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Realizing a topological staggered Su-Schrieffer-Heeger ladder with atomic momentum lattice
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Quasi-one-dimensional or ladder models serve as a bridge between one-dimensional and two-dimensional

models, providing a simplified framework for incorporating intricate physics. In this study, we extend the concept
of the momentum-state lattice by introducing couplings between next-nearest-neighbor sites throughout the
entire momentum chain to simulate the staggered Su-Schrieffer-Heeger (SSH) ladder model. This ladder model is
a direct extension of the well-known SSH model, recognized as a fundamental progression in modeling systems.
Through this model, we explore compelling physical phenomena and successfully replicate the topological phase
diagram of the Kitaev-Majorana chain. Utilizing time-averaged mean displacements of wave packets as a metric,
we ascertain the topological invariants of the model. By varying staggered dimerization and interchain hopping
parameters, we map out the topological phase diagram of the staggered SSH ladder, elucidating the presence of
three distinct phases classified by their winding numbers: YW = +1, 0, and —1, respectively.

DOI: 10.1103/3r1y-81lc

Introduction. The topological nature of a Bloch band in
a system is characterized by certain topological invariants,
which are typically obtained by integrating a local function
over a closed surface in the Brillouin zone [1-3]. Among var-
ious models of topological bands, the Su-Schrieffer-Heeger
(SSH) model [4,5], initially proposed to describe the spinless
electronic structure of polyacetylene, serves as the simplest
model for capturing the quintessence of topological band
insulators. In the SSH model, the winding number is the
topological invariant that classifies two distinct topological
phases. Additionally, the bulk-edge correspondence predicts
the presence of localized edge states at the ends of a finite
SSH chain in the topological nontrivial phase [6]. Over the
years, one-dimensional (1D) SSH chain and its extended mod-
els have been extensively studied across various platforms,
including atomic [7-15], photonic [16—18], and supercon-
ducting [19] systems. Meanwhile, the quasi-one-dimensional
(Q1D) chains or ladders [20-25], which bridge 1D and two-
dimensional systems, not only can reveal distinct physics but
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are also more feasible in experiments. As an immediate ex-
tension of the SSH model, the SSH ladder [26-29], which
consists of coupled SSH chains, promises to showcase more
intricate physics and applications. The SSH ladder is charac-
terized by two distinct dimerization patterns: columnar and
staggered. The columnar pattern resembles the SSH chain,
whereas the noninteracting staggered pattern corresponds to
an O(2)-symmetric model [29] comprising two decoupled
Kitaev-Majorana (KM) chains [30-32]. In mechanical meta-
material systems, Majorana-like bound states of the SSH
ladder have been observed [33,34]. However, realizing the
staggered SSH ladder in a controlled quantum system remains
challenging due to obstacles in achieving the staggered dimer-
ization pattern and interchain hopping.

The momentum-state lattice (MSL), which enables the ma-
nipulation of individual tunneling amplitudes and phases in
an atomic momentum chain, along with site-resolved den-
sity distribution measurement, offers a promising physical
implementation for both 1D and Q1D models, such as the
SSH model [13,14,35], the Aubry-André model [36,37], the
Aharonov-Bohm ring [38,39], etc. Nevertheless, the real-
ization of various ladders in a 1D MSL chain necessitates
the inclusion of next-nearest-neighbor (NNN) tunnelings
throughout the entire chain. This requirement poses a chal-
lenge within the existing framework of MSL theory.

In this work, we report on the realization of the stag-
gered SSH ladder in an atomic momentum chain [as shown
in Fig. 1(a)] and the measurement of the topological phase
diagram of the model. By appropriately tuning the de-
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FIG. 1. (a) Schematic of a typical staggered SSH ladder constructed from an atomic momentum chain, with momentum states ranging
from n; = —11tony = 410. BEC atoms, suffering from two propagating lasers, show a discrete chain structure after a time-of-flight of 24 ms.
(b) The staggered SSH ladder model. The odd (even) tunneling amplitude in one SSH chain and the even (odd) tunneling amplitude in another
SSH chain are both 7_(z..). Furthermore, these two SSH chains are coupled together with an amplitude 7, . (c) The deformed staggered SSH
ladder model. After a straight deformation, the staggered SSH ladder Hamiltonian could be rewritten in a new form. In this geometry, one could
directly find that a unit cell contains two sites. (d) Energy bands under different settings of interchain hoppings and staggered dimerizations.
© to @ correspond to parameters (¢, /fo, A/to)=(0, 1), (2,1), (0,0), (3,0), (0, —1), and (2, —1). (e) Topological phase diagram by
theoretically calculated winding number. Three distinct topological phases are classified by different winding numbers.

tuning configuration of Bragg processes, we introduce an
extended MSL scheme containing NNN tunnelings over the
entire chain. Leveraging the advanced MSL theory men-
tioned above, we experimentally fabricate a 22-site staggered
SSH ladder with a Bose-Einstein condensate (BEC) of ®’Rb
atoms along a series of momentum states. Subsequently, we
delineate the topological phase diagram by assessing the
winding number within a two-dimensional parameter space.
Through this process, we pinpoint two discernible topological
nontrivial phases, characterized by winding numbers W=
+1, and a topological trivial phase, marked by a winding
number of ‘W=0.

Theoretical model. The SSH ladder model, advancing from
the celebrated SSH model and consisting of two intercon-
nected SSH chains, exhibits rich physics. This makes it a
promising intermediate stage for further exploration of two-
dimensional models. The noninteracting Hamiltonian for the

staggered SSH ladder is given by

1
Ho = — Z |:t0 + EAU(_l)n](cl,gcn-H,a + HC)

n,o

—1 ) €l o )
n,o

which incorporates intrachain hopping amplitude #,, stag-
gered dimerization A, = —A_ = A, and interchain hopping
amplitude 7, . Here, cZ,U and ¢, denote second-quantized
creation and annihilation operators for spinless bosons at the
nth site of the chain in the upper (for ¢ = +1) and lower (for
o = —1) ladder sections.

Following a straightforward deformation, as shown in
Figs. 1(b) and 1(c), the model can be reexpressed with a unit
cell that includes two sites. Under the assumption of a periodic
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boundary condition, the Hamiltonian in momentum space is

ik —ik
ho(k) = < 0 tye* 4+t e +ZL)’ ?)

tre 4t ek 41, 0

where r; =ty + A/2 and t— =ty — A/2. The energy spec-
trum derived from this Hamiltonian reads

E* () = +/lr1 + P + AKY, 3)

with e(k) = 2fycos(k) and A(k) = Asin(k). The gap be-
tween two energy bands closes at the following conditions
shown in Fig. 1(d): (i) t;, = —2f, k = 0; (ii) 1, = 2t9, k = 7}
and (iii)) A =0, |tL/to] < 2, and cos(k) = —t, /(2ty). These
conditions correspond to the topological phase boundary, as
indicated by the winding number in Fig. 1(e).

Experimental setup. The experiments commence with
a BEC of approximately 6x10* atoms that are optically
trapped with dipole trap frequencies of (wy, wy, @;) = 27 X
(40, 100, 100) Hz. As shown in Fig. 1(a), the BEC atoms are
driven by a pair of counterpropagating lasers with wavelength
A=1064 nm and wave number k=2m /1. One of the lasers
has a single frequency component, while the opposite laser
consists of multiple frequency components. These counter-
propagating laser fields provide two-photon and four-photon
Bragg processes to couple synthetic NN and NNN momentum
sites, respectively. More detailed information on our MSL
setup can be found in Refs. [35,40,41].

By employing a series of two-photon Bragg processes, the
couplings between adjacent discrete momentum states of free
particles can be meticulously managed [42]. This approach,
relying on Bragg dynamics, crafts a synthetic momentum
chain, enabling the simulation of 1D lattice models that in-
corporate only NN couplings. Nevertheless, the simulation
of certain Q1D lattice models, such as two-leg ladder mod-
els [25,43—45], demands detailed control of NNN couplings
over the whole chain.

In addressing NNN couplings within the two-photon-
Bragg style synthetic 1D chain, introducing four-photon
Bragg processes emerges as a natural step. These processes
occur between a momentum site and its second adjacent
site. However, careful selection of the detuning is crucial.
The detuning between the virtual level of the four-photon
Bragg processes and the intermediate energy level between
two NNN levels must be meticulously chosen. Otherwise, the
desired couplings will be disrupted by interference from the
optical electric field.

Based on the MSL theory [42,46], the ground-state MSL
Hamiltonian can be derived by performing adiabatic elimina-
tion of a series of significantly higher-energy excited states,

H(t) = Y [K,(t)ln+ 1)(n] + H.c.], 4

n

where |n) = |n-2hk) represents the nth momentum state.
K, (t) encompasses all time-dependent coupling terms arising
from two-photon Raman processes {u} and virtual two-
photon Raman transitions {v} and {v_} in four-photon Bragg
processes:

st —i8js ut

5 € . 5)

Ky =31

J»$

Here, Q;; represents the effective two-photon Rabi fre-
quency of the jth two-photon group, where s € {u, vy, v_}.
8js,;n = Wjs — Wyy1,» denotes the two-photon detuning of the
s component within the jth group of laser fields for the
transition |n) < |n+1). hwyyy,, = Ey1 — E, is the energy
difference between |1+ 1) and |n), where E, = 4n’E, is
the energy of the nth momentum state, and E, is the re-
coil energy. Specifically, fiw;, = Ejyi — E; and hwj,, = 1
(Ejq2 — Ej) £ ;. The Hamiltonian is already transformed
into the interaction picture and treated using the rotating-wave
approximation.

The effective Hamiltonian can be derived through a
second-order perturbative approximation of the MSL Hamil-
tonian (see the Supplemental Material [47]),

H. = Z [tre), e+ t,chch + H.c]. (6)
n

Here, the tunneling amplitudes ¢, are derived solely from Rabi
frequencies €2;, in two-photon Bragg processes; the ampli-
tudes ¢! arise from all Rabi frequencies 2, 2;,,, and ;,_.
One might attempt to align the parameters of this effective
Hamiltonian with those of a staggered SSH ladder. However,
achieving such a correspondence proves impossible if the
detunings 4;,, , and §;,_, are set without considering the
appropriate configuration of §;.

We define two distinct detuning configurations: one, fol-
lowing a straightforward approach, assumes §; = 0 and is
known as the constant detuning configuration; the other
employs a stepwise distribution, setting 6; = E, if (j—
nj)mod4 =0, 1 and §; = 0 if (j—n;) mod 4 = 2, 3, referred
to as the stepped detuning configuration. Here, |n;) is the
initial momentum state. By comparing numerical simulation
results of wave packet expansion dynamics for both the ideal
Hamiltonian and the MSL Hamiltonian with experimental
data, we benchmark the effective NNN tunneling amplitudes
under these configurations [47]. Experimentally, we imple-
ment a few-site sample with only ¢”, and 7}, activated and
a complete-site sample with all NNN tunnelings opened, as
depicted in Fig. 2. We find good agreement between the ex-
perimental results and the simulation results for both the ideal
Hamiltonian and the MSL Hamiltonian under the stepped de-
tuning configuration. However, the simulation results for the
MSL Hamiltonian under the constant detuning configuration
show unexpected behaviors.

In the case of the few-site sample shown in Fig. 2(a),
atoms are initially located at site |0) and are expected to
remain localized at the original site due to the absence of
tunneling amplitude between |0) and any other site. How-
ever, simulation results for the MSL Hamiltonian under the
constant configuration reveal that atoms could tunnel into site
| + 2). This indicates a nonvanishing tunneling amplitude 7§,
an unexpected behavior arising from the combined effects of
Q_1,, and 41,., which meet the resonance condition for
the transition |0) <> | 4+ 2). Similarly, for the complete-site
sample illustrated in Fig. 2(b), the absence of all tunnelings
in the simulation results for the MSL Hamiltonian under the
constant detuning configuration stems from the undesired path
interference among various two-photon transitions. These in-
terferences disappear under the stepped configuration due to
detuning mismatch. With the MSL Hamiltonian under the
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FIG. 2. Few-site and complete-site sample models under dif-
ferent detuning configurations. The upper part of each subfigure
illustrates schematic lattices: Panel (a) represents the few-site sam-
ple, while panel (b) corresponds to the complete-site sample. In
panel (a), only tunnelings between |—1) and |+1) sites and |+1)
and |+3) sites are employed, with an amplitude of 27t/ x 0.25 kHz.
In panel (b), all NNN tunnelings are opened, with an amplitude
of 27t/ x 0.15kHz. The numerical simulation results, depicting the
wave packet evolution governed by the ideal Hamiltonian, the MSL
Hamiltonian under the constant detuning configuration, and the MSL
Hamiltonian in the stepped detuning configuration, are presented
sequentially from left to right with blue color bars. In the experiment,
a Hamiltonian in the stepped detuning configuration is employed.
The experimental results are represented using orange color bars,
demonstrating comparability with the theoretical predictions.

stepped configuration, one can ultimately achieve complete
control over every NNN tunneling in a momentum-state chain.

Realization of the staggered SSH ladder. Considering the
coherent time of momentum states and the perturbative con-
dition, we set the intrachain tunneling amplitude 7y = 27th X
0.15kHz. This setting results in a characteristic unit time of
hi/ty ~ 1.06 ms. Following the quench dynamics, all laser
fields are shut down and atoms after evolving in the synthetic
momentum lattice thereby undergo a 24 ms time-of-flight
(TOF) process. The atomic population distribution can be
directly extracted from the TOF images. As illustrated in
Fig. 3, we monitor the wave packet evolution dynamics under
typical parameters corresponding to three different topolog-
ical phases by scanning the evolution time sequence. The
mean displacement of the wave packet can be calculated:
(m(r)) =3, m(Au(t) + B,(1)), where A, (t) and B,,(t) rep-
resent the occupation of sublattices A and B in the mth cell
at time 7, respectively. While the ladder is in the topological
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FIG. 3. Wave packet quench dynamics in a 22-site staggered
SSH ladder. We monitor the evolution of the wave packet ini-
tially injected into the zero-momentum site for specific parameters
(tL/ty, AJto): (a) (0.4, —0.8), (b) (3.2, 0.0), and (c) (0.4, 0.8). From
left to right are the numerical results of wave packet evolution,
the experimental results of wave packet evolution, and the mean
displacement of the wave packet (m(z)). All the data are averaged
over four individual measurements, and the error bars represent the
standard error.

nontrivial phase with W = +1 (‘W = —1), (m(z)) indicates
a positive (negative) displacement of the center of mass. In
contrast, when the ladder enters the topological trivial phase,
(m(t)) remains near zero throughout the evolution. We find the
experimental results match well with the simulation results of
the MSL Hamiltonian.

In a two-band Hamiltonian of a 1D system, the winding
number can be linked to the time-averaged mean displacement
of a wave packet initially localized at a single central site,
provided the Hamiltonian in momentum space lacks the o,
Pauli matrix component [48-51]. The staggered SSH ladder
model, being a two-band model with inversion symmetry,
allows experimental classification according to the topological
invariant. We determine the topology information of mo-
mentum ladders from the bulk dynamics response following
a sudden quench. Specifically, we calculate the topological
winding number by extracting the time average of the wave
packet mean displacement, a method recently employed in
various experimental setups.
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FIG. 4. Observation of topological phases of the staggered SSH
ladder. (a) The phase diagrams, depicting numerical simulation result
of the MSL Hamiltonian (left panel) and experimental result (right
panel), respectively, are obtained from twice the time average of the
wave packet mean displacement 2(m). The gray dashed lines are
delineated based on the ideal phase diagram in Fig. 1(e), indicating
the theoretical phase boundary. (b) Twice the time-averaged mean
displacement 2(m) as a function of staggered dimerization A /ty at
interchain hopping ¢, /to = 0, t, /ty = 2 and ¢, /ty = 4(green, from
dark to light). The data (filled squares, circles, and diamonds) are
obtained from four individual experiments and averaged in time from
0 to 1.5%/ty. The error bars denote the standard error. The solid
lines are numerical results of the MSL Hamiltonian. (c) Twice the
time-averaged mean displacement 2(m) as a function of interchain
hopping ¢, /#, at staggered dimerization A /ty = —0.8, A/fy = 0, and
A/ty = 0.8(orange, from dark to light). All the numerical simulation
results use the same parameters as the experimental data.

The time-averaged mean displacement of the wave packet
at time T is given by

____ 1 (T
(m(T)>=?/0 dt(m(1)). @)

With the inversion symmetry maintained in the Hamilto-
nian, the Zak phase becomes quantized, leading to W =
limy_, o0 2(m(T)).

In Fig. 4(a), we present the topological phase dia-
gram of the SSH ladder within a £, — A parametric space,
identifying three distinct topological phases with winding
numbers W = +1, 0, and —1, respectively. As a result of
connection between the SSH ladder and two decoupled KM
chains, the phase boundaries in the phase diagram of the stag-
gered SSH ladder show consistency with those in the phase
diagram of the KM chain. As shown in Fig. 4(b), we present
three specific lines t; = 0, 2fy, and 4¢) in the diagram and

chart twice the time-averaged mean displacement at the final
time as a function of dimerization A. A sharp variation is
observed atz; = 0, a slightly gentler slope att; = 2t, and an
almost flat curve at 7, = 4¢y. By varying dimerization along
the path 7, = 0, the ladder undergoes a phase transition from
topological nontrivial phase II to topological nontrivial phase
I. The slope becomes gentler as it approaches the theoretical
boundary 7, = 2f, between topological nontrivial and trivial
phases. This effect primarily arises from the finite size of
the ladders in the experiment and imperfections of the ladder
formed by the MSL chain containing NNN couplings. Addi-
tionally, we observe phase transitions from nontrivial phase
IT and I to trivial phase III along the path A/fy = —0.8 and
Aty = 0.8, respectively, as depicted in Fig. 4(c). It is also
noted that the absolute values of the experimental data points
are slightly lower than those in the simulation results, at-
tributed to decoherence among atoms in different momentum
states.

Conclusion. In this study, we have introduced an extended
MSL scheme that includes both NN and NNN couplings
over the entire momentum chain. Utilizing the extended MSL
scheme, we have experimentally realized the staggered SSH
ladder within a 22-site MSL chain. We further explored
the topological two-dimensional parametric phase diagram
by measuring the winding number derived from bulk dy-
namics. While our discussion here focused on tunnelings
devoid of hopping phases, incorporating arbitrary phase terms
into each tunneling process is straightforward. Introducing
nonzero hopping phases could alter energy gaps and modify
the symmetry class of systems such as the staggered SSH
ladder or the bowtie ladder [25]. Additionally, the atomic
interaction will lead to a nonlinear interaction term in a mo-
mentum chain [36,37]. By combining these elements within
the extended MSL scheme, one may study the interplay be-
tween artificial gauge fields and interactions in the future [52].
Interactions in momentum space are intrinsically long ranged
and state dependent, making it difficult to design on-site
terms analogous to Hubbard-type interactions [53-55]. Nev-
ertheless, such momentum-space interactions may also enable
richer physics [36,37,56,57]. Our findings offer avenues for
the physical implementation of quantum ladders and pave the
way for realizing quantum ladder simulators with ultracold
atoms [40,41].
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