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Equivalency of spike-frequency and h-current-based adaptation in a Wilson-Cowan field model
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During slow-wave sleep, the brain produces traveling waves of slow oscillations (SOs; <2 Hz), characterized
by the propagation of alternating high- and low-activity states. They play a crucial role in memory consolidation
and are frequently investigated, empirically and with the support of in silico studies. The question of internal
mechanisms that modulate traveling waves of SOs is still unanswered even though it is established that it is
an adaptation mechanism that mediates them. One of the main mechanisms investigated is spike-frequency
adaptation, a hyperpolarizing feedback current that is activated during periods of high activity. An alternative
mechanism that has recently been suggested is based on hyperpolarization-activated (h-)currents, which are
positive feedback currents that are activated in low-activity states. Both adaptation mechanisms were shown
to feature SO-like dynamics in neuronal populations, and the inclusion of a spatial domain seems to enhance
observable differences in their effects. To investigate the effects of both adaptation mechanisms on the neural
dynamics in detail, we examine a spatially extended, adaptive Wilson-Cowan model of interacting excitatory and
inhibitory populations of neurons with local spatial coupling. The excitatory populations are equipped with either
one or the other adaptation mechanism. We describe both mechanisms using the same dynamical equation and
include the inverse mode of action by changing the signs of the adaptation strength and the gain of activation
function. We then show that the dynamical systems including the two feedback currents are mathematically
equivalent under a compensatory external input, which depends on the adaptation strength and which in turn
leads to a shift in state space of the otherwise equivalent bifurcation structure. A detailed analysis of state space
shows that strong enough adaptation is required to induce traveling waves of SO-like dynamics, while only
stationary or homogeneous activity patterns emerge if adaptation is weak. Additionally, adaptation modulates
the properties of the spatiotemporal activity patterns, such as temporal frequencies, spatial frequencies, and
the speed of the traveling waves, all of which increase with increasing strength. Though being dynamically
equivalent, our results also explain why location-dependent variations in feedback strength cause differences in

the propagation of traveling waves between both adaptation mechanisms.
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I. INTRODUCTION

One of the most frequently investigated rhythms in the
brain is the phenomenon of slow oscillations (SOs), which
appear during slow-wave sleep and are characterized by the
slow alternation of high- and low-activity states, also referred
to as up- and down-states [1,2]. They were first described by
Steriade et al. [3,4], and have been shown to play a crucial role
in memory consolidation since then [6—8]. On a mesoscopic
scale, SOs tend to travel in wavelike patterns across the cortex
[9]. Due to their dominant temporal frequency being below
<1Hz, SOs are most likely driven by an adaptation process
that acts on a slower timescale than the standard neuronal
response. Nonetheless, the exact nature and dynamics of the
adaptation mechanism are still in question.
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One candidate process is spike-frequency adaptation
(SFA), a hyperpolarizing feedback current (i.e., a nega-
tive feedback mechanism) induced by ongoing high activity
in neuronal populations, which is often mediated by slow
potassium (K™) currents (see Refs. [10,11]). Since the neu-
rotransmitter acetylcholine (ACh) decreases K+ conductance
[12] and since ACh concentration is lower during natural sleep
compared to wakefulness [13], SFA is elevated during sleep.
Comparing different species, two types of slow waves were
separated in Ref. [14] depending on whether they occur in nat-
ural slow-wave sleep or whether they occur under anesthesia.
Reference [15] reported that the durations of up-states follow-
ing down-states are positively correlated during anesthesia in
rats, while Ref. [14] observed a negative correlation, with long
down-states being followed by short up-states in natural sleep
in several species. In Ref. [14], reduced cholinergic modula-
tion (i.e., lowered ACh concentration) increased the incidence
of short up-states subsequent to long down-states, thereby
recapitulating both the slow-wave patterns of natural sleep and
the neuromodulatory effects of varying ACh concentrations
in the sleeping brain. Hyperpolarization-activated h-currents
(i.e., a positive feedback mechanism) have also been shown
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to slowly modulate neuronal excitability (see Ref. [16]) and
may also cause adaptation-driven traveling waves similar to
cortical waves of SO-like dynamics. In Ref. [17], using ferret
slice experiments, it was proposed that h-current modulation
regulates the cortical capacity for recurrent persistent activity,
which encompasses slow-wave dynamics. Until most recently,
h-currents were predominantly investigated in thalamocortical
systems [18-20], which aligns with their presence in thalamic
neurons [21]. However, Refs. [22,23] focus on the impact of
h-currents on cortical slow waves, i.e., on the propagation of
alternating up- and down-states over space.

Spatially extended neural field models are a convenient
computational approach for investigating the propagation
features of traveling waves. They inherit a description of
space through spatial convolution, which effectively describes
distance-dependent connectivity profiles in continuous space
[24-26]. Depending on their setup, neural field models can
produce periodic traveling waves [27]. For the one-population
model of integrate-and-fire neurons with synaptic inputs on
a continuous one-dimensional space of Ref. [28], analytical
predictions align with numerical simulations showing that the
speed of traveling waves fluctuates over space when there is
a subset of tightly coupled neurons. In Ref. [29], traveling
waves emerge in a system of quadratic integrate-and-fire neu-
rons with nonlocal synaptic coupling as the synaptic coupling
strength is increased. Generally speaking, the emergence of
spatiotemporal patterns relies on the underlying dynamical
state of the model system. Suitable parametrizations can be
identified by a Turing instability analysis performed in the
Fourier domain. This analysis is most often performed in
systems comprised of either a single neural population (e.g.,
Refs. [30,31]) or two coupled populations of excitatory and
inhibitory neurons (e.g., Refs. [32,33]).

One frequently used model is the Wilson-Cowan model
that was first introduced in Ref. [34] in its mass model version,
i.e., without a spatial domain. The mass model version dis-
plays a rich variety of emergent dynamics and has previously
been used to investigate SFA-driven SOs, either with [35,36]
or without inhibition [37]. In its original form, comprising one
excitatory and one inhibitory population of neurons without
SFA [38], the dynamical landscape of this model remains
fairly similar when both SFA and inhibition are included,
when only SFA is present, or when both are absent. A regime
of oscillations (e.g., emerging due to a Hopf instability) is at
the corner end of a regime of bistability, where a stable up- and
down-state coexist. Modified versions of the model have been
constructed that include finer biophysical detail, e.g., synaptic
plasticity, while maintaining the systems dimension at two
differential equations as in Ref. [39], and the model has even
found applications in the machine learning field [40].

To include a spatial domain, Wilson and Cowan extended
the mass model to a field model that is comprised of two-
coupled populations of excitatory and inhibitory neurons [41].
Pinto and Ermentrout [42] investigated the system without an
inhibitory population, but with a linear, negative feedback that
limits the networks excitability. They establish the existence
of traveling pulses in such a network and connect the speed
of the waves, which are induced by the slow negative feed-
back, to the model parameters using the Heaviside function
as transfer function. For a homogeneous, excitatory neural

field model, Ref. [43] proved that lateral inhibition is required
to stabilize bump solutions (i.e., stabilize the activity to not
decay or vanish over time), and while Ref. [44] confirms these
findings, they additionally show that local inhomogeneous
input stabilizes stationary-pulse solutions in an otherwise
homogeneous network. In Ref. [45], the authors investigate
the same field model without inhibition in which nonlinear
negative feedback to an excitatory population of neurons is
produced by synaptic depression and SFA simultaneously.
They identify traveling fronts and pulses, as well as stationary
or homogeneous oscillations. They show that synaptic depres-
sion is not sufficient to stabilize bump solutions and confirm
that either lateral inhibition (as shown in Ref. [43]) or external
input (as shown in Ref. [44]) is required. Conversely, bumps
do not exist when SFA is present. Their nonlinear formulation
of SFA feedback is a physiologically based negative feedback.
In Ref. [46], the authors equip the excitatory population of
the two-population model with SFA and investigate the con-
ditions for Turing and Hopf bifurcations to emerge, enabling
stationary or spatiotemporal activity. While weaker and faster
adaptation generates stationary patterns, slower and stronger
adaptation causes the stationary patterns to travel.

Now, we are left with the question of what the differ-
ences are between the slow negative feedback mechanism
based on SFA (see Refs. [36,47-51]) and the recently pro-
posed positive feedback mechanism based on h-currents (see
Refs. [22,23]) that have already been shown to induce SO-
like dynamics. Simultaneous investigations of h-currents and
SFA were already conducted. Reference [52] used fluores-
cent dye in the dentate gyrus of rats and unmodified versus
blocked hyperpolarization-activated cyclic nucleotide-gated
(HCN) channel [53] recordings to show that in the pres-
ence of HCN channels action potential (AP) initiation is
enhanced during sustained firing and the propagation of AP
patterns is sped up. They observe that in the presence of
HCN channels, hyperpolarizing Na™-K* currents are op-
posed. Reference [54] included both HCN (h-current-based
adaptation) and M-channel (SFA) dynamics in a spiking
neural network to investigate their role in seizure events in
epilepsy patients. Reference [23] found, in slice experiments,
that blocking h-currents results in prolonged up- and down-
state durations, effectively decreasing the temporal oscillation
frequency. With their computational model, they produce
adaptation-driven SOs between up- and down-states where the
implemented h-current- and SFA-based adaptation alternate
in activation, depending on the membrane potential with h-
currents active in down-, and inactive in up-states while the
opposite is the case for SFA. With the model, they recreated
the results found in vitro, prolonging up- and down-state
durations, if the strength of h-currents is further reduced.
Reference [22] tested whether a spatial gradient in excitability,
degree of recurrent excitation, or strength of the SFA current
would induce a sequential activation of cortical neurons (i.e.,
up-state onset) along the dorsoventral axis of the rat post-
subiculum with a synchronous deactivation of the up-state.
They observed this in vivo in naturally sleeping mice prior
to their in silico experiments. Neither gradient was able to
replicate the experimentally observed dynamics. Including h-
currents with decreasing strength along the dorsoventral axis,
on the other hand, reproduced their results. Although previous
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studies examined each mechanism in detail, a unified inves-
tigation comparing both mechanisms, including systematic
state space explorations, has not yet been performed.

To address this, we implement a Wilson-Cowan field model
and consider two nonlinear adaptation mechanisms, a neg-
ative feedback mechanism induced by high neural activity
and a positive feedback mechanism induced by low neural
activity, capturing the most prominent features of SFA- vs
h-current-based adaptation. The model is implemented on
a one-dimensional spatial domain with periodic boundary
conditions. Each location contains two interacting popula-
tions of excitatory and inhibitory neurons that are spatially
coupled by a Gaussian synaptic connectivity kernel. The ex-
citatory populations are locally equipped with either one of
the two adaptation mechanisms. Since both mechanisms act
in a functionally similar way, we describe them with the same
dynamical equation and consider the inverse mode of action
(negative vs positive feedback and activation during high- vs
low-activity states) by changing the sign of the adaptation
strength and the gain of the activation function. The model is
parametrized to fulfill various criteria that have been shown to
play a role in the formation of adaptation-driven slow waves,
e.g., regimes of bistability (where stable up- and down-states
coexist) in a cortical network for SOs during sleep [55] and
anesthesia [56], or strong excitatory recurrence [57].

We first show that in our formulation both adaptation
mechanisms are mathematically equivalent under a com-
pensatory external input to the excitatory populations that
depends on the adaptation strength. A state space analysis
shows that strong enough adaptation is necessary to produce
spatiotemporal activity patterns in this system that only gen-
erates homogeneous or stationary activity when adaptation is
weak. Second, we conducted numerical simulations and show
that in the two-population model the adaptation strength is a
modulatory factor for the adaptation-driven slow waves. For
the considered slices of state space, we observe an increase
of dominant temporal frequencies, spatial frequencies, and
travel speed of spatiotemporal activity patterns, the stronger
the adaptation strength becomes. Numerical results agree with
the results of the mathematical analysis performed before.

Due to the dynamical equivalence, the state spaces for
the positive and negative feedback mechanisms are equal but
shifted along the external input parameter of the excitatory
population proportional to the adaptation strength. This find-
ing may serve as a guideline for what differences to expect in a
given neurobiological setting (e.g., when analyzing the effects
of spatial gradients of adaptation strength as in Ref. [22]).
Furthermore, the Wilson-Cowan field model with adaptation
can serve as a reference when considering the influence of the
additional differences in the physiological properties of SFA-
and h-currents-based adaptation mechanisms.

II. THE SPATIALLY EXTENDED ADAPTIVE
WILSON-COWAN MODEL

We use the original Wilson-Cowan continuum model of
Ref. [41] with integro-differential equations (IDEs), including
a convolution over a spatial domain, to investigate adaptation-
driven traveling waves of SO-like dynamics. We include a
third differential equation for an adaptation mechanism and

connect it to the excitatory population to describe the ef-
fects of either high-activity induced negative or low-activity
induced positive feedback mechanisms. In the following, we
refer to them as spike-frequency (a) or h-current (4)-mediated
adaptation although the model is a simplification that focuses
only on their most prominent biophysical features. The equa-
tions of the activities u, and u; of the excitatory and inhibitory
populations and for the adaptation variable m are given by

ad
reaue(xv 1) = —ue(X, 1) + Fo(Weew, (X) * ue(x, 1)
- weiwi(-x) * ui(-x7 t) - bm(-x7 t) + 18)7

d
T[EM,'(X, 1) = —ui(x, 1) + Fi(wiewe (x) * u.(x, 1)
— wiw;(x) * ui(x, 1) + 1),

rm%m(x, 1) = —m(x, 1) + Fp(uc(x, 1) — p), )

where the spatial convolution is defined as
oo

w00 % 5 (x, 1) = / wix =y w0y, j € (e ).

The spatial kernel is given by the normalized (i.e.,
o0 .
J7o, wi(x)dx = 1) Gaussian

_ lyl?

willx =D = —=—e 7, @
J

with width o;, j € {e,i}. The transfer functions are sig-
moidal,

Fj(x) = Jj €le.i,m}. 3

1+e b’
The coupling strengths between the excitatory and inhibitory
populations are given by connectivity weights wj;, j,I €
{e, i}, in Eq. (1). The membrane time constants are designated
with 7;, j € {e, i}. The adaptation mechanisms m(x,t) are
discussed in detail in Sec. Il A; they are parametrized by a
strength value b, a time constant t,,, and a gain parameter
Bm. Due to the transfer function in Eq. (3) being a sigmoid
between zero and one, we interpret the activity variables u,
and u; as the proportion of neurons firing per unit time [58]. Its
gain parameter is denoted by ;. The kernel widths in Eq. (2)
determine the extent to which populations are effectively con-
nected in space. Kernel widths are chosen to be smaller for
excitatory and broader for inhibitory interactions, effectively
implementing a Mexican-hat-shaped interaction between dif-
ferent locations. The parameters that are used in this study
were adjusted such that adaptation-driven SOs are generated
with an additional noisy external input (see Refs. [35,49]),
fast excitation-inhibition-driven oscillations can emerge (see
Ref. [59]), and the system with and without adaptation shows
regimes of bistability since this has been shown to play a
crucial part in the formation of SOs (see Refs. [2,55]).

The model is implemented as a one-dimensional neural
field with periodic boundary conditions and a homogeneous
connectivity profile. To reduce the effects of the finite size on
the dynamics, we combine a large ring of length L = 600 with
comparably small widths o, j € {e, i}, of the spatial kernels.
The ring is discretized into n positions, each of which is
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TABLEI. List of model parameters. The abbreviations “exc” and
“inh” stand for “excitatory population” and “inhibitory population,”
respectively.

Parameter Value Description

e 0 Excitatory threshold

Wi 0 Inhibitory threshold

Be 5 Excitatory gain

Bi 5 Inhibitory gain

Wee 3.2 Coupling strength exc to exc

W, 2.6 Coupling strength inh to exc

Wi, 33 Coupling strength exc to inh

wj; 0.9 Coupling strength inh to inh

L, [—2.5,2] External input current to exc

I; [—3.5, 1] External input current to inh

T, 10 Membrane time constant of exc

T; 15 Membrane time constant of inh

O, 1 Spatial spread of exc

o; 3 Spatial spread of inh

" 0.3 Adaptation threshold

dx 0.3 Integration space step
600 Length (circumference) of ring

b [0, 1] SFA strength

T, 300 SFA time constant

B 10 SFA gain

—b [0, 1] H-current strength

T 300 H-current time constant

—Bm 10 H-current gain

equipped with a node whose dynamics is described by Eq. (1).

Therefore, the integration space step is given by dx = £

e

A. The adaptation mechanisms

The excitatory populations are equipped with an adaptation
mechanism, generally understood as a process (not restricted
to the brain) that modulates the effect of a sustained input but
acts on a slower timescale (see Ref. [60]). In the following,
we distinguish two adaptation processes caused by different
types of somatic conductances in cortical neurons (see Ref.
[61]). SFA, a negative feedback mechanism, is mediated by
slow potassium currents that activate when the activity of
the excitatory population is high. This causes a hyperpo-
larizing feedback current that effectively inhibits the neural
response of excitatory neurons (see Ref. [50]). H-current-
based adaptation is mediated by hyperpolarization-activated
nucleotide-gated channels (see Ref. [62]), which open if the
excitatory population is in a low-activity state and return posi-
tive feedback, i.e., effectively excite the excitatory population.
Functionally, the adaptation mechanisms are similar (see Ref.
[63] for SFA, for h-currents, see Ref. [64] where the authors
discuss h-currents in thalamic neurons, and see Refs. [22,61]
for both adaptation mechanisms in cortical neurons), so that
we can describe their main effects by the same differential
equation (last equation in Eq. (1); see Ref. [22]) and include
the inverse mode of action (positive versus negative feedback,

activated during high- versus low-activity values) by chang-
ing the sign of the parameters for adaptation strength b and
adaptation gain §,,. Parameters are summarized in Table I.

B. Fixed points and stability analysis
of the model with adaptation

To determine the fixed points we consider a single Wilson-
Cowan node. Due to the normalization of the kernel, its fixed
points are equivalent to the fixed points of the spatially ex-
tended model. Let db; = ‘3—’; = 0in Eq. (1). From %—’f =0, we
obtain m = F,,(u, — p), which we insert in the equation for
the excitatory population. The nullclines f(u.) and g(u;) are

then given by

el

1
up = fu,) = w_(weeue + 1, — bR, (u, — ) — Feil(ue) )a

1 -1
ue = gu;) = wf(wiiui —L+F ().

A point (i, it;, i) € (0, 1)* is a fixed point if f(ii,) = i;,
g(#;) = i, and Fp, (i1, — p) = m.

We apply the procedure from Wyller et al. [33,65], Harris
and Ermentrout [32,66], and Byrne et al. [67] to investigate
the stability of the homogeneous steady states (i.e., the fixed
points) of field models. To do so, we add a small spatial
perturbation to the homogeneous steady state,

u(x, t) =i, + x(x, 1),
u,-(x, t) = ﬁi + (p(-xa t)7
mx,t) =m+ ¢(x,1). )

Then, we insert Eq. (4) into Eq. (1) and linearize the system
around the homogeneous steady state by applying a Taylor
expansion up to the first order in x (x, t), ¢(x, 1), and ¢(x, ).
We obtain

T X = =X + WeeF, (Be)We * X — WeiF, (B)w; * ¢
— bF)(B.)¢,

1090 = —@ + wi F{ (B)w, x x — wiiF; (B))w; * ¢,

Tndp = —¢p + F, (i, — ()X,

where B, := Wity — Weiil; — bF, (i, — u) + 1, and B; :=
Wity — wjit; + I;. The zero-order terms vanish for i, and i;,
because the spatial kernels are normalized to one. To trans-
form this set of integro-differential equations (IDEs) into a set
of ordinary differential equations (ODEs), we exploit the fact
that a convolution in the spatial domain is a product in the
frequency domain [i.e., w(x) * x(x,t) = Ww(k)x (k,t), where
“ denotes the Fourier transformation]. This leads to the ODE
system

‘Ceatf( = _)? + weeFe/(Be)ﬁ}eX - weiFe/(Be)ﬁ}iA

— bF/(B,)$,
10,0 = —Q + wiF/ (B)We § — wiiF/ (B)W:i,
Tndip = —¢ + F) (i1, — ). o)
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FIG. 1. Examples for static (top row) and dynamic (bottom row) Turing instabilities in a Hopf- (top row) and Turing-unstable state (bottom
row) for the system with h-currents. Panels from left to right show [cf. Eq. (7)]: Coefficients c; (k) (solid line) and c, (k) (dashed line), coefficient
co(k) (solid line) and condition ¢ (k)ca2(k) — co(k) (dashed line), real [« 2(k), solid lines] and imaginary [wy ; »(k), dashed lines] parts of the
eigenvalues of the linearization matrix, and the corresponding activity pattern u,(x, t). Circles denote the wave numbers k& (red) and k., (pink)
(see text). Insets below each plot show close-ups of the thin boxes. Values for the external input currents and the adaptation parameter were
L, I,) = (—0.7, —=0.6), b = —0.5 (top row) and (Z,, [;) = (—0.3, —0.3), b = —0.5 (bottom row). All other parameters are given in Table I.

o % o o
For X = (@), Eq. (5) can be written in vector notation, 3,X = Az(k)X, where
(4

1 Wee I/ N Wei I/ N b o/
—= 4+ 2« F/(Bo)W,(k —4F (B )w;(k —2F)(B.
v o (Be)We(k) o “( Y;(k) - F,(B.) an®)  apk)  an
As(k) = YL F{ (Bl (k) — 2 — LF/ (B)wi(k) 0 =: | ax(k) an(k) axs|, (6)
£, Gie) 0 1 as ass asz
Tm T

B, := Weell, — Weill; — bF, (G, — 1) + I, and B; := w;,il, — wy;ii; + I;. The stability of the fixed point can be characterized
by the eigenvalues A;(k) = (k) +iw;(k), j € {0, 1,2}, of the linearization matrix (Jacobian) A3(k), where i denotes the
imaginary unit. The eigenvalues correspond to the roots of the cubic polynomial

det(A3(k) — AD) = A% + A2 (— (a1 (k) + azn(k) + az3)) + A(ar (K)axn (k) + ayy (k)ass + an(k)ass — ajzaz; — ap(k)ay (k))
+ (—an(k)ax(k)ass + an(k)azas + azain(k)asi (k))

=13 4+ 22cy(k) + rci (k) + co(k),

with

co(k) = — ap(k)ax(k)ass + axn(k)azas
+ azzann(k)ax (k),

c1(k) = an(k)ax(k) + ari(k)ass + an(k)as;
— apzaz; — anp(k)az (k),

(k) = — (ai (k) + axn(k) + asz). @)

Fixed points with (k) < O for all j € {0, 1, 2} are stable.

Instabilities of homogeneous equilibria

In the following, we investigate the stability of homoge-
neous equilibria in analogy to Ref. [33]. If the model system,
for a fixed parametrization, has a fixed point that is unstable at
k =0T[ie., a;(0) > 0 for at least one j € {0, 1, 2}; see Fig. 1,

(

first row], we call the fixed point Hopf unstable, if w;(0) # 0,
or simply unstable, if w;(0) = 0.

A fixed point (i,, ii;, m) corresponds to a generalized
Turing situation at ky > 0 if co(kg) =0, i.e., if one of the
eigenvalues is zero for this wave number. This is illustrated in
Fig. 1, first row, where the condition is met for the wave num-
ber k( indicated by the red circle. The instability occurring at
ko can also be called static [68]. If ¢, (ko)ci (ko) — co(ko) =0
for ci(kyp) > 0, i.e., if one eigenvalue at this wave number
is purely imaginary, the fixed point corresponds to a finite
bandwidth instability with oscillations (also called dynamic
[68] or a Turing-Hopf instability; see Ref. [67]). This is illus-
trated in Fig. 1, second row, where the condition is met, for
example, for the wave number indicated by the red marker.
Since all bands of unstable modes are of finite width (see
Appendix A1), at least two zero crossings occur for some
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ki > ko > 0, if the fixed point displays a Turing instability. If
both types (i.e., static and dynamic) of Turing situations occur,
it is called a mixed Turing situation. We refer to a fixed point
that is stable at k = 0 for which a static, dynamic, or mixed
Turing situation occurs, under the umbrella term “ZTuring un-
stable.” For the investigated parametrizations, Hopf-unstable
states may also have bands of unstable modes at nonzero wave
numbers k > 0 (see, e.g., Fig. 1, first row).

Since we are particularly interested in adaptation-driven
slow alternations between high- (up) and low-activity (down)
states, we distinguish up- (i, > 0.3) from down- (ii, < 0.3)
by the fixed point value of the excitatory population. Conse-
quently, when a Turing instability emerges in an up- (down-)
state, we call the state Turing-unstable up- (down-) state. In
addition, the model exhibits regimes of bistability between
two fixed points where stable up- and down-states coexist for
the same location in state space. If either one of the two states
loses stability for some ky > 0 due to an emerging Turing
situation while the coexisting fixed point remains stable, we
call the Turing-unstable state a Turing-unstable up- or down-
state in bi, respectively.

Note that there is a difference in the instability of modes
between Hopf-unstable states with bands of unstable modes

J

with nonzero wave numbers k£ > 0 and other Turing-unstable
states, which is exemplified in Fig. 1, third column (Eigenval-
ues). In Hopf-unstable states, unstable modes already occur
for wave number values 0 < k < ko, while in Turing-unstable
states, the minimum wave number for unstable modes
is ko > 0.

C. Wave numbers

If a fixed point is identified as Turing- or Hopf unstable,
we compute the smallest wave number ko > 0 at which the
conditions for one of the abovementioned Turing instabili-
ties are fulfilled. Examples are shown in Fig. 1, where kg
is marked by the red circles. Additionally, we determine the
wave number kp,x (see pink circles in Fig. 1) for which the
corresponding unstable mode grows most rapidly, i.e., for
which the real part o;(k) of the largest eigenvalue becomes
maximal, k. = argmax; (max o ;(k)).

D. Symmetries and equivalence of mechanisms

Let Eq. (1),

TE% _ue(xv t) + F;e(weewe(x) * ug(x, t) - weiwi(-x) * u,-(x, t) - bm(-xv t) + Ie)
S(ue, uijym) = | 3% | = —ui(x, 1) + Fi(wiew, (x) * ue(x, 1) — wijw; (x) * u;(x, 1) + ;) ) (3)
Tma_m _m(xst)+Fm(ue(xvt)_M)

ot

be the system with SFA (i.e., letb, B, > 0),and let T : [0, 1P — [0, 177, with

T T
T: (ue’ ui, m) = (uea ui, 1 - m) )

be an isomorphic transformation. Then, we have %[T((ue(x, 1), u;i(x, 1), m(x, 1)) = (

mation into Eq. (8), we obtain

du, Ju;

om~NT :
SE 5 _F) . Inserting the transfor-

—ue(x, t) + Fe(weewe(x) * ue(x, t) - weiwi(-x) * u,-(x, t) - b(l - m(x, t)) + Ie)

ou,
T, e
ST ) aif (. 1) + Fi(iewe (6) % 1o, 1) = wigwy(06) % x, 1) + )
Ue, Ui, m = Tld_l =
o m —(—=( = mx, 1) + F(u,(x, 1) — 1))
ot =1—F,(—u.)

—ue(x, 1) + Fo(Weewe (X) * ue(x, 1) — wew;(x) * u;i(x, 1) + bm(x,t) — b+ 1,)
= —u;(x, 1) + Fi(wiew, (x) * ue(x, 1) — wiw;(x) * u;(x, 1) + I;)
—m(x, t) + Fp, (0 — u.(x, 1))

This system of equations is, given the choice of F,, [Eq. (3)], equivalent to the system of Eq. (1) for h-currents if —b < b
and —pf,, < B, (see Table I) and the external input to the excitatory population in the system with SFA is decreased by the
value of b, i.e., I" = I* — b. The superscripts - and -" indicate the difference between the variables and parameters for SFA
and h-currents, respectively. Hence, both adaptation mechanisms are dynamically equivalent under the transformation 7, if I, is
correspondingly changed and if F9(x) = 1 — F(x) holds for the adaptation nonlinearity. This equivalence also tells us that a
fixed point (&g, i, m®) for the system with SFA corresponds to a fixed point (12’;, ﬂf’, 1 — ") for the system with h-currents and
that the dynamical landscape for h-currents should be the same as the dynamical landscape for SFA, but shifted along the 7, axis
by the value b.

Beyond dynamical equivalence between the adaptation mechanisms, we also have a symmetry for each system within
itself. Let T : [0, 11> — [0, 1] with T : (ue, u;, m)" +— (1 —u,, 1 —u;, 1 —m)" be another isomorphic transformation such
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FIG. 2. State spaces and activity patterns for the Wilson-Cowan model with h-currents. (a) Results of the stability analyses for a slice of
parameter space spanned by the external input currents (Z,, I;) € [—2.5, 2] x [—3.5, 1] for increasing adaptation strength |b| € {0, 0.5, 1.0}
(left to right). Colors denote the different dynamical regimes (see legend). Pentagon markers identify the positions in state space corresponding
to the activity traces shown in panel (b). Resolution of state space is 181 x 181. The black dot in the state space for b = 0 denotes center of
point symmetry (see Sec. IID). (b) Activity traces u,(x, t) for different locations in state space (see Table 1I), denoted by pentagons in panel
(a). Two types of bistability are exemplified in panels 3, 3(*) and 5, 5(*) (see text). Lighter green denotes low-activity values and darker green
denotes high-activity values (see color bar). All simulations were initialized around their corresponding fixed points, except for the activity
traces marked with (*), which were initialized close to zero (see Appendix B 1).

that 2 [T ((ue(x, 1), uix, 1), m(x, 1)) )] = (— %, — % 9T Ingerting this in Eq. (8), we obtain
—r, % 1= 1 (x, 1) = Fo(Weewe () (1 = (x, 1)) = wwi () # (1 = w6, 1)) = b(1 = m(x, 1)) + 1)
gl | = 1 —ui(x, 1) — Fi(wiew,(x) * (1 — ue(x, 1)) — wyw;i(x) * (1 — u;(x, 1)) + 1)
g, 1L —m(x, 1) — Fu((1 — ue(x, 1)) — p)
—Ue(x, 1) + Fo(Weewe (X) * Ue(x, 1) — wew;(x) * u;(x, 1) — bm(x, 1) — I, — Wee + We; + b)
_ —u;(x, 1) + Fy(Wiew, (x) % o (x, 1) — wywi(x) % u;(x, 1) — I, — wip + wy;) . 9)

Ifie ==l + b — Wee + wei, I:Z =1 — wi, + wy;, and L =
1 — w, then the system (9) is equivalent to Eq. (1) for both
SFA and h-currents. This induces an approximate point sym-
metry of state space at (¢, [¢) = (2=2ete Wit ) between
(ue, uj,m) and (1 — u,, 1 — u;, 1 — m), which becomes exact
for 1 = 0.5. Since u = 0.3 in this study, an exact symmetry
is only achieved for b = 0 [Fig. 2(a), first column, where the
black dot in the middle of the orange regime denotes the center
of the point reflection].

III. OVERVIEW OF STATE SPACE AND ITS CHANGES
WITH ADAPTATION STRENGTH

Figure 2 shows the results of the analytical investigation
for the system with h-currents with increasing adaptation

TABLE II. Input pairs (Z, I;) for Fig. 2.

Location 0 1 2 3 4 5 6
1, —0.65 0 -0.05 —-05 —-055 04 -0.55
I; -1 -0.75 —-16 —-125 —-0425 02 -2

—m(x,t) + F,(u.(x, 1) + pu — 1)

(

strength [Fig. 2(a)] and examples for the emerging spatiotem-
poral patterns [Fig. 2(b)] for all regimes of Hopf or Turing
instability. Without adaptation (b = 0), we observe a Hopf-
unstable regime (orange) in which both temporal [similar to
Fig. 2(b), panel 3(x), for b = —0.5] and spatial [see Fig. 2(b),
panel 1] patterns emerge. With adaptation, the Hopf regime is
also apparent but the activity patterns can be either temporal
[Fig. 2(b), panel 3(x)] or spatiotemporal [Fig. 2(b), panel
3]. Close to the boundaries of the Hopf-unstable regime, we
observe the emergence of Turing instability in down-states
[upper border; for an activity example, see Fig. 2(b), panel
4] and in up-states [lower border; for activity example, see
Fig. 2(b), panel 6]. Beyond the Turing instability in down-
(up-) states, to the left (right) side of the state spaces in
Fig. 2(a), there exists a regime, marked dark blue (dark red),
where a single down- (up-) state fixed point is stable. We
also see regimes of three fixed points including one stable
up-state (dark beige), while the other two fixed points are un-
stable and vice versa with one stable down-state (light beige).
Activity traces in these regimes are similar to the activities
shown in Fig. 2(b), panels 5(*) and 7. Initializations close
to zero always converge to the existing stable fixed point
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while initializations around the unstable states cause irregular
traveling waves. Further, to both corner ends (upper right
and lower left), we find a regime of bistability between up-
and down-states (light blue) next to regimes, where a stable
down-state coexists with a Turing instability in the up-state
(dark purple) and vice versa (dark green). Figure 2(b), panel
5, shows that the activity converges to the activity caused by
the Turing instability in the down-state, if initialized close to
the Turing-unstable down-state. Initialized close to zero, the
activity converges to the stable up-state [see activity 5(*)].
The pattern emerging in the Turing-unstable down-state of
panel 5 shows down-state waves traveling over an otherwise
stable up-state activity, unlike the traveling waves shown in
panels 4 and 6, where no other stable fixed point coexists.
Furthermore, in some states, the activity patterns can become
irregular [see Fig. 2(b), panel 7], such that they do not con-
verge to a periodic, equidistant, or otherwise regular pattern.
Such irregular patterns predominantly occur at the border of
different regimes or in states where another attractor, e.g., a
stable fixed point, coexists.

The Hopf-unstable states further experience spatial insta-
bility for some k > 0 (see, for example, Fig. 1, top row, third
panel), giving rise to spatial (for b = 0, static Turing instabil-
ity) or spatiotemporal (for b # 0, dynamic Turing instability)
patterns. Initialized close to the fixed points, states in the
Hopf regime converge to spatial or spatiotemporal patterns,
while other initializations, e.g., initializations close to zero,
converge to fast, spatially homogeneous, temporal oscillations
(see also Appendix B 2). In this regime, the system thus expe-
riences a second type of bi- (or potentially multi-) stability that
is not caused by the coexistence of multiple fixed points. How-
ever, there are two small areas in the Hopf-unstable regime for
b = 0, where exceptions occur and where spatiotemporal pat-
terns are present [Fig. 2(b), panel 0]. These areas are located
in the top left of the Hopf regime where a stable down-state,
three fixed points with a stable down-state, a Hopf instability,
and a Turing instability are getting close in parameter space,
and in the bottom right corner, where the regimes of a stable
up-state, a Hopf instability, three fixed points with a stable up-
state, and a Turing instability meet. In these states, depending
on the initialization, most of the ring converges toward the
standing wave interspersed by a few traveling bumps [see
Fig. 2(b), panel 0]. When adaptation strength increases, the
regimes of bistability between two stable fixed points (light
blue) shrink and vanish for values |b| > 1. The size of the
Hopf-unstable regime (orange) and of the regime of three
fixed points with a stable up-state (beige) increases, while the
regime of three fixed points with a stable down-state decreases
in size (light beige).

Figure 3 shows a comparison between the state spaces and
activity traces for the systems with SFA and h-currents. We
see in Fig. 3(a) that the dynamical regimes are equivalent
for SFA (left) and h-currents (right), except for the shift to
the right (left) by the absolute value |b| for SFA (h-currents),
consistent with the required compensation of external inputs
to the excitatory population (see Sec. IID). The rightward
shift of the dynamical regimes for SFA compared to h-currents
implies that the system requires more external input to the
excitatory population to produce activity patterns beyond
the spatially and temporally homogeneous steady states. We

(a)‘ SFA; b=0.5 h-currents; b = — 0.5

3 fixed points,
stable down-state
|3 fixed points,
stable up-state
Turing-unstable
down-state
Turing-unstable
up-state

stable down-, Turing-
unstable up-state
stable up-, Turing-
unstable down-state

bistable

Aupgess jo adAy

stable down-state

stable up-state

35 1.0 0.5 2.0 25 0 | Hopf-unstable state

le le

0.5 20

50 Adaptation variable m?

x 0

2
time time
SFA h-currents Both

1 1
time time time

FIG. 3. Comparison of state spaces and activity patterns for both
adaptation mechanisms. (a) Slices of state space for SFA (left)
and h-currents (right) for |b| = 0.5 spanned by the external input
currents I, and /;. Colors denote the different dynamical regimes
(see legend). Colored pentagon markers identify the positions in
state space corresponding to the activity traces shown in panel (b).
The external input currents are (/,,[;) = (0.4, —0.3) for SFA and
L., I;) = (—0.1, —0.3) for h-currents. (b) Top row: Activity traces
u,(x, t) for the locations in state space, marked in panel (a). Middle
row: Corresponding traces of the adaptation variable m. Bottom row:
Activity traces and traces of the corresponding adaptation variable
for a fixed spatial location for the traveling waves shown above
for SFA (left panel) and h-currents (middle panel). All traces are
superimposed in the right panel.

also see that equivalent positions (considering the required
compensatory inputs) cause activity patterns to be equivalent
under the transformation 7, i.e., for m < 1 — m, as exempli-
fied in Fig. 3(b).

For the investigated parametrization (see Table I), adapta-
tion is required to cause the purely temporal or spatial patterns
observed at b =0 to travel. We exemplify this in Fig. 4,
where we show the real [o;(k)] and imaginary [w; (k)] parts of
all three eigenvalues A (k) = oj(k) £ iw;(k) of the Jacobian
[Eq. (6)] for a Hopf-unstable (upper row) and a Turing-
unstable (center and bottom row) state. In the upper two rows,
for small values of b, the zero crossings of the real parts of any
eigenvalue coincide with nonzero imaginary parts, resulting
in a dynamic Turing instability and enabling spatiotemporal
patterns in that very state. For b = 0, the imaginary part
vanishes, resulting in a static Turing instability. However,
adaptation cannot be arbitrarily weak and must be stronger
than some threshold to show a dynamic Turing instability. In
the bottom row of Fig. 4, for example, the Turing instability is
static for b = —0.02 and b = —0.01, allowing the system to
produce standing waves (see Appendix A 3, Fig. 8). While the
Turing instability at ko becomes dynamic for b = —0.03, all
eigenvalues have negative real parts for b = —0.02 for every
k for which the imaginary part is nonzero.
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FIG. 4. Eigenvalue spectrum for small values of |b|. The panels show the real, o 2(k), (solid lines) and imaginary parts, wg 2(k),
(dashed lines) of the eigenvalues of the linearization matrix in Eq. (6). Top row: Hopf-unstable state at (I,, ;) = (—0.35, —1.225). Center
row: Turing-unstable down-state at (,, ;) = (—0.35, —0.55). Bottom row: same Turing-unstable down-state as in the center row but with
weaker adaptation. Adaptation strength |b| decreases from left to right. Lower panels show close-ups around the zero crossing of the real parts.
The imaginary parts vanish for b = 0. Arrows in panels below the first two plots of the upper row indicate zero crossing of a static (s) and

dynamic (d) Turing instability.

Additionally, we see in Fig. 4, as |b| increases, the imag-
inary part becomes larger, which indicates faster temporal
oscillations, since each mode is given by

exp(A(k)t) exp(ikx) = exp((a(k) £iw(k)) exp(ikx)
=0
= exp(xiw(k)t) exp(ikx).
——
w? for [b|1

Above conclusions are confirmed for the entire slices of state
space in Appendix A 2 (Fig. 7).

IV. CHARACTERIZATION OF REGULAR
SPATIOTEMPORAL PATTERNS IN HOPF-
AND TURING-UNSTABLE STATES

Figure 5 shows the results of the numerical investigation
for the system with h-currents with increasing adaptation
strength for the regimes of Hopf or Turing instability, where

regular patterns occur. We did not consider the regimes of
three fixed points [corresponding to dark and light beige in
Fig. 2(a)], because numerical simulations close to the fixed
points undergoing a Turing instability lead to irregular prop-
agation of activity fronts similar to the pattern exemplified in
Fig. 2(b), panel 7, which shows irregular activity emerging in
a Turing-unstable up-state in bi.

Figure 5(a) shows the wave number kp,x (top row), the
spatial frequency multiplied to the length of the ring, L - f;
(center row, effectively describing the number of bumps on
the ring), and temporal frequency, f; (bottom row) of the
emerging patterns for different locations in state space and
for increasing adaptation strength. kp,, values vary contin-
uously across state space. Values are larger than 0.44 with
highest values occurring in Turing-unstable states (see color
bar). The spatial frequency of the wave patterns changes
smoothly across state space for b = 0 with the highest val-
ues occurring toward the center of the Hopf regime. Values
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FIG. 5. Properties of the spatiotemporal patterns emerging in Hopf- and Turing-unstable states for increasing h-current strength. () kmax
values (top row), number L - f, of bumps on the ring (middle row), and dominant temporal frequency f; (bottom row) for each location in
state space. The figure shows slices of state space spanned by the external input (,, ;) € [-2.5,2] x [-3.5, 1] for b € {0, —0.5, —1.0}. Purple
colors denote the corresponding feature values. Darker colors indicate higher values (see color bar). Yellow denotes states of no spatiotemporal
activity; light green denotes states with irregular patterns with a standard deviation r of the Kuramoto-order parameter of » > 1072, Thin lines
denote the boundaries of the dynamical regimes shown in Fig. 2(a). Green boxes correspond to the panels shown in panel (d). (b) Mean (dots)
and variance (bars) of kyax, ko, fi, and L - f, for b € {—0.25, —0.5, —0.75, —1} for the states located in the Hopf-unstable, Turing-unstable up-,
and Turing-unstable down-state regimes, for regular spatiotemporal activity for which the standard deviation of the Kuramoto-order parameter
over time and space was r < 1072 (see Appendix B 4). (c) Left: Scatter plot of the ratios between the spatial frequency f, of the emerging
patterns and the spatial frequencies corresponding to the wave numbers ko and k.« for all locations in state space from panel (a) with b = —0.5,
which were identified as Hopf-unstable states with k., > ko (orange), Turing-unstable down- (purple), or Turing-unstable up-states (green).
Perfect agreement with a given mode corresponds to a ratio of 1 (vertical and horizontal dashed lines). The gray regions around each ratio
being 1 denote deviations smaller than 10%. Right: Distribution of the differences k.« — ko for the same state space, additionally including
the Hopf-unstable states with k., < ko. (d) Close-ups of state space [see green boxes in panel (a)] with values for k. (right), L - f, (lower
left), and f; (upper left) in the Turing-unstable up- (left panels) and down-states (right panels) in bi. Yellow denotes states of no spatiotemporal
activity or with irregular patterns with a standard deviation r of the Kuramoto-order parameter of r > 1072. The other colors denote feature
values (see color bars). Wave numbers were acquired as described in Sec. II B; spatial and temporal frequencies as described in the Appendixes
B 1 and B 3. Numerical simulations were conducted with initialization close to the corresponding unstable fixed points.

decrease toward the borders. For b = —0.5 and b = —1, the
distribution of L - f, becomes less smooth with nonequidis-
tant, irregular patterns (r > 1072) emerging toward the
borders of the Hopf regime, where the regimes of Turing
instability, one stable fixed point, Hopf instability, and three
fixed points with only one stable state meet [green areas inside
instability regimes; Fig. 5(a)]. The numerical simulations also
confirm that the activity traces for b = 0 are stationary spatial
waves, as f; is zero. For adaptation strong enough, waves start
moving resulting in a finite value of f;, which increases with
the value of |b| [see also Fig. 5(b)] confirming what is ex-
pected from the mathematical analysis. For increasing |b|, the
averages of the wave numbers ko and kp,x increase in value,
albeit the variance over state space is high. f; increases with
|b| consistent with the increase of the wave numbers k, and

kmax- Additionally, the average temporal frequency increases
steeply, which is expected from the increasing imaginary parts
at the zero crossings of the real parts of the eigenvalues as
discussed in Sec. III.

Figure 5(c), right panel, shows the distribution of the dif-
ferences kyax — ko. The case, knax — ko < 0, occurs only in
locations with fixed points identified as Hopf unstable and
where irregular activity patterns emerge. Figure 5(c), left
panel, shows the ratio between the simulated spatial frequen-
cies and the wave numbers kg and ky,x plotted against each
other. Perfect agreement between f, and a wave number k
would be indicated by the corresponding point falling onto
the horizontal or vertical line of the ratios being 1. All activity
patterns emerging from locations in state space with kn.x < ko
are irregular and are not considered in the comparison to f;.
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FIG. 6. Propagation speed of spatiotemporal patterns emerging in Hopf- and Turing-unstable states for increasing adaptation strength.
(a) Slices of state space spanned by the external input currents showing speed values for the corresponding location in state space. Adaptation
strength increases from left to right. Speed values are indicated by purple (see color bar), yellow denotes states of no spatiotemporal activity,
and green denotes states of irregular patterns with > 1072, Thin lines denote the borders of the dynamical regimes shown in Fig. 2(a).
(b) Histograms of the distribution of speed values across the states shown in panel (a). Dashed vertical lines and numbers denote the location
of the peaks of the histograms. (c) Average (dots) and variance (bars) of speed values across state space for b € {—0.25, —0.5, —0.75, —1.0}.
(d) Spatiotemporal patterns of u,(x, t) for different values of b emerging in the locations in state space that are indicated by hexagons in panel
(a). The corresponding value of the external input currents is given in Table III. The corresponding speed values are for 1: < 0.5; 2 and 3: 11.6;
4:17.7; 5: 14.6; 6: 18.7. All other parameters are given in Table I. (e) Close-ups of state spaces [see green boxes in Fig. 6(a)] with values for
speed. Numerical simulations were initialized around the fixed points of Hopf or Turing instability. Speed values were computed as described

in Appendix B 5.

The gray regions around each ratio being 1 denote deviations
smaller than 10%. Since k. denotes the strongest growing
unstable mode (compare Sec. 11 C), one would expect points
to lie close to the vertical line in the center (for which m
is close to one), which is indeed the case. However, some
exceptions for Turing-unstable up- and down-states occur.

Since we observe bistability in Hopf-unstable states be-
tween spatially homogeneous oscillations and temporally
stationary spatial oscillations (see Sec. III), we performed the
same analysis as in Figs. 5(a) and 5(c) , but initialized close to
zero. Results are similar and shown in Appendix B 6 (Fig. 10).
This figure also shows the ky values over slices of state space
corresponding to Fig. 5(a).

Figure 5(d) shows close-ups of Turing unstable up- and
down-states in bi for b = —0.5. k. values do not deviate
strongly from the k. values of the rest of the considered
state spaces but only few numerical simulations converged
to regular spatiotemporal patterns (nonyellow locations in
the close-ups of state space). The resulting patterns strongly
depend on the initialization, and even initializations close to
the Turing-unstable fixed point do not necessarily converge
to a regular spatiotemporal pattern but to the coexisting sta-
ble fixed point, as exemplified in Fig. 2(b), panel 5(*), or
irregular patterns [69], as exemplified in Fig. 2(b), panel 7.
If regular spatiotemporal patterns emerge, traveling waves
show low values of spatial frequency. Temporal frequencies
are also lower compared to the rest of state space. To deter-
mine the propagation speed of adaptation-driven waves, we
computed the phase velocity as described in Appendix B 5
for each spatiotemporal activity pattern emerging in Turing-

or Hopf-unstable states. Figure 6(a) shows the absolute value
of the velocity, i.e., the speed for different locations in state
space and for b € {0.0, —0.5, —1.0}. Speed values increase,
the larger |b| becomes. Toward the border of the regime of
Hopf instability at which multiple different instability regimes
meet (e.g., see region around hexagons 1 and 2), the activity
patterns are either not regular (i.e., r > 1072) or not spa-
tiotemporal (e.g., purely spatial). Toward the regions of Turing
instability in bi, speed increases (e.g., see darker colors around
hexagon 6).

Figure 6(b) shows the distribution of speed values across
Hopf-unstable and Turing-unstable states. The stronger the
adaptation, the higher the speed values are. For b =0, as
expected, activity patterns do not travel across space (recall
Fig. 2, panel 0) or their speed is <0.5 [see Fig. 6(d), panel
1]. For b = —0.5, there are two different speed values appear-
ing the most often, with the dominant speed being 11.2. For
b = —1, the variance of the distribution is larger and the most
common speed value is once again higher at 17.6. Figure 6(c)
confirms that the average speed across state space increases
with adaptation strength. Figure 6(d) shows traveling waves
for the same relative locations in state space (i.e., consid-

TABLE III. Input pairs (/,, I;) for Fig. 6.

Location 1 2 3 4 5 6
1, —-0.6 —-0.85 -0.025 —-0.275 -1.1 —1.35
I; —0.875 —-0.875 —-0.2 -0.2 —-2.325 -2.325
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ering the shift to the left discussed in Sec. III), increasing
in adaptation strength from left to right column. “Broad”
patterns become “narrower,” increasing both temporal and
spatial frequencies and their slope in the space-time diagrams,
henceforth, the speed.

Figure 6(e) shows the same close-ups as Fig. 5(d) of
Turing-unstable up- and down-states in bi, showing the speed
values for the numerical simulations converging to regular
traveling waves. Speed values tend to be higher closer to the
boundary of the regimes of single Turing-unstable up- and
down-states.

V. DISCUSSION

We implemented the adaptive Wilson-Cowan field model
in a homogeneous setting with local connectivity on a one-
dimensional spatial domain and periodic boundary conditions.
Each position on the ring consists of an excitatory and an
inhibitory population of neurons. The excitatory population
is equipped with an adaptation mechanism that either corre-
sponds to a hyperpolarizing negative feedback current (SFA)
or a hyperpolarization-activated positive feedback current (h-
currents). The parametrization used throughout this study
was chosen to display multiple different phenomena that are
also observed in the brain—from excitation-inhibition-driven
faster oscillations, regimes of bistability, to spatiotemporal ac-
tivity patterns that show SO-like dynamics as either adaptation
mechanism is active.

We investigated the model system for increasing adaptation
strength |b|, although the adaptation time constant t,, has an
effect on the temporal dynamics of adaptation-driven traveling
waves as well. The larger t,,, the lower the dominant temporal
frequency becomes (results not shown, but see Ref. [47]),
as has also been observed experimentally (see Ref. [70]).
Changing the time constant scales the eigenvalues for the
different parametrizations explored. This has no effect on the
shape and size of the (in)stability regions, but can influence
the properties of the zero crossing (i.e., whether the root at
ko is real or whether it has a nonzero imaginary part) and
the type of the emerging activity patterns (i.e., stationary vs
spatiotemporal, results not shown). This is consistent with
Ref. [46] that showed that for a reduced system, 7,, deter-
mines whether a Turing bifurcation is dynamic or static. A
semianalytical stability analysis across parameter space was
performed for increasing adaptation strength, resulting in the
identification of over ten dynamical regimes. These included
regimes of bistability between two stable fixed points and a
regime that admits bistability (or potentially multistability)
between different activity patterns depending on the initial-
ization. The dynamical landscape exhibits parallels with the
models studied in Refs. [35-38], but our analysis addition-
ally displays regimes with Turing-unstable states, which are
located at the border of regimes exhibiting oscillatory activity
or a bistability between two fixed points. Spatiotemporal pat-
terns, most often periodic adaptation-driven traveling waves,
emerge in states exhibiting Hopf and Turing instabilities if
adaptation is sufficiently strong. Activity patterns remain sta-
tionary in the absence of adaptation, which is explained by
the zero imaginary part of all eigenvalues of the linearization
matrix when a fixed point displays a Turing instability. This

aligns with the results presented in Ref. [46], which proved
the existence of stationary patterns for the reduced system
when adaptation was sufficiently weak, while traveling waves
occurred for stronger adaptation.

Changing the adaptation strength not only alters the
model’s dynamical regimes but also the features of the emerg-
ing temporal and spatial patterns including the speed of
traveling wave activity. The numerical simulations aligned
with the mathematical analysis performed before. With
stronger adaptation, wave numbers increase on average, caus-
ing more waves on the ring, i.e., higher dominant spatial
frequencies. Analogously, with growing imaginary parts of
the eigenvalues at the zero crossing of their respective real
parts for stronger adaptation, temporal frequencies also in-
crease. These changes correlate with increasing traveling
speeds of activity patterns when the adaptation becomes
stronger. In our two-population model, adaptation is a modu-
latory factor for spatiotemporal patterns, contrary to the purely
excitatory model with synaptic depression of Ref. [45].

Our results also show that the two adaptation mecha-
nisms are mathematically equivalent when adaptation strength
is compensated by a changed external input current. This
is not a contradiction to the results of Ref. [22], who in-
vestigated SFA versus h-currents experimentally and using
computational modeling. They identified differences between
SFA and h-currents induced slow sequences of synchronized
neuronal activity and sequential state transitions between
up- and down-states. While a spatial gradient in the adap-
tation strength for SFA caused sequential down-state onsets
and synchronized up-state onsets, h-currents replicated ex-
perimentally observed synchronized down-state onsets and
sequential up-state initiation. Here, we show that the adap-
tation strength b has to be compensated by an additional
external input to the excitatory population to preserve equiv-
alency all the while adaptation induces and governs the
emergent spatiotemporal properties. Consequently, a spatially
heterogeneous adaptation strength [i.e., b ~» b(x)] will shape
the emergent spatiotemporal activity patterns over space and
break the equivalence between SFA and h-currents unless it
is compensated by a spatially dependent external input 7, ~
I,(x).

In our population-based model, both adaptation mecha-
nisms were implemented in a simplified way. Hyperpolarizing
feedback current of somatic SFA can be mediated by potas-
sium channels, which activate when the excitatory neurons
are in a depolarized high-activity state, effectively causing
K™ outward flow [12,71]. Different potassium channels have
different properties leading to differential effects in the ac-
tual adaptation mechanism: Voltage- (Z,; see Ref. [72]) and
sodium-activated K* channels (Ixn,; see Ref. [73]) contribute
mostly to subthreshold, while Ca?t-activated K+ channels
(Igca[74]) contribute to spike-based adaptation. Different
channel types also have different effects on the response
properties of a neuron, for example, on a neurons f-I curve
when adaptation strength is increased [50]. In addition, SFA
can be mediated by sodium current inactivation that causes
the excited population of neurons to become less depolar-
ized via the inactivation of Na™ inward flow [75]. That said,
our SFA model appropriately captures their canonical role
as slow, hyperpolarizing feedback mechanisms that activate
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in an up-state. H-current-based adaptation is mediated by
a different channel dynamics, causing dichotomous effects.
The responsible HCN channels cause Kt outward flow, all
the while not preventing Na* inward flow [76], and have a
reversal potential between —50 and —20 mV [16]. Unlike
potassium channels that have a clear selection of KT (see
Ref. [77]), HCN channels have a permeability of 3:1 to 5:1
for K*:Na™ [16,78,79]. HCN channels are active as long as
the neurons conductance is close to its resting membrane po-
tential, causing positive inward currents that effectively excite
the neuron. This, we simulate here, whereas the stagnating
inhibitive effect for higher values of the membrane poten-
tial is neglected, similar to the cortical population model of
Ref. [22]. Clearly, dynamical equivalence between SFA and
h-current-based adaptation is only expected to strictly hold for
the approximate description of the adaptation dynamics given
by Egs. (1) and (3).

For the reason of particularly addressing the influence of
the dichotomy of the most prominent features of the adap-
tation mechanisms, we omitted delays, although it has been
shown that delays can drive directions of waves in oscillator
networks (see Ref. [80]) and enrich the emergent dynamics of
complex spatiotemporal patterns (see Ref. [81]). Delays, how-
ever, would not affect the shown symmetry of the adaptation
mechanisms.

Traveling waves of SOs are often presented as the propa-
gation of alternating up- and down-states (see Refs. [2,37]),
in which one can separate the propagation of up-states via
down-to-up transitions from the traveling of down-states via
up-to-down transitions. In our model, we show that h-currents
require less external input to the excitatory population than
SFA to transition from a maintained stable down-state into os-
cillatory states, due to the shift of state space to the left along
the 1, axis. Note that even though we conduct simulations in
a parameter space spanning negative values for external input
currents, including thresholds in the transfer functions of the
neuronal populations shifts the state space, exactly as is, along
the axes of the external input currents by the value of the
thresholds.

In the mean-field model with SFA of Ref. [48], the authors
show that SFA shifts the state space horizontally to the right
along the axis of the external input to the excitatory popula-
tion, which agrees with our results. Consequently, to simulate
a maintained up-state activity that, either by transient or noisy
inputs, allows temporal deactivation of the neuronal popula-
tions into a down-state (i.e., down-state onsets), requires more
external input to the excitatory population. Additionally, we
see in our state spaces that the opposite holds for h-currents,
induced by the shift to the left. H-currents consequently re-
quire less external input both for up-state onsets as well as
down-state onsets, and therefore, also lower transient inputs
to maintain a slow alternation between up- and down-states.

Further studies could extend our investigations to a bio-
physically more realistic model, for example, as in Ref.
[50], which distinguishes subthreshold activated versus spike-
triggered SFA. Reference [47] shows that for the model of
Ref. [50], subthreshold-activated SFA changes the neuronal
input-output relationship, and can increase the variability
of interspike intervals (ISIs) independent of current inputs,
whereas spike-triggered SFA changes the ISIs variability

based on the input to the neurons. It would be interesting to see
how far the diverse types of activations in SFA would break
the shown symmetry to h-current-based adaptation. For both
adaptation mechanisms, the work of Refs. [23,82] for nonspa-
tial conductance-based models would allow to simulate other
potentially symmetry-breaking channel dynamics, e.g., the
stagnating inhibitive effect of h-currents. The Wilson-Cowan
model investigated in this study may serve as a reference
when exploring the effects of a biophysically realistic channel
dynamics.
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APPENDIX A
1. Finite bandwidth of unstable modes

The eigenvalues depend on the Fourier transform of the
spatial kernel w;(x) j € {e, i} [Eq. (2)], which is a normal-
ized Gaussian in the real domain. In the Fourier domain, it
has its maximum magnitude at 0 with |@;(0)] = 1, and its
amplitude | ;(k)| decays to zero for k — co. Furthermore,
the dynamical system is well defined, since the sigmoidal
transfer functions [Eq. (3)] restrict the state variables always
to the range between [0, 1], and their derivatives are bounded
functions. As long as the time constants 7;, j € {e, i, m}, are
nonzero, the eigenvalues remain finite for any wave number k.
Infinitely sized bands of unstable modes cannot exist because
the Jacobian matrix

A3 (k)
— L H S F (Boie (k) —%4F,(Boyi(k)  —ZF/(B.)
=| HFB)h(k)  ——EFB)yik) 0
Fy(fie—11) 0 1
Tim T
- 0  —2ZF/(B.)
- 0 —%. 0 , fork — oo,
By (de—p) 1
T 0 N

has always eigenvalues with negative real parts in the long
wavelength limit. The coefficients of the characteristic poly-
nomial become

14 bE(@ — WF/(B,)

Cco) =
TeTiTm
1 1 14 bF. (i, — 1)F/(B.)
cL = — ,
! T T; TiTm TeTm

1 1 1
o=—+—-+—

e T; Tm
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b=0.0

I;

-1.0 0.5 20 -2 -1.0 0.5
le le
mixed Turing situation in 3 fixed points, Hopf and mixed
up-state in bi Turing situation in up-state
dynamic Turing instability in 3 fixed points, Hopf and dynamic
up-state in bi Turing instability in up-state
static Turing instability in 3 fixed points, Hopf and static
up-state in bi Turing instability in up-state
3 fixed points, Hopf and mixed
> mixed Turing situation in Turing situation in down-state
= down-state in bi 3 fixed points, Hopf and dynamic
g dynamic Turing instability in Turing instability in down-state
b7 down-state in bi 3 fixed points, Hopf and static
el static Turing instability in Turing instability in down-state
o down-state in bi mixed Turing situation in down-state
2 bistable U
> dynamic Turing instability in down-state

stableidown:state static Turing instability in down-state

stable up-state mixed Turing situation in up-state

Hopf and mixed situation dynamic Turing instability in up-state
Hopf and static spatial instability static Turing instability in up-state

FIG. 7. State spaces over input pairs (I,, ;) € [—2.5,2] x
[—3.5,1] for b € {0, —0.2}. Colors denote the different types of
instability and the corresponding fixed point in which they occur (see
color bar).

where (i,, ii;, 1) denotes a fixed point and B, is defined as
for Eq. (6). Since b - F (ii, — i) > 0 for both the SFA and the
h-current settings, we have ¢y, ¢, ¢c; > 0. Furthermore,

1 1 1 1
cep—cp=|—+— + —
T, T TeTi Tty

>0 >0
1 + bF) (i, — w)F)(B 1 1
+ (e — 1) e( e) >+ 2+ . - 0.
ToTi TT7 T Ty
>0 0

As a consequence of the Routh-Hurwitz stability criterion, all
eigenvalues of the Jacobian matrix in the small wavelength
limit have negative real parts. Therefore, all bands of unstable
modes are of finite bandwidth.

2. Slices of state spaces for small values of b

Figure 7 shows the state spaces for b = 0 and b = —0.2 in-
cluding the distinction of static vs dynamic Turing instability.
Without adaptation, the system shows static Turing instabil-
ities only. For weak adaptation (b = —0.2), nearly all states
formerly exhibiting a static Turing instability display either a
dynamic Turing instability or a mixed Turing situation.

3. Activity traces for traveling and standing waves
with finite adaptation

Figure 8 shows the excitatory activity for very weak adap-
tation. While for b = —0.03, the waves travel over space, they
become stationary for b = —0.02.

Activity ue with
50 b= -0.03 b= —0.02 b= —0.01

25
x 0 os

25

500 1 2 3 40 1 2 3 40 1 2 3

time time time

FIG. 8. Activity traces u.(x,t) corresponding to the Turing-
unstable down-state shown in Fig. 4, bottom row, for x € [—50, 50].

APPENDIX B: NUMERICAL SIMULATIONS
AND FEATURE ACQUISITION

1. Initialization and implementation

All models are implemented in Python. The code is pro-
vided at [83,84]. Within this framework, notebooks generating
Figs. 1 and 4 are provided, allowing users to enlarge fig-
ures for a more detailed view. The temporal integration is
implemented using Runge-Kutta of the fourth order with
an integration time step dt = 0.1. For the spatial convolu-
tion, we used the Fourier transform of numpy. For every
parametrization, we conducted numerical simulations with
two different initializations in fixed points that were either
Hopf- or Turing unstable. For random initialization, we sam-
pled u.(x, 0), u;(x, 0), m(x, 0), for every position x on the
ring, from a uniform distribution ¢/(0, 0.001). When initial-
izing close to the fixed point value (i, i;, /i), additive noise
was sampled from a normal distribution with standard devia-
tion 0.1. For the latter, we conducted three simulations with
three different seeds to ensure that all results presented in
this study were not an artefact of the particular seed used.
All features (temporal and spatial frequencies, regularity, and
speed of spatiotemporal patterns) that were investigated were
computed for the excitatory activity traces u,. We conducted
numerical simulations with a duration of 30 time units and
discarded the first 10 time units to reduce the effects of tran-
sients.

2. Robustness of numerical methods and model dynamics

Fixed points were computed numerically at each
location in state space using the Python function
scipy.optimize.root() with more than 60 different
initial conditions. All found fixed points (., it;, ) satisfied
the root conditions [i.e., Eq. (8);S(it,, &;, 1)) = 0] within an
absolute tolerance of <1078, Stability was determined from
analytically derived Jacobian matrices.

To assess the robustness of the stability analysis, eigenval-
ues were recomputed after perturbing each fixed point by & =
1078, ie., (it + &, it; + &, Fy (i1, + & — ) and (ii, — &, it; —
&, F,(ii, — & — ). The real part of the dominant eigenvalue,
max (real(;(k))), j € {0, 1, 2}, determines the stability of a
mode k. We now separately consider the modes £k = 0 and
k > 0. To identify whether the stability of a fixed point is
correctly identified at k = 0, or for some k > 0, we computed

Mo (ue, u;, m) = max(real(1;(0))),
J

M(u,, u;, m) = mellcx(real()\j(k))),
Js
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for the fixed point and their perturbed values to then collect the minimum and maximum, i.e.,

mln(MO) = min{MO(I'Ntu ah Fm(ae - /J/))’ MO(ﬁe + Sa ai + Sa Fm(ae +E - /J,)), MO(IZE - Sa 17{,‘ - Sa Fm(ae

—&—uhl,

max(Mo) = max{Mo(ite, iti, Fn(ite — 1)), Mo(ite + &, it; + &, Fyu(ite + & — 1)), Mo(ite — &, it; — &, Fyu(le — & — 1))},
min(M) = min{M (@i, iy, F(ite — 1)), M(ite + &, it + &, Fyp(te + & — 1)), M(ie — &, it; — §, Fp(ite — & — )},
max(M) = max{M (e, ;, Fp(ite — 1)), M(ite + &, it; + &, Fyu(le +& — 1)), M(ite — §, it; — &, Fu(le — & — 1))}

If min(M), max(M) < 0, the fixed point is classified
as stable. Vice versa, if min(M), max(M) > 0, the fixed
point is classified as unstable. Finally, if min(M) < 0 and
max(M) > 0, the classification would be ambiguous. This
case most likely occurs in locations in state space that are
close to a bifurcation. We found that for all locations inside
the instability regions that we evaluated, min(M) > 0 was
fulfilled with a minimum at 7.8 x 107® > 0. We found the
same for min(M,) for all evaluated locations in state space
inside the regime of Hopf instability. This implies that at all
representative locations in state space for which we performed
the stability analysis, the corresponding fixed points were
robustly classified as unstable, and that, due to the chosen
discretization of state space (181 x 181 grid), the evaluated
parametrizations were sufficiently far from bifurcation lines.
Since the perturbation value & = 10~® corresponds to the
minimum accuracy of the fixed points, these results give
confidence that stability is robustly assessed.

Furthermore, we assessed the robustness of the type of the
emerging activity patterns (i.e., whether a pattern is purely
spatial, purely temporal, spatiotemporal or neither) when the
system is initialized farther away from the unstable fixed
points. We chose five different locations in state space to
represent the range of dynamical regimes in this study. Let
i= (it,, it;, )T be an unstable fixed point in either location
in state space. We initialize

i (x) = il + (8, 8,8)" +E(x),

for every spatial position x on the ring, where E(x) e
R3 is independently drawn from a uniform distribution
U(—0.01,0.01) for each location. We chose the baseline
value ¢ € {0.01,0.05,0.1,0.2,0.3,0.4}. We manually in-
spected each fixed point value (i,, ii;, /1) and adjusted
the baseline accordingly: upward (i.e., +¢) if (i, ii;, m) <
(0.42,0.42, 0.42), and downward (i.e., —¢&) otherwise, so that
i+ (e, ¢,8)T €[0,1]°. Furthermore, we manually verified
that the added noise § (x) was small enough that #j(x) €
[0, 177 was also true everywhere.

We conducted numerical simulations for five different re-
alizations of & (x), consequently leading to 5 x 6 simulations
per representative location in state space. This investigation
showed that the variations in spatial frequencies and speed
were comparably low, and that the temporal frequency re-
mained at the same value for all simulations, independent of
the initialization. For all states except the Hopf-unstable state,
we observed that the resulting activity pattern was always spa-
tiotemporal. For the Hopf-unstable state, however, a change
of the baseline by & > 0.05 led to purely temporal oscillations
(see also Sec. IV).

(
3. Spatial and temporal frequencies

We define one time unit as unit, = 10000 time-iteration

. oscillation periods
steps and quantify temporal frequency by [ |- For
0sC

brevity, we write [unil, ]. This choice is based on the model’s
ability to generate slow oscillations (i.e., < 2%) for finite
adaptation (i.e., b # 0) as well as faster oscillations (e.g.,
a-like oscillations with 8-13 J’n‘—“i‘;) that are generated by the
excitatory-inhibitory loop [see, e.g., f; in Fig. 10(a)]. To de-
termine the dominant temporal frequency, we computed the
power spectra P, (f) of the time series of the excitatory activ-
ity for each position x. Then, we averaged over all positions,

_ 1<
Ps(f) = NZPSX(f)’
x=1

and determined the frequency of maximum power of the
averaged power spectrum, i.e., f; = argmax f}_’s( f). To char-
acterize spatial oscillations, we computed the power spectrum
over space Py (f) for each time step ¢ € [0, T - unit,], where

1210 SPeCC-histogram for (a)
5
4

-

, Speed-histogram for (b)

FIG. 9. Computation of dominant speed values. (a) Locations in
state space for the activity patterns [panels (a)-(d)] shown in panel
(b). (b) Left panels: Activity traces for x € [0, 200]. Green colors
denote activity values (darker green for higher, lighter green for low
activity, see color bar). Right panels: Corresponding histograms of
local speed values. The dominant speed corresponds to the speed
value occurring most often.
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Tur -stat
Hopf unstable states
ih kmax < Ko

B
-1.0 -0.5 0.0 0.5

Kmax — ko

FIG. 10. Properties of the spatiotemporal patterns emerging in
Hopf- and Turing-unstable states for increasing h-current strength.
(a) Wave number ky (top row), dominant spatial frequency L - f,
(middle row), and dominant temporal frequency f; (bottom row)
for each location in state space. The figure shows slices of state
space spanned by the external input (I,, [;) € [—2.5, 2] x [—3.5, 1]
for b € {0, —0.5, —1.0}. Purple colors denote the corresponding fea-
ture values. Darker colors indicate higher values (see color bar).
Yellow denotes states of no spatiotemporal activity; light green de-
notes states with irregular patterns with a standard deviation r of
the Kuramoto-order parameter of r > 1072, Thin lines denote the
boundaries of the dynamical regimes shown in Fig. 2(a). (b) Left:
Scatter plot of the ratios between the spatial frequency f, of the
emerging patterns and the spatial frequencies corresponding to the
wave numbers ky and kp, for all locations in state space from
panel (a) with b = —0.5, which were identified as Hopf-unstable
states with k., = ko (orange), Turing-unstable down- (purple), or
Turing-unstable up-states (green). Perfect agreement with a given
mode corresponds to a ratio of 1 (vertical and horizontal dashed
lines). The gray regions around each ratio being 1 denote deviations
smaller than 10%. Right: Distribution of the differences ky.x — ko
for the same state space, additionally including the Hopf-unstable
states with ky,.x < ko. Numerical simulations were conducted with
initializations close to zero.

T = 20 denotes the amount of time units used after discarding
the transients (see Appendix B 1). Then, we averaged over all
time steps,

T -unit,

_ 1
P.(f) = T unit, ; Py (f),

and determined the spatial frequency of maximum power over
the averaged power spectrum, i.e., f, = argmaxf}_’x( f). For
both temporal and spatial frequencies, activity patterns exist
for which the power spectrum shows multiple peaks. In those
cases, we report the temporal and spatial frequencies corre-
sponding to the most prominent peak.

In the text, we sometimes report the value L - f, instead of
S+, which correspond to the number of bumps on the ring.

4. Regularity of patterns

We characterized the spatiotemporal pattern using the
Kuramoto-order parameter. We computed the analytical signal
representation of the activity u,(x, t) using the Hilbert trans-
formation:

z(x, 1) = ue(x, ) + iH[u.(x, )], B1)
where H|[-] denotes the Hilbert transformation and i the imag-
inary unit. Using the instantaneous phase

(B2)

O(x,t) = arctan( Im(z(x, Y ),

Re(z(x, 1))

we calculate the Kuramoto-order parameter R(t) for each time
step 7:

1 .
Rit) = |= i0(x,1) ,
(r) ‘n E e

X

and define the regularity r of a spatiotemporal pattern by its
standard deviation

1< N
r= F;(R(t)—le), Rz?t;R(t)

over a time interval [0, T]. We considered patterns to be
regular if » < 1072, This threshold corresponds to the mean
over the ten most irregular patterns found when compiling
Fig. 5(a).

5. Phase velocity and speed

. unit, e
To compute the speed in [unit,]’ where unit, = -, of a

spatiotemporal pattern, we used the approach of Ref. [85].
We first determine the analytical representation of the activity
u.(x,t)asin Eq. (B1), where 6 (x, ) is the instantaneous phase
at position x and time step ¢ as in Eq. (B2). The local speed
s(x, t) is computed from the temporal and spatial derivatives
%(x, t) of the instantaneous phase,

ar
36 (x,1)
ax

s(x, t) =

‘ 90 (x,t)

Since spatiotemporal patterns may be composed of traveling
waves of different speeds [e.g., see Fig. 6(b), panel 5], we
apply a similar approach as for the dominant spatial frequency.
We compute a histogram over all local speed values appearing
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FIG. 11. (a) Activity traces 4, 6, and 3 (top to bottom row) of
Fig. 2 initialized close to the fixed points of Turing instability in
a down-state (first row), in an up-state (second row), and of Hopf
instability but with different seeds. (b) Consistency of the spatial
dynamics for 30 different seeds for each activity in panel (a). Visual-
ized are interquartile ranges (boxes), medians (horizontal lines inside
boxes), spread (error bars), and outliers outside of spread (circles)
for the Turing-unstable down- (green) and up-state (purple), and the
Hopf-unstable state (red).

per activity pattern and take the speed value appearing the
most often. In Fig. 9, we illustrate this procedure for four
different activity patterns.

6. Properties of activity patterns emerging
for initializations close to zero

We conducted same analysis as for Figs. 5(a) and 5(c)
but with the activity variables initialized close to zero. Fig-
ure 10(a) shows the wave number kg, the spatial frequency
multiplied to the length of the ring, L - f; (center row, ef-
fectively describing the number of bumps on the ring), and
temporal frequency, f; (bottom row), for the patterns emerging
in Turing- and Hopf-unstable states for increasing adaptation
strength. We see that further away from the boundaries, inside
the regime of Hopf instability, purely temporal oscillations
emerge with higher temporal frequencies compared to the
activity patterns that emerge after initializing close to the
Hopf-unstable fixed point. Closer to the boundaries, purely
spatial patterns emerge for b = 0 that become spatiotemporal
for b # 0. Figure 10(b) shows the ratio between the dominant
spatial frequency f, and the wave numbers ko and ky.x for
b = —0.5 plotted against each other (left panel) and the dis-
tribution of the differences kn,x — ko (right panel). As in the
case of Fig. 5(c), we see that the simulated spatial frequencies
predominantly correspond to kmax and that kg > kpax, €xcept
for some locations inside the Hopf instability regime, where
the simulated activity patterns were all identified as irregular.

7. Spatial frequencies of the spatiotemporal patterns emerging
for different initializations

Figure 11 shows exemplary robustness of spatial dynamics
of three activity traces shown in Fig. 2 and for ten different
realizations of initialization. See also Appendix B 2.
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