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Magic quantum states (nonstabilizer states) play a pivotal role in fault-tolerant quantum computation. Si-
multaneously, random resources have emerged as a key element in various randomized techniques within
contemporary quantum science. In this study, we establish a direct connection between these two notions. More
specifically, our research demonstrates that when a subsystem of a quantum state is measured, the resultant
unmeasured part of the system can exhibit a high degree of randomness that can be enhanced by the inherent
correlations of the underlying magic quantum state. Our findings suggest an approach to quantifying correlations
within magic quantum states beyond the conventional paradigm of entanglement, and introduce an efficient
approach for leveraging such correlations to generate random quantum resources.

DOI: 10.1103/3ttm-vhdt

Introduction. The field of quantum computing has experi-
enced remarkable advancements in recent decades [1-4], yet
the essential source of power driving the quantum speedup
continues to be elusive. This complex issue is inherently
multifaceted, with its resolution dependent on the theoretic
framework for characterizing the underlying resources. For
instance, entanglement was known to be insufficient: Clifford
circuits produce entanglement among qubits but nevertheless
can be efficiently simulated classically [5]. Alternatively, the
same set of operations constitutes the basic building block
for the stabilizer formalism of quantum computing, which,
when augmented with the so-called magic quantum states
[6-9], makes a blueprint for universal fault tolerant quantum
computation. This paradigm thus recognizes magic states as a
crucial quantum resource. The exploration and exploitation of
the physical properties of quantum magic states have recently
emerged as an active area of research [10-13] .

Randomness stands as another pivotal resource in quan-
tum information science, playing a crucial role in numerous
protocols for quantum information processing. Various ap-
plications, including quantum device benchmarking [1,14—
17], tomography [18,19] and quantum channel approxima-
tion [20-22], rely on random quantum resources. In a recent
breakthrough [23,24], it was demonstrated that random re-
sources can be extracted from complex many-body quantum
states. Specifically, when a subsystem of a strongly correlated
many-body state undergoes projective measurements, the un-
measured subsystem yields a highly random quantum state
ensemble, which nevertheless may not be directly prepared
efficiently. This result not only offers an efficient protocol for
generating random quantum states as a practical resource but

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(2)/L022069(6)

L022069-1

also opens up new avenues for exploring fundamental phys-
ical problems, such as nonequilibrium quantum dynamics
[25-27], and, as will be delved into in this work, character-
ization of quantum states.

In this context, we unveil a profound connection between
randomness and magic (the degree of nonstabilizerness of a
quantum state, as will be defined in the following). Specifi-
cally, we demonstrate that typical quantum states exhibiting
higher magic values yield post-measurement projected en-
sembles with greater randomness. The degree of magic and
randomness are precisely quantified using proper metrics,
namely, stabilizer Rényi entropy and quantum state f-designs.

The significance of this result is twofold: On a concep-
tual level, it unravels an intrinsic randomness associated with
magic quantum states. This randomness is a manifestation of
many-body correlations that are not captured by conventional
measures such as entanglement. Consequently, these findings
shed new light on the role of magic as a quantum resource.
Simultaneously, it proposes an efficient scheme for leveraging
such correlations for random quantum state generation with
only Clifford circuit operations. The later comprises opera-
tions that are naively fault tolerant in quantum computing
architectures protected by stabilizer error-correcting codes,
and therefore operationally “cost free.” In the following, we
will lay down the essential components of the setup and
present the main theorem, as well as supporting evidence from
numerical simulations.

Projected ensemble. For any ensemble of pure quantum
states, £ = {(p;, |¥i))}, the level of its randomness can be
quantified rigorously using the notion of quantum state de-
sign. Define the th moment of £ as

P& =" pilyi) (vl ®', ()

the average of its rth tensor power, and denote especially the
tth moment of the Haar random ensemble by ,oggar. We say

that & is a quantum state t-design if pg) = pggar, that is, £ is
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FIG. 1. Left: A subsystem B of a complex many-body state |\V)
is subject to projective measurement. The unmeasured subsystem A
is projected to an ensemble of random states. Right: The qubits are
prepared in a product magic state, parametrized by 6, which is then
tranformed by a random Clifford circuit, generating a state with the
same magic value.

indistinguishable from Haar measure up to its #th moment. In
practice, an exact 7-design can never be reached. It is therefore
useful to have a measure of the approximate closeness of
the ensemble’s distribution to the Haar measure. This idea
is captured by an e-approximate quantum state t-design, an
ensemble & for which

dE€) = ||of = pll| <o @
Here, || - || can be any proper norm over density matrices.

Throughout this work, we will employ two commonly used
norms, namely, trace norm ||p||; = try/pTp and the Hilbert-
Schmidt norm || p||» = +/trp’ p, and denote the corresponding
distance as d")..(€) and dg; (&), respectively.

A basic ingredient of our work is the use of a subsys-
tem measurement to generate an ensemble of random states
(Fig. 1, left). Consider a bipartite pure state |V) € Hpp =
Ha ® Hp over systems A and B. We take the A and B sub-
sytems to be composed of Ny and Np qubits, respectively.
Denote N = Ny + Ng, dy =2M, dg =2V, and d = 2V, and
let {|i) B};li | be a basis of product states for Hp. The outcomes
of a projective measurement on the B subsystem with respect
to this basis, followed by a discarding of the B subsystem,
form an ensemble of states &wy = {(p;, |¥;))} on the A sub-
system, where the probability p; is

pi = (VU ® [i){ilp)|W) 3)
and the corresponding projected state of A is
Vi) = (s @ (ilp)IW)/\/Pi- “

We will refer to the ensemble &y, as the projected ensemble
[28] generated by |W), whose statistics can be quantified by
the 7-design framework discussed above.

Conceivably, the distribution of the projected ensemble
reflects the intrinsic randomness of the underlying generating
state; a more complex many-body state, e.g., with stronger en-
tanglement, may produce a projected ensemble with a higher
degree of randomness. Indeed, this intuition was captured
formally in a recent result in [23,24]. That is, if the premea-
surement state |W) itself is sampled from an &’-approximate
t'-design (greater ¢’ indicates higher complexity), the pro-
jected ensemble &y will form an e-approximate ¢-design
with probability 1 — § for any positive ¢, §, and integer ¢t > 1,
given that N4 and Np are sufficiently large. This provides an

efficient scheme for generating random state ensembles from
a single (complex) many-body state with projective measure-
ments without having to sample from random quantum circuit
realizations, as in the conventional approach.

Magic states. The notion of magic states stems from the
stabilizer formalism of fault-tolerant quantum computing. The
latter was built upon a finite and nonuniversal set of unitary
operations, the Clifford gates. Due to their nonuniversality,
quantum circuits consisting of only Clifford operations can
only produce a proper subset of all quantum states (from a
fixed initial state). States that cannot be produced by Clif-
ford circuits applied on initial computational basis states are
called nonstabilizer states. Remarkably, it is known that by
supplementing stabilizer operations with certain nonstabilizer
states, one may achieve universal quantum computation. The
degree of nonstabilizerness of a state is typically referred to
as its “magic,” and may be quantified by various measures
[10-12,29-33]. Several methods have been developed for nu-
merically computing resource-theoretic measures of magic
[30,34-36], and the relationships between these measures and
entanglement properties of quantum states have been explored
[37-39]. These concepts have found applications across a
variety of areas, including classical simulation of quantum
circuits with few non-stabilizer components [29,31,32] and
the study of measurement-induced phase transitions [40,41].
Of particular interest to our work is a recently developed
family of measures of magic known as stabilizer entropies
[13,42-44], which have the advantage of being defined in an
efficiently computable way rather than through a variational
definition. In particular, we will employ the stabilizer linear
entropy from this family.

More precisely, denote by P, the set of all tensor prod-
ucts P ® - -- ® P,, where P, is a single qubit Pauli operator
for 1 <i < n. Note that P, is merely the set of all Pauli
strings on n systems and not the whole Pauli group, which
includes global phase factors of %1, &i. For any given state
|[vr) over n qubits and Pauli string P € P,, define Ep(|y)) =
% (¥|P|¥r)?, the (normalized) square of the expectation value
of P over state |{). From this, we may define the vector
E(¥)) = (Ep(|¥)))pep,, which has 4" real components. The
stabilizer linear entropy is defined to be

Min(19)) = 1 = 2"E(¥ )5, &)

where | - |, is simply the Euclidean norm on R*'. This measure
satisfies the properties desired for good measures of nonstabi-
lizerness from the point of view of resource theory [13] and
offers the computational advantages for the purpose of the
present work.

Connecting magic and randomness. We are now ready to
establish the link between magic and randomness. Suppose
that we generate an ensemble &)y from a state |W) via the
subsystem measurement introduced above. One might ask
how the randomness of the resulting projected ensemble, as
measured by distance d”)(€y)) in (2), depends on the magic
of state |W), as quantified by the stabilizer linear entropy
My (W) in (5). It is worth stressing that “magic” is an opera-
tional notion defined with respect to the stabilizer formalism:
states that are transformable by Clifford operations have the
same magic value. This notion underlies other resource the-
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ories, such as entanglement: states transformable by local
operation and classical communications are defined to have
the same entanglement. Therefore, we treat magic as a prop-
erty of a class of states; the magic-randomness relationship
is then established by averaging states with the same magic
value, i.e.,
@, = [ dCdVEw).  ©
CeCy

Note that in the above equation the average is equivalently
performed over the Clifford group Cy, rather than a general
unitary group. The task is then to determine the relationship
between (d(Eciw)))c, and My (|¥)). This leads to the key
result of this study.

Theorem 1. Up to an error that decays with respect to dy,
the average randomness extracted from |W) is described by

([d&Ecwn])e, =« — BMm(¥) +e,  (7)

where o and B are numerical factors that depend on both
subsystem dimensions.
Furthermore, we estimate the bound on the error ¢ to be

le] < 1 )
=) ®)
<[d15125)(5C\W>)]2>cN da

which implies that the error ¢ decays exponentially faster
in N4 than the exact quantity ([d]({zs)(fc‘%)]z)cN. This error
term comes from estimating the average of a quotient by
separately averaging the numerator and denominator. Proof of
the theorem and derivation of the error estimate are relegated
to the Supplemental Material (SM) [45] (see also Refs. [52,53]
therem) We add that we consider the average of the square
of st (Ecywy) rather than the Hilbert-Schmidt distance itself
because doing so allows us to avoid the difficulty of averaging
the square root of the operator trace, and hence deduce a
rigorous result. The average of squares ([dﬁIS (5C|\y))] ey 1S

expected to approximate the square of average ( s (SCN, ))%N
for large systems due to concentration of measure, with an
error suppressed exponentially fast with the system size. Rig-
orously proving this conjecture is challenging due to the
complexity of evaluating higher moments of the Clifford
group. Instead, we provide supporting numerical evidence in
the SM.

While previous work has analyzed the magic content of
states in the context of quantum typicality [46,47], this theo-
rem implies a direct connection between the randomness one
may extract from quantum states and their magic. It gives a
new meaning to the stabilizer linear entropy of an arbitrary
state in terms of the extractable randomness from that state.
We note that the “stabilizer purification” framework of [41]
may provide a useful approach for analyzing the mechanism
by which this relationship between randomness and magic
arises. Finally, we add that since the coefficients tend to zero
as dy, dg — 0o, Theorem 1 confirms that as one increases
the size of the subsystem measurement and of the surviving
systems, the values of dl({zs) (Eciwy) tend to zero, i.e., the ran-
domness becomes near perfect.

Simulations. Due to the rapid growth in the size of
the Clifford group Cy with respect to N, it is difficult to
numerically compute our quantifier of randomness

| | | | | | | | |
020406080 0 20406080 0 20406080
L L L

FIG. 2. We numerically estimate dt(,fce(ig) (colored solid lines)
with Ny = 2 and Ny = 4 and provide an exponential fit (black solid
line). For each circuit depth, the numerical average is taken over 100
realizations of a random Clifford circuit of the given depth initialized
to [W()). We plot d')..(E) as a function of circuit depth assuming
initial states |W(6)) of magic value M,;,,(|¥(8))) = 0, 0.25, 0.5, 0.75,

with lower curves corresponding to higher magic values.

(dD(Eciwy))ey- To circumvent this issue, we estimate
(d(t)(5|cw>))c,v by averaging across random Clifford circuits
of restricted length and extrapolating the results. Furthermore,
another advantage of considering simulations of random
Clifford circuits together with subsystem measurements is
that they represent a physical quantum information processing
task in which nonstabilizerness can affect the formation of
approximate state designs.

We consider an N-qubit product state |[W(0)) =
27N2(10) 4+ €?[1))®N,  which has a magic value
My (W) =1 — (1 +cos*6 +sin*0)N/d  [37]. The

state |\W(0)) is evolved according to a random Clifford circuit
C, = ]—[iL:] U; of depth L. Each layer U; of this circuit (Fig. 1,
right) acts on two registers randomly sampled from the N total
registers and is itself randomly selected from the two-qubit
gate set {CNOT,H®I1,S®1,I ® H,I ® S}, where H is the
Hadamard gate and S = diag(1, ¢*/*) is the phase shift gate.
The projected ensemble £, jy(s) over the A subsystem is then
obtained by simulating measurements on the state Cy|W(6))

over the B subsystem. Define dt(rt;ce(gg) to be the average
of d,

trace(SCLN’(@)))/z over all possible Clifford circuits C;, of
depth L composed of two qubit unitaries in the previously
described manner. Here, we insert a normalization factor

of 1/2 to ensure that dg;ce(c‘fg) lies in [0, 1] for illustrative
purposes. We emphasize that the bar is used to indicate an
average over all Clifford circuits of a specified length, rather

than the entire Clifford group as in (6). A numerical estimate

for the trace distance d raCe(é’g) is obtained by averaging over
many realizations of a random Clifford circuit. By varying the

depth of the simulated circuit, we obtain data for d (rla)ce (&) as
a function of circuit depth L.

Numerically, we see that the average distance dtmce(é'g)
of the post-measurement ensemble decays exponentially with
respect to the circuit depth L, with values of 8 corresponding
to a higher magic value producing a faster decay (Fig. 2).
The variation in the decay curves shows that the magic of
many-body quantum states influences the degree of random-
ness that may be extracted from them via local measurements.
Furthermore, it was observed that the asymptotic value of the
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decay in average trace distance falls exponentially with re-
spect to Np for fixed Ny and magic, while it decreases linearly
with respect to My;, (|W(0))) for fixed N4 and Np. The latter is
consistent with Theorem 1.!

The exponential decay of the dg;ce(é’g) with respect to
circuit depth may be seen as a general property of random
circuits: For many random circuit configurations, the behavior
of d¥ (&) has been studied [48,49], where in this case £ is the
ensemble of all possible states that may be evolved from a
fixed initial state of the random circuit. Generally, any posi-
tive value & of d(£) may be achieved provided the circuit
depth L scales at least linearly with respect to 7, number of
registers N, and log(1/¢). The linear growth of this threshold
with respect to log(1/¢) suggests that d®(€) decays expo-
nentially with respect to circuit depth in these random circuit
paradigms. Since the measurements in our scheme introduce
an extra degree of randomness, our value of d® (&) should
decay at least exponentially fast, as was observed numerically.
Furthermore, the exponential decay of the asymptotic values
with respect to Np follows from Theorem 2 of Ref. [23],
where the bounds on the value of Np necessary to produce
a post-measurement ensemble £ with a value of dl(rra)Ce E)<e
require that Ny scale exponentially faster than log(1/¢).

We conclude our numerical study with a demonstration of

Theorem 1. As before, we define (dgs) )2(&p) to be the average

of [dg;((‘,’c“\p(g»)]z over all possible Clifford circuits C; of
depth L composed according to the aformentioned two-qubit

gate prescription. By numerically estimating (d(”)z(é’g) with
many iterations of a finite-depth Clifford circuit, we obtain

data for the exponential decay of (d}(lt;)z(é'g) as a function
of circuit depth. Fitting this data to an exponential decay
function, we are able to extrapolate to infinite depth so that
we obtain an approximation for ([dgs);(gcw(a)))]z)cw which
we abbreviate to ([dg;(é’e )]Z)CN. By repeating this process for
various angles 6, we obtain ([dgs)(gg)]z)c,v as a function of
My, (JW(0))), as seen in Fig. 3 for t = 2. Note the linear nature
of the relationship between ([dg; (& )]Z)CN and magic. Fur-

thermore, the numerically simulated values for ([dl(fs) (& )]Z)CN
fall below those of the plotted analytical approximation (7).
We have numerically verified that these data fall within the
error threshold given by (8). Further analysis shows that we
can expect the deviation between the values of ([dﬁs) (ENT? ey
and its analytical approximation to be uniformly negative (see
the SM [45]). Lastly, our numerical simulations (Fr% 3, rlght)
suggest that the linear relationship between ( (59)] ey

LAt great depth, the random circuit average d
the Clifford group average %
can expect to approximate v ([3 dt(éw(c‘qu,(g) )cecy due to mea-
sure concentration. Furthermore, we may then use the inequality
diaee (-) < Vddps(+) 1o estimate (dgare(Eciuey))cecy by a constant
multiple of the square root of the right-hand side of (7). Due to
the small slope in the linear function (7), we can then deduce that

raCe(&;) approximates
( rrdce(gc\qz(a) ))cecy» Whose value we

the asymptotic values of dﬁlc(&) should decrease approximately
linearly with respect to M, (|¥(6))) (See Fig. 3). Finally, we note the
scaling factor of the exponential decay appears to be roughly constant

with respect to My, (|\W(6))) when holding N4 and Np fixed.

e Ngp=2 mNp=3 ANp=4 Ht—=4 et=3 At=2

03 To—— | |
S -‘-'--I-_.'.--!--'-....-‘ \!'~
= 02f | |
) "] el e
¢ - P a— — L LN
g{@% - n. N EE_ Sees .*‘
= 0.1 - ———— m -bt—--ﬁ--—-ﬁ--—* ;%7
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FIG. 3. Numerical estimates for the average extracted second
degree randomness ([dﬁzs? (& )]Z)CN of the initial state |W(0)) as a
function of its magic value My;,(|\W(0))) (data points) for various
system sizes and moments . The numerical estimates were obtained
by averaging over 100 realizations per circuit depth of random Clif-
ford circuits with depth ranging from 1 to 200, and extrapolating to
larger depth via an exponential fit. Left: Solid lines are the analytic
approximation (7). The deviation from the analytic approximation
(see the SM [45]) by an amount given by our error estimate (8) is
shown by dashed lines. Error bars indicating the standard error of
the asymptotic fitting parameter were plotted and are obscured by
the data points. All results were obtained for Ny = 5. Right: Data
were obtained for Ny = 2(4) at t =4, Nagy =4(3) att = 3, and
Nawy = 5(4) att = 2. Dashed lines represent the best linear fits.

and M, (|W(0))) holds for higher values of r. Moreover, the
enhancement of randomness by magic is more prominent
for larger values of ¢, further justifying the efficiency of the
protocol for random state generation.

Discussion. One of the most notable aspects of this study is
the transformative influence of the magic inherent in the initial
state on the resulting randomness in the projected ensemble.
It is crucial to stress that the Clifford group constitutes a
quantum unitary 3-design [50]. This implies that the produced
ensemble (of the total system before projective measurement)
by random Clifford circuits forms a quantum state 3-design
as well, irrespective of the initial input state. Consequently,
one might naturally anticipate that the projected ensemble’s
randomness level should be independent of the initial state,
contrary to our observation.

The observed augmentation of the randomness level of
the projected ensemble due to the amount of magic reflects
internal correlations among subsystems within each single
quantum state of the ensemble. These internal correlations
are not manifest in the quantum state without subsystem
projective measurements; they also go beyond what conven-
tional metrics can capture. For example, the entanglement of
a bipartite pure quantum state is completely determined by
the reduced density matrix of a subsystem [51], representing
a first-moment average of the projected ensemble [t = 1 in
(1)]. The connection between magic and randomness thus
suggests a novel approach for characterizing and harnessing
correlations in magic states.

Simultaneously, leveraging the benefits of high-order quan-
tum state designs necessitates multiple copies of each states
within the ensemble. This poses a significant constraint on the
precision of random state generation protocols, challenging
both the conventional methods, such as sampling random uni-
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tary circuits, and the recently proposed projected ensemble
approach. The strategy proposed in this work, involving the
use of Clifford circuits, marks a crucial first step toward de-
veloping a fault tolerant protocol for random state generation.
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