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Hamiltonian of polymatrix zero-sum games
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The understanding of a dynamical system’s properties can be significantly advanced by establishing it
as a Hamiltonian system and then systematically exploring its inherent symmetries. By formulating agents’
strategies and cumulative payoffs as canonically conjugate variables, we identify the Hamiltonian function that
generates the dynamics of polymatrix zero-sum games. We reveal the symmetries of our Hamiltonian and
derive the associated conserved quantities, showing how the conservation of probability and the invariance
of the Fenchel coupling are intrinsically encoded within the system. Furthermore, we propose the dissipation
Follow-the-Regularized-Leader (DFTRL) dynamics by introducing a perturbation that dissipates the Fenchel
coupling, proving convergence to the Nash equilibrium and linking DFTRL to last-iterate convergent algorithms.
Our results highlight the potential of Hamiltonian dynamics in uncovering the structural properties of learning
dynamics in games and pave the way for broader applications of Hamiltonian dynamics in game theory and
machine learning.
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I. INTRODUCTION

Dynamical system analysis plays a fundamental role in
game theory. In the context of learning in games [1], multiple
agents dynamically update their strategies over time in an
attempt to maximize their own payoffs. The utility function
of each agent depends not only on their own strategy but
also on those of others, and simultaneous optimal strategies
across all agents are characterized by the Nash equilibrium
[2]. However, when the utilities of agents are in direct con-
flict (zero-sum games), the resulting learning dynamics often
exhibit recurrent behaviors and convergence to a Nash equi-
librium may fail to occur [3].

The learning algorithm known as Follow the Regular-
ized Leader (FTRL) provides a systematic formulation of
dynamics in online learning [3,4]. In the FTRL algorithm,
each agent’s strategy evolves according to their cumulative
payoff, and it has been shown that in zero-sum games the
Fenchel coupling is conserved throughout the dynamics. This
conservation law implies that, under the FTRL dynamics,
the distance between the strategies and the Nash equilib-
rium remains essentially invariant, thereby explaining the
failure of convergence to the equilibrium. Although heuristic
modifications to the FTRL algorithm have been proposed to
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mitigate this issue, a comprehensive understanding remains
elusive.

Conserved quantities generally provide crucial insights
into the system under consideration, as a sufficient number
of conserved quantities can even render the system solvable.
Hamiltonian dynamics offers a sophisticated mathematical
framework for systematically analyzing symmetries and as-
sociated conservation laws. Attempts to examine learning
dynamics in games using a Hamiltonian perspective date back
several decades [5], yet most studies have rarely extended
beyond two-agent scenarios. Bailey and Piliouras [6] made a
notable observation that, in polymatrix zero-sum games [7–9],
it is promising that agents’ strategies and their cumulative
payoffs are thought of as canonical conjugates for formulating
the FTRL dynamics as a Hamiltonian system. Nevertheless,
their approach resulted only in the reconstruction of existing
conserved quantities such as the Fenchel coupling, without
identifying a genuine Hamiltonian function for polymatrix
zero-sum games [10]. In any case, previous studies have not
fully exploited the paradigm of “symmetry and conservation
law” inherent in Hamiltonian dynamics.

In this paper, we address the aforementioned issues by
leveraging an analysis of symmetry, conservation laws, and
their breaking within the framework of Hamiltonian dynam-
ics. Specifically, our contributions are as follows:

(1) We establish the Hamiltonian function HFTRL of
the learning dynamics in polymatrix zero-sum games, with
agents’ strategies and cumulative payoffs serving as canon-
ically conjugate variables, and demonstrate that the Hamil-
tonian system generated by HFTRL produces the FTRL
dynamics.

(2) We elucidate the symmetries of the Hamiltonian HFTRL

and derive the associated conserved quantities, revealing
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(a) (b)

FIG. 1. Three-player Matching Pennies. The diagonal straight line from (0, 0, 0) to (1, 1, 1) represents the Nash equilibria. The solution
trajectories show (a) cyclic (FTRL) and (b) convergent (DFTRL) behavior.

explicitly how the conservation of probability in strategies
and the temporal invariance of the Fenchel coupling are
intrinsically encoded within HFTRL. We also examine angular-
momentum-like conservation laws, which have not been
studied in the literature.

(3) We propose the dissipation FTRL (DFTRL) dynamics
by introducing a perturbation designed to dissipate (mono-
tonically decrease) the Fenchel coupling along the trajectory.
We prove that the DFTRL dynamics converges to the Nash
equilibrium (as numerically illustrated in Fig. 1) and coincides
with the continuous optimistic (CO) and extra-gradient FTRL
algorithms in the limit of infinitesimal perturbations.

Related work

The analysis of learning dynamics in zero-sum games from
the perspective of Hamiltonian dynamics has a long history
[5,11–15]. These studies typically adopt a formulation in
which the canonical variables are given by a pair of strategies,
thereby restricting their analysis to two-agent settings. More-
over, the Hamiltonians proposed in these works are tailored
to specific game dynamics, such as the replicator, projection,
or best-response dynamics, and do not possess any symmetry
giving rise to known conserved quantities. Another line of
research has focused on the Poisson structure of evolutionary
games [16] and the conserved quantities of the game within
that framework [17]. While their Hamiltonian can also be
defined for non-zero-sum games, it needs an equilibrium in
its definition and is restricted to replicator dynamics.

To address the nonconvergent behavior observed in FTRL
dynamics, several modified versions of FTRL have been
proposed. Representative examples include the optimistic
[18–22], extra-gradient [18,23–25], and negative-momentum
[26–30] FTRL algorithms. While all these variants of FTRL
are known to converge to the Nash equilibrium, their simi-
larities and differences remain an active subject of discussion.
For instance, it has been reported that the extra-gradient FTRL

converges even in time-varying games, where the payoff ma-
trix evolves over time, whereas the other two do not [31,32].
In Sec. III C, we will demonstrate that the proposed DFTRL
algorithm offers a unified perspective for classifying these
existing variants in the continuum limit.

II. PRELIMINARIES

To fix the notation, in this section we describe a brief
overview of polymatrix games and the FTRL learning dynam-
ics. We basically follow the discussions in Refs. [3,6].

We denote a graphical polymatrix game � by the following
three tuple:

� = (N ,A,U ), (1)

where N = {1, . . . , n} represents the set of agents (players),
A = {A1, . . . , An} are finite sets of actions that an agent i
takes,

Ai = {
ai

1, . . . , ai
Ni+1

}
, Ni � 0, (2)

and U = {U (i j)}i, j∈N is a set of payoff matrices:

U (i j) ∈ R|Ai|×|Aj|, U (ii) ≡ 0. (3)

Each point of the Ni-simplex,

X Ni :=
⎧⎨
⎩z ∈ R|Ai|

�0

∣∣∣∣∣∣
∑
a∈Ai

za = 1

⎫⎬
⎭, (4)

is called a (mixed) strategy, whose entries correspond to the
probabilities of the actions that an agent may select. In par-
ticular, a strategy is called fully mixed when it lies in the
relative interior of the simplex. We collectively denote a set
of n strategies as

x = (x1, . . . , xn) ∈ X N1 × · · · × X Nn =: X . (5)
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Given the mixed strategies of agents i and j, xi ∈ X Ni and
x j ∈ X Nj , agent i receives utility from agent j: (xi )�U (i j)x j .
The total utility of agent i is [33]

ui(x
i; x j( �=i) ) =

∑
j( �=i)

(xi )�U (i j)x j, (6)

which results in n optimization problems:

max
xi∈X Ni

ui(x
i; x j( �=i) ) = max

xi∈X Ni
(xi )�

∑
j( �=i)

U (i j)x j, (7)

for i = 1, . . . , n. In �, x∗ = (x1∗, . . . , xn∗) ∈ X is called a
Nash equilibrium if

∀i ∈ N , ∀xi ∈ X Ni ,

ui(x
i∗; (x j( �=i) )∗) � ui(x

i; (x j( �=i) )∗). (8)

That is, the Nash equilibrium is an n-simultaneous solution to
the above optimization problem.

A game � is called zero sum (coordination) if
∀i, j ∈ N , U ( ji) = σ (U (i j) )�, (9)

where σ = −1 (+1). We denote zero-sum or coordination
polymatrix games by �σ := (N ,A,U , σ ). A significant na-
ture of �−1 is that the total utility of all the agents always
vanishes due to the zero-sum property,∑

i∈N
ui(x

i; x j( �=i) ) =
∑

i, j∈N
(xi)�U (i j)x j = 0, (10)

which implies that the total payoffs circulate among agents
and are conserved within the game.

In the subsequent sections, we may refer to curves such as

φ : I → X Ni or R|Ai| (11)

as the learning dynamics, where I is an interval, and write their
images in the codomains by xi(t ) or yi(t ) for convenience.

Follow the regularized leader

Let C∞
SC(M,R) (⊂ C∞(M,R)) be the set of strongly

convex and L-smooth functions on a convex subset M of
Euclidean space. Given initial payoff vectors yi(0) ∈ R|Ai|, the
agents in �σ update their strategies by [34]

yi(t ) = yi(0) +
∫ t

0

∑
j( �=i)

U (i j)x j (s)ds, (12)

xi(t ) = arg maxz∈X Ni (〈z, yi(t )〉 − hi(z)), (13)

where 〈·, ·〉 is the Euclidean inner product and hi ∈
C∞

SC(X Ni ,R) are regularizer functions. This learning rule is
known as the Follow-the-Regularized-Leader dynamics [3].
For the function h∗

i : R|Ai| → R, which is the convex conju-
gate of hi,

h∗
i (yi ) = max

z∈X Ni
(〈z, yi〉 − hi(z)), (14)

it is known [35] that the right-hand side of Eq. (13) can be
expressed as the gradient of h∗

i :

xi(t ) = ∇h∗
i (yi ) |yi=yi (t ) . (15)

To summarize, the FTRL dynamics is a dynamical system
consisting of the following three components:

(1) Setup of game: �σ = (N ,A,U , σ );
(2) Regularizers: a set of hi ∈ C∞

SC(X Ni ,R) or their dual
h∗

i ; and
(3) Learning rule: Equation (13) or its dual (15), with

Eq. (12).
In particular, it is noted that this dynamical system is char-

acterized by the choice of payoff matrices {U (i j)}i, j∈N (the
“rule” of a game) and the choice of “potential functions” hi

(or h∗
i ).

III. THE HAMILTONIAN OF POLYMATRIX
ZERO-SUM GAMES

We focus on polymatrix zero-sum games �−1 and show
that the FTRL dynamics in �−1 is understood as a Hamilto-
nian system. We investigate the system through the lens of
symmetry and the conservation laws. For readers unfamiliar
with Hamiltonian dynamics, see Appendix B.

A. FTRL dynamics as Hamiltonian systems

As noted in Eq. (10), the total utility in zero-sum games
is a constant over time and thus could serve as a Hamiltonian
function for the learning dynamics. With this viewpoint, let
us first observe that, by taking time derivatives, the FTRL
dynamics in Eqs. (12) and (15) can be rewritten as follows:

dyi(t )

dt
=

∑
j∈N

U (i j)x j (t )

=
∑
j∈N

U (i j)∇h∗
j (y

j ) |y j=y j (t ), (16)

dxi(t )

dt
= ∇∇h∗

i (yi ) |yi=yi (t )
dyi(t )

dt

= Hess(h∗
i (yi(t )))

∑
j∈N

U (i j)x j (t ), (17)

where we have used Eq. (15) and Hess is the Hessian.
A point here is that the right-hand sides of these equa-
tions are Lipschitz continuous, owing to the strong convexity
of the regularizer functions. From the standard existence and
uniqueness theorem of initial value problems, Eqs. (16) and
(17) on I admit a unique solution that is indeed the FTRL
dynamics [Eqs. (12) and (15)]. Hence, these differential equa-
tions are equivalent to the FTRL dynamics.

Now, we define the phase space of �−1 by M�−1 =
T ∗R

∑
i |Ai|

�0 
 R
∑

i |Ai|
�0 × R

∑
i |Ai| equipped with the symplectic

structure ω 
 J as described in Appendix B. For a given
choice of h∗

i ∈ C∞
SC(R|Ai|,R), we define the FTRL Hamilto-

nian HFTRL : M�−1 → R by

HFTRL(x, y) =
∑

i, j∈N
〈∇h∗

j (y
j ),U ( ji)xi〉. (18)

Theorem 1. The FTRL dynamics in the form of Eqs. (16)
and (17) is a Hamiltonian system defined by Eq. (18).

Proof. What we need to show is that the flow equation on
M�−1 generated by Eq. (18) accompanied with the symplectic
structure reduces to the FTRL dynamics [(16) and (17)]. First,
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the flow equation for x(t ) (“position”) induced by Eq. (18) is

dxk (t )

dt
= ∇yk HFTRL(x, y) |x=x(t ), y=y(t )

=
∑

i, j∈N
δk j (∇∇h∗

j (y
j (t )))�U ( ji)xi(t )

= Hess(h∗
k (yk (t )))

∑
i∈N

U (ki)xi(t ), (19)

which is equivalent to Eq. (17). Next, by utilizing the sym-
metricity of the inner product, 〈α, β〉 = 〈β, α〉, one finds the
flow equation for y(t ) (“momentum”),

dyk (t )

dt
= −∇xk HFTRL(x, y) |x=x(t ), y=y(t )

= −
∑

i, j∈N
δki(U ( ji) )�∇h∗

j (y
j (t ))

=
∑
j∈N

U (k j)∇h∗
j (y

j (t )), (20)

where the last equality follows from the assumption that our
game is zero sum: (U ( jk) )

� = −U (k j) for all j, k ∈ N . �
The aforementioned Lipschitz continuity ensures that the

Hamiltonian system of HFTRL describes the FTRL dynamics
in polymatrix zero-sum games. The energy conservation law
in this Hamiltonian system leads to the conservation law of
the total utility of the game �−1:

EFTRL(t ) = HFTRL(x(t ), y(t ))

=
∑

i, j∈N
〈xi(t ),U (i j)x j (t )〉 ≡ 0, (21)

which is the equivalent of Eq. (10), as expected. Now that the
learning dynamics in �−1 is characterized by our proposed
Hamiltonian (18), we investigate the system in terms of sym-
metry and the conservation laws in the following subsections.

B. Symmetry and conservation law from the FTRL Hamiltonian

The Hamiltonian (18) is defined on the symplectic
manifold M�−1 
 R

∑
i |Ai|

�0 × R
∑

i |Ai|. The base manifold (con-

figuration space) R
∑

i |Ai|
�0 seems too large to be the space of

strategies, since the strategies xi in games should be thought
of as probabilities of actions and have to sum to 1:

∑
a xi

a = 1.
Interestingly, this condition is implemented as the symmetry
of our Hamiltonian and its conservation law, as the following
proposition demonstrates.

Proposition 1. If ∇h∗
i (yi ) are translationally invariant for

all i ∈ N , then the solutions x(t ) to the Hamiltonian system
of HFTRL are constrained onto the probability simplices X .

The proof follows straightforwardly from the following
lemma:

Lemma 1. If a Hamiltonian function on M�−1 has the trans-
lation symmetry in yi ∈ R|Ai|, then the following sum of the
elements of the corresponding conjugate variable is a con-
served quantity:

Gi
S (x, y) =

∑
a∈Ai

xi
a. (22)

This lemma is derived from Noether’s theorem (see Ap-
pendixes B and D 1).

Proof. Given translationally invariant ∇h∗
i (yi ) for all i ∈

N , the FTRL Hamiltonian (18) has the translation symmetry
in yi ∈ R|Ai|. From Lemma 1, in this Hamiltonian system we
have the conserved quantities

Gi
S (x(t ), y(t )) =

∑
a∈Ai

xi
a(t ) = const., (23)

for all i. Suppose that the initial conditions
∑

a xi
a(0) = 1

are imposed, then the solution trajectory of the Hamiltonian
system generated by Eq. (18) remains restricted to x(t ) ∈ X ,
completing the proof. �

We find that the Hamiltonians for both the entropic reg-
ularizer (the replicator dynamics [36–38]) and the Euclidean
regularizer (the projection dynamics [39–43]) have translation
symmetry in all yi ∈ R|Ai|, implying that they yield reasonable
Hamiltonian dynamics in games:

Corollary 1. In the Hamiltonian systems of HFTRL for the
entropic regularizer and the Euclidean regularizer, the solu-
tion trajectories of x(t ) are constrained onto the probability
simplices X .

Proof. From Proposition 1, it suffices to show the trans-
lation invariance of the corresponding gradients of the dual
regularizers, ∇h∗

i . For the entropic regularizer, we have

∇h∗
i (yi )a = exp

(
yi

a

)
∑

a′ exp
(
yi

a′
) , (24)

and for the Euclidean regularizer,

∇h∗
i (yi )a = yi

a − 1

|Ai|

(∑
a′

yi
a′ − 1

)
. (25)

These explicit formulas and other details can be found in
Appendix A. One finds that the right-hand sides of these gra-
dients are invariant under the constant shift in yi, y′i

a = yi
a + ε

for all a ∈ Ai, which proves the statement. �
In addition, for the entropic and Euclidean regularizers,

we know that
∑

a ∇h∗
i (yi )a = 1, which leads us to another

conserved quantity.
Proposition 2. Suppose we have a game �−1 with the

Hamiltonian (18). If a fully mixed Nash equilibrium exists
and the elements of ∇h∗

j (y
j ) sum to a constant independent

of j, then the following function is a conserved quantity of
the Hamiltonian system:

GF (x, y) =
∑
i∈N

(hi(x
i∗) + h∗

i (yi ) − 〈yi, xi∗〉). (26)

Proof. The proof is derived by applying Noether’s theorem
to the Hamiltonian (18) along with the symmetry under the
canonical transformation,

x′i = xi + ∇h∗
i (yi ) − xi∗, y′i = yi, (27)

for all i ∈ N . Using the assumptions, one can confirm that the
FTRL Hamiltonian HFTRL is invariant under this transforma-
tion:

HFTRL(x′, y′) = HFTRL(x, y). (28)
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It turns out that the generator of this canonical transformation
takes the form

gF (x, y) =
∑
i∈N

(h∗
i (yi ) − 〈yi, xi∗〉) + const. (29)

Since
∑

i hi(xi∗) is a constant, from Noether’s theorem it
follows that the function GF is the conserved quantity in the
Hamiltonian system of HFTRL. �

The complete proof is provided in Appendix D 2. In the
literature, the following function,

F (p, y) =
∑
i∈N

(hi(pi ) + h∗
i (yi ) − 〈yi, pi〉), (30)

is referred to as the Fenchel coupling [43,44]. The Fenchel
coupling at p = x∗, which measures the distance to the Nash
equilibrium, is a well-known conserved quantity of the FTRL
dynamics in zero-sum games [3]. Proposition 2 shows that
our Hamiltonian (18) involves the Fenchel coupling as a con-
served quantity associated with the corresponding symmetry.
Due to this, we also refer to GF as the Fenchel coupling.

If we interpret the symmetry transformation (27), it can
be viewed as a coordinate shift under which the total utility
of the system remains invariant when each agent’s “current
strategy” xi is adjusted by the difference between its “regu-
larized best response” ∇h∗

i (yi ) and the equilibrium xi∗. If an
agent is at equilibrium (∇h∗

i (yi ) = xi∗), no shift is applied;
otherwise, the strategy x is adjusted by the magnitude of this
error. [Due to the zero-sum property, the Hamiltonian (18)
is insensitive to shifts in x corresponding to the difference
from the best response.] This shift coincides exactly with the
gradient of the Fenchel coupling. Then, by Noether’s theorem,
the Fenchel coupling, which serves as the generating function
for this shift, must remain constant. This is analogous to the
conservation of momentum in physics, where the symmetry is
invariance of a Hamiltonian under spatial translations (shifts).

Finally, we propose two “angular momentum” conserva-
tion laws for the Hamiltonian systems of HFTRL. The key
points are the commutativity of rotation matrices and the pay-
off matrices, and the equivariance of ∇h∗

i under the rotation.
Proposition 3. Suppose we have a game �−1 with the

Hamiltonian (18).
(1) Let Ri ∈ SO(|Ai|), i ∈ N , be rotation matrices. If the

followings hold for all i, j ∈ N ,

U (i j)Rj = RiU
(i j), (31)

∇h∗
i (Riy

i ) = Ri∇h∗
i (yi ), (32)

then the following function is a conserved quantity of the
Hamiltonian system:

GK (x, y) =
∑
i∈N

〈xi, Kiy
i〉, (33)

where Ri = eεKi and Ki ∈ so(|Ai|).
(2) Let R ∈ SO(n) be a rotation matrix. Suppose that all

the action sets and the regularizers are identical for all the
agents: Ai 
 A and h∗

i = h∗ for all i ∈ N . If the followings
hold for all i, j ∈ N ,

UR = RU, (34)

∇h∗(Ry ) = R∇h∗(y ), (35)

where U is the block payoff matrix with the entries Ui j =
U (i j), then the following function is a conserved quantity of
the Hamiltonian system:

G
(x, y) =
∑

i, j∈N
〈xi,
i jy

j〉 =: 〈〈x,
y〉〉, (36)

where R = eε
 and 
 ∈ so(n).
The proof is provided in Appendix D 3. This proposition

indicates that there may be game-theoretic analogs of the
conservation laws for angular momentum in physics. The first
one shows the conservation of the total “angular momentum”
of each agent, and the second corresponds to the conservation
of the system’s total angular momentum. We currently do not
have a clear intuitive interpretation of these conserved quanti-
ties in game theory and are not aware of any existing literature
on this topic. This result suggests that the Hamiltonian (18)
may generate conserved quantities that are not recognized in
the standard FTRL dynamics context. These results remain
interesting from a mathematical standpoint and may provide a
deeper understanding of learning dynamics in games.

We here provide a useful expression of Proposition 3 as a
corollary.

Corollary 2. Suppose we have a game �−1 with the Hamil-
tonian (18) and assume that the equivariance condition holds
for below cases.

(1) Suppose that all the action sets are identical, Ai 
 A for
all i ∈ N . If the payoff matrices are given by a single skew-
symmetric matrix B ∈ so(|A|) as

U (i j) = cB, B� = −B, (37)

where c ∈ R is a constant, then the rotation matrices Ri =
eεB ∈ SO(|A|) commute with the payoff matrices and the fol-
lowing quantity is conserved:

GK (x, y) =
∑
i∈N

〈xi, Byi〉. (38)

(2) If the payoff matrices are given by the tensor product
of a skew-symmetric matrix � = (σi j ) ∈ so(n) and a symmet-
ric matrix S as

U (i j) = σi jS, S� = S, (39)

then the rotation matrix R = eε� ∈ SO(n) commutes with the
payoff matrix U and the following quantity is conserved:

G
(x, y) = 〈〈x, �y〉〉. (40)

One should note that the payoff matrices in these cases,
U (i j) = cB and U (i j) = σi jS, satisfy the zero-sum condition,
(U (i j) )� = −U ( ji), due to the skew-symmetry of B and the
symmetry of S. The payoff matrices in the first case define a
symmetric game, U (i j) = U ( ji), while those in the second case
define a skew-symmetric game, U (i j) = −U ( ji). Thus, roughly
speaking, a class of symmetric zero-sum games has the rota-
tion symmetry in the strategy space with the corresponding
angular momentum(like) conservation law, while a class of
skew-symmetric zero-sum games has the rotation symmetry
among agents with another angular momentum conservation
law. In Appendix D 3, we demonstrate the explicit examples
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of these angular momentum conservation laws: two-player
Rock-Paper-Scissors as a symmetric game and two-player
Matching Pennies as a skew-symmetric game.

C. Dissipation FTRL dynamics

We now have the conserved quantity GF of the Hamilto-
nian system, which measures the distance from a fully mixed
Nash equilibrium. However, it implies that the learning dy-
namics does not converge to the Nash equilibrium, but rather
shows a cyclic behavior around it. To resolve this issue, we
introduce a perturbation to the FTRL dynamics that breaks
the conservation law for GF , so that the learning dynamics
converges to the Nash equilibrium, while the Hamiltonian
itself (the total utility) is kept as in Eq. (21) to sustain the
global zero-sum property of the game.

We consider a modified FTRL dynamics by adding pertur-
bation terms to Eqs. (16) and (17), with α ∈ R�0,

dxi(t )

dt
= Hess(h∗

i (yi(t )))
∑
j∈N

U (i j)x j (t ) + α f i(x(t ), y(t )),

dyi(t )

dt
=

∑
j∈N

U (i j)∇h∗
j (y

j (t )) + αgi(x(t ), y(t )). (41)

We observe that the energy conservation law [Eq. (21)] holds
as long as the learning dynamics satisfies the relations xi(t ) =
∇h∗

i (yi(t )). From this observation, one can confirm that the
FTRL Hamiltonian remains conserved along the solutions to
the modified FTRL dynamics [Eq. (41)] under the perturba-
tion relations,

f i(x, y) = Hess(h∗
i (yi ))gi(x, y). (42)

For generic perturbations f and g that do not satisfy
Eq. (42), the solution is not guaranteed to take the form
xi(t ) = ∇h∗

i (yi(t )), and consequently the Hamiltonian is not
necessarily conserved. From the viewpoint of Hamiltonian
conservation, there is freedom in the choice of g (or f ).
Leveraging this freedom, we can deform the dynamics while
preserving the Hamiltonian, i.e., the zero-sum nature of the
game. This property is a significant consequence of the FTRL
Hamiltonian (18); in general Hamiltonian systems, adding a
perturbation such as Eq. (41) would typically break conserva-
tion of the Hamiltonian.

Theorem 2. Suppose we have a game �−1. If a fully mixed
Nash equilibrium exists and the elements of ∇h∗

j (y
j ) sum to a

constant independent of j, then the modified FTRL dynamics
[Eq. (41)] together with the following perturbations for all
i ∈ N under the relations [Eq. (42)] lead to convergence to
the Nash equilibrium:

gi(x, y) =
∑
j∈N

U (i j)Hess(h∗
j (y

j ))
∑
k∈N

U ( jk)xk. (43)

Proof. We show that the Fenchel coupling GF is monotoni-
cally decreasing under the modified FTRL dynamics [Eq. (41)
with Eqs. (42) and (43)]. Using the assumptions, the time

evolution of the Fenchel coupling turns out to be

d

dt
GF (x(t ), y(t )) = α

∑
i∈N

〈gi(x(t ), y(t )), xi(t ) − xi∗〉

= −α
∑

j

〈
Hess(h∗

j (y
j (t )))

×
∑

k

U ( jk)(xk (t ) − xk∗),

×
∑

i

U ( ji)(xi(t ) − xi∗)

〉
. (44)

Note that x(t ) and y(t ) here are the solutions to Eq. (41). Since
α � 0 and the Hessian of the dual regularizers h∗

j is positive
definite, we obtain

d

dt
GF (x(t ), y(t )) � 0. (45)

The equality is reached by α = 0, which reduces to the ordi-
nary FTRL dynamics. Thus, in the modified FTRL dynamics
for α > 0, we have the convergent solutions to the Nash
equilibrium. �

We illustrate the complete proof in Appendix D 4. It is
noted that, from the relations (42), the learning dynamics
turns out to satisfy xi(t ) = ∇h∗

i (yi(t )). Due to this dissipative
property of the Fenchel coupling GF , we refer to the proposed
modified FTRL dynamics [Eq. (41)] with the relations [(42)
and (43)] as the dissipation FTRL dynamics. The DFTRL
dynamics generically converges to the Nash equilibrium under
the perturbations [Eq. (43)], which can be understood as an
effective tuning of the payoff matrices of the game:

xi(t ) = ∇h∗
i (yi(t )),

dyi(t )

dt
=

∑
j∈N

U (i j)∇h∗
j (y

j (t )) + αgi(x(t ), y(t ))

=
∑
j∈N

(U (i j) + α
∑
k∈N

U (ik)Hess(h∗
k (yk (t )))U (k j) )x j (t ).

(46)

The algorithm of DFTRL is interpreted as follows. The agents
play a game �−1 with the payoff matrices satisfying the local
zero-sum property, (U (i j) )� = −U ( ji). Meanwhile, a “game
master” secretly tunes the actual payoffs by Eq. (43) to con-
verge the learning dynamics while maintaining the global
zero-sum property [Eq. (21)], namely, the conservation of the
total utility. We will demonstrate in numerical simulations in
the next section that the DFTRL dynamics really converges to
the Nash equilibrium. To close this section, we would like to
mention the relation between our DFTRL algorithm and the
known last-iterate convergent FTRL algorithms.

Proposition 4. For small α, the DFTRL dynamics is equiv-
alent to the first-order expansion of the continuous optimistic
[18–22] and the continuous extra-gradient (CEG) [18,23–25]
FTRL dynamics.

The proof is provided in Appendix E. In the literature, the
optimistic and extra-gradient FTRL dynamics are known to
converge to the Nash equilibrium. Since the perturbation co-
efficient is set to be small enough empirically, this proposition
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FTRL

DFTRL

FIG. 2. Two-player Rock-Paper-Scissors. The stars at the center of the simplices represent the Nash equilibrium. (a) FTRL (α = 0), (b)
DFTRL (α = 0.15) and (c) Fenchel coupling GF .

suggests that our DFTRL algorithm provides a unified and
in-depth understanding of the mechanism behind the two. We
would like to note that the continuous negative-momentum
[26–30] FTRL dynamics reduces to the ordinary FTRL dy-
namics, rather than the DFTRL, which we also verify in
Appendix E.

IV. EXPERIMENTS

We present two experimental simulations that demonstrate
our theoretical results [45]. We illustrate typical examples
in this section. Further details and additional simulations are
provided in Appendix G.

The first example is the two-player Rock-Paper-Scissors
game. We pick the entropic regularizer for i = 1 and 2:

hi(x
i ) =

∑
a

xi
a ln xi

a, h∗
i (yi ) = lse(yi ). (47)

We solve the dynamical system equation (41) under Eqs.
(42) and (43), with the initial condition x1(0) = x2(0) =
(0.1, 0.1, 0.8). Figure 2 shows the result. Figures 2(a) and 2(b)
represent the solution trajectories of x1(t ) for α = 0 and 0.15,
respectively. The stars at the center of the simplices represent
the Nash equilibrium: xi∗ = (1/3, 1/3, 1/3). As mentioned in
the previous section, α = 0 reduces the system to the ordinary
FTRL dynamics, and we see the cyclic solution in Fig. 2(a),
as expected. Figure 2(c) shows that the Fenchel coupling GF

for DFTRL monotonically decreases, while it is conserved for
FTRL, as proven in Proposition 2 and Theorem 2.

The second case is the three-player Matching Pennies
game. We solve the dynamical system as in the previous
example with the entropic regularizer, and the result is shown
in Fig. 1. These figures depict the time evolution of the tuple
(x1

1 (t ), x2
1 (t ), x3

1 (t )) in the unit cube. This game has the con-
tinuum of Nash equilibria,

(
x1∗

1 , x2∗
1 , x3∗

1

) = (p, p, p), 0 � p � 1, (48)

which the diagonal straight lines represent in Fig. 1. The solu-
tion trajectories in Figs. 1(a) and 1(b) correspond to the cases
of α = 0 and 0.1, respectively. Again, we observe that the
solutions for α = 0 exhibit cyclic behavior, and for α = 0.1
monotonically converge to the Nash equilibrium.

V. DISCUSSION

This paper discussed a unique formulation and algorithms
for the learning dynamics in games. We established the
Hamiltonian of polymatrix zero-sum games and showed that
the FTRL dynamics is indeed the Hamiltonian system of
the proposed HFTRL [Eq. (18)] in Theorem 1. We
examined the Hamiltonian system through the lens of sym-
metry and found that the conserved quantities in the FTRL
dynamics are intrinsically encoded in HFTRL (Propositions
1–3). The Fenchel coupling GF , one such conserved quantity,
measures the distance to the Nash equilibrium, the conserva-
tion of which leads to the nonconvergent learning dynamics.
Considering the perturbation that monotonically decreases GF

but preserves the conservation law of HFTRL, we proposed
the DFTRL algorithm in Theorem 2, which yields convergent
dynamics to the Nash equilibrium. We also clarified the re-
lation between DFTRL and the known last-iterate convergent
algorithms in Proposition 4.

A limitation of this study is that we considered only fully
mixed strategies. This is simply to ensure compatibility with
the conservation laws. Including a proper treatment on the
boundary of the strategy space X would provide a more
complete description of the formulation. Beyond this, our
work opens many avenues for future research. At first, dif-
ferent types of perturbations may exist that yield convergent
dynamics, or there might be a uniqueness theorem for our
perturbation. In fact, under certain conditions, the known last-
iterate convergent FTRL algorithms reduce to the DFTRL
as demonstrated in Proposition 4. Such considerations would
further deepen our understanding of convergence in learn-
ing in games. Next, since our Hamiltonian HFTRL reproduces
well-known conserved quantities and even generates unique
ones (see also Appendix F 1), other properties characteriz-
ing polymatrix zero-sum games may also be derived from
HFTRL. The symmetries (of agents or actions) have been of
interest in game theory for a long time [46,47]. In connec-
tion with these symmetries, our Hamiltonian could further
derive the corresponding conservation laws and potentially
provide insights into solving games. Third, the Hamiltonian
HFTRL could serve as a promising starting point for the
quantum version of the FTRL dynamics in polymatrix zero-
sum games. As we have the canonically conjugate variables
satisfying {xi

a, y j
b}P = δi jδab, we can perform the canonical

quantization by replacing the variables with the operators
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satisfying the canonical commutation relations, [x̂i
a, ŷ j

b] =
ih̄ δi jδab. In analogy with the standard quantum mechanics
context, we can naturally define the polymatrix zero-sum
quantum game through HFTRL(x̂, ŷ) and compare this system
with existing works [48–52]. Finally, the conditions of poly-
matrix and zero sum could be further relaxed by broadening
the scope of our research. In the study of such situations, the
key would be to establish an appropriate Hamiltonian and
to explore the symmetry thereof. We believe that this paper
not only reorganizes the FTRL dynamics, but also provides a
compass for establishing emerging research fields.

All the experiments in this paper are conducted on an
Intel(R) Xeon(R) CPU @ 2.20 GHz. The operating system
is Ubuntu 22.04.4 LTS. We use the torchdiffeq framework
[53,54] for solving the differential equations. Running the
code for each simulation takes at most a few minutes.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [45].

APPENDIX A: PROPERTIES AND EXAMPLES
OF FTRL DYNAMICS

We here summarize some known properties and examples
of learning in games relevant to our discussions in the main
text. To begin with, we recap the Karush-Kuhn-Tucker (KKT)
condition, also known as the generalized method of Lagrange
multipliers. The notations overlap somewhat with those in the
main text, but we believe there is no confusion.

Let M be an n-dimensional smooth manifold and

f : M → R, g : M → Rm, h : M → Rl (A1)

are assumed to be in C1. Let us consider a nonlinear optimiza-
tion problem,

min
p∈M

f (p), (A2)

with the constraints

g(p) � 0, h(p) = 0. (A3)

The Karush-Kuhn-Tucker condition [55,56]. Suppose that
p∗ ∈ M is a local minimizer of the above constrained
optimization problem, and that the Guignard constraint qual-
ification holds at p∗. Then, there exist (unique) Lagrange
multipliers

μ ∈ Rm, λ ∈ Rl , (A4)

such that at p∗ the following conditions hold:

df + μ�dg + λ�dh = 0, (A5)

h(p∗) = 0, (A6)

μ � 0, g(p∗) � 0, μ�g(p∗) = 0. (A7)

1. Properties of Nash equilibrium

As introduced in the main text, the Nash equilibrium is
defined as follows:

x∗ = (x1∗, . . . , xn∗) ∈ X (A8)

is a Nash equilibrium if it satisfies

∀i ∈ N , xi∗ ∈ arg maxxi∈X Ni ui(x
i; (x j( �=i) )∗). (A9)

This means that the Nash equilibrium is a solution to the
optimization problems of

f (xi ) = −ui(x
i; (x j( �=i) )∗) = −(xi )�

∑
j∈N

U (i j)x j∗, (A10)

over Mi = RNi+1 with the constraints

g(xi ) = −(
xi

1, . . . , xi
Ni+1

)
� 0, (A11)

h(xi ) =
∑
a∈Ai

xi
a − 1 = 0. (A12)

Thus, from the KKT condition, at the Nash equilibrium xi∗
there exist Lagrange multipliers μi ∈ RNi+1 and λi ∈ R, such
that

∑
a

⎛
⎝−

( ∑
j

U (i j)x j∗
)

a

− μi
a + λi

⎞
⎠dxi

a = 0, (A13)

∑
a

xi∗
a = 1, (A14)

μi
a � 0, xi∗

a � 0,
∑

a

μi
axi∗

a = 0. (A15)

From the last condition, we find that for each a ∈ Ai, ei-
ther μi

a = 0 or xi∗
a = 0 holds. If xi∗

a > 0 for all a ∈ Ai, then
μi = 0 and the KKT condition reduces to the ordinary method
of Lagrange multipliers:∑

j

U (i j)x j∗ = λi1, (A16)

with the constraint
∑

a xi∗
a = 1. 1 := (1, . . . , 1) is the all-one

vector. Otherwise, if xi∗
a′ = 0 for some a′, then μi

a′ � 0 and the
condition becomes( ∑

j

U (i j)x j∗
)

a′
= λi − μi

a′ � λi, (A17)

with the constraint
∑

a xi∗
a = 1.

For a zero-sum game, the total utility for all the agents
always vanishes due to the antisymmetricity of the payoff
matrices: ∑

i∈N
ui(x

i; x j( �=i) ) =
∑
i, j

(xi )�U (i j)x j

= −
∑
i, j

(x j )�U ( ji)xi

= 0. (A18)

This fact implies that the constants λi in the aforementioned
property for the Nash equilibrium satisfy the corresponding
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condition,

0 =
∑
i∈N

ui(x
i∗; (x j( �=i) )∗)

=
∑
i∈N

(xi∗)�
∑

j

U (i j)x j∗

=
∑
i∈N

(xi∗)�λi1

=
∑
i∈N

λi
∑

a

xi∗
a

=
∑
i∈N

λi, (A19)

where we assumed x∗ is fully mixed. Overall, the fully mixed
Nash equilibrium for a zero-sum game has the property that
for i = 1, . . . , n, there exists a set of constants λi ∈ R that
satisfies ∑

j∈N
U (i j)x j∗ = λi1,

∑
i∈N

λi = 0. (A20)

Next, we provide two examples of the FTRL dynamics. To
describe them, we solve the right-hand side of Eq. (13) or (14),
a nonlinear optimization problem. By assuming that strategies
are always fully mixed, as in the Nash equilibrium properties
above, this optimization problem is solved by the reduced
KKT condition, namely, the ordinary method of Lagrange
multipliers. Suppose ζ i solve the optimization problems of

f (xi ) = −(〈xi, yi〉 − hi(x
i )), (A21)

over Mi = RNi+1 with the constraint h(xi ) = ∑
a xi

a − 1 = 0,
for i = 1, . . . , n. Then, there exist Lagrange multipliers ν i ∈
R that satisfy∑

a

(−yi
a + ∇hi(ζ

i )a + ν i
)
dxi

a = 0, (A22)

∑
a

ζ i
a = 1. (A23)

By definition, ζ i = arg maxz∈X Ni (〈z, yi〉 − hi(z)). In many
cases, the constants ν i are determined by the second condition
on ζ i.

2. Entropic regularizer and the replicator dynamics

One of the most widely known examples of learning dy-
namics is so-called the replicator dynamics [36–38], which is
given by the following entropic regularizer function:

hi(x
i ) =

∑
a

xi
a ln xi

a. (A24)

For this regularizer function, Eq. (A22) becomes

ζ i
a = exp

(
yi

a − ν i − 1
)
, (A25)

for all a ∈ Ai. By summing over a, the constraint for ζ i gives

eν i+1 =
∑

a

exp
(
yi

a

)
. (A26)

Thus, we find

ζ i
a = exp

(
yi

a

)
∑

a′ exp
(
yi

a′
) . (A27)

By substituting this expression to the right-hand side of
Eq. (14), we obtain

h∗
i (yi ) = lse(yi ) := ln

∑
a

exp
(
yi

a

)
(A28)

and

∇h∗
i (yi )a = exp

(
yi

a

)
∑

a′ exp
(
yi

a′
) =: softmax(yi )a, (A29)

Hess(h∗
i (yi ))ab =δab softmax(yi )a−softmax(yi )a softmax(yi )b.

(A30)

With these at hand, we find the learning rule,

dxi(t )

dt
= Hess(h∗

i (yi(t )))
∑
j∈N

U (i j)x j (t )

=xi(t ) �
⎛
⎝∑

j

U (i j)x j (t )−
〈

xi(t ),
∑

j

U (i j)x j (t )

〉
1

⎞
⎠,

(A31)

where � is the elementwise product, also known as
the Hadamard product, and we used the relation xi(t ) =
∇h∗

i (yi(t )) = softmax(yi(t )).

3. Euclidean regularizer and the projection dynamics

Another widely used example of learning dynamics is
given by the Euclidean quadratic regularizer:

hi(x
i ) = 1

2‖xi‖2
2. (A32)

Similarly to the entropic regularizer case, the optimization
problem is solved by Eq. (A22) and the constraint as

ζ i
a = yi

a − 1

|Ai|

(∑
a′

yi
a′ − 1

)
. (A33)

We now have

h∗
i (yi ) = 1

2‖yi‖2
2 − 1

2‖ci‖2
2, (A34)

where ci ∈ R|Ai| are identical-entry vectors:

ci = 1

|Ai|

(∑
a′

yi
a′ − 1

)
1. (A35)
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The gradients and the Hessians are

∇h∗
i (yi )a = yi

a − 1

|Ai|

(∑
a′

yi
a′ − 1

)
, (A36)

Hess(h∗
i (yi ))ab = δab − 1

|Ai| , (A37)

which lead to the projected reinforcement learning process.
The agents’ mixed strategies are then known to follow the
projection dynamics [39–43]:

dxi(t )

dt
= Hess(h∗

i (yi(t )))
∑
j∈N

U (i j)x j (t )

=
∑

j

U (i j)x j (t ) − 1

|Ai|
∑

a

( ∑
j

U (i j)x j (t )

)
a

1.

(A38)

APPENDIX B: LIGHTNING REVIEW
OF HAMILTONIAN DYNAMICS

For accessibility to broader readers, we describe minimal
facts on Hamiltonian dynamics relevant to our main discus-
sions. Here again, some notations overlap with those in the
main text, but there should be no confusion. For more details
on Hamiltonian dynamics, we refer the reader to Refs. [57,58].

Let (M, ω) be a real 2n-dimensional symplectic manifold
equipped with the symplectic form ω. A typical example
is the space of “position” and “momentum,” M = T ∗Rn 

Rn × Rn � (q, p), on which the symplectic form takes the
form

ω =
n∑

a=1

d pa ∧ dqa 

(

0 1n

−1n 0

)
=: J, (B1)

where 1n is the n × n identity matrix. Even if the global struc-
ture of M is subtle, the symplectic form can be expressed as
in the above at least locally, owing to Darboux’s theorem. Due
to this fact, in this Appendix we mostly consider this typical
example since it suffices for our purpose.

Given a real smooth function f on M, f ∈ C∞(M ), the
Hamiltonian system induced by f is defined by the following
flow equation for the curve φ : I → M, accompanied by the
symplectic form:

dφ(t )

dt
= J∇ f (z) |z=φ(t ), z ∈ M. (B2)

Specifically, using the local coordinate z = (q, p) and the
abuse of notation φ(t ) = (q(t ), p(t )), the flow equation be-
comes

dq(t )

dt
= ∇p f (q, p) |q=q(t ), p=p(t ),

d p(t )

dt
= −∇q f (q, p) |q=q(t ), p=p(t ) .

(B3)

Such a flow-generating function f of a Hamiltonian system
is itself called the Hamiltonian and is often written as H .
In Hamiltonian dynamics, [59] the symplectic manifold M is
referred to as the phase space or state space.

1. Energy conservation law

In Hamiltonian dynamics, the value of the flow-generating
function f (z) on the trajectory of the solution to the flow
equation (B2) is called energy:

E : I → R, E (t ) := f (φ(t )). (B4)

A well-known fact is that this energy is conserved along the
time interval I , as long as the function f has no explicit
dependence on I (time). In other words, the value of the flow-
generating function f (z) is invariant along the trajectory of the
solution to the flow equation: Using again the local coordinate
z = (q, p),

dE (t )

dt
= d

dt
f (q(t ), p(t ))

=
〈
∇q f (q, p) |q=q(t ), p=p(t ),

dq(t )

dt

〉

+
〈
∇p f (q, p) |q=q(t ), p=p(t ),

d p(t )

dt

〉

=
〈
−d p(t )

dt
,

dq(t )

dt

〉
+

〈
dq(t )

dt
,

d p(t )

dt

〉

= 0, (B5)

where we have used the fact that φ(t ) = (q(t ), p(t )) satisfies
the flow equation (B3) and the symmetricity of the inner
product.

2. Noether’s theorem in Hamiltonian dynamics

Conservation law in Hamiltonian dynamics is generalized
by the so-called Noether’s theorem. In a Hamiltonian system,
besides the energy, we can identify conserved quantities ac-
cording to the symmetry of the Hamiltonian.

Theorem B1. If a Hamiltonian function f on a symplectic
manifold (M, ω) admits the one-parameter group of canonical
transformations generated by a function G ∈ C∞(M ), then G
is conserved on the Hamiltonian flow of f .

For the details, see Ref. [58]. In a word, this theorem states
that if a Hamiltonian is invariant under a certain (canoni-
cal) transformation, the Hamiltonian system has an associated
conserved quantity. In the physics context, we refer to such a
transformation (or equivalently a group action) as the symme-
try of the Hamiltonian system. We will illustrate two examples
below for intuition. Instead of providing the proof or more de-
tails of this theorem, here we only describe a rough procedure
for the construction of the conserved quantity associated with
the corresponding symmetry. Let us consider a Hamiltonian
system generated by f ∈ C∞(M ) and the following infinites-
imal canonical transformation on the local coordinate (q, p)
of M:

q′
a = qa + δqa, p′

a = pa + δpa, (B6)

where

δqa = ε{qa, G}P, δpa = ε{pa, G}P, (B7)

for G ∈ C∞(M ) and ε ∈ R�0. {·, ·}P denotes the Poisson
bracket. What Noether’s theorem tells us is that if the Hamil-
tonian is invariant under this canonical transformation for a
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certain G,

f (q′, p′) = f (q, p), (B8)

which leads to {G, f }P = 0, then the function G is a conserved
quantity in the Hamiltonian system: Along the trajectory of
the solution to the flow equation (B3),

d

dt
G(q(t ), p(t )) =

〈
∇qG(q, p) |q=q(t ), p=p(t ),

dq(t )

dt

〉

+
〈
∇pG(q, p) |q=q(t ), p=p(t ),

d p(t )

dt

〉

= (〈∇qG(q, p),∇p f (q, p)〉
− 〈∇pG(q, p),∇q f (q, p)〉) |q=q(t ), p=p(t )

= {G, f }P

= 0. (B9)

To provide intuition, we present two well-known examples
from the physics literature. Let M = T ∗R3 
 R3 × R3 be the
phase space of a single particle of mass m moving in the three-
dimensional space. The Hamiltonian H : M → R, describing
generic classical mechanical systems, takes the form

H (q, p) = 1

2m
‖p‖2

2 + V (q), (B10)

where V : R3 → R is referred to as the potential function,
which characterizes the system.

(1) Momentum conservation law. If the Hamiltonian H has
a translation symmetry,

H (q′, p′) = H (q, p), (B11)

q′ = q + e, p′ = p, (B12)

where e is a constant vector, then the associated conserved
quantity is

GP(q, p; e) = 〈e, p〉. (B13)

In the physical sense, this implies that if the potential func-
tion is invariant under a certain constant shift of the position
coordinate, the corresponding momentum of the particle is
conserved in the Hamiltonian system.

(2) Angular momentum conservation law. If the Hamilto-
nian H has a rotation symmetry,

H (q′, p′) = H (q, p), (B14)

q′ = Rq, p′ = Rp, (B15)

where R ∈ SO(3), then the associated conserved quantity is
the angular momentum along R. If the invariance holds for any
rotation, ∀R ∈ SO(3), the whole angular momentum vector of
the particle is conserved in the Hamiltonian system,

GL
a (q, p) = (q × p)a, a = 1, . . . , 3, (B16)

where × is the three-dimensional exterior product.
As these examples demonstrate, the examination of sym-

metry of the Hamiltonian has a direct connection to the
conserved quantity of the system. Conserved quantities pro-
vide us an enormous amount of information of the system
under consideration, as a sufficient number of conserved

quantities even lead to the solvability of the system. Due to
this, in the study of a dynamical system, it is essential in
understanding the system to establish an appropriate Hamil-
tonian function and to elucidate the symmetry thereof.

APPENDIX C: COMMENTS ON THE PAPER
BY BAILEY AND PILIOURAS

In this Appendix, we recap the main arguments in the paper
by Bailey and Piliouras [6], emphasizing that their use of the
term “Hamiltonian” deviates from the standard convention,
explained in Appendix B. It turns out that their central claim
essentially amounts to the tautological statement that “the
solution to the FTRL dynamics satisfies the FTRL dynamics”.
As a result, their analysis ultimately reduces to a study of the
FTRL dynamics and previously known conserved quantities.

With the notations in Sec. II, suppose that a game �σ is
given with a set of regularizer functions hi ∈ C∞

SC(X Ni ,R).
One defines the “cumulative strategies” by

X i(t ) :=
∫ t

0
xi(s)ds. (C1)

Then, for the choice of hi, the FTRL dynamics describes the
time evolution of the learning dynamics (X (t ), y(t )) in �σ by

dX i(t )

dt
= ∇h∗

i (yi ) |yi=yi (t ),

dyi(t )

dt
=

∑
j( �=i)

U (i j)x j (t ),
(C2)

with the relations xi(t ) = Ẋ i(t ) = ∇h∗
i (yi(t )). One introduces

the “free Hamiltonian” for the agents by

H0(X, y) =
∑
i∈N

h∗
i (yi ), (C3)

and the “interaction Hamiltonian,”

Hσ
int(X, y) = −σ

∑
i∈N

h∗
i

(
β i +

∑
k( �=i)

U (ik)X k

)
, (C4)

where X i, yi ∈ R|Ai|, and β i ∈ R|Ai| are some constants. The
total “Hamiltonian” of the system is a function on R

∑
i |Ai| ×

R
∑

i |Ai| defined by their sum,

Hσ (X, y) = H0(X, y) + Hσ
int(X, y)

=
∑
i∈N

[
h∗

i (yi ) − σh∗
i

(
β i +

∑
k

U (ik)X k

)]

=
∑
i∈N

h∗
i (yi ) − σ

∑
j∈N

h∗
j

(
β j +

∑
i( �= j)

U ( ji)X i

)
.

(C5)

Theorem C1. The function Hσ [Eq. (C5)], with σ = −1
and β i = yi(0) for all i ∈ N , is invariant along the solution
trajectory of the FTRL dynamics [Eq. (C2)].
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Using Eq. (C2) and the assumption, the invariance of
Hσ=−1 along the solution trajectory is readily proven as

d

dt
Hσ=−1(X (t ), y(t ))

=
∑
i∈N

[〈
∇h∗

i (yi ) |yi=yi (t ),
dyi(t )

dt

〉

+
〈
∇h∗

i (zi ) |zi=yi (0)+∑
k U (ik)X k (t ),

∑
j

U (i j) dX j (t )

dt

〉]

= 2
∑
i∈N

〈
xi(t ),

∑
j

U (i j)x j (t )

〉

= 0, (C6)

where at the last line we have used the zero-sum property of
the game [Eq. (A18)]. From this theorem, we recognize that
the function Hσ=−1 is a conserved quantity for polymatrix
zero-sum games along the solution trajectories of the FTRL
dynamics. However, the function Hσ=−1 is naively not re-
garded as a Hamiltonian function for the FTRL dynamics. Let
M ′ = T ∗R

∑
i |Ai| 
 R

∑
i |Ai| × R

∑
i |Ai| be a phase space and

(X, y) be the (global) canonical coordinate of M ′. Suppose we
have a function Hσ=−1 : M ′ → R given as in Eq. (C5). Then,
the Hamiltonian system induced by Hσ=−1 is described by the
flow equations (B3) as

dX k (t )

dt
= ∇yk Hσ=−1(X, y) |X=X (t ), y=y(t )

= ∇h∗
k (yk ) |yk=yk (t ), (C7)

dyk (t )

dt
= −∇X k Hσ=−1(X, y) |X=X (t ), y=y(t )

=
∑

j

U (k j)∇h∗
j (y

j ) |y j=β j+∑
l U ( jl )X l (t ) . (C8)

As can be seen from the right-hand side of Eq. (C8), this
Hamiltonian system is generally not equivalent to the FTRL
dynamics (C2). If one imposes a constraint by hand on the
variables X i and yi such as the projection onto the submanifold

M̃ = {yi = β i +
∑

j

U (i j)X j | i ∈ N } ⊂ M ′, (C9)

then the right-hand side becomes

∑
j

U (k j)∇h∗
j (y

j ) |y j=y j (t )=
∑

j

U (k j) dX j (t )

dt
, (C10)

and this Hamiltonian system could be thought of as an equiv-
alent of Eq. (C2). Nonetheless, imposing constraints on the
variables, such as Eq. (C9), implies that “the FTRL dynamics
is the Hamiltonian system on the manifold on which the solu-
tion is the FTRL dynamics,” which is a tautological statement.
Overall, the function Hσ=−1 is merely a conserved quantity
and not the Hamiltonian function for the FTRL dynamics on
the total phase space (M ′; X, y).

As Bailey and Piliouras mentioned in Ref. [[6], Sec. 5], the
function Hσ=−1 restricted to the submanifold (C9),

Hσ=−1 |M̃ (X, y) = 2
∑
i∈N

h∗
i (yi ), (C11)

is essentially a certain shift of the Fenchel coupling. As a
by-product of the FTRL Hamiltonian (18), this result emerges
in our Hamiltonian system as simply another conserved quan-
tity through the corresponding symmetry. From the proof of
Proposition 2 in Appendix D 2, it follows that the FTRL
Hamiltonian HFTRL is also invariant under the following
canonical transformation for all i ∈ N , which is a variant of
Eq. (27),

x′i = xi + ∇h∗
i (yi ), y′i = yi. (C12)

A generator of this canonical transformation, g ∈ C∞(M�−1 ),
satisfies the following for all i ∈ N and for all a ∈ Ai,{

xi
a, g

}
P = ∂g(x, y)

∂yi
a

= ∂h∗
i (yi )

∂yi
a

, (C13)

{
yi

a, g
}

P = −∂g(x, y)

∂xi
a

= 0. (C14)

Integration of these equations gives us the conserved quantity
in the Hamiltonian system of HFTRL,

g(x, y) =
∑
i∈N

h∗
i (yi ) + const., (C15)

which is a part of the Fenchel coupling. This result is con-
sistent with that of Ref. [[6], Sec. 5] and provides a natural
explanation from the perspective of the symmetry of our
Hamiltonian.

APPENDIX D: PROOFS

We show the complete proofs for Lemma 1, Proposition 2,
Proposition 3, and Theorem 2 in order. In the proofs of Lemma
1, Proposition 2, and Proposition 3, we use Noether’s theorem.
For the details on Hamiltonian dynamics, see Appendix B.

1. Proof of Lemma 1

Proof. Let us suppose that a Hamiltonian function f on
M�−1 has translation symmetry in yi ∈ R|Ai|; that is, f is in-
variant under the following canonical transformation:

f (x′, y′) = f (x, y), (D1)

x′ = x, y′i = yi + εi, (D2)

where the other y j( �=i) are kept intact and εi is an identical-
entry constant vector, εi = ε1. 1 := (1, . . . , 1) is the all-one
vector. Then, for all a ∈ Ai, a generator g ∈ C∞(M�−1 ) of this
canonical transformation satisfies{

xi
a, g

}
P = ∂g(x, y)

∂yi
a

= 0, (D3)

{
yi

a, g
}

P = −∂g(x, y)

∂xi
a

= 1. (D4)

We thus obtain g(x, y) = −∑
a xi

a + const. By Noether’s the-
orem, the function g is conserved in the Hamiltonian system
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generated by the Hamiltonian f , implying that
∑

a xi
a is

conserved. �
Lemma 1 holds for any Hamiltonian functions that possess

translation symmetry in the yi direction, not only for ours.
Roughly speaking, this lemma corresponds to the conserva-
tion law of the center-of-mass momentum, which is obtained
from Eq. (B13) with e = 1. It is noted, however, that the role
of canonical variables is interchanged between Lemma 1 and
Eq. (B13).

2. Proof of Proposition 2

Proof. The proof is straightforward by applying Noether’s
theorem to the Hamiltonian (18). We aim to show that our
Hamiltonian (18) is invariant under the canonical transfor-
mation below, and that its generator is given by GF . Let us
consider the canonical transformation

x′i = xi + ∇h∗
i (yi ) − xi∗, y′i = yi, (D5)

for all i ∈ N . Under this transformation, the FTRL Hamilto-
nian is invariant as

HFTRL(x′, y′) − HFTRL(x, y)

=
∑
i, j

〈∇h∗
j (y

j ),U ( ji)∇h∗
i (yi ) − U ( ji)xi∗〉

= −
∑

j

〈
∇h∗

j (y
j ),

∑
i

U ( ji)xi∗
〉

= −
∑

j

λ j
∑

a

∇h∗
j (y

j )a

= −C
∑

j

λ j = 0. (D6)

From the first line to the second, we used the zero-sum prop-
erty of the game. From the second line to the third, we apply
the property of the Nash equilibrium [Eq. (A20)]. Finally, we
used the assumption that the elements of ∇h∗

j (y
j ) sum to a

constant, and again Eq. (A20). A generator of this canonical
transformation, g ∈ C∞(M�−1 ), satisfies the following for all
i ∈ N and for all a ∈ Ai,{

xi
a, g

}
P = ∂g(x, y)

∂yi
a

= ∂h∗
i (yi )

∂yi
a

− xi∗
a , (D7)

{
yi

a, g
}

P = −∂g(x, y)

∂xi
a

= 0. (D8)

Thus, integrating these equations, we obtain the generator of
this canonical transformation,

g(x, y) =
∑
i∈N

(h∗
i (yi ) − 〈yi, xi∗〉) + const. (D9)

Since
∑

i hi(xi∗) is a constant, it follows that the Fenchel cou-
pling GF is the conserved quantity generating the symmetry
[Eq. (D5)] of the FTRL Hamiltonian. �

3. Proof of Proposition 3

(1) We show that the FTRL Hamiltonian (18) is invari-
ant under the canonical transformation below, and that its

generator is given by GK . Let us consider the canonical trans-
formation

x′i = Rix
i, y′i = Riy

i, (D10)

for all i ∈ N . Under this transformation, the FTRL Hamilto-
nian is invariant:

HFTRL(x′, y′) =
∑
i, j

〈∇h∗
j (y

′ j ),U ( ji)x′i〉

=
∑
i, j

〈Rj∇h∗
j (y

j ),U ( ji)Rix
i〉

=
∑
i, j

〈∇h∗
j (y

j ), R�
j U ( ji)Rix

i〉

= HFTRL(x, y). (D11)

From the first line to the second, we used the equivariance
assumption for ∇h∗

j (y
j ). From the third line to the fourth, we

used the facts that R�
j = R−1

j and rotation matrices and the
payoff matrices commute. Since Ri ∈ SO(|Ai|) are rotation
matrices, there exist skew-symmetric matrices Ki ∈ so(|Ai|)
such that Ri = eεKi and K�

i = −Ki. So, a generator of this
canonical transformation, g ∈ C∞(M�−1 ), satisfies{

xi
a, g

}
P = ∂g(x, y)

∂yi
a

=
∑

b

(Ki )abxi
b, (D12)

{
yi

a, g
}

P = −∂g(x, y)

∂xi
a

=
∑

b

(Ki )abyi
b. (D13)

Integrating these equations, we obtain the generator of this
canonical transformation,

g(x, y) = −
∑
i∈N

〈xi, Kiy
i〉 + const. (D14)

From Noether’s theorem, it follows that the function GK is the
conserved quantity in the Hamiltonian system of HFTRL.

(2) Similarly to the first statement, we can show the
FTRL Hamiltonian (18) is invariant under the canonical
transformation,

x′ = Rx, y′ = Ry, (D15)

where R ∈ SO(n) acts on the index of N and rotates the
whole spaces R

∑
i |Ai|

�0 and R
∑

i |Ai| for x and y, respectively.
Using the notation 〈〈α, β〉〉 := ∑

i∈N 〈αi, β i〉, we have

HFTRL(x′, y′) = 〈〈∇h∗(y′),Ux′〉〉
= 〈〈R∇h∗(y),URx〉〉
= 〈〈∇h∗(y),R−1URx〉〉
= HFTRL(x, y). (D16)

Thus, with R = eε
, 
� = −
, we find from Noether’s
theorem that the function G
 is the conserved quantity in the
Hamiltonian system of HFTRL:

G
(x, y) = 〈〈x,
y〉〉 =
∑

i, j∈N

i j〈xi, y j〉. (D17)

�
As mentioned in the main text, these two conservation

laws correspond to the conservation of the total “angular
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momentum” of each agent and the total angular momentum
of the system, respectively. To see this more explicitly, one
can consider the cases of |Ai| = 3 and/or n = 3;

Ki, 
 = La, (D18)

where La is either of the standard basis vectors of so(3):

L1 =
⎛
⎝0 0 0

0 0 1
0 −1 0

⎞
⎠, L2 =

⎛
⎝0 0 −1

0 0 0
1 0 0

⎞
⎠,

L3 =
⎛
⎝ 0 1 0

−1 0 0
0 0 0

⎞
⎠. (D19)

Then, these “angular momentum” conservation laws show
that the following quantities are conserved:

GK (x, y) =
∑
i∈N

〈xi, Layi〉 =
∑
i∈N

(xi × yi )a, (D20)

G
(x, y) = 〈〈x, Lay〉〉 =: 〈〈x × y〉〉a, (D21)

where × is the three-dimensional exterior product.
One can indeed find an angular-momentum-like conserved

quantity in the FTRL dynamics of the two-player Rock-Paper-
Scissors game with the Euclidean regularizer. The two-player
Rock-Paper-Scissors game has N = {1, 2}, Ai = {R, P, S} 

{1, 2, 3}, and the payoff matrices are given by

U (12) = U (21) =
⎛
⎝ 0 −1 1

1 0 −1
−1 1 0

⎞
⎠. (D22)

In this case, the symmetry transformation is given by the
following rotation matrices:

Ri = eεK , K = L1 + L2 + L3 =
⎛
⎝ 0 1 −1

−1 0 1
1 −1 0

⎞
⎠,

(D23)

which represent rotations around the 1 = (1, 1, 1)� axis,
that is,

Ri1 = 1, K1 = 0, 1�K = 0. (D24)

To see that this is a symmetry, we can check that these
rotation matrices commute with the payoff matrices, since
U (i j) = −K :

U (i j)Rj = RiU
(i j). (D25)

In addition, the equivariance condition is also satisfied. A
point is that for the Euclidean regularizer we have

∇h∗
i (yi ) = yi − 1

3 1(〈1, yi〉 − 1)

= Piy
i + 1

3 1, (D26)

where Pi = I3 − 1
3 11� are the projection matrices and com-

mute with the rotation matrices, PiRi = RiPi. In this form,
we can readily see the equivariance condition with the

aforementioned properties for the rotation matrices as

Ri∇h∗
i (yi ) = RiPiy

i + 1
3 Ri1

= PiRiy
i + 1

3 1

= ∇h∗
i (Riy

i ). (D27)

Thus, the FTRL Hamiltonian is invariant under this symmetry
transformation, and the conserved quantity is given by

GK (x, y) =
∑
i=1,2

〈xi, Kyi〉

=
∑
i=1,2

(
xi

1

(
yi

2 − yi
3

) + xi
2

(
yi

3 − yi
1

) + xi
3

(
yi

1 − yi
2

))
.

(D28)

We also have the other angular-momentum-like conserved
quantity in the FTRL dynamics of the two-player Matching
Pennies game with the Euclidean regularizer. This game has
N = {1, 2}, Ai = {H, T} 
 {1, 2}, and the payoff matrices are
given by

U (12) = −U (21) =
(

1 −1
−1 1

)
. (D29)

One finds that this is the case of

U = � ⊗ S, � =
(

0 1
−1 0

)
, S =

(
1 −1

−1 1

)
.

(D30)

We then have the following rotation matrix as a symmetry
transformation:

R = eε�, � =
(

0 1
−1 0

)
. (D31)

Thus, the FTRL Hamiltonian is invariant under this symmetry
transformation, and the conserved quantity is given by

G
(x, y) = 〈〈x, �y〉〉, (D32)

=
∑

i, j=1,2

σi j〈xi, y j〉, (D33)

= 〈x1, y2〉 − 〈x2, y1〉. (D34)

4. Proof of Theorem 2

Proof. From the relations (42), the learning dynamics is
found to satisfy xi(t ) = ∇h∗

i (yi(t )). Therefore, it suffices to
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show that the Fenchel coupling GF is monotonically decreasing under the modified FTRL dynamics given by Eqs. (41) and (15)
together with Eq. (43).

d

dt
GF (x(t ), y(t )) =

∑
i∈N

〈
dyi(t )

dt
,∇h∗

i (yi(t )) − xi∗
〉

=
∑
i, j

〈U (i j)x j (t ), xi(t ) − xi∗〉 + α
∑

i

〈gi(x(t ), y(t )), xi(t ) − xi∗〉. (D35)

Note that x(t ) and y(t ) here are the solutions to Eq. (41). Using the assumptions, we know that the first term vanishes:∑
i, j

〈U (i j)x j (t ), xi(t ) − xi∗〉 =
∑
i, j

〈x j (t ),U ( ji)xi∗〉 =
∑

j

λ j
∑

a

x j
a(t ) = 0, (D36)

where we used the zero-sum property of the game in the first line, and the property of the Nash equilibrium [Eq. (A20)] in the
last. This is nothing but the consequence of Proposition 2. Then, the time evolution of the Fenchel coupling reads as follows:

d

dt
GF (x(t ), y(t )) = α

∑
i∈N

〈gi(x(t ), y(t )), xi(t ) − xi∗〉

= α
∑
i, j

〈
U (i j)Hess(h∗

j (y
j (t )))

∑
k∈N

U ( jk)xk (t ), xi(t ) − xi∗
〉

= −α
∑

j

〈
Hess(h∗

j (y
j (t )))

∑
k

U ( jk)xk,
∑

i

U ( ji)(xi(t ) − xi∗)

〉

= −α
∑

j

〈
Hess(h∗

j (y
j (t )))

∑
k

U ( jk)
(
xk (t ) − xk∗),∑

i

U ( ji)
(
xi(t ) − xi∗)〉

� 0, (D37)

since α � 0 and the Hessian of the dual regularizer h∗ is positive definite. The equality is attained when x(t ) = x∗ or α = 0, which
reduces to the ordinary FTRL dynamics. From the second line to the third, we used the zero-sum property, (U (i j) )� = −U ( ji).
From the third line to the fourth, we apply the assumptions and use the fact that

∑
j

〈
Hess(h∗

j (y
j (t )))

∑
k

U ( jk)xk∗,
∑

i

U ( ji)(xi(t ) − xi∗)

〉
=

∑
j

〈
Hess(h∗

j (y
j (t )))λ j1,

∑
i

U ( ji)(xi(t ) − xi∗)

〉

=
∑

j

λ j

〈
∇y j

(∑
a

∇y j h∗
j (y

j (t ))a

)
,
∑

i

U ( ji)
(
xi(t ) − xi∗)〉

= 0. (D38)

�

APPENDIX E: CONTINUOUS FTRL ALGORITHMS
AND PERTURBATIVE EXPANSION

We derive the discrete-to-continuum limit of the last-iterate
convergent FTRL algorithms known in the literature. We also
demonstrate interesting perturbative expansions thereof and
show the proof of Proposition 4 along the way.

First, let us describe the setup for the discrete FTRL
dynamics. Let I = [0, T ] be the time interval and L =
{0, ε, 2ε, . . . , Nε = T } be a discrete lattice of I with the step
size ε;

L ↪→ I ↪→ R. (E1)

The step size ε is by definition scaled in terms of the num-
ber of lattice points as T/N for the fixed T . We denote the
discrete learning dynamics by hatted variables such as φ̂ :
L → X Ni or R|Ai|. We assume that there exists a continuous
learning dynamics φ, to which φ̂ converges at large N (ε → 0
limit) in an appropriate sense.

1. Optimistic FTRL

The optimistic FTRL algorithm [18–22] is defined by the
following update rule [60]:

x̂i(t ) = ∇h∗
i (yi ) |yi=ŷi (t ),

ŷi(t + ε) = ŷi(t ) + ε
∑
j∈N

U (i j)x̂ j (t )

+ α
∑
j∈N

U (i j)(x̂ j (t ) − x̂ j (t − ε)), (E2)

where we assume α ∈ R�0. By taking the step size ε → 0
while keeping the combination Nε = T , i.e., nε = t , we ob-
tain the CO FTRL dynamics,

xi(t ) = ∇h∗
i (yi ) |yi=yi (t ),

dyi(t )

dt
=

∑
j∈N

U (i j)x j (t ) + α
∑
j∈N

U (i j) dx j (t )

dt
.

(E3)
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For α � 1 [61], we consider the perturbative expansion of
yi(t ) in powers of α,

yi(t ) =
∞∑

n=0

αnyi
(n)(t ), (E4)

while xi(t ) are kept untouched. Substituting this expression
into the CO FTRL dynamics [Eq. (E3)], we obtain (assuming
the termwise differentiability)

xi(t ) = ∇h∗
i (yi(t )), (E5)

dyi(t )

dt
=

∞∑
n=0

αn
dyi

(n)(t )

dt

=
∞∑

n=0

αnU (i j1 )Hj1U
( j1 j2 ) · · · HjnU

( jn jn+1 )x jn+1 (t ), (E6)

where Hjl := Hess(h∗
jl (y

jl )) and the repeated indices are
summed over all possible values. At order α1, we have

xi(t ) = ∇h∗
i (yi(t )),

dyi(t )

dt



∑
j∈N

U (i j)x j (t )

+ α
∑

j,k

U (i j)Hess(h∗
j (y

j (t )))U ( jk)xk (t ), (E7)

which is equivalent to our DFTRL algorithm [Eq. (46)]. This
proves half of Proposition 4.

2. Extra-gradient FTRL

The extra-gradient FTRL algorithm [18,23–25] is defined
through

x̂i(t ) = ∇h∗
i (yi ) |yi=ŷi (t ),

ŷi(t + ε) = ŷi(t ) + ε
∑
j∈N

U (i j)∇h∗
j (y

j )

∣∣∣∣
y j=ŷ j (t )+α

∑
k U ( jk) x̂k (t )

.

(E8)

In the literature, this update rule is often expressed using
auxiliary variables b̂i and ĉi as follows:

x̂i(t ) = ∇h∗
i (yi ) |yi=ŷi (t ), (E9)

b̂i(t ) = ŷi(t ) + α
∑
j∈N

U (i j)x̂ j (t ), (E10)

ĉi(t ) = ∇h∗
i (yi ) |yi=b̂i (t ), (E11)

ŷi(t + ε) = ŷi(t ) + ε
∑
j∈N

U (i j)ĉ j (t ). (E12)

By eliminating the auxiliary variables b̂i and ĉi, one finds that
these equations reduce to the aforementioned extra-gradient
FTRL update rule [Eq. (E8)]. In the above four equations, the
second and fourth equations imply that during one time step ε

from ŷi(t ) to ŷi(t + ε), it acquires an “extra gradient” due to
the additional term proportional to α:

α
∑
j∈N

U (i j)x̂ j (t ). (E13)

Now, by taking the step size ε → 0, we derive the CEG
FTRL dynamics from Eq. (E8),

xi(t ) = ∇h∗
i (yi ) |yi=yi (t ),

dyi(t )

dt
=

∑
j∈N

U (i j)∇h∗
j (y

j )

∣∣∣∣
y j=y j (t )+α

∑
k U ( jk)xk (t )

.
(E14)

For α � 1, we again consider the perturbative expansion of
yi(t ) in powers of α. It should be noted that for a multivariable
function f , its Taylor expansion is given by

f (x + c) =
∞∑

n=0

1

n!

∑
a1,...,an

(
∂n

∂xa1 · · · ∂xan

f (x)

)
ca1 · · · can .

(E15)

Then, we find that

dyi
a(t )

dt
=

∑
j

∑
a′

U (i j)
aa′

∞∑
n=0

1

n!

×
∑

a1,...,an

(
∂n+1

∂y j
a1 · · · ∂y j

an∂y j
a′

h∗
j (y

j (t ))

)

×
(

α
∑

k

U ( jk)xk (t )

)
a1

· · ·
(

α
∑

k

U ( jk)xk (t )

)
an

.

(E16)

Thus, at order α1, the CEG FTRL dynamics [Eq. (E14)] be-
comes

xi(t ) = ∇h∗
i (yi(t )),

dyi(t )

dt



∑
j∈N

U (i j)∇h∗
j (y

j (t ))

+ α
∑

j,k

U (i j)Hess(h∗
j (y

j (t )))U ( jk)xk (t ), (E17)

which is equivalent to our DFTRL algorithm [Eq. (46)]. This
proves the other half of Proposition 4.

3. Negative-momentum FTRL

The negative-momentum FTRL algorithm [26–30] is de-
fined by the following update rule:

x̂i(t ) = ∇h∗
i (yi ) |yi=ŷi (t ),

ŷi(t + ε) = ŷi(t ) + ε
∑
j∈N

U (i j)x̂ j (t ) − α(ŷi(t ) − ŷi(t − ε)).

(E18)

By taking the step size ε → 0, we obtain the continuous
negative-momentum FTRL dynamics,

xi(t ) = ∇h∗
i (yi ) |yi=yi (t ),

dyi(t )

dt
= (1 + α)−1

∑
j∈N

U (i j)x j (t ). (E19)

This dynamics is essentially the same as the ordinary FTRL
dynamics, since an overall constant to yi does not affect the
qualitative behavior of the dynamics. In fact, one can readily
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confirm that the Fenchel coupling GF is conserved under
Eq. (E19):

d

dt
GF (x(t ), y(t )) =

∑
i∈N

〈
dyi(t )

dt
,∇h∗

i (yi(t )) − xi∗
〉

= (1 + α)−1
∑
i, j

〈U (i j)x j (t ), xi(t ) − xi∗〉

= 0, (E20)

where in the last step we used the fact given in Eq. (D36).
Thus, the solution to Eq. (E19) does not converge in general,
regardless of the value of α. As this example demonstrates,
it is generically nontrivial whether the continuum limit of
a discrete convergent dynamics turns out to be convergent
again, and vice versa.

APPENDIX F: ADDITIONAL RESULTS

1. Extra conservation laws in the FTRL Hamiltonian system

We provide two extra conservation laws in the FTRL
Hamiltonian system. These two represent the conservation
laws under the translation symmetry and the dilation symme-
try of the FTRL Hamiltonian, respectively. In this subsection,
we always have in mind that we have a game �−1 with the
Hamiltonian (18).

Proposition F1. If there exist ci ∈ R|Ai|, i ∈ N , such that∑
i∈N

U ( ji)ci = 0, (F1)

for all j ∈ N , then the following function is a conserved
quantity of the Hamiltonian system:

GC (x, y) =
∑
i∈N

〈ci, yi〉. (F2)

Proof. The FTRL Hamiltonian (18) is invariant under the
canonical transformation,

x′i = xi + εci, y′i = yi, (F3)

for all i ∈ N :

HFTRL(x′, y′) − HFTRL(x, y) = ε
∑

j

〈
∇h∗

j (y
j ),

∑
i

U ( ji)ci

〉

= 0.

(F4)

A generator g ∈ C∞(M�−1 ) of this canonical transformation
satisfies

{
xi

a, g
}

P = ∂g(x, y)

∂yi
a

= ci
a, (F5){

yi
a, g

}
P = −∂g(x, y)

∂xi
a

= 0. (F6)

We thus obtain g(x, y) = ∑
i∈N 〈ci, yi〉 + const. By Noether’s

theorem, the function g is conserved in the FTRL Hamiltonian
system, implying that GC is conserved. �

When ci = 1, this proposition shows the conservation of
the total cumulative payoff, which is quite reasonable for zero-
sum games.

Proposition F2. If the regularizers satisfy the “homogene-
ity” condition,

Hess(h∗
i (yi ))yi = ∇h∗

i (yi ), (F7)

for all i and yi, then the following function is a conserved
quantity of the FTRL Hamiltonian system:

GD(x, y) =
∑
i∈N

〈xi, yi〉. (F8)

Proof. Under the assumption, the FTRL Hamiltonian (18)
has the dilation symmetry; namely, it is invariant under the
canonical transformation,

x′i = xi + εxi, y′i = yi − εyi, (F9)

for all i ∈ N :

HFTRL(x′, y′) − HFTRL(x, y)

=
∑
i, j

[〈∇h∗
j (y

j ),U ( ji)εxi〉

+ 〈Hess(h∗
j (y

j ))(−εyi ),U ( ji)xi〉]
= ε

∑
i, j

〈∇h∗
j (y

j ) − Hess(h∗
j (y

j ))yi,U ( ji)xi〉

= 0. (F10)

A generator g ∈ C∞(M�−1 ) of this canonical transformation
satisfies {

xi
a, g

}
P = ∂g(x, y)

∂yi
a

= xi
a, (F11)

{
yi

a, g
}

P = −∂g(x, y)

∂xi
a

= −yi
a. (F12)

We thus obtain g(x, y) = ∑
i∈N 〈xi, yi〉 + const. By Noether’s

theorem, the function g is conserved in the FTRL Hamiltonian
system, implying that GD is conserved. �

2. A generalization of DFTRL

By extending the argument in the proof of Theorem 2, i.e.,
Appendix D 4, we identify a potential generalization of the
DFTRL algorithm.

Proposition F3. For m ∈ Z�0, the DFTRL algorithm
(Theorem 2) can be generalized to the (4m + 1)-power per-
turbations:

gi(x, y) = U (i�)(HU )4m+1x�

:= U (i j1 )Hj1U
( j1 j2 ) · · · Hj4m+1U

( j4m+1 j4m+2 )x j4m+2 ,

(F13)

where Hjl := Hess(h∗
jl (y

jl )) and the repeated indices are
summed over all possible values.

Proof. The proof follows straightforwardly by expanding
the argument in the proof of Theorem 2. Under the modified
FTRL dynamics [Eqs. (15) and (41)] together with Eq. (F13),
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FTRL (α = 0)
DFTRL (α = 0.05)
DFTRL (α = 0.15)

FIG. 3. Two-player weighted Rock-Paper-Scissors. (a) FTRL (α = 0); (b) DFTRL (α = 0.05); (c) DFTRL (α = 0.15), and (d) Fenchel
coupling GF .

the time evolution of the Fenchel coupling reads as

d

dt
GF (x(t ), y(t ))

= α
∑
i∈N

〈gi(x(t ), y(t )), xi(t ) − xi∗〉

= α〈U (i j1 )Hj1U
( j1 j2 ) · · · Hj4m+1

× U ( j4m+1 j4m+2 )x j4m+2 (t ), xi(t ) − xi∗〉. (F14)

It is understood that the repeated indices are summed over
all possible values. By moving the 2m + 1 payoff matrices
U (i j1 ), . . . ,U ( j2m j2m+1 ) to the opposite side in the inner product,
along with the 2m Hessians, we have

d

dt
GF (x(t ), y(t )) = − α〈Hj2m+1 (UH )2mU (� j)(x j (t ) − x j∗),

× (UH )2mU (�i)(xi(t ) − xi∗)〉. (F15)

The overall minus sign arises from the zero-sum property of
the 2m + 1 payoff matrices. The following abbreviations are
introduced:

(UH )2mU (� j) =U ( j2m+1 j2m+2 )Hj2m+2 · · ·U ( j4m j4m+1 )Hj4m+1U
( j4m+1 j),

(F16)

(UH )2mU (�i) = U ( j2m+1 j2m )Hj2m · · ·U ( j2 j1 )Hj1U
( j1i). (F17)

Since the repeated indices are summed over and hence act
as the dummies, one finds that the vectors on both sides
of the Hessian Hj2m+1 are the same. Thus, from the positive

definiteness of the Hessian, we obtain

d

dt
GF (x(t ), y(t )) � 0. (F18)

The equality is attained when x(t ) = x∗ or α = 0, for which
the system reduces to the ordinary FTRL dynamics.

This generalized DFTRL algorithm reduces to Theorem 2
when m = 0. As discussed in the main text, the Hamiltonian
(18) admits a one-parameter deformation of the dynamics that
preserves the Hamiltonian. As an example, we examined the
damping of the Fenchel coupling, for which Eq. (43) was
designed. While we have not yet been able to demonstrate
its uniqueness, it is likely that any one-parameter deformation
without derivative terms that damps the Fenchel coupling
while conserving the Hamiltonian (18) will, up to a constant,
be equivalent to Eq. (F13). The generalized perturbation (F13)
might have additional nice properties for learning in games,
such as an improvement in the convergence rate. However, we
do not discuss these aspects here and leave them for future
work.

APPENDIX G: EXPERIMENTAL DETAILS
AND ADDITIONAL SIMULATIONS

In Sec. IV, we numerically solve the FTRL/DFTRL dy-
namics for the well-known examples. Beyond the typical
setups for experimental simulations given in the main text,
we provide two additional examples to validate our theoretical
results. To this end, we begin with more detailed descriptions
of the experimental setups.

FIG. 4. Three-player Matching Pennies. (a) FTRL (α = 0), (b) DFTRL (α = 0.05), and (c) DFTRL (α = 0.1).
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Let us examine the two-player weighted Rock-Paper-
Scissors game, where N = {1, 2} and Ai = {R, P, S} 

{1, 2, 3} [62]. This game is characterized by the payoff ma-
trices,

U (12) = U (21) =
⎛
⎝ 0 −a b

a 0 −c
−b c 0

⎞
⎠, (G1)

where a, b, c ∈ R. In this game, the Nash equilibrium is ex-
plicitly given by

xi∗ =
(

c

a + b + c
,

b

a + b + c
,

a

a + b + c

)
, i = 1, 2.

(G2)

In addition to these data, a choice of regularizer functions
defines the dynamical system [Eq. (41)]. Given initial condi-
tions x1(0) and x2(0), the dynamical system with the relations
[(42) and (43)] generates the solution. In Sec. IV, we take
a = b = c = 1, the entropic regularizer h∗

i (yi ) = lse(yi ), and
the initial conditions x1(0) = x2(0) = (0.1, 0.1, 0.8), which
result in Fig. 2. We now consider the case of a = 1, b = 2,
c = 3, and the initial conditions x1(0) = (0.1, 0.1, 0.8) and
x2(0) = (0.2, 0.6, 0.2), where the entropic regularizer is kept.
Figure 3 depicts the results. As one can see, the solution
trajectory for α = 0 (FTRL) exhibits nonconvergent behavior,
and its Fenchel coupling is conserved over time. Our DFTRL

algorithm yields convergent dynamics and we see that the
larger perturbation coefficient α promotes the faster conver-
gence, as expected.

We also consider the three-player Matching Pennies, with
different regularizer functions. This game is characterized by
N = {1, 2, 3} and Ai = {H, T} 
 {1, 2}. We set the payoff
matrices as

U (12) = U (23) = U (31) =
(

a −1
−1 a

)
, U (i j) = −(U ( ji) )�,

(G3)

where a ∈ R. In this game, we have a continuum of Nash
equilibria distributed along a straight line:

(x1∗, x2∗, x3∗) = ((p, 1 − p), (p, 1 − p), (p, 1 − p)), (G4)

where 0 � p � 1. Again, building on these data with a choice
of regularizer functions, we solve the dynamical system
[Eq. (41)] for a given initial condition. In Fig. 1, we take
a = 1, the entropic regularizer, and initial conditions chosen
at random. Here, we employ the Euclidean regularizer, while
the other setups are kept intact. The result is shown in Fig. 4.
Similarly to the previous example, we observe that the solu-
tion trajectories for α = 0 (FTRL) exhibit cyclic behavior, and
that the DFTRL dynamics for larger α converges faster to the
Nash equilibrium.
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