHEVE

where Oy € B(H,), O € B(Hp), and «” > 0 are constant.

Proof. We follow the proof of Ref. [[29], Theorem 21] and extend the steps to long-range systems. The case d(A, B) < 3 is
direct by Holder’s inequality. Assuming that d(A, B) > 4, there are subsets A C X C Aand B CY C A sothatd(A,X ) =€ >
1,d(B,Y°) =4¢€ > 1and 2¢ < d(A, B) (see Fig. 7). Then, the assumption of local indistinguishability shows

(Al + |B|)e(\A\+\BI)/k
(1 + min{d(A, X°), d(B, Y)})*’
|A|elAI/k
(14+d@A, X))’
|B|eIBI/k
(14+dB,Y)*

|tr[pg[H104 03] — tr[pg[Hxuy 1040811 < K”[|O4 |l Ogl

|tr[pp[H104] — tr[pg[Hx 10411 < K" || O4ll (A14)

|tr[pp[H10g] — trlps[Hy108]] < K" [ Ol

To combine the first with the last equation, we approximate pg[Hxuy 1 by pg[Hx] ® pgl[Hy] in the next step. For that, we identify
the interactions of the Hamiltonian between X and Y. These are given by

g gIX|Y]|

IHyoy —Hy —Hy| < Y Y llhzll < ) —— < —
Un1eX <Y Z:):] )z Grey (LA A+ A YD)
which implies by Eq. (A6)
giXl1Y|
[tr[og[Hxuy 1O0r] — tr[pg[Hx] ® ps[Hx10r]l < 2B1Or|l |Hxuy — Hx — Hy || < 2Bl1Orll ——o—— (A15)

(14+dX,Y)~
for any R C A. Combining the bounds Eq. (A14) and (A15) proves

Covy, (04, Op) =tr[pg[H]040p] — tr[pg[H]O0altr[pg[H]O0p] < tr[pp[Hxuy 1040p] — trlpg[Hx 1041tr[pp[Hy 105]

Y (|A] + |B|)elAI+1BD/k |A|elAlI/k |B|e!BI/k
+K ||0A||||OB||( : + )
(1 4+ min{d(A, X¢),d(B,Y)})* (A +dA X)) (14+dB,Y))*
2B8IX11Y | (IA] + [BDetMH+PD 4 |AJgAVE 4 Bl
<10al10s1 (=278 K" .
(14+dX,Y))H (1 + min{d(A, X¢),d(B,Y)})*
2Bg1X||Y| ,, 4|A||B|eAI+IBD/k
< 104111OBll - . .
(14+dX,Y))H (1 + min{d(A, X¢),d(B,Y)})*
(AI+1B)/k er 1
< 1041 1081l 1A] 1B 28+ 4K" ,
04l 1081l |A] |Ble (2Bg + )<(1+d(A,B)—2E)“+(1+€)O‘>
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where we choose X = {x € A |d(A,x) < {}andY ={y € A|d(B,y) < £} foran ¢ € N such that 2¢ < d(A, B) and by triangle

inequality

dA,B) < n)}(in Y(d(A, x)+dx,y)+d(y,B)) <dX,Y)+2¢

cxeX,ye

for all x € X and y € Y. Moreover, the sets X, Y satisfy |X| < |A|€P and |Y| < |B|¢P assuming that the lattice is hypercubic.
Next, we choose £ = I_%d(A, B)], so in particular £ < %d(A, B), which shows

Cov,, (04, 0p) < |0l |0pll |A] [Ble1H1EVE(2Bg + 4K (

< 04l 10811 1A] |BleMIHEVE 2B g 4 4K") 347202

with the help of

¢2D (d(z‘;,B)

)2D

2P 1

(1 +d(A, B) —20)~ + (1+ E)“)
1

(14 d(A, B))*=2P’

qu-2p (L +d(A, B))*"

(1+d(A,B) =20 = (1+1d@A, By

which finishes the proof taking k¥ = (28g + 4K")3%~2P2,

APPENDIX B: AUXILIARY RESULTS

This Appendix contains two auxiliary results that are used
in the proofs of the main results of the paper. We start with
the first auxiliary result on the convolution of long-range
interactions:

Lemma B1 (Lemma 2 of [37]). For any o > D,

1 1
Z(l—l—d ) (144 « S v o’ ®1)
e i i k) (1 +dix)
where u = sup Z ﬁ
i€A jeA

Proof. A similar property has already been used in previ-
ous works such as [46,47]. We omit the proof of this lemma
here, as it can be found, e.g., in Ref. [37]. [ |

Next, we continue with a few facts on surface cardinal-
ities: The surface of a ball in graph norm with diameter ¢
defined in a D-dimensional hypercubic lattice is calculated as
follows. First, we define the lattice via an orthonormal basis
{vi,...,vp} C CPby

D
A= Zajvjl fora e ZP
j=1
Then, the ball (in graph norm) of diameter ¢ is defined by
D
By={> ajv;| ) lajl <t forallaeZ”},
j=1

so its surface is

D D
0B, =1 ajv;| Y lajl=¢ forallaeZ”

Jj=1 J=1

The cardinality of the surface can be translated to a ball in
marked bins problems. The idea is to distribute £ identical
balls to D boxes. Since each bin could contain no ball, a
negative number of balls or a positive number of balls due

(1+d(A,B)’

(

to the absolute value, we further reduce the problem to

D D
0Bf ={> ajv;| Y lajl =¢ forallae N2 1,

j=1 j=1

which suppresses the possible negative values. As mentioned,
the cardinality of the above set is equal to the number of
possibilities to distribute £ identical balls to D bins, which is
given by Stanley [[61], Chap. 1.9]

D+¢—1
= (717,

By definition,

D
|0B| < Z Injajl =€ foralla e N2 Ane{-1,1}"
=1

=2P13B]).

This is only an upper bound because it overcounts the ele-
ments (—1) - 0. This can be further upper bounded by

D+¢—1 D+ ¢ —1)P!
|3Bz|<2D + <zDu
£ (D—-1)!

<288(D+ ¢ — 1P, (B2)

APPENDIX C: ANALYSIS OF NUMERICAL RESULTS

1. Further results and discussion of the high-temperature phase

In Fig. 8, we provide additional plots to complement those
of the main text. First, we explore the temperature dependence
of the quantities analyzed. In Fig. 3, we see that the difference
in expectation values increases with «. However, we observe
a change of that dependence on « for [{(A)g n — (A)g Htev|
when lowering S, as shown in Fig. 8 (left-most plot). While
this is likely dependent on the model at hand, it is also com-
patible with our bound due to the two terms in Eq. (All).
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FIG. 8. Absolute value of the difference in the expectation value of the observable O, between perturbed and unperturbed Gibbs states of
Hamiltonian given by Eq. (14) against 8 for N = 45 (left) and system size N (middle), which contrasts with Fig. 3 due to the variation of §.
This figure showcases a change of dependence on « when g increases. We also plot the logarithm of the Gibbs state covariance varying the
distance of the observables O, and Op (right). We display the slopes of the best linear fit for the asymptotic behavior. The r coefficient of the
linear fits is approximately » ~ —0.99 for all cases but for r,—g5 ~ —0.9.

The first admits a polynomial decay in the distance d(A, B) of
degree «, and the second an exponential decay in d(A, B)/pB
dependent on the inverse temperature, which naturally allows
for different behavior at small versus large 8 and accounts for
the observed monotonic behavior, but also permits a change
in the ordering of the curves.

We also analyze the polynomial decay of correlations with
a log-log plot in Fig. 8. We observe that, asymptotically,
in the weak long-range regime o > D = 1, the correlations
decay spatially at least as ox 7 as expected, with the slight
exception of « = 1.5, which decays as oc d ', possibly due
to finite-size effects.

At high temperatures, the Gibbs state approximately ap-
proaches a completely random state, pg ~ I /d, which implies
that in this regime, the system is expected to be in a dis-
ordered phase where correlations are nearly negligible and
decay rapidly with distance. This may provide some intuition
as to why correlations decay with distance significantly faster
than analytical bounds predict, even at finite temperatures.
Combined with the fact that the observables O = (S;S7, )
are on the order of O(1073), this suggests that the system re-
mains in a disordered phase within that regime of temperature.

2. Simulation details

The numerical simulations consist of a TEBD-like algo-
rithm where we construct the time evolution operator of the
LR-TFI model Eq. (14) explicitly in the short-range case
[62,63] and then apply a super-extensive amount of swap
gates to exactly simulate the power-law interactions in a finite
system size. This yields a Trotterized representation of the
imaginary time evolution operator U (88) = e/®# in form of
an matrix product operator (MPO). For it, we have used the
ITensor library in Julia [64]. We concatenate the Trotterized
imaginary time evolution to yield the desired B as U(B) =~

*  U(8B), with B = ng - 3. Once we have the Gibbs state
MPO, we compute expectation values. More concretely, the
observable in Figs. 3 and 5 is given by

Op = 0707, (e}

where i is the site at the middle of the system.

In the simulation, the relevant parameters are the time step
88 = 0.001 and the SVD cut off = 107!, which have been
determined in order not to saturate a maximal bond dimension
of Xmax = 1800 during the time evolution. The parameters of
the Hamiltonian in Eq. (14) we choose are h = 0.25,J = 1.
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