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Polarization-dependent topology in quantum emitter chains
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The role of polarization in the topology of quantum emitter chains is investigated theoretically, whereby
“polarization” refers to the transition dipole moments of the emitters. We show that, if the chain is zigzag-shaped,
different topological phases can be realized by adjusting the polarization direction. It turns out that long-range
dipole-dipole couplings weaken the bulk-boundary correspondence, but give rise to higher-order topological
phases with four observable edge modes. We also demonstrate how the polarization orientation can be used to
define an additional dimension and simulate a synthetic Chern insulator. Our findings open up a way to actively
switch between various topological phases within a single arrangement of quantum emitters.
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Introduction. Topological states of matter have attracted
enormous interest over the past decades, as they can provide
robust boundary states protected by global bulk properties.
While topological phenomena were originally discovered in
electronic platforms, like quantum Hall systems [1,2], topo-
logical insulators [3,4], or topological superconductors [5,6],
the fundamental concepts of Berry phase [7] and symmetry
classes [8] have by now been successfully transferred to a
large variety of platforms, including photonic [9,10], acoustic
[11], and mechanic systems [12]. Moreover, Perczel et al.
have successfully applied these concepts to quantum optics
by showing that a hexagonal array of quantum emitters can
develop protected chiral edge modes, similar to a Chern insu-
lator [13].

Quantum emitters, modeled as two- or multilevel systems,
can couple via dipole-dipole interactions, where an excita-
tion can jump from one emitter to another by exchange of
virtual photons [14—18]. Moreover, the emitters dissipate col-
lectively, leading to either an increased decay rate (superradi-
ance) [19-21] or suppressed emission (subradiance) [21,22].
Quantum emitter arrays have been successfully realized in
a plethora of platforms, such as cold atoms [23,24], opti-
cal tweezer arrays [25-27], nitrogen-vacancy centers [28,29],
quantum dots [30], or superconducting qubits [31,32]. So
far, topological edge modes in quantum emitter lattices have
been predicted for honeycomb lattices [13,33-35], square lat-
tices [33], Hofstadter systems [36,37], and dimerized chains
[38—41], where for the latter it has been shown that the
topological phase can lead to single-photon emission [41]. In
these studies, topology was induced by either specific emitter
positioning [37-40] or external fields [13,33-36].
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This Letter focuses on a quantity that has not attracted
much attention so far in the context of quantum emitters: the
orientation of the transition dipole moments of the emitters,
also referred to as the polarization of the array. While, for
instance, Ref. [38] has pointed out that the polarization has no
influence on the topology of a linear quantum emitter chain,
we will show that if the chain geometry is altered from a
linear arrangement to a zigzag shape, bulk topology can be
controlled using in-plane polarization. This renders possible
the realization of various topological phases within the same
emitter geometry via controllable dipole orientations. While,
to our knowledge, this is an unexplored concept in the context
of quantum emitters, analogs of this approach have been im-
plemented in plasmonic chains [42—49] and polariton systems
[50,51].

We also study how the long-range dipole-dipole couplings
between emitters weaken the established bulk-boundary cor-
respondence [33,52], while at the same time allowing for
higher-order topological phases. For emitters with freely ro-
tatable dipole moments, we show how the polarization can
be used to introduce an additional synthetic dimension and
simulate a quantum optical Chern insulator. Our findings pave
the way toward dynamical control of topological phases in
quantum emitter chains.

Model. We consider an array of N identical two-level sys-
tems (“atoms”) with ground and excited states |g;) and |e;),
with i =1, ..., N and transition frequency wp. The atoms are
arranged in a zigzag geometry in free space with positions
F2j—1 = (j — 1)a and 72 = (a/2)(0, 1, 0)T + (j — 1)d, re-
spectively, with j = 1, ..., N/2 and fundamental lattice vector
d=ua(l, 0, 0)T with lattice constant @ > 0, as shown in
Fig. 1(a). The atoms interact via resonant dipole-dipole cou-
plings and show incoherent collective decay such that the time
evolution of a state described by a density matrix o is given
by the master equation ¢ = —i[H, o] + Z[e] [17,18,53,54],
where the Hamiltonian H is given by

N
H = Zw()o;cn + Z Q,-jofoj, N
i=1 i#j
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FIG. 1. (a) A zigzag chain with lattice constant a (colors indicating the two sublattices) of two-level systems coupled via dipole-dipole
interactions, with ground (excited) state |g) (|e)), transition frequency wy, and angle ¢ of the dipole moments relative to the x axis. (b) Different
orientations of the dipole moments enable different topological phases. (c¢) Spectrum of the Hamiltonian in Eq. (1). Shaded areas indicate

different values of the winding number v. (d) Populations | (¥]i) |?

as a function of site index i and ¢. Hereby, for each ¢ we consider the state

|) with the highest amplitude on the edge |1). (e) Spectrum of the Hamiltonian when neglecting intrasublattice couplings. (f) Populations
computed as in panel (d) for the same reduced Hamiltonian. All plots used N = 50 atoms and a = 0.3¢.

while the Lindblad operator reads

N
Ly i i
Lol = E 7](20,-901. —o0/0j0 — QO’I-TO’]'). )
ij=1

Here, o; = |g;) (e;| are the atomic transition operators and /i =
1. The dipole-dipole couplings €2;; and the collective decay
rates I';; are given by
.Tyj 3, o o R
Qij—l—'=—F0—p,-~G(r,-—rj,a)o)-pj, (3)
2 ko
where p; = p;/|P:| = (cos(p), sin(p), 0)T are the normalized
atomic transition dipole moments, 'y is the single atom decay
rate, and kg = 2 /Ly = wp/c. Moreover, G is the free-space
electromagnetic Green’s function:
eik()r 2 2 .
G(l", a)()) = W((/{Or + lk()l" — 1)]1
+ (—k3r* — 3ikor + 3)pr;), )

where r = |F| and pr; = 7 ® 7/r? is the projector on 7. Note
that since this Letter focuses on studying topological phases,
which are a static property of the Hamiltonian, we are mostly
working with the Hamiltonian given in Eq. (1). Dissipation
becomes relevant when we realize a synthetic Chern insulator,
which is discussed in the last section of this Letter.
Polarization-dependent topology. The bipartite nature of
our chain resembles the Su-Schrieffer-Heeger (SSH) model
[55], which consists of two sublattices with nearest-neighbor
interatomic couplings ¢ (couples atoms within a unit cell)
and ¢’ (couples atoms between two unit cells) [18,55,56].
Depending on the ratio of these couplings, the chain takes
two distinct topological phases characterized by a bulk topo-
logical invariant, the winding number, and the presence or
absence of protected localized boundary modes [56]. In our
system, the dipole-dipole couplings £2;; play the roles of

t and ¢’ and depend on two parameters, the distance 7; — 7;
and the orientation of the dipole moments p;,. However, in
our case, the interactions are long-ranged and extend beyond
nearest-neighbor coupling. There are several examples in the
literature that treat quantum optical implementations of the
SSH model in which the topological phases are determined
by the interatomic distances [38,39]. It has also been pointed
out in Ref. [38] that, in a linear chain, the polarization does
not affect the topology.

This is not the case for the zigzag chain. Since the nearest-
neighbor couplings €2; ;1| are minimal (maximal) if the dipole
moments are perpendicular (parallel) to the atomic distance
vector 7; — Fi11, we expect the chain to be in a topologi-
cally trivial (nontrivial) phase for ¢ = 7 /4 (¢ = —m /4) [see
Fig. 1(b)]. Similar considerations have been demonstrated
theoretically and experimentally in the context of coupled
polariton micropillars in Refs. [50,51], as well as in plasmonic
chains [42-49]. Here, we study how polarization can be used
to switch the topological phase within the same quantum emit-
ter zigzag chain. We remark that the intuitive picture shown
in Fig. 1(b) is reversed if a > Xy/2 due to the complex non-
monotonous r-dependence of the Green’s function. However,
since a < A¢/2 is required for interesting collective effects
like subradiance [17], we will always restrict our calculations
to this regime.

By restricting the Hamiltonian in Eq. (1) to the single-
excitation subspace defined by the basis {|i) = aiT IGS) |i =
1, ..., N} (where |GS) is the collective ground state), we can
calculate the spectrum as a function of the polarization angle
from the Schrodinger equation (H — w(¢)) |¥) = 0, which
yields the band structure in Fig. 1(c). The plot shows that for
¢ < 0 two degenerate midgap states near w — wy = 0 appear,
which do not exist for ¢ > 0. These midgap states correspond
to localized edge states protected by the bulk topological
invariant v known as the winding number, whose values are
indicated by the different background colors in Fig. 1(c). The
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winding number can be computed from the Bloch Hamilto-
nian H (k) = do(k)oo + d(k) - & (where d : BZ — R is the
Bloch vector mapping on the Brillouin zone BZ and & is the
vector of Pauli matrices),

1 / d\ddy — dyded,
BZ

"o iz

&)

and describes the winding of (dy, d,) around O in the d,-d,
plane [56]. The Bloch Hamiltonian itself can be found from
Eq. (1) by Fourier-transforming o; = (1//N/2) )", e ikig,
There is an important difference between our Bloch Hamilto-
nian and the Bloch Hamiltonian of the standard SSH model.
The long-range nature of €2;; includes couplings between
atoms of the same sublattice, leading to the dy term in H (k)
proportional to the unit matrix op. This term leads to a for-
mal breaking of the chiral symmetry condition o, H(k)o, =
—H(k) since 0,000, = 0y # —0oy. Therefore, it is often said
that intrasublattice couplings move the Hamiltonian from
symmetry class BDI to class Al [39], which generally does not
provide nontrivial topological phases in one dimension [8]. As
it has been pointed out in Refs. [38,57], this is a somewhat
misleading statement since the winding number only depends
on the Bloch vector J(k), and therefore, the d, term does
not affect the bulk topology. That is why we find a nontrivial
winding number for ¢ < 0.

Even though intrasublattice couplings do not alter the
bulk topological invariant, they still have an impact on the
edge states predicted by bulk-boundary correspondence. Fig-
ure 1(d) shows for each ¢ the populations | (i) |*> for the
state |y) with the highest amplitude on the edge |1). Although
the winding number is equal to 1 for ¢ < 0, localized edge
modes are only appearing in the range of —0.4 < ¢/ <
—0.1. The intrasublattice couplings lead to a spectrum that
is not particle-hole symmetric, i.e., symmetric with respect
to wp, as it becomes evident in Fig. 1(c). In vicinity of the
phase transition, the edge state bands submerge in the bulk
bands, causing the edge states to disappear [52]. Therefore,
around the phase transition the topological invariant fails to
reliably predict the presence of edge modes, violating bulk-
boundary correspondence. To further clarify this, we show in
Fig. 1(e) the spectrum calculated by artificially removing the
intrasublattice couplings from the Hamiltonian. The spectrum
becomes particle-hole symmetric with two states at w — wp =
0 for ¢ < 0 and Dirac cones at ¢ = 0 and ¢ = % /2. For the
populations, we see in Fig. 1(f) that the state is well localized
at the edges for ¢ < 0 with a sharp transition at ¢ = 0. This
proves that the intrasublattice couplings, despite only formally
breaking chiral symmetry and conserving the topological in-
variant, weaken the bulk-boundary correspondence around the
phase transition.

Influence of long-range couplings. We have seen that the
existence of a nontrivial bulk topological invariant does not
necessarily imply existence of localized edge modes. Such
breakdown of the conventional bulk-boundary correspon-
dence has been observed in other systems with long-range
couplings before [52,58]. While Ref. [58] studied this break-
down based on the coalescence of bulk and edge energy bands,
we propose a more direct method by introducing a quantity
that reliably predicts the presence of localized modes. Starting
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FIG. 2. (a) System with shifted sublattice (the original position
indicated by the desaturated points). (b)—(d) Winding number and
localization [cf. Eq. (6)] as functions of polarization angle ¢ and the
sublattice shifts. We used a = 0.35%y and N = 50 in all plots.

from the definition of the inverse participation ratio (IPR) of
a state |y), IPR(J¢)) = vazl | (w]i) |* [59], we define the
maximal localization of states as

Loc = iEIIlaXN IPR(|v;)), (6)
where |1;) are the eigenstates of the real-space Hamiltonian
in Eq. (1). The IPR takes values between 1/N and 1, where
1 means the state |v) is completely localized on a single site,
whereas 1/N implies that the state is fully delocalized over the
entire chain.

In order to obtain richer phase diagrams, we slightly mod-
ify our original chain, such that one of the sublattices can
be shifted away from the symmetric zigzag geometry in
Fig. 1(a) by Ax and Ay in x and y directions, respectively
[see Fig. 2(a)]. In Fig. 2(b), we show the winding number
v and the localization Loc as functions of the polarization
angle ¢ and the shift in y direction for Ax = 0. The winding
number shows large regions with nontrivial bulk topology,
always with a phase transition at ¢ = 0. However, inspection
of Loc reveals that strongly localized states are only present in
a much smaller patch around Ay < 0 and ¢ < 0. Less local-
ized states (indicating a smaller band gap) are present in the
region ¢ > 0 and Ay > 0. Most importantly, however, there
are large regions where edge states predicted by the winding
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FIG. 3. (a) Band structure w = w.(k, ¢) of the Bloch Hamiltonian Hgm(k, ¢). (b) Berry curvature F of the lower Bloch band.
(c) Displacement after one pumping period as a function of k [cf. Eq. (9)]. The cyan (purple) area indicates states inside (outside) the light
cone |k| = ko (gray dashed lines at ak/m = £0.6). (d) Collective decay rates I';(¢) computed from Eq. (10) for the lower band. All plots used

N = 50, a= 0.3)\0, and AO = Fo.

number are actually completely missing in the localization.
Note that winding numbers equal to —1 are numerical artifacts
occurring for parameters where the Bloch bands are degen-
erate and, therefore, the winding number is ill-defined. This
happens typically (but not exclusively) at topological phase
transitions.

Figure 2(c) shows the corresponding results when chang-
ing Ax instead of Ay. Also, here we observe large regions
with nontrivial winding numbers that are only partially cov-
ered by actually localized states. Different from before, there
are two small regions where the winding number takes values
equal to 2 (for Ax £ 0.5a and ¢ > 0) and —1 (for Ax 2>
—0.5a and ¢ < 0), respectively. These are actual topological
phases (and no numerical artifacts), however, without entail-
ing edge states.

Figure 2(d) presents our numerical results for simultane-
ously varying Ax and Ay. Again, we obtain a rich phase
diagram for the winding number, which is only partially con-
firmed by the localization. The few thin strips with winding
numbers —1 and 3 are again numerical artifacts, as the Bloch
bands are degenerate at these parameters. More interestingly,
there is a relatively large region with winding number equal
to 2 at the bottom right corner, which actually shows signif-
icantly larger localization values than the delocalized states
nearby, indicating that there are indeed edge states present.
By explicitly computing the eigenstates for these parameters,
one finds that there are indeed four states localized at the
boundaries in accordance with the higher-order bulk topology.
We conclude that, although weakening the bulk-boundary cor-
respondence, the presence of long-range couplings can also
enable higher-order topological phases.

Polarization as synthetic dimension. Its inherent -
periodicity allows us to consider the polarization angle
as a synthetic k-space dimension of our otherwise one-
dimensional system. Synthetic dimensions enable studying
higher-dimensional topological phases in low-dimensional
systems, such as the two-dimensional quantum Hall effect in
one-dimensional chains [60] or the four-dimensional quan-
tum Hall effect in two- [61] or three-dimensional lattices
[62]. Typical examples of synthetic dimensions are periodic
modulations of the lattice [60,61], internal atomic degrees of
freedom [62], or phase bias in Josephson junctions [63,64].
It has recently been shown that the bulk topology of such
systems can be probed not only via spatial edge states but also
using the time boundary effect [65].

Here, we show how the polarization angle can be used to
simulate a two-dimensional Chern insulator with our original
one-dimensional chain shown in Fig. 1(a) with dipole-dipole
Hamiltonian H(¢) in Eq. (1). Our reasoning hereby follows
arguments used in topological pumping protocols [40,60,61].
In order for our system to provide finite Chern numbers,
we have to break time-reversal symmetry [8], which can be
achieved by an additional staggered on-site potential

N
Ha(p) = Alp) Y (=)o, )

i=1

with A(¢) = Agcos(2¢), transforming our SSH model into
a Rice-Mele model [66]. We note that the expression A(g)
should not imply that the on-site potential physically depends
on the polarization angle, but rather that it is varied simulta-
neously with ¢. For example, such an on-site potential could
be realized using an inhomogeneous electric field (Stark shift)
that is continuously varied while rotating the dipoles.

With the full Hamiltonian now being Hrm(¢) = H(p) +
Ha(p), we write the corresponding Bloch Hamiltonian as
Hrm(k, @) with eigenstates |uy(k, ¢)) following from the
Schrodinger equation (Hrm(k, @) — w1 (k, 9)) |us(k, 9)) =
0. The energy bands w4 (k, ¢) are shown in Fig. 3(a), where
one can see that the degeneracies at (k, ¢) = (£ /a, 0) and
(k, ¢) = (£m/a, £m /2) are lifted by the on-site potential
A(p) such that the bands are well separated. This enables
defining the Berry curvature as F, j = —21Im (Ogu+|dpu+) [7],
which is shown in Fig. 3(b) for the lower band |u_). (The
upper band yields similar results.) Integrating the Berry cur-
vature over the synthetic Brillouin zone yields Chern numbers

1 w/a /2
= [ Rkonps=21®)
2n —m/aJ—m/2

showing that our system indeed resembles a synthetic Chern
insulator. Note that since we are working in the single exci-
tation subspace, our Chern bands are not half filled (which
would be necessary for an actual insulator), which is why edge
state transport in our case is not quantized. The real-space
displacement Ax(k) of the center of the excitation in state
lus(k, )) after a full w-rotation of the polarization is given
by [40,67]

/2
axto = [ Fistk gy, ©
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which is shown in Fig. 3(c). We observe that, depending on
the value of k, the excitation can be pumped up to ~2 unit
cells to the left or right, with a sharp transition at the so-called
light line |k| = ko, which has been shown to be a consequence
of long-range couplings [40]. For actual transport of excita-
tion through the chain, the states beyond the light line are
most suitable since they are naturally subradiant, as shown
in Fig. 3(d): For |k| > ko, the collective decay rates, which are
given by

T(@)* = —(Lusk, 9)) (usk, 9)]1), (10)

where . is the Lindblad operator in Eq. (2), drop to zero, im-
plying that excitation could be transported through the chain
without decaying.

Perspectives. We have shown that the topological phases in
zigzag-shaped SSH chains made of quantum emitters depend
strongly on the polarization of the chain. Depending on the
exact choice of platform, variable polarization could be im-
plemented experimentally either via the driving optical field
or via other external fields controlling the dipole moment ori-
entation. For a situation similar to Fig. 1(b), where one needs
to have at least two polarization orientations determining the
topological phases, it would be sufficient if each emitter pro-
vides one ground state and at least two (ideally degenerate)
excited states with perpendicular transition dipole moments.
An example would be a transition from an |s) orbital to a
|p) orbital in a hydrogenlike emitter. By using linearly polar-
ized light with polarization vector E (1, £1, 0)T, one can

selectively drive the transition with dipole moment parallel
to E, realizing the polarizations shown in Fig. 1(b). Such
a scheme has been successfully applied to topological plas-
monic chains [42—49] and should be applicable to atomic and
atomlike emitters, like quantum dots, as well as color centers
in diamond, as they can also provide multiple orthogonal
transitions [68,69]. For the use of polarization as synthetic
dimension, the required full 7 -rotation of the dipoles is more
challenging. This could be realized using rotating molecular
emitters in tweezer arrays, as the molecular transition dipole
moments are rigidly aligned with the molecular axis [70]. We
believe that our findings can be helpful in settings in which
one likes to study different topological phases without having
to change the geometry.
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