
PHYSICAL REVIEW RESEARCH 8, 023104 (2026)

Quantized non-Abelian helicity of flat bands in 2D Floquet topological photonic insulators
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Flat-band states in topological systems provide a unique platform for investigating strongly correlated phe-
nomena and many-body physics. However, in two-dimensional (2D) static tight-binding systems, perfectly flat
bands can only exist in the topologically trivial phase, as characterized by a zero Chern number. Here, we show
that by introducing periodic driving into a 2D photonic Lieb lattice composed of coupled microring resonators,
the resulting Floquet topological insulator can host perfectly flat bands with nontrivial topology. In particular,
by tracking the evolution of the flat-band modes over each cycle, we show that the non-Abelian displacements
of the flat-band modes are characterized by a nontrivial quantized helicity even though the quasienergy bands
have zero Chern number. The helical motion of the flat-band modes can be described by a braiding of the
world lines of their trajectories, with a nontrivial winding number directly connected to the helicity. We also
propose a scheme to experimentally measure the quantized non-Abelian helicity in a microring lattice subject to
a synthetic magnetic field. These results suggest that Floquet topological photonic insulators based on coupled
microring resonators can provide a versatile platform for investigating non-Abelian topological physics and
strongly correlated phenomena in photonic flat-band systems.

DOI: 10.1103/3flt-3gv6

I. INTRODUCTION

Topological insulators exhibit many unique properties that
have attracted much recent interest, both for investigating
fundamental topological physics and for exploring poten-
tial applications in quantum information. Among the many
novel manifestations of topological insulators are systems
with non-Abelian gauge structures, which typically arise in
quantum systems possessing degenerate eigenstate subspaces.
The evolution of these systems can be described by braid
structures, which exhibit anyonic statistics and are the corner-
stone of holonomic quantum computing. Motivated by this,
various models and systems exhibiting non-Abelian topolog-
ical behavior have been proposed and investigated, including
cold atoms [1–3], exciton polariton systems [4,5], photonics
[6–12], and electrical and superconducting circuits [13,14].
Among these, photonics represents a particular promising
platform owing to the flexibility in designing photonic lat-
tices to emulate a specific Hamiltonian. Non-Abelian photonic
systems have been experimentally demonstrated using cou-
pled waveguide arrays [10,15,16], microring lattices [11], and
fiber optics [9,12]. For example, non-Abelian gauge structure
in a coupled waveguide system has been shown to gener-
ate different geometric phases for different permutations of
the coupling sequence [10]. Non-Abelian braiding has also
been measured in topological photonic Majorana zero mode
lattices [15]. One-dimensional coupled waveguide arrays sup-
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porting degenerate flat bands have been shown to exhibit
different light paths for different non-Abelian Thouless pump-
ing sequences [16,17]. Non-Abelian behaviors have also been
demonstrated in two-dimensional (2D) photonic lattices with
synthetic dimensions using ring resonators [11,12].

A common feature of these non-Abelian photonic sys-
tems is that their behavior is described by an adiabatic
evolution process that takes place in a degenerate eigen-
state subspace characterized by matrix-valued connections.
Non-Abelian behavior can also arise in Floquet topological
photonic insulators with nonadiabatic periodic driving even
though the quasienergy bands are nondegenerate. The nona-
diabatic driving causes the bands to mix so that the evolution
of the system must take into account the micromotions of all
the Floquet states. An example of such a system that has been
experimentally demonstrated [18] is a Floquet insulator based
on a 2D coupled microring lattice, in which the unidirectional
circulation of light in each microring emulates a timelike
dimension. The lattice effectively behaves as a periodically
driven system, which has been shown to exhibit topological
behaviors not observed in static or adiabatic driving systems,
such as the anomalous Floquet insulator phase [18]. When
arranged in a 2D Lieb configuration, the resulting Floquet
Lieb insulator (FLI) hosts a symmetry-protected flat band at
zero quasienergy, with two dispersive bulk bands that also
become flattened under perfect coupling condition [19]. Such
an all-bands-flat (ABF) system can provide an interesting
platform for investigating strongly correlated phenomena such
as Anderson localization [20,21], quantum caging [22], and
the fractional quantum Hall effect [23,24]. However, the flat
bands of the FLI lattice have trivial Chern number, even
though they are embedded in band gaps with nontrivial wind-
ing numbers. On the other hand, it has been shown that in a 2D
static system with finite hopping range, a perfectly flat band
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FIG. 1. (a) Schematic of the Floquet-Lieb insulator realized using coupled microring resonators. The dashed red lines indicate a unit cell
consisting of three microrings A, B, and C. The arrows in the rings show light circulating around each ring and coupling to neighbor resonators.
(b) Coupling sequence of the FLI lattice with each dot representing a site microring waveguide. (c) Quasienergy band diagram of the FLI with
coupling angle θ = 0.45π . The Chern numbers (C) of the bands and winding numbers (W ) of the band gaps are also shown. (d) Quasienergy
spectrum of the FLI (blue color) projected over all (kx, ky ) values vs the coupling angle. Gray regions indicate trivial band gaps with winding
number W = 0; white regions indicate nontrivial band gaps with W = 1.

must have zero Chern number [25]. This raises the question
whether flat bands in a periodically driven 2D system can be
classified by a nontrivial topological invariant.

In this paper, we investigate the topological properties of
the flat-band modes in a 2D Floquet microring lattice by
tracking the non-Abelian evolution of the modes over each
cycle. We show that while the Wannier centers of the flat-band
modes exhibit zero displacement, the non-Abelian displace-
ments are nontrivial, exhibiting helical micromotions that are
characterized by a nontrivial quantized helicity. This quan-
tized non-Abelian helicity is topological in origin and can
be used to classify perfectly flat bands in Floquet systems.
We note that while 2D Floquet systems can be classified
by a winding number associated with each band gap [26],
the helicity defined here is an invariant of the localized bulk
states. A related topological invariant, called the magnetiza-
tion density, has also been derived for localized Floquet states
in a fermionic system subject to a magnetic field [27]. In our
photonic lattice, however, there is no magnetic field; instead,
the helicity arises solely from the non-Abelian displacements
of the Floquet modes. We also propose a scheme to experi-
mentally measure the quantized helicity of a microring lattice
with all flat bands. Finally, we show that the evolution of the
flat-band modes in real space can be represented by world
lines whose braiding structure is characterized by a nontrivial
winding number that is connected to the non-Abelian helicity.
Our results suggest that Floquet topological insulators based
on microring lattices could serve as a versatile platform for
investigating non-Abelian physics and phenomena associated
with nontrivial topological flat bands.

II. FLOQUET-LIEB MICRORING LATTICE

We consider a Floquet-Lieb insulator constructed using a
2D depleted square lattice of coupled microring resonators,

as shown in Fig. 1(a). Each unit cell consists of three mi-
crorings, labeled A, B, and C, with identical resonance
frequencies. We define a unit cell as shown by the dashed
lines in Fig. 1(a). This choice of unit cell leads to sim-
ple Floquet modes contained in a single cell in the perfect
coupling limit. Each microring is evanescently coupled to
its neighbors with identical coupling strength denoted by a
coupling angle θ , which corresponds to power coupling co-
efficient κ2 = sin2 θ . We neglect backscattering so that each
microring supports only a single mode of propagation, either
clockwise or counterclockwise. As light circulates around
each ring, it couples periodically to neighbor resonators so
that the FLI can be regarded as a periodically driven sys-
tem of dimension (2 + 1)D. Here, the coordinate z along
each microring waveguide takes the role of time and the
driving period is equal to the microring circumference L.
Over each period, the propagation of light can be decom-
posed into four coupling steps, as shown in Fig. 1(b). Using
waveguide coupled mode theory, we can describe the evolu-
tion of light in each unit cell in terms of a Schrodinger-like
equation [28]

−i
∂

∂z
|ψ (k, z)〉 = [βI + HFB(k, z)]|ψ (k, z)〉, (1)

where β is the propagation constant of the microring waveg-
uides, I is the 3 × 3 identity matrix, k = (kx, ky) is the crystal
momentum, and |ψ (k, z)〉 = [ψA, ψB, ψC]T is the wave func-
tion representing the fields in the three microrings in a unit
cell. The Floquet-Bloch Hamiltonian HFB describes a periodic
sequence of four coupling steps, HFB(k, z) = H1 → H2 →
H3 → H4. The Hamiltonian Hj in step j is independent of z
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and is given by

Hj (k) =
⎡
⎣ 0 kceikx eis j ky 0

kce−ikx e−is j ky 0 0
0 0 0

⎤
⎦, j = 1, 3,

Hj (k) =
⎡
⎣0 0 0

0 0 kce−is j kx e−iky

0 kceis j kx eiky 0

⎤
⎦, j = 2, 4 ,

(2)

where kc = 4θ/L is the coupling strength per unit length,
s j = 0 for j = 1, 4, and s j = 1 for j = 2, 3. The evolution op-
erator of the system is given by U (k, z) = eiβzPei

∫ z
0 HFB (k,z′ )dz′

,
where P is the path-ordering operator that accounts for the
order of the coupling steps. Since the Hamiltonian HFB is
constant in each step, we can define the evolution operator for
coupling step j as U j (k, z) = eiHj (z−z j ), where z j = z − ( j −
1)L/4 marks the start of step j. Over one period, the system
evolution is captured stroboscopically by the Floquet oper-
ator UF(k) = eiβLUC(k), where UC is the effective coupling
matrix,

UC(k) = U4(k, L/4)U3(k, L/4)U2(k, L/4)U1(k, L/4). (3)

Since a field |ψ (k, z)〉 must return to itself after completing
each round trip in the microrings, it satisfies the peri-
odic boundary condition |ψ (k, z + L)〉 = UF(k)|ψ (k, z)〉 =
e2imπ |ψ (k, z)〉, m ∈ Z . From this condition, we obtain the
eigenvalue equation for the Floquet-Bloch (FB) modes
|�n(k)〉

UC(k)|�n(k)〉 = eiεn (k)L|�n(k)〉, (4)

where εn = 2mπ/L − βn(k) is the nth quasienergy band.
Over the first Floquet-Brillouin zone, ε ∈ [−π/L, π/L],
which corresponds to one microring’s free spectral range
(FSR), the FLI has a flat band at zero quasienergy (ε0 = 0)
and two symmetric dispersive bulk bands ε±(k), as shown
in Fig. 1(c). Figure 1(d) shows the quasienergy spectrum,
projected over all kx, ky values, versus the coupling angle.
The Chern numbers of the bands and winding numbers of the
gaps are also shown in the plot. At the critical coupling angle
θc ∼ 0.36π [28], the two dispersive bands touch at the 
 point
(k = (0, 0)), which also marks a topological phase transition
where the winding number of the π gap changes abruptly from
0 for θ < θc to 1 for θ > θc, while the Chern numbers of the
dispersive bands change from ±1 to 0. The topological phase
in the region θ > θc is called anomalous Floquet insulator,
where the lattice has nontrivial winding numbers in the gaps
even though all the bands have zero Chern number. When θ =
π/2, which corresponds to 100% power coupling between
neighbor rings, the dispersive bands become flattened so that
the lattice has all flat bands at quasienergies εn = 0,±2π/3L
and all the bulk states are localized. This ABF lattice is of
particular interest since analytical expressions for the Floquet
states and associated topological invariants can be derived,
which are given in the Supplemental Material [29].

III. DISPLACEMENTS OF THE FLOQUET MODES

To characterize the dynamic behavior of the Floquet modes
in an FLI lattice, we investigate their micromotions by

tracking the displacements of their Wannier centers in real
space over each evolution period. Suppose the system starts
out in an initial state |ψ (k, 0)〉 at z = 0, which can be
expressed in the basis of the Floquet-Bloch modes as
|ψ (k, 0)〉 = ∑

n cn|�n(k)〉. The evolution of the state over
each period is given by

|ψ (k, z)〉 = U (k, z)|ψ (k, 0)〉 =
3∑

n=1

cn|�n(k, z)〉, (5)

where |�n(k, z)〉 = U (k, z)|�n(k)〉 are the z-evolved Floquet
modes. Using βn(k) = 2mπ/L − εn(k), we can express the
evolution operator U as

U (k, z) =
{∑

n

eiβnz|�n〉〈�n|
}

ei
∫ z

0 HFB (k,z′ )dz′

=
∑

n

ei(2mπ/L−εn )z|�n〉〈�n|UC (k, z), (6)

where UC = ei
∫ z

0 HFBdz′
is the coupling matrix. It can be verified

that the evolution operator is periodic, U (k, L) = U (k, 0) =
I . The z-evolved Floquet modes can then be computed from

|�n(k, z)〉 = e2imπz/Le−iHeff (k)zUC (k, z)|�n(k)〉, (7)

where Heff = ∑
n εn|�n〉〈�n| is the effective Hamiltonian of

the FLI.
The displacement of the Wannier center rc = [xc, yc]T of a

state |ψ〉 is given by [30]

rc(z) = 1

4π2

∫
BZ

〈ψ (k, z)|i∇k|ψ (k, z)〉d2k. (8)

Using the Floquet mode expansion in Eq.(5), we obtain the
instantaneous position of the Wannier center at a point z in the
evolution cycle as

rc(z) = 1

4π2

∫
BZ

c†Akcd2k

=
3∑

m=1

3∑
n=1

1

4π2

∫
BZ

c†
mcn[Ak]mnd2k, (9)

where c = [c1, c2, c3]T and Ak = (Akx , Aky ) are the non-
Abelian connection matrices with elements [31]

[Aν]mn = i〈�m(k, z)|∂ν�n(k, z)〉, ν ∈ {kx, ky}. (10)

Equation (9) gives the instantaneous non-Abelian displace-
ment of the Wannier center due to a nonadiabatic drive.

If the system starts out in a Floquet-Bloch mode,
|ψ (k, 0)〉 = |�n(k)〉, then c is just the standard basis vector
with cn = 1. In this case, the instantaneous displacement of
the Wannier center of the z-evolved Floquet mode |�n〉 is
obtained just from the Berry connections [Akx ]nn and [Aky ]nn,

rc,n(z) = 1

4π2

∫
BZ

[Ak]nnd2k. (11)

Using |�n〉 in Eq. (7) to calculate the Berry connections, we
obtain the trajectory of the center of Floquet mode n, which
can be expressed as rc,n(z) = rc,n(0) + 
rg,n(z) + 
rd,n(z),
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FIG. 2. (a) Initial displacements xc,n(0) = yc,n(0) of the Wannier center of Floquet mode |�n〉 vs the coupling angle θ . The sums of the
displacements in x and y are indicated by the 2D Zak phases �x and �y, respectively. Trajectories 
xc,n(z) (upper panel) and 
yc,n(z) (lower
panel) of the Wannier center vs z over one period for (b) flat-band mode (|�1〉) and (c) dispersive modes (|�2〉 and |�3〉) for various coupling
angles.

where

rc,n(0) = i

4π2

∫
BZ

〈�n|∇k|�n〉d2k,


rg,n(z) = i

4π2

∫
BZ

〈�n|U†
C∇kUC |�n〉d2k,


rd,n(z) = i

4π2

∫
BZ

〈�n|U†
C (eiHeff z∇ke−iHeff z )UC |�n〉d2k.

In the above expressions, rc,n(0) is the initial displacement,
while 
rg,n(z) and 
rd,n(z) can be regarded as the dis-
placements arising from the geometric and dynamic phases,
respectively.

Figure 2(a) shows the initial displacements xc,n(0), yc,n(0)
of the Floquet-Bloch mode |�n〉 as functions of the coupling
angle θ . The x and y displacements are equal for all three
modes (xc,n = yc,n), with the displacements of the two dis-
persive modes |�2〉 and |�3〉 also identical (rc,2 = rc,3). For
θ > θc, the Wannier centers of the modes remain localized in
the home unit cell around (0,0) but diverge outward as the
coupling angle decreases below θc, signifying distinct behav-
iors across the topological phase transition point at θc. The
2D Zak phases �x and �y [32], which are equal to the sums
of the displacements in x and y, respectively, are also seen
to become invariant for θ > θc (�x = ∑

n xc,n(0) = 0,�y =∑
n yc,n(0) = 0). As the Floquet mode |�n〉 evolves along z,

its Wannier center is displaced from the initial position by

rc,n(z) = rc,n(z) − rc,n(0). The trajectories 
rc,n(z) of the
Wannier centers of the flat-band mode and dispersive modes
are shown in Figs. 2(b) and 2(c), respectively, for several
coupling angles. For the ABF lattice (θ = 0.5π ), the Wannier
centers of all three modes exhibit zero displacement over each
evolution period, which confirms that the three localized flat-
band modes remain stationary over the entire cycle. However,
when θ < 0.5π , even the flat-band mode at zero quasienergy
(|�1〉) exhibits motion in x and y during the evolution period,
although it returns to its initial position after each cycle.
This is because the flat quasienergy spectrum only captures
the effective motion of the mode over each cycle and does
not reveal its micromotion during the evolution period. This
behavior is distinct from flat-band modes in static systems,

whose Wannier centers always remain stationary. The nonzero
displacement of the flat-band mode in the periodically driven
system also implies that mixing with dispersive bands occurs
during the evolution period.

For the flat-band modes in the ABF lattice, even though
their Wannier centers do not execute any motion in x or y,
these modes do exhibit helical twists about their centers as
they evolve along z, which can only be captured by taking
into account the non-Abelian nature of the displacement op-
erator. In the next section, we show that this helical motion is
characterized by a quantized non-Abelian helicity.

IV. QUANTIZED NON-ABELIAN HELICITY
OF THE FLOQUET MODES

The helicity of a magnetic field enclosed in a volume V is
defined as H = ∫

A · ∇ × AdV , where A(r) is the magnetic
vector potential [33]. Here, we generalize the helicity to the
case where the components of the potential are matrix-valued,

H = 1

4π2

∫ L

0
dz

∫
BZ

Tr{A · ∇k × A}d2k, (12)

where, for the FLI lattice, A(k, z) has components
(Akx , Aky , Az ). The connection matrices Aν , ν ∈ {kx, ky, z},
have elements [Aν]m,n = i〈�m|∂ν�n〉. In component form, Eq.
(12) can also be expressed as [29]

H = − 3

4π2

∫ L

0
dz

∫
BZ

Tr{Akx ∂zAky − Aky∂zAkx }d2k. (13)

By identifying Akx , Aky with the position operators, Akx ↔ x̃
and Aky ↔ ỹ, we can express the helicity as

H = − 3

4π2

∫ L

0
dz

∫
BZ

Tr{r̃ × ∂zr̃ · ẑ}d2k. (14)

The operator r̃ × ∂zr̃ describes the twisting of the field lines.
A similar operator (with z replaced by time t) has also been
used to calculate the orbital magnetization in a 2D Floquet
insulator [27].

Using the z-evolved Floquet modes in Eq. (7), we com-
puted the connection matrices Akx (k, z) and Aky (k, z), which
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FIG. 3. Helicity H of the Floquet modes of an FLI lattice as a
function of the coupling angle. The helicity contributions of the flat-
band mode (H1) and the two dispersive modes (H2 = H3) are also
shown.

are then used in Eq. (13) to obtain the helicity. Figure 3 shows
the computed helicity of the FLI as a function of the coupling
angle. The helicity contribution Hn of each mode |�n〉 to the
total helicity, H = ∑

n Hn, is also shown. While the helicity
Hn of each mode is not discrete, the total helicity H is quan-
tized, exhibiting a discrete jump from zero for θ < θc to 6 for
θ > θc. For the ABF lattice, the helicity can be analytically
computed to give Hn = 2 for each flat-band mode [29], yield-
ing a total quantized helicity of H = 6. Thus, even though
the Wannier center of each flat-band mode is stationary, it
exhibits a helical twisting motion over each evolution period
as indicated by the nontrivial helicity.

The nontrivial helicity arises from the non-Abelian dis-
placements of the system, which account for the intermixing
of the three bands during each evolution period. The quantized
helicity is also topological in origin and can be related to the
third Chern-Simons (CS) form of a (2 + 1)D system [34],

CS3 = 1

8π2

∫ L

0
dz

∫
BZ

Tr

{
A · ∇k × A − 2

3
iA · A × A

}
d2k.

(15)

In the Supplemental Material [29], we show that A · ∇k ×
A = iA · A × A, so that Eq. (15) can be expressed as

CS3 = 1

24π2

∫ L

0
dz

∫
BZ

Tr{A · ∇k × A}d2k = 1

6
H. (16)

Thus, the helicity is six times the third Chern number. The
correspondence of the helicity to the CS form implies that
the helicity is also gauge invariant. We also note that the
third Chern number in Eq. (15) can be shown to be equal
to the winding number [35], through which a bulk-boundary
correspondence of a 2D Floquet insulator can be established
[36]. Thus, the nontrivial helicity implies the existence of
topologically protected edge modes in the FLI lattice, which
have been observed in Ref. [19].

V. FLI LATTICE IN A SYNTHETIC MAGNETIC FIELD

The quantized helicity of the Floquet modes manifests
itself in the behavior of the FLI lattice subject to a synthetic
magnetic field, which allows for the possibility of experimen-
tally detecting the nontrivial helicity. It was shown in Ref. [27]
that in a 2D Floquet system in which all the bulk modes are
localized by disorder, the time-averaged orbital magnetization
density is quantized and equal to the winding number of the
system. Here, we demonstrate a similar relationship between
the quasienergy shifts induced by a synthetic magnetic field
and the quantized helicity of a FLI lattice, and propose a
scheme for measuring the helicity.

When an FLI lattice is subject to a uniform perpendicu-
lar magnetic field, B = Bẑ, the off-diagonal elements of the
Hamiltonian in each step acquire a Peierls phase, Hab →
Hab exp i

∫ rb

ra
A · dr, where r(a,b) denotes the location of site

(a, b) and A is the magnetic vector potential. In the symmet-
ric gauge A = 1

2 Br × ẑ, the change in the Hamiltonian with
respect to the magnetic field B can be expressed as [27]

∂H

∂B
= −1

2
(r̃ × ∂zr̃) · ẑ. (17)

Substituting the above result into Eq. (14) we obtain for the
helicity

H = 3

2π2

∫ L

0
dz

∫
BZ

Tr

{
∂HFB

∂B

}
d2k (18)

The perturbed Hamiltonian HFB(B) leads to a shift in the
quasienergies of the FLI lattice. To evaluate this shift, we note
that the determinant of the effective coupling matrix in Eq.
(3), UC = T ei

∫ L
0 HFBdz = eiHeff L, is given by

det(UC) = ei
∫ L

0 Tr{HFB}dz = eiTr{Heff }L. (19)

Taking the derivative of det(UC) with respect to the magnetic
field strength, we obtain

∂

∂B
det(UC) = i det(UC)

∫ L

0
Tr

{
∂HFB

∂B

}
dz

= i det(UC)Tr

{
∂Heff

∂B

}
L, (20)

which gives∫ L

0
Tr

{
∂HFB

∂B

}
dz = Tr

{
∂Heff

∂B

}
L =

∑
n

∂εnL

∂B
, (21)

where we have made use of the relation Tr{Heff} = ∑
n εn.

The helicity in Eq. (18) can thus be computed as

H = 3

2π2

∫
BZ

∑
n

∂εnL

∂B
d2k


 3

2π2B

∫
BZ

∑
n

[εn(B)L − εn(0)L]d2k, (22)

with the numerical approximation of the derivative ∂εn/∂B
becoming exact in the theoretical limit where the helicity is
independent of the magnetic field B. Since the magnetic field
only affects the off-diagonal elements of the Hamiltonian,
HFB(B) remains traceless so that we can conclude from Eq.
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FIG. 4. An FLI lattice with Nx × Ny square unit cells subject to
a synthetic magnetic flux α generated by a coupling phase gradient
φm = παm along the x direction.

(21) that
∑

n εn is independent of momentum k. This allows
us to evaluate the integral over a Brillouin zone (BZ) in Eq.
(22) to get

H 
 6

B

[ ∑
n

εn(B)L −
∑

n

εn(0)L

]
. (23)

The above result shows that the helicity can be measured from
the total change in the quasienergies of the Floquet modes due
to an applied uniform magnetic field B. It should be noted that
for a static system, Heff (B) = H (B), which is always traceless,

so that
∑

n ∂εn/∂B = 0. Thus, while the individual energy
bands of a static system will shift in the presence of a magnetic
field, the total energy change

∑
εn(B) is zero, implying that

the helicity of the system is always trivial.
To demonstrate the behavior associated with a nontrivial

helicity, we simulated a finite FLI lattice with Nx × Ny square
unit cells in a magnetic field B generated by the Landau gauge
A = Bxŷ. This gauge can be synthesized by introducing a
coupling phase between rings A and B as shown in Fig. 4. The
coupling phase φm in cell (m, n) is set to be φm = παm, where
α = Ba2/2π is the flux threading a unit cell of area a2. The
coupling phase can be realized using link rings between site
rings as in Ref. [37]. To excite bulk modes in the FLI lattice,
we couple light into ring C of a cell on the bottom lattice
boundary via an input waveguide with coupling angle θ0. The
optical power transmitted at the output of the waveguide is
computed using the method in Ref. [38].

Figure 5(a) shows the transmission spectrum as a func-
tion of the microring round-trip phase of an ABF lattice
with Nx = 12, Ny = 12 subject to various flux values α. The
microring round-trip phase can be related to the input light
frequency via φrt = ng(ω/c)L, where ng is the group index of
the microring waveguide. To accurately detect the quasienergy
shifts, the input waveguide coupling angle is set at θ0 = 0.05π

to provide weak coupling to the flat-band modes, resulting
in resonance spectra with narrow linewidths. In addition, the
round-trip field attenuation in each ring is assumed to be
art = cos1/3(θ0), which corresponds to the critical coupling
condition, to help maximize the transmission dips in the res-
onance spectrum. When there is no magnetic flux (α = 0),
the transmission spectrum (black trace) over one FSR con-
sists of three sharp resonance dips corresponding to the three

FIG. 5. Simulated transmission spectra over one FSR of an FLI lattice subject to different values of applied magnetic flux α for (a) perfect
coupling (θ = 0.5π ) and (b) θ = 0.48π . (c) Shifts in resonance frequencies (in terms of microring round-trip phase) of the Floquet modes n
as a functions of the applied flux α for FLI lattice with θ = 0.5π (blue line) and θ = 0.48π (red dots). The red dashed line is the sum of the
round-trip phase shifts of the three modes.
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flat-band modes at quasienergies 0,±2π/3L. When the flux
is turned on, the three resonances are shifted by the same
amount, as shown by the blue and red traces in Fig. 5(a). We
plot the resonance frequency shifts in terms of the microring
round-trip phase as functions of the applied flux α in Fig. 5(c)
(blue lines), which shows a linear dependence with a slope
of d
φrt/dα = −0.666π . Since 
φrt = −εnL and α = B/2π

(assuming lattice constant a = 1), we obtain dεnL/dB =
−(1/2π )d
φrt/dα = 0.333. The total quasienergy change of
the three modes is

∑
n dεnL/dB = 1, yielding a total helicity

of H = 6 in agreement with the value calculated from the
non-Abelian connection matrices.

Figure 5(b) shows the transmission spectrum for the lattice
with coupling angle slightly deviated from perfect coupling,
θ = 0.48π . When there is no magnetic flux, the transmission
spectrum (black trace) also shows three dips, but the dips
at ±2π/3L are broadened since the bands become slightly
dispersive. In the presence of a magnetic flux, the resonance
dips exhibit the same shifts as the perfect coupling case, but
each resonance also splits into multiple dips (in general, there
are M dips for an applied flux α = 1/M). Nevertheless, we
can determine the average shift for each band, which is shown
by the red dots in Fig. 5(c). The quasienergy shifts have the
same dependence on the flux as in the ABF lattice, yielding
the same quantized helicity H = 6.

VI. BRAID STRUCTURE OF FLOQUET MODES
IN AN ABF LATTICE

We showed in Sec. IV that the flat-band modes of the
ABF lattice have nontrivial quantized helicity even though
their Wannier centers exhibit zero displacement over each
evolution period. The nontrivial helicity suggests that the
modes undergo a twisting motion over each period that is
not captured in the trajectory of the Wannier center. Here,
we show that by tracking the micromotions of the individ-
ual basis components of a flat-band mode in real space, its
evolution can be represented by a three-component braid with
nontrivial winding number. This braiding structure helps pro-
vide an intuitive picture of the nontrivial helicity of the FLI
lattice.

The Floquet-Bloch modes of an ABF lattice can be
analytically derived as |�n〉 = 1/

√
3[−1, ie−iφn , eiφn ]T, φn ∈

{0,±2π/3} [29], which indicates that each mode consists of
fields localized in waveguides A, B, and C of a single unit cell.
We can express these modes in the site basis as

|�n(k)〉 = 1√
3
(−|Ak〉 + ie−iφn |Bk〉 + eiφn |Ck〉)

=
∑

m

αn,m|mk〉, (24)

where |mk〉 ∈ {|Ak〉, |Bk〉, |Ck〉} represents a field in waveg-
uide m and αn,m = 〈mk|�n〉. Starting at z = 0, the mode |�n〉
evolves as |�n(k, z)〉 = U (k, z)|�n〉 = ∑

m αn,mU |mk〉. The
evolution of the flat-band mode thus consists of three com-
ponents, |ψm(k, z)〉 = αn,mU |mk〉, each evolving from site
m ∈ {A, B,C} of the initial state. For example, the component
evolving from site A over the four coupling steps in one period

FIG. 6. (a) Field distribution of a flat-band mode of the ABF
lattice as mapped out by the Wannier functions of its basis compo-
nents. The arrows indicate direction of field evolution. (b) Braiding
world lines showing the trajectories of the Wannier centers of the
three components of the flat-band mode |�n〉 over one evolution
period. (c) Three-component braid representation of the world lines
projected onto the x–z plane as viewed from the negative y direction.

is [29]

|ψA(k, z)〉

= 1√
3

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−τz,1|Ak〉 − iκz,1e−ikx |Bk〉, 0 � z < L/4,

−iτz,2e−ikx |Bk〉 + κz,2eiky |Ck〉, L/4 � z < L/2,

eiky |Ck〉, L/2 � z < 3L/4,

τz,4eiky |Ck〉 − iκz,4|Bk〉, 3L/4 � z < L.

(25)

The states evolving from sites B and C are computed in a
similar way. We can track the evolution of each component
in real space by computing its Wannier function in the home
unit cell (0, 0) (centered at R0 = [X0,Y0]T = [0, 0]T) [30]:

|wm(x, y, z)〉 = 1

4π2

∫
BZ

eik·r|ψm(k, z)〉d2k. (26)

For example, for component |ψA(k, z)〉 above, the corre-
sponding normalized Wannier function is

|wA(x, y, z)〉

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

τz,1|A0,0〉 + iκz,1|B1,0〉, 0 � z < L/4,

iτz,2|B1,0〉 − κz,2|C0,−1〉, L/4 � z < L/2,

−|C0,−1〉, L/2 � z < 3L/4,

−τz,4|C0,−1〉 + iκz,4|B0,0〉, 3L/4 � z < L,

(27)

where |Mm,n〉 represents field in waveguide M of unit cell
(m, n). The Wannier functions of the other two components
are given in the Supplemental Material [29]. The complete
field distribution of the flat-band mode in real space as mapped
out by the Wannier functions |wm(x, y, z)〉 over one period is
shown in Fig. 6(a). The mode comprises three strands that
evolve to form a closed loop over each period. This mode
pattern has also been experimentally observed in Ref. [19].
The trajectory of each strand can be determined by computing
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the Wannier center of each component function |wm(x, y, z)〉.
This is facilitated by defining the position operator r̃ such that
〈M|r̃|M〉 gives the position of site M. Specifically, we have

〈Am,n|r̃|Am,n〉 = Rm,n + [1/2, 0]T,

〈Bm,n|r̃|Bm,n〉 = Rm,n + [−1/2,−1/2]T,

〈Cm,n|r̃|Cm,n〉 = Rm,n + [0, 1/2]T,

where Rm,n = [m, n]T is the center of cell (m, n). The
trajectories of the three components as given by the posi-
tions rm, j of their Wannier centers in each step j, rm(z) =
{rm,1, rm,2, rm,3, rm,4}, are [29]

rA(z) =
[

1/2
−κ2

z,1/2

]
,

[
τ 2

z,2/2
−1/2

]
,

[
0

−1/2

]
,

[
−κ2

z,4/2
−1/2

]
,

rB(z) =
[

−1/2
−τ 2

z,1/2

]
,

[
−1/2

0

]
,

[
−1/2
κ2

z,3/2

]
,

[
−τ 2

z,4/2
1/2

]
,

rC (z) =
[

0
1/2

]
,

[
κ2

z,2/2
1/2

]
,

[
1/2

τ 2
z,3/2

]
,

[
1/2
0

]
. (28)

The trajectories rm(z) of the components are plotted in
Fig. 6(b), which depicts three world lines twisting about each
other, forming a three-component braid [Fig. 6(c)]. We can
classify the braid by computing its winding number W over
each period [39]. By defining the world lines in terms of the
complex-valued functions γμ(z) = xμ(z) + iyμ(z), we calcu-
late the relative angles θμ,ν (z) = Im{ln (γμ − γν )} between
strands μ, ν ∈ {A, B,C}. The pairwise winding numbers are
then found to be

WA,B = θA,B(L) − θA,B(0) = −π/2 − 2 tan−1(1/2),

WB,C = θB,C (L) − θB,C (0) = −3π/4 + tan−1(1/2) = WC,A.

The winding number of the three-component braid associated
with mode |�n〉 is then Wn = WA,B + WB,C + WC,A = −2π .
Summing over the three flat-band modes, we obtain W =
−6π for the total winding number of the ABF lattice. The he-
licity is related to the winding number by [39] H = −W/π =

6, which is in agreement with the value computed from the
non-Abelian connection matrices.

VII. CONCLUSION

We showed in this work that flat-bands in a 2D Floquet-
Lieb topological photonic lattice can be characterized by
a nontrivial quantized helicity even though they have zero
Chern number. This helicity arises from the helical micromo-
tions of the modes, which are revealed through the trajectories
of their non-Abelian displacements as a result of band mix-
ing, even though all the quasienergy bands involved are
nondegenerate. We also showed that these trajectories can
be represented by a braiding of their world lines, whose
winding number is related to the helicity of the system. We
proposed a scheme for measuring the non-Abelian helicity
of an ABF microring lattice by subjecting it to a synthetic
magnetic field and measuring the resonance frequency shifts
of the flat-band modes. As a future research direction, we
can explore the possibility of embedding gratings into the
rings to generate optical vortex beams emitted from the lattice
whose topological properties can be directly measured. In ad-
dition, by introducing optical nonlinearity into the microrings,
many-body interactions between the flat-band modes can be
investigated. Our work suggests that 2D Floquet topological
insulators based on microring lattices can provide a versatile
platform for investigating non-Abelian physics and strongly
correlated phenomena associated with photonic flat-band
systems.
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