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Long-range interactions can fundamentally reshape the low-energy properties of low-dimensional quantum
matter, altering both continuous-symmetry breaking (CSB) and topological phenomena. However, their impact
on the quantum criticality separating these regimes remains poorly understood. We determine the ground-
state phase diagram and critical properties of the spin-one Heisenberg chain with single-ion anisotropy and
staggered antiferromagnetic power-law interactions, using matrix-product state calculations complemented by
high-order series expansions (perturbative continuous unitary transformations + Monte Carlo). Such long-range,
nonfrustrated interactions circumvent the Hohenberg-Mermin-Wagner theorem, thereby stabilizing CSB phases
in direct competition with the Haldane phase. We map out the resulting phase diagram and analyze the
entanglement entropy scaling behavior in the U(1) and SU(2) CSB phases, finding logarithmic corrections
beyond the short-range, universal contributions expected from linearly dispersed Goldstone modes. We further
characterize all critical boundaries through finite-size scaling of either the entanglement entropy or the staggered
magnetization. In particular, the large-D-to-U(1)-CSB transition exhibits unconventional, continuously varying
critical exponents as a function of the long-range decay exponent with a strong dependence on the imposed
boundary conditions leading to distinct finite-size scalings for sufficiently long-range potentials. Remarkably, the
Haldane-to-U(1)-CSB transition likewise displays unconventional quantum criticality with distinct continuously
varying critical exponents. Our work positions this model as a target for near-term atomic platforms with tunable
long-range couplings and exhibiting natural single-ion anisotropy, offering a minimal playground for exploring

the interplay between long-range interactions, continuous symmetry breaking, and topology.

DOI: 10.1103/3cyg-8wsw

I. INTRODUCTION

The spin-one Heisenberg chain is a paradigmatic model
for the interplay between topology, symmetry, and quantum
fluctuations. With nearest-neighbor antiferromagnetic (AF)
couplings, it hosts not only trivial and antiferromagnetically
ordered phases, but also the celebrated Haldane phase: A
symmetry-protected phase predicted by the Haldane conjec-
ture [1-6]. In particular, this phase is a manifestation of
the fact that integer-spin systems host a gapped spectrum
and localized, stable edge excitations, in stark contrast to
their gapless, half-integer spin counterparts well described
by spin-wave theory [7]. A broad issue concerns how this
structure is altered by the addition of long-range couplings,
which can evade the constraints of the Hohenberg-Mermin-
Wagner theorem [8,9], thereby allowing spontaneous breaking
of continuous symmetries in low dimensions. This raises a
central question regarding the fate of the Haldane phase in the
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presence of long-range interactions, and its competition with
continuous-symmetry breaking (CSB) [10,11].

Such issues are also timely from the standpoint of quan-
tum simulation. In recent years, significant progress in the
realization and control of atomic and molecular platforms
for quantum science—including trapped ions [12,13], Ryd-
berg atom arrays [14,15], dipolar magnets [16], and polar
molecules [17]—has provided increasing access to the physics
of long-range interacting systems [18]. For instance, these
systems have led to the recent observation of entanglement
generation [19-21], nonlocal transport properties [22-24],
and continuous-symmetry breaking [25,26]. While such sys-
tems naturally host interactions that monotonically decay
algebraically with distance between particles, recent experi-
ments in trapped ion and cavity-based neutral atom platforms
have also demonstrated the ability to engineer not only tunable
interaction ranges, but also nontrivial sign structures [27,28].
Of particular relevance here, several proposals and experi-
ments have focused on realizing spin-one Heisenberg-type
models with tunable interactions in dipolar species [29,30],
trapped ions [31-33], and Rydberg platforms [34,35], typi-
cally with the addition of single-ion anisotropy terms arising
naturally as quadratic Zeeman terms.

While some numerical studies have explored long-
range Heisenberg and XXZ interactions in § =1 systems
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[10,11,36,37], including cases with ferromagnetic [11,37] or
frustrated antiferromagnetic couplings [10,11] and single-ion
anisotropy [36], the interplay with staggered (unfrustrated)
antiferromagnetic long-range interactions remains largely un-
explored. In contrast to frustrated long-range interactions,
which tend to suppress conventional magnetic ordering
[10,11,36], unfrustrated long-range couplings allow one to cir-
cumvent the consequences of the Hohenberg-Mermin-Wagner
theorem [8,9,38,39] in one-dimensional systems and ensure
stable ordered phases with breaking of both continuous SU(2)
and U(1) symmetries, thereby enabling a direct investigation
of their interplay with the Haldane phase.

Here, we characterize the ground state and critical prop-
erties of the spin-one Heisenberg model, with staggered,
long-range interactions and single-ion anisotropy. Employing
large-scale matrix-product state [40,41] calculations using the
density matrix renormalization group (DMRG) [42,43], as
well as high-order series expansions [perturbative continu-
ous unitary transformations (pCUT) + Monte Carlo (MC)]
[44,45], we map out the relevant ground-state phase dia-
gram in terms of both the correlation functions and the
scaling of the entanglement entropy with system size. Our
results reveal several unconventional features. Most notably,
the transition between the disordered “large-D” and U(1)
symmetry-broken phases exhibits continuously varying crit-
ical exponents as a function of the interaction decay exponent
and boundary-dependent finite-size scalings for sufficiently
strong long-range potentials. The transition from the Haldane
to the U(1) symmetry-broken phase demonstrates a distinct,
continuously varying dependence on the model parameters. In
all, our work establishes this model as a rich playground for
exploring the complex interplay of long-range interactions,
topology, and continuous-symmetry breaking. These results
provide a direct route for experiments harnessing controllable
spin-spin interactions in higher spin systems to explore uncon-
ventional critical behavior in near-term quantum simulators.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the model Hamiltonian and briefly out-
line the methodological aspects of this work. In Sec. III, we
present and discuss the ground-state phase diagram, followed
in Sec. IV by a detailed discussion of all second-order quan-
tum phase transitions. Finally, Sec. V summarizes our results
and presents our conclusions.

II. MODEL AND METHODS

We study the following one-dimensional spin-one Heisen-
berg Hamiltonian with single-ion anisotropy and staggered
(nonfrustrated) antiferromagnetic long-range interactions:

H=DZ(S§)2+%ZJ(j—i)S,~Sj. (1)
i i#]
Here, S; = (57, Sf , 87 )T, where S are spin-one operators at
a site i, with o € {x,y, z}. The strength of the single-ion
anisotropy is given by D, and the long-range interaction
strength is denoted as J(j — i), which depends on the distance
between the interacting sites i and j. We denote the eigen-
states of the spin-one operator S; as |«;), with the eigenvalue
k; € {0, =1}. The model with nearest-neighbor interactions

[J(j — i) o< §;,4+1] and its generalization to XXZ interactions
has been thoroughly investigated in recent decades [46—56].

Here, we consider the case of staggered (nonfrustrated)

antiferromagnetic interactions

_1)j—i+l

J(j—i= L @)

lj =i
where the long-range decay exponent « controls the power-
law falloff with distance. In the limit o« = oo, the system
exhibits antiferromagnetic nearest-neighbor interactions. For
a < 1, the system becomes superextensive, approaching a
uniform staggered all-to-all coupling in the limiting case
a = 0. In contrast to uniformly decaying long-range interac-
tions, the unfrustrated nature of the couplings (2) circumvents
the Hohenberg-Mermin-Wagner theorem [8,9,38,39], allow-
ing spontaneous breaking of continuous symmetries. This
enables the realization of an SU(2) CSB phase at D = 0 and
a U(1) CSB phase for D > 0. We note that such interactions
have been previously considered in the absence of the single-
ion anisotropy term [10]; a related study has also considered
uniformly decaying power-law interactions with a generalized
staggered single-ion anisotropy [36].

For D = +o0, the ground state of the nearest-neighbor
model is given by the product state [[; |0;) as |0) is the lowest
lying state of a single D(S?)? term. In the thermodynamic
limit, the phase at large D is still adiabatically connected to
this product state and is referred to as the “large-D” phase. In
the opposite limit D — —oo, the system exhibits a staggered
antiferromagnetic order in the z direction (Z, AF), since a neg-
ative D flips the energy spectrum of the single-ion anisotropy,
so that |£1) become the lowest lying states. For D = 0, we are
left with the spin-one Heisenberg chain exhibiting a gapped
ground state, the so-called Haldane phase [1,2].

In this work, we use matrix-product states [40,41] to calcu-
late the entanglement entropy Sy, the staggered longitudinal
magnetization M, and transverse magnetization M, as well
as various spin-spin correlations for finite system sizes up to
L = 340. Finite-size scaling [57-62] allows us to determine
the ground-state phase diagram and the properties of the crit-
ical lines. To efficiently represent the algebraically decaying
long-range interactions f(r) = r~ in the matrix-product state
(MPS) formalism, we approximate the power law with a sum
of N exponential functions by f(r) = 27=1 a, b?" [63,64],
minimizing the cost function

L
Oar}, b)) = D (f(r) = f(r))? 3)

r=1

and keeping the error below & < 10~ with up to N =49
exponential terms for the largest system size L = 340. To
find the ground state of the system, we employ the DMRG
algorithm [42,43]. We use a maximal bond dimension be-
tween xmax = 500 and xmax = 2000. Throughout, we restrict
ourselves to the m, = 0 symmetry sector when not stated
otherwise, where m, is the eigenvalue of the total spin operator
Slzot = Zi S lZ :

We complement the MPS approach with high-order series
expansions, expanding from the noninteracting limit D = oo
in powers of the perturbation parameter A = 1/D. To handle
long-range interactions, we use the pCUT + MC approach
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FIG. 1. Quantum phase diagram as a function of the single-ion
anisotropy D and long-range decay exponent «. The D axis is linear
for D < 1, while for D > 1 it is uniformly spaced in 1/D. Five
phases appear as follows: the z-antiferromagnetic (Z, AF) phase,
the Haldane SPT phase, the large-D phase, and the U(1) and SU(2)
CSB phases. Diagonal crosses mark the points where correlations are
evaluated in Fig. 2. Transition lines are obtained from the indicated
methods and are distinguished by color and marker style. The gray
line at D = 0 is a high-symmetry line with SU(2) CSB.

based on a linked-cluster expansion via a full graph decom-
position [45]. This approach combines the method of pCUT
[65,66] for the calculation of perturbative contributions on so-
called white graphs [67] with an MC summation algorithm to
embed the white-graph contributions in the long-range chain
to determine the physical quantities of interest in the ther-
modynamic limit [44,45,68-72]. We calculate the elementary
excitation gap and the corresponding spectral weight to orders
10 and 9 in the perturbation parameter X, respectively. For
technical details, we refer the reader to Ref. [45].

III. QUANTUM PHASE DIAGRAM

In this section, we investigate the ground-state phase di-
agram as a function of the single-ion anisotropy D and the
long-range decay exponent «, as depicted in Fig. 1. As we
described above, the Hamiltonian (1) realizes an antiferro-
magnetic phase (“Z, AF”) for sufficiently negative values of
D, a Haldane phase (“Haldane SPT”) for small D around
the origin, and a trivial disordered phase (“large D) for
large-D values. The Haldane phase falls into the category of
one-dimensional topological phases referred to as symmetry-
protected topological (SPT) phases [73-78].

As we make the interactions stronger by decreasing the
value of the decay exponent o, we induce antiferromag-
netic ordering by the nonfrustrated nature of the staggered
long-range interactions, leading to CSB. For D =0, the
Hamiltonian in the thermodynamic limit is invariant under
global SU(2) spin rotations, i.e., [H, Sit] = 0, where St =
> Si. Thus, the ordered ground state spontaneously breaks
the full SU(2) symmetry. For a finite anisotropy (D # 0),
the anisotropy explicitly reduces the symmetry to global

z

U(1) rotations about the z axis, generated by S5, =, S7,

TABLE I. Summary of the characteristic properties of the phases
appearing in the phase diagram. We indicate whether each phase is
gapped or gapless, the symmetry that is broken (if any), the nature
of the order parameter, and the corresponding decay of correlations.
We use the abbreviation “LRO” for long-range order and “SPT” for
symmetry-protected topological order. The notation (M, ,.) denotes
the staggered antiferromagnetic order parameters in the x, y, and z
spin components, respectively.

Phase Gap  Broken sym. Order Correlations
Haldane Yes None SPT Exponential
Large D Yes None None Exponential
Z, AFM Yes Z, (M) #0 LRO
U(l) CSB No U(l) (M,,) #0 LRO
SU®2)CSB  No SU2) (My,.) #0 LRO

ie., [H,S%,] =0 still holds, but [H, S:?’] % 0. In this case,
sufficiently strong long-range interactions lead to sponta-
neous breaking of this remaining U(1) symmetry. A compact
overview of the phases and their main characteristic properties
is provided in Table I.

A. Spin-spin correlations

To unambiguously characterize the aforementioned quan-
tum phases, we probe the spin-spin correlations (S7S7) of the
spin components o between the first site and an arbitrary site
J» as well as the nonlocal string-order correlator

j—1
0i; ==Si[[e™ |s:. )
=2

which we can use to locate the Haldane phase [79]. Note that
(S{S7) = (S757) always holds due to the U(1) symmetry of the
Hamiltonian. In Fig. 2, we show the spin-spin correlations and
the string-order correlator within each phase. See also Table I
for the expected behavior of correlation decay in each phase.

We observe the expected exponentially decaying spin-spin
correlations in the disordered large-D and Haldane phases.
The two phases can be unambiguously distinguished by the
string-order correlator, which vanishes exponentially in the
trivial large-D phase but remains finite in the Haldane phase.
The Z, AF phase is characterized by finite staggered cor-
relations in the z component with values close to =~ %1,
exponentially vanishing correlations in the transverse direc-
tion, and a trivially finite string-order correlator. The CSB
phases exhibit staggered correlations distributed over two
[three] components with values ~ £0.43 [~ +0.28] for U(1)
[SU(2)] CSB. These values are close to the classical Néel lim-
its 1/2 [1/3] for S = 1, indicating a nearly saturated ordered
moment. The proximity to the classical values reflects the
suppression of long-wavelength quantum fluctuations by the
unfrustrated long-range interactions, stabilizing the ordered
state.

B. Entanglement scaling

We study the scaling behavior of the von Neumann en-
tanglement entropy Syn in the various quantum phases as
a function of the decay exponent «. In most settings, the
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FIG. 2. Spin-spin correlations (S7S7) for the o = x, z spin com-
ponents, as well as the string-order correlator Of ; between site 1
and an arbitrary site j. The trivial large-D phase (a) is characterized
by exponentially decaying correlations for all quantities. The Z, AF
phase (b) exhibits finite staggered spin correlations in the z compo-
nent, the U(1) CSB phase (c) in the x (and y) component, and the
SU(2) CSB phase (d) in all three components. The Haldane phase (e)
shows exponentially decaying spin correlations but a finite string-
order correlator. Results are shown for a chain with L = 100 for all
five quantum phases of the model. Diagonal crosses in the labels
indicate cross-references to the phase diagram in Fig. 1, marking the
parameter points at which the correlations were evaluated.

entanglement entropy obeys a leading area-law scaling with
linear system size L,

Syx ~aL? ' +bInL +c, ®)

where d is the spatial dimension, a is the coefficient of the
dominant area-law contribution, b is the prefactor of the log-
arithmic correction, and c is a constant offset [80]. Note, for
one-dimensional systems (d = 1), the leading area-law contri-
bution is constant and is therefore absorbed into the offset c.
The origin of these contributions often depends directly on the
nature of the phase. Of particular relevance for the model here
are the following cases. In gapped ordered phases resulting
from discrete-symmetry breaking, the entanglement entropy

obeys an area law with a constant correction given by the
ground-state degeneracy [80]. In gapless phases associated
with continuous-symmetry breaking, b = Ng/2 is directly
linked to the number of Goldstone modes Ng [80]. Finally, in
one-dimensional critical phases described by conformal field
theory, the logarithmic term is governed by an effective central
charge c. [80,81].

We calculate the entanglement entropy for D e
{—0.5,0,0.5,1.25} for various values of o« and use a
systematic fitting and extrapolation procedure to determine
b and c¢ as described in Appendix B. We show the results
for b as a function of the decay exponent « in Fig. 3. A
supplementary discussion of the constant term ¢ can be found
in Appendix B.

As expected, for the Z, AF phase [D = —0.5; Fig. 3(a)],
we observe a constant behavior of the entanglement entropy
such that b &~ 0 for all o values due to the gapped nature of
the phase. Interestingly, for « < 2, the coefficient b becomes
negative. We attribute this to finite-size effects: Within the
accessible system sizes, the entanglement entropy slightly de-
creases with increasing L, leading to a small negative slope in
the logarithmic fit, while the entropy is expected to approach
a positive value in the thermodynamic limit (cf. Fig. 10).

The behavior in the gapped Haldane phase is more subtle,
owing to its nature as a topologically protected phase. This
phase is characterized by the existence of effective spin-1/2
degrees of freedom at the edges of the chain. These edge
spins are governed by the effective Hamiltonian Hegge =
JedgeS1 - S, for spin-1/2 operators S; and effective coupling
Jedge > 0 that decays exponentially with the system size [82].
In the ground state with m, = 0, the edge spins form a singlet
state |s) with nonvanishing correlations that span the extent of
the chain. This produces a constant In(2) contribution to the
entanglement entropy arising from edge-state entanglement.
In practice, this contribution persists in our simulations as
long as the effective edge-spin coupling Jeqge €xceeds the nu-
merical tolerance. For finite long-range interactions (¢ < 00),
the edge spins couple directly, resulting in a power-law decay
of Jegge tather than the exponential decay observed in the
nearest-neighbor model, thereby stabilizing the edge-spin
entanglement. This issue can be overcome by working in the
m; = 1 sector, where the ground state of the edge spins is the
spin-polarized triplet state. This state is a product state with no
interspin correlations, allowing us to cleanly observe the bulk
behavior of the entanglement entropy at small system sizes.

In panels (b) and (c) of Fig. 3, we plot the entanglement
entropy using the ground state in the m, = 1 sector for the
Haldane phase, and the ground state in the m, = 0 sector
for small « values in the U(1) and SU(2) CSB phases. For
large enough D 2> 1 [see Fig. 3(d)], we return to calculating
the ground state in the m, = 0 sector for all o values as the
large-D phase emerges.

When comparing the behavior of D € {0, 0.5, 1.25}, we
find that the logarithmic coefficient is zero in the Haldane and
large-D phases for « 2 «. and increases smoothly in the CSB
phases for « < a,, where «, is the critical value of the decay
exponent «. The distinct scaling behavior of the entanglement
entropy in the CSB phases was found relatively recently in
the long-range spin-1/2 Heisenberg chain [83,84]. This o-
dependent behavior of the logarithmic correction goes beyond
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FIG. 3. Logarithmic coefficient b of the entanglement entropy
as a function of the decay exponent o for D = —0.5, 0, 0.5, and
1.25 in panels (a)—(d), respectively. Data points include error bars
from the extrapolation procedure. The ground state in the m, = 0
sector is used to compute the entanglement entropy, except in the
Haldane phase, where the m, = 1 ground state is taken to avoid
the residual In2 contribution from edge-state entanglement. Fitting
the entanglement entropy to Syn = bln L + ¢ yields the logarithmic
coefficient b, which displays a smoothly varying, unconventional
scaling within the CSB phases [panels (b)—(d)], while remaining
constant in all other phases. For « — 1, the coefficients approach
b = Ng/2, determined by the number of Goldstone modes Ng, where
Ng =1 for U(1) CSB in panels (c) and (d) and Ng = 2 for SU(2)
CSB in panel (b). Gray dashed lines indicate critical points in the
thermodynamic limit determined by the data-collapse and extrapola-
tion procedure in Appendix C.

the scenario of CSB in nearest-neighbor antiferromagnetic
models where Goldstone modes exhibit a linear dispersion,
and reflects the modification of the low-energy behavior by the
long-range interactions, which leads to a sublinear dispersion
that continuously varies with « [72,85,86].

We also observe that the scaling behavior in the SU(2) CSB
phase differs from that in the U(1) CSB phase. We can under-
stand this difference as the result of the number of Goldstone
modes Ng in the limiting case o« — 1, where we expect a
logarithmic contribution with b = Ng/2 [80,83,84,87,88]. At

a = 0, where the system exhibits all-to-all staggered inter-
actions, the system is well described by a collective spin-S
model, with S = N/2, where CSB is the result of a canon-
ical tower of states structure [83]. For SU(2) symmetry
breaking, it was shown for the Lieb-Mattis model [89] that
b(a =0)=1 [87], and for U(l) symmetry breaking the
Lipkin-Meshkov-Glick model [90,91] yields b(a = 0) = 1/2
[87]. These results are expected to remain valid throughout the
superextensive regime 0 < o < 1 [84]. We find b(a = 1) =
0.92 for SU(2) CSB and b(x = 1) ~ 0.47 for U(1) CSB, con-
sistent with the fact that Ng = 2 for SU(2) CSB and Ng = 1
for U(1) CSB. We attribute the slight underestimation of these
values to errors arising from the restricted bond dimension
at small «, where the formation of long-range correlations
drastically increases the computational cost of MPS.

Finally, we determine the coefficient b at the critical point
in Figs. 3(b)-3(d). Analogously to Ref. [84], we expect an
abrupt change of b from zero to a finite value at the quantum
phase transition. Here, we observe a smooth crossover with
a plateau close to the expected transition. We attribute this
smooth behavior of b across the transition to finite-size effects
that can mask sharp features expected at the phase transition
in the thermodynamic limit. At the critical decay exponent
o.—determined via data collapses and the rigorous extrap-
olation procedure described in Appendix C—we determine
the effective critical logarithmic coefficients b, = b(a,) =~
0.24,0.16, 0.18 for D = 0, 0.5, 1.25, respectively. These val-
ues show a noticeable variation with the anisotropy D. Note
that the critical value b. = 0.275(9) found in the long-range
spin-1/2 Heisenberg chain with SU(2) CSB [84] also differs
from the value found in our model at D =0. At D = 0.5,
we observe pronounced features in both symmetry sectors—
m; = 0 and m, = 1—mnext to the critical point ¢, at slightly
larger values of the decay exponent. Such features can arise
from stronger scaling corrections in the critical region. More-
over, the shift is consistent with the notion of a finite-size
pseudocritical point, where extrema of observables are shifted
relative to the thermodynamic transition [58].

IV. QUANTUM PHASE TRANSITIONS

In this section, we investigate the quantum phase transition
lines obtained in Fig. 1 by analyzing their finite-size behav-
ior. We focus on the transitions identified as second order,
while the high-symmetry line at D = 0 between Z, AF and
U(1) CSB phases is first order and not considered further.
We begin with the Gaussian transition between the Haldane
and large-D phases, where the topological character of the
transition requires an entanglement entropy scaling analysis
in different symmetry sectors. We then examine the Ising
transition between the Haldane and the Z, AF phase, using
data collapses of the magnetization curves for various system
sizes to establish the critical behavior and to benchmark our
approach. Finally, we analyze the various CSB transitions,
again employing data collapses and comparing the resulting
behavior across distinct parameter regimes.

A. Gaussian transition

We start by analyzing the Gaussian transition between
the Haldane and large-D phases. As neither the Haldane
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phase nor the large-D phase breaks any global symmetry of
the Hamiltonian, the transition cannot be described within
the Landau-Ginzburg-Wilson framework [92,93]. Instead, this
corresponds to a topological quantum phase transition. The
low-energy field theory of the spin-one chain with single-
ion anisotropy can be mapped, after integrating out massive
modes, to an effective Sine-Gordon model,

L= 10,4)" + gcos(B). (6)

where the first term describes a Gaussian free boson field
[49,94,95]. In the renormalization-group sense, the cosine
interaction is relevant for 82 < 8x [95], in which case the
coupling g flows to strong coupling, the field ¢ becomes
pinned, and a spectral gap opens. This occurs in both the
Haldane and large-D phases. At the critical point D, the
coupling becomes marginal, so the effective theory reduces
to a gapless Gaussian model with central charge c. = 1,
which defines the Gaussian transition [94,95]. In Sec. III B,
we discussed the drop in the entanglement entropy upon in-
creasing the system size. A similar behavior can be observed
in our calculations when increasing the anisotropy D (see also
Ref. [82]).

Therefore, we follow the ideas in Ref. [82] and calculate
the entanglement entropy in both symmetry sectors m, = 0
and m, = 1 around the quantum phase transition. Within the
symmetry sector m, = 1, we can cleanly access the bulk
ground-state properties with unentangled edge spins of the
Haldane phase at small system sizes for D < D., while the
m; = 0 sector gives access to the bulk ground-state proper-
ties of the large-D phase for D > D.. As in Ref. [82], the
crossing points of both entanglement entropies then determine
the location of the maximum of the entanglement entropy
at the quantum phase transition, which allows us to determine
the critical point very accurately, since the maximum is almost
invariant with respect to the system size L, as shown in Fig. 4.
To extract the critical point in the thermodynamic limit, we fit
the crossing points to the function D.(L) = D, + aL™?, where
a, b, and D, are free fit parameters. We can now calculate the
entanglement entropy exactly at the critical point for various
system sizes. Under open boundary conditions (OBCs) and
a half-chain bipartition (¢ = L/2), the expected scaling of
the entanglement entropy at criticality from conformal field
theory is

Ceff
Svn(L) = o In(L) + const, 7)

which we exploit to determine the central charge c. [see
Figs. 4(c) and 4(d)]. We find a central charge of unity, as
expected from a free boson field theory, and that long-range
interactions have no effect on the central charge. In the vicin-
ity of the CSB transition, the central charge seems to increase.
We attribute this to the presence of a junction where the
Haldane line and the U(1) CSB transition meet (cf. Fig. 1).
We did not check whether long-range interactions alter the
universality or the order of the transition analogous to the
XXZ anisotropy [53,54,82], and we leave this to future in-
vestigations.

2.0 - =
a m, =0, L =060 b a=5.0
(a) m.—o L—300| 09805 (b)
L8 m, =1, L =60 %
m. =1, L =300 0.9800 K
- 1.6 . "
-
n _ 0.9795
1.4
12 0.9790
a=>50 D, = 0.98022340.000005
1.0+ . T 0.9785 T T T
0.8 1.0 1.2 0.000  0.005  0.010  0.015
D 1/L
1.65 (c) o =3125 1 (d)
o =00 :
1.60
1.1
. 1.55
< E= .
A & 1.0 p—o—0—0—0—0—0—¢
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FIG. 4. Analysis of the Gaussian transition between the Haldane
and large-D phases exploiting the crossing points of entanglement
entropy Syn from different symmetry sectors with eigenvalues m, €
{0, 1} of the total spin operator S¢, = .. (a) Crossing points
of the entanglement entropy Syn between the ground states in the
m, = 0 and m, = 1 sectors for various system sizes L from L = 60 to
L = 300 identify the maximum of the entanglement entropy and thus
provide an estimate of the critical point. (b) The crossing points plot-
ted vs the inverse system size 1/L and fitted with D.(L) = D, + aL™"
yield the critical point D, in the thermodynamic limit [here, we find
D, = 0.980223(5) for « = 5]. (c) At the critical point, the entangle-
ment entropy scales as (cg/6) In L, consistent with a conformal field
theory description of the Gaussian transition. The effective central
charge c. is extracted from the slope of the logarithmic scaling.
(d) The central charge c. is unity as a function of the decay exponent
o, with deviations appearing as the Gaussian transition approaches
another critical line toward the U(1) CSB phase.

B. Ising transition

We investigate the critical properties of the second-order
quantum phase transition between the Z, AF and Haldane
phases to benchmark our finite-size scaling approach. We
compute the squared staggered z magnetization

1 & L
(M2) = 57 2= D(siS) ®)
iJ

as a function of the anisotropy D. Near the critical point D,
the magnetization obeys the finite-size scaling form [57-61]

(M2),, =L F@!* (D - D)), ©)

which follows from the scaling hypothesis [62], where f is
a fifth-order polynomial function and B and v are the critical
exponents of the order parameter and the correlation length,
respectively. We can exploit the finite-size scaling form by
performing a multidimensional fit in the anisotropy D and sys-
tem size L that determines D, v, and 8. With proper rescaling
of the data with the fit parameters following Eq. (9), all data
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FIG. 5. Critical exponents v [panel (a)] and B [panel (b)] and
the corresponding errors—including statistical and systematic
uncertainties—from the extrapolation procedure of the Ising transi-
tion between the Haldane and Z, AF phase from data collapses of
the staggered M, magnetization curves for various decay exponents
o. Gray lines represent the expected critical values for a 2D Ising
transition. The critical exponents are close to the expected values but
start to deviate when the critical Ising line approaches the SU(2) CSB
critical point.

points should collapse onto the same curve [58,59,62]. We
then obtain the critical quantities in the thermodynamic limit
by extrapolating their values from finite system sizes. More
information on the data-collapse and extrapolation procedure
can be found in Appendix C.

For nearest-neighbor interactions (o = 0o), we find a
critical value of D, = —0.314 05(5), which is in perfect agree-
ment with the literature values in Refs. [50-52,54,55]. By
increasing the strength of the long-range interactions, the Z,
AF phase stabilizes, and the critical line bends toward smaller
D values, terminating at D = 0, where the criticality changes
to SU(2) CSB, as can be inferred from Fig. 1. As the quantum
phase transition from the Haldane to the Z, AF phase breaks
the Hamiltonian’s Z, symmetry, we expect a two-dimensional
(2D) Ising transition with v =1 and g = 1/8. We show the
results for the critical exponents v and B from the data-
collapse and extrapolation procedure in Fig. 5. The exponents
are in excellent agreement with the expectations, although we
slightly overestimate (underestimate) the critical exponent v
(B). In addition, we see that the presence of the SU(2) CSB
transition at D = 0 spoils the quality of the Ising exponents at
smaller « values.

C. Continuous-symmetry breaking

We now turn to the CSB transitions at D > 0. For values
of D <1, the critical line divides the Haldane phase from
the SU(2) CSB phase at D =0 and from the U(1) CSB
phase for D # 0. At larger values D 2 1, the transition oc-
curs between the U(1) CSB and large-D phases. In the limit
D — oo, the CSB phase eventually vanishes for o > 1 as the
D term becomes dominant (cf. Fig. 1). Analogously to the
Ising transition, we now calculate the staggered transverse
magnetization

- L
(MT) = = (—=1)M(sSS)) (10)
iJj

as a function of the parameters A and « to probe the critical
lines along two different directions. Performing a data col-
lapse of the staggered-magnetization curves M, of different
system sizes yields the critical parameters A. or «,, and expo-
nents § and v according to the finite-size scaling forms

(M) =Ll F(@LV (0 = 1)),
(M?)ar =L F(LYY (@ — o). (11)

We again refer the reader to Appendix C for more details
on the data-collapse and finite-size extrapolation procedure.
Moreover, we complement the MPS data with high-order
series expansions using the pCUT 4 MC approach [45] in
the perturbation parameter A = 1/D about the large-D limit.
Using pCUT + MC, we determine the critical line from the
closing of the elementary one-quasiparticle (1qp) excitation
gap, A = w'%P(k.), where k. = m is the critical gap momen-
tum. This line agrees very well with the critical line obtained
from the data collapse of the MPS data along both the A and
a axes, as shown in Fig. 1. We can determine the critical
exponent zv associated with the closing of the elementary gap
at the critical point A.:

A~ h— A (12)

The divergence of the associated one-quasiparticle spectral
weight, S'%(k,), defines the critical exponent y through the
Fisher scaling relation y = (2 — n)v and the gap exponent zv:

S'P (k) ~ A — A TETEY, (13)

See Ref. [45] for more information on the pCUT + MC ap-
proach itself and the extraction of critical properties.

In the following, we discuss the phase transition lines of the
large-D-to-U(1)-CSB transition and then the Haldane-to-CSB
transitions.

1. Large-D-to-U(1)-CSB transition

We first turn our attention to the large-D-to-U(1)-CSB
transition at D 2 1, which spans a wide range of different
long-range couplings, characterized by the decay exponent «.
In many long-range spin models, the long-range coupling is
a relevant parameter in the renormalization-group sense and
can significantly alter the critical behavior of these systems.
For instance, in the ferromagnetic transverse-field Ising model
and various models with unfrustrated Heisenberg interactions
[45], the decay exponent is often parametrized in terms of
o = a —d for spatial dimension d. This parameter o quan-
tifies the deviation from marginality at o, and determines
the scaling properties of the long-range interaction under
renormalization, thereby controlling its relevance and the
resulting critical behavior [96-98]. For o > o,, long-range
interactions are irrelevant and the quantum phase transition
belongs to the same universality class as the corresponding
nearest-neighbor model. Below an upper critical exponent
o < oy, the transition exhibits Gaussian (long-range mean-
field) behavior. Between these two regimes, oy < 0 < 0,
the system displays unconventional long-range criticality with
continuously varying critical exponents [96-98]. For our
model in d = 1, o, plays the role of a lower critical expo-
nent, marking the boundary above which a nearest-neighbor
critical regime cannot occur. This is a consequence of the
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FIG. 6. Critical exponents zv [panel (a)], y [panel (b)], v
[panel (c)], and © [panel (d)] and their errors—including statisti-
cal and systematic uncertainties—obtained from the data-collapse
extrapolation procedure for the large-D-to-U(1)-CSB transition de-
termined from pCUT + MC [panels (a) and (b)], MPS and ED
[panels (c) and (d)] as a function of the decay exponent ¢ = @ —d,
where d = 1. Gray lines indicate the expected long-range mean-field
values from the long-range O(2) quantum rotor model above the
upper critical dimension o < o, = 2/3 indicated by the blue shaded
region, where o, is the corresponding upper critical exponent. Dash-
dotted and dashed gray lines indicate the distinct scaling behavior
for systems with OBCs and PBCs, respectively. Data collapses were
performed with respect to A = 1/D (unbiased and biased with the
pCUT + MC critical point), as well as with respect to o. The ex-
ponents show continuously varying behavior for o 2 0.5, while the
long-range mean-field behavior is recovered for smaller o, which is
consistent with o,. = 2/3. The scaling exponent ® shows distinct
behavior depending on the boundary conditions employed (OBC for
MPS and PBC for ED).

Hohenberg-Mermin-Wagner theorem, which rules out such a
regime for one-dimensional systems with continuous symme-
tries [38,96-98].

Using pCUT + MC and MPS, we now probe the critical
exponents as a function of the decay exponent to see whether
we can replicate a similar behavior as described above. In the
following, we use the exponent 0 = o — d for d = 1, follow-
ing standard field-theoretic notation. In Fig. 6, we show both
critical exponents zv and y as functions of the decay exponent
o . For sufficiently small o < oy, i.e., below the upper critical
value, we observe the expected long-range mean-field behav-
ior, with zv ~ 0.5 and y ~ 1; for o 2 0.5, both exponents
increase continuously. This behavior is consistent with the up-
per critical exponent o, = 2/3 and the divergence of critical
exponents predicted for long-range O(N) quantum rotor mod-
els [96-98]. Similar behavior has been reported in long-range

Heisenberg ladders [45,71,99], which are described exactly by
this effective field theory.

The critical exponent v from the data collapse of the MPS
magnetization curves following the finite-size scaling forms
(11) supports the same scenario as the pCUT + MC results.
The exponent v matches the divergent behavior expected in
the Gaussian regime at small values of o. Overall, it shows a
similar u-shaped behavior as in long-range Heisenberg ladders
[45,97-99] as well as the long-range Bose-Hubbard model
[100].

As it turns out, it is not possible to extract the exponent
B above the upper critical dimension directly at the critical
point for systems with open boundary conditions as used
in our MPS approach [101,102]. Instead, we generalize the
finite-size scaling forms (11) to incorporate a dependence on
the boundary conditions of the system.

Above the upper critical dimension, the conventional finite-
size scaling form has to be modified. For periodic boundary
conditions (PBCs), this is described by Q finite-size scaling
[61,103-105], where the finite-size correlation length scales
as & < LY witha pseudocritical exponent ¢ . Accordingly, we
generalize the scaling forms in A as

L2 (LYY (A~ A.)
L9 f(L9/7 (A~ A.))

OBC,

ppc, (P

(MP)x 1 = {

with different dependence for OBCs and PBCs, where we
introduced the general scaling exponent ®. Note that the pseu-
docritical exponent ¢ is not an independent critical exponent,
but a scaling correction exponent that accounts for the modi-
fied scaling of the correlation length above the upper critical
dimension. For decay exponents ¢ > oy, i.e., below the upper
critical dimension (d < dy.), we have ¢ = 1, so both scaling
forms are identical, and we recover Eq. (11), where ® = 8/v.
However, for o < oy, above the upper critical dimension
(d = dy), the finite-size scaling forms about the critical point
fundamentally differ depending on the boundary conditions of
the system under investigation [101,102,106].

For PBC, the scaling formalism above the upper criti-
cal dimension is known as Q finite-size scaling [61,103—
105] with subtle differences between classical and quantum
models. For the classical long-range case, the pseudocriti-
cal exponent is given by ¢ = d/d: = d" /20 , where we
used d¢! = 20 [103-105]. In contrast, for the quantum long-
range case, Y= d/d,. = 2d /30 , where d,. = 30/2 [61]. In
both cases, the exponent ® = B/v, appearing in the scaling
forms, remains unchanged. For OBC, however, the scaling
behavior is modified [101,102]. In Ref. [101], it was shown
that for classical long-range O(N) vector models the expo-
nent becomes © = (d° — ¢)/2. Using the quantum-classical
mapping d° =d 4z [107,108] and z = o /2, this yields
® =(d —0/2)/2 for the corresponding quantum model.
In short, above the upper critical dimension o < o, we
expect a distinct scaling behavior for our model depend-
ing on the boundary conditions: For OBC, we anticipate
® =(1—-0/2)/2, whereas for PBC, ® = /v =0/2 to-
gether with a pseudocritical exponent ¢ =2/30 . Since
DMRG typically employs OBC, this prediction implies that
critical exponents from such approaches cannot be directly
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compared to periodic-boundary or field-theoretical predic-
tions without accounting for boundary effects.

To demonstrate these differences in the finite-size scal-
ing above the upper critical dimension, we complement the
MPS simulations with OBC by exact diagonalization (ED)
calculations using PBC. For the ED calculations, we use
renormalized long-range couplings obtained via Ewald sum-
mation [60,109,110]. We apply the same data-collapse and
extrapolation procedure as for the MPS data, considering sys-
tem sizes from L = 6 to L = 20. To mitigate the limitations
of small accessible system sizes, we perform biased data
collapses by fixing the critical parameter to APCUT obtained
from the pCUT + MC approach, which is directly formulated
in the thermodynamic limit. This reduces the number of free
fitting parameters and incorporates an accurate estimate of
the transition point, thereby improving the reliability of the
extracted critical exponents.

As conjectured, all approaches yield a consistent scaling
exponent ® for o > o, that monotonously decreases from
o =2/3 to o =1.75 (cf. Fig. 6). Above the upper critical
dimension o < oy, we observe the boundary condition de-
pendence of the exponent ®: For OBC, © linearly increases
with decreasing o, while for PBC it linearly approaches zero.
Both results agree well with our theoretical predictions [® =
(1/2 — o0 /4) for OBC and ® = ¢ /2 for PBC]. This clearly
demonstrates that boundary conditions are a relevant property
in finite-size scaling above the upper critical dimension, rather
than a numerical detail or artifact. Failure to account for
the boundary-dependent scaling may therefore lead to a sys-
tematic misidentification of universality classes in long-range
systems.

Note that we also performed biased MPS data collapses
with the critical point fixed to the value AECUT; we use these
as a consistency check. The quantitative agreement between
data obtained from pCUT + MC, MPS, and ED, together with
their consistency with the predictions of the long-range O(NV)
quantum rotor model—including the overall qualitative be-
havior and the location of the upper critical dimension as well
as the distinct boundary-dependent scaling behavior above
it—provides consistent evidence that the phase transition for
sufficiently small decay exponents o is described by a long-
range ¢* theory with O(2) symmetry.

2. Haldane-to-CSB transitions

We now turn our attention to the Haldane-to-CSB transi-
tions. To examine the relevant critical line, we show in Fig. 7
the critical exponents v and B as a function of the anisotropy
parameter D over the entire parameter range and indicate the
different critical regimes by different background colors. For
D < —0.31, there is no transition as the system has a Z, AF
ground state for any decay exponent. For —0.31 < D < 0, the
Ising transition between the Haldane and Z, AF phase yields
critical exponents v ~ 1 and B8 ~ 1/8. At D = 0, a second-
order transition separates the Haldane and SU(2) CSB phases,
while for D > 0 the transition is toward U(1) CSB, resulting in
an apparent jump of the critical exponents at D = 0. We also
find that the critical exponents vary continuously as a func-
tion of D with a pronounced maximum at D ~ 1, where the
Gaussian transition terminates in the U(1) CSB critical line.

3

MPS — data collapse in D or A
MPS - biased data collapse in A

CSB

MPS — data collapse in «

Haldane < JU(2)

o

oo
No Criticality
Gaussian

0.6 Ising Haldane <+ U(1) CSB large D <+ U(1) CSB

Q. ]

0.2

0.0 ‘ ‘ : —
—0.5 0.0 0.5 10 5/4 5/3 5/2 5 o0

FIG. 7. Critical exponents v and B and their errors—including
statistical and systematic uncertainties—obtained from the scaling
procedure in the different critical regimes as a function of the
anisotropy parameter D. The D axis is linear for D < 1, while for
D > 1 it is uniformly spaced in 1/D. The results are obtained from
three different finite-size scaling procedures using MPS: standard
data collapse in D and A, biased collapse using the critical point
APCUT from the pCUT + MC approach, and a data collapse in the
decay exponent «. Shaded background regions mark the different
transitions: no criticality (D < —0.31, Z, AF ground state), the Ising
transition between the Haldane and Z, AF phases (—0.31 < D < 0),
CSB transitions from the Haldane phase [SU(2) CSB at D=0
and U(1) CSB for 0 < D < 1], the Gaussian transition near D ~ 1
separating the Haldane and large-D phases, and the large-D-to-U(1)
CSB transition. For D > 1, the exponents v and 8 vary continuously
and follow a qualitative u-shaped behavior that is consistent with
field-theoretical predictions from the long-range O(2) quantum rotor
model [45,98]. The gray line at large-D values (8 = 0.5) indicates
the expected mean-field value of the exponent . Data points ob-
tained from the three approaches largely agree with each other. In
the intermediate Haldane-to-U(1)-CSB region (0 < D < 1), the sys-
tem also exhibits unconventional critical behavior with continuously
varying exponents as a function of D.

For D > 1, we again have our large-D-to-U(1)-CSB tran-
sition. The exponent B (v) continuously decreases from 8 ~
05 (v ~4.0)to g ~0.25 (v~ 1.3) until D ~ 5/2 and then
increases continuously. The critical exponents are fundamen-
tally controlled by the decay exponent o. When plotting the
exponents as a function of the anisotropy D, one effectively
evaluates them along the line D (o). The observed D depen-
dence of the critical exponents, therefore, reflects the variation
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FIG. 8. Comparison of the critical exponents v [panel (a)] and
B [panel (b)], including statistical and systematic uncertainties from
the scaling analysis, for the Haldane-to-U(1)-CSB and large-D-to-
U(1)-CSB transitions as a function of the decay exponento = o — d,
where d = 1. The exponents associated with the large-D-to-U(1)-
CSB transition display smoothly varying exponents with a sharp
increase at o ~ 2, whereas those of the Haldane-to-U(1)-CSB tran-
sition increase smoothly around o ~ 2.

of o along the critical line. Thus, the described behavior of
critical exponents is in line with the expected behavior of the
long-range O(2) quantum rotor model [96-98] predicting a u-
shaped behavior as a function of o [45,98,99]. For sufficiently
large anisotropies (D 2, 7), the exponents approach their long-
range mean-field values. The discrepancies in v near D ~ 2
likely reflect the difficulty of accurately determining the crit-
ical point due to the very flat critical line in A direction (see
Fig. 1).

For the Haldane-to-U(1)-CSB transition in the range 0 <
D <1, we find continuously changing critical exponents
varying from v & 1.5 to ~4.0 and from B =~ 0.25 to ~0.5.
The exact origin of this varying critical behavior is not obvi-
ous to us.

Analogous to the large-D-to-U(1)-CSB transition, one pos-
sible interpretation is that the continuously varying exponents
arise from an effective “reparametrization” of D, in terms of
o . If both critical lines [Haldane-to-U(1)-CSB and large-D-to-
U(1)-CSB] were governed by the same underlying effective
long-range field theory, where the long-range coupling fixed
by o is the relevant parameter in the renormalization-group
sense, then the critical exponents should collapse onto a single
curve when expressed as functions of the relevant coupling pa-
rameter o. To test this scenario, we plot the critical exponents
v and B for both transitions as functions of o (see Fig. 8).
However, the data clearly separate into two distinct branches,
demonstrating that the two transitions do not share a common
o-dependent scaling behavior. While the critical exponents
of the Haldane-to-U(1)-CSB transition vary almost linearly
over a small parameter range around o = 2, the critical ex-
ponents of the large-D-to-U(1)-CSB transition vary smoothly
for o <2 in qualitative agreement with the expectation of
the long-range O(2) quantum rotor model but additionally
show a pronounced, almost jumplike, increase near o ~ 2. We
attribute this jumplike behavior in the large-D-to-U(1)-CSB
transition to its proximity to the junction with the Gaussian
and Haldane-to-U(1)-CSB transition lines (see Fig. 1). Be-
cause the long-range coupling controlled by o is the relevant
parameter, while D parametrizes the position along the critical

line, the exponents can vary sharply with o but smoothly with
D. This behavior is in contrast to the Haldane-to-U(1)-CSB
transition, which exhibits smoothly varying exponents as a
function of both ¢ and D. The contrasting behavior suggests
an intrinsic difference in the way the two transitions respond
to competing critical fluctuations.

If this interpretation is correct, it points to qualitatively
distinct underlying mechanisms for the two transitions. No-
tably, the Haldane phase constitutes an SPT phase, whereas
the large-D phase is topologically trivial. Although both tran-
sitions involve the breaking of the same U(1) symmetry, the
presence of nontrivial topology in the Haldane phase may
influence the nature of the critical behavior and could lead
to deviations from the conventional Ginzburg-Landau-Wilson
paradigm [92,93].

Related speculations in the context of Heisenberg lad-
ders were previously put forward in Ref. [111], invoking
a potential deconfined-quantum-critical scenario between
a disordered rung-dimer phase with a finite string-order
parameter—just as in the Haldane phase—and an SU(2) CSB
phase with conventional order. While our results are con-
sistent with such an unconventional scenario, the present
analysis does not provide direct evidence.

In further support of the notion that the underlying dis-
ordered phases play a crucial role, we compare our critical
exponents at the high-symmetry point D =0 with those
reported for the spin-1/2 Heisenberg chain in Ref. [84]. Al-
though the ordered phases have the same symmetry, the
transitions originate from qualitatively different disordered
phases: the SPT Haldane phase in our spin-one model versus
a quasi-long-range ordered (QLRO) phase in the spin-1/2
model. We find critical exponents 8 = 0.2724(13) and v =
1.584(9), which differ significantly from the values reported
in the spin-1/2 model, 8 = 0.57(2), and v = 2.16(1) [84].
Interestingly, the QLRO-to-SU(2)-CSB transition in the spin-
1/2 chain is characterized by a dynamical critical exponent
z < 1 [112], while the transition between a QLRO and a U(1)
CSB phase is of Berezinskii-Kosterlitz-Thouless type [113],
signaling unconventional criticality in these cases as well.

Our exponent estimates are further in agreement with the
independent quantum Monte Carlo study in Ref. [114] for the
same model at D = 0 finding 8 =~ 0.3 and v =~ 1.7. Consis-
tent with our unconventional picture, the study finds evidence
for z < 1 at the Haldane-to-SU(2)-CSB transition, providing
independent support for unconventional critical behavior be-
yond conformal symmetry.

Taken together, these results highlight the multifaceted
nature of continuous-symmetry breaking in one-dimensional
systems and suggest that the nature of the disordered phase
can qualitatively affect the resulting critical behavior. In
this context, our results suggest that the topological nature
of the Haldane phase may play an important role for the
Haldane-to-CSB transitions, motivating further numerical and
field-theoretical studies to clarify their precise nature.

V. CONCLUSIONS AND OUTLOOK

In this work, we investigated the spin-one Heisenberg
chain with single-ion anisotropy and staggered long-range in-
teractions. Using MPS, we determined the ground-state phase
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diagram as a function of the long-range decay exponent «
and anisotropy D, identifying the various phases by com-
puting different spin-spin correlations and the entanglement
entropy. Within the CSB phases, long-range interactions give
rise to an unconventional «-dependent scaling behavior of
the logarithmic correction of the entanglement entropy, with
distinct behavior for U(1) and SU(2) CSB. In addition, we
characterized the critical properties of the second-order quan-
tum phase transitions by analyzing their finite-size behavior.
For the topological Gaussian transition, we used the crossing
points of the entanglement entropy in different magnetiza-
tion sectors and the logarithmic scaling at the critical point
to determine the critical properties at the quantum phase
transition. For transitions involving conventional order [Z,
AF, SU(2) CSB, and U(1) CSB phases], we used staggered-
magnetization curves to perform data collapses and extracted
critical properties as a function of the decay exponent o =
a — 1 and the anisotropy D. Complementing the MPS results
with high-order series expansions using the pCUT + MC ap-
proach yielded consistent predictions for the critical line of
the large-D-to-U(1)-CSB transition.

We found that the critical exponents vary continuously with
the decay exponent o, in agreement with effective quantum
field theory predictions for the long-range O(2) quantum rotor
model [96-98]. Furthermore, our results demonstrate that the
finite-size scaling of critical exponents above the upper criti-
cal dimension is strongly influenced by boundary conditions:
Comparison of MPS results with OBC and ED results with
PBC reveals significant differences. To account for this, we
extended the finite-size scaling framework for open boundary
conditions previously established for classical long-range sys-
tems in Ref. [101] to the quantum setting. To our knowledge,
this provides the first quantitative investigations of the influ-
ence of boundary conditions on quantum long-range critical
scaling above the upper critical dimension complementing a
recent work on the finite-size scaling above the upper crit-
ical dimension of quantum systems [61]. Our work further
highlights that accounting for the correct boundary conditions
is crucial to correctly extract critical properties in quantum
systems above the upper critical dimension.

Despite mapping out the phase diagram with high preci-
sion, several open questions remain. These include the precise
properties of the quantum phase transition along the Gaussian
line as well as the mechanism underlying the continuously
varying critical exponents from the Haldane to the U(1) and
SU(2) CSB phases. Addressing these questions in future
studies will be essential to better understand and test the
unconventional critical behavior in one-dimensional quantum
spin systems.

Beyond these theoretical challenges, our results identify
this model as a minimal and versatile playground for study-
ing unconventional quantum criticality. Recent advances in
atomic and molecular platforms provide realistic routes to-
ward its implementation. Its defining ingredients—spin-one
degrees of freedom, single-ion anisotropy, and tunable long-
range interactions—are becoming available in state-of-the-art
experiments, including trapped ions [31-33], ultracold atoms
[29], and Rydberg atom arrays [34,35,115]. In particular,
trapped-ion platforms allow tunable power-law interactions
over a wide range of decay exponents [28,116], which is

essential for accessing the different critical regimes identified
here, while neutral atoms in a cavity have demonstrated tun-
able interaction potentials in spin-one systems with single-ion
anisotropy terms [27]. Moreover, Rydberg atom platforms
have demonstrated that a quantitative finite-size scaling anal-
ysis to probe the critical behavior similar to our theoretical
approach is already experimentally viable [117]. Overall,
these developments establish a direct connection between
theory and experiment, positioning the present model as a
concrete setting to study the interplay of long-range inter-
actions, continuous-symmetry breaking, and topology and
to test the unconventional critical behavior identified in our
work.
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FIG. 9. Convergence of the ground-state energy density €y and
the entanglement entropy Syn with respect to the bond dimension
x [panels (a) and (b)] and the number of exponential terms N used
to approximate the long-range power-law interaction [panels (c) and
(d)] for a chain of length L = 200, with D = 0 and various values
of the decay exponent «. Panels (a) and (b) show the differences
€0(X) — €0(Xmax) and Syn(x) — Syn(Xmax)> respectively, relative to
the largest bond dimension considered, xm.x, to better illustrate the
convergence behavior. Panels (c) and (d) display the dependence on
N; the red crosses indicate the values of N for which the truncation
error satisfies ¢ < 107°, corresponding to the choice used throughout
our calculations. Both €j and Syn converge more slowly as the decay
exponent « decreases.

DATA AVAILABILITY

The raw data is available on Zenodo at Ref. [122]. The
code used to generate the numerical results presented in this
paper can be made available from P.A. [123] upon reasonable
request.

APPENDIX A: CONVERGENCE OF MPS CALCULATIONS

In this Appendix, we analyze the convergence of the MPS
calculations with respect to the maximum bond dimension
Xmax and the number of exponential terms N used to ap-
proximate the long-range power-law interactions by a sum
of exponential terms as introduced in Eq. (3). Convergence
with respect to system size is addressed through the finite-size
scaling analyses presented in Appendixes B and C. To assess
convergence, we examine the ground-state energy density
€o and the entanglement entropy Syn as functions of these
two parameters. The convergence of €y and Syn provides a
stringent check on the underlying MPS ground states used
for the finite-size scaling analyses. In Fig. 9, we show the
data for a chain with size L = 200, anisotropy D = 0, and
various decay exponents « between « = 1.1 and ¢ = co. We
choose representative data at D = 0, where the entanglement

is largest across the entire phase diagram and increases sub-
stantially as the decay exponent o decreases, making this
the most demanding regime for the MPS calculations. We
therefore use D = 0 as a worst-case benchmark for the con-
vergence of the MPS calculations. The simulation parameters
employed throughout this work—a maximum bond dimen-
sion of xmax = 2000 at D =0 in the SU(2)-broken CSB
phase and xmax = 500 and xmax = 1000 elsewhere, together
with a variable number of exponential terms N chosen such
that the approximation error satisfies & < 10~°—yield well-
converged results even for the smallest values of « considered.
These convergence tests indicate that the numerical accuracy
achieved is sufficient for the analyses presented in the main
text.

APPENDIX B: SCALING OF THE
ENTANGLEMENT ENTROPY

In this Appendix, we present the procedure for deter-
mining the scaling behavior in more detail and also discuss
the constant scaling term ¢ as a function of the decay
exponent . The spin-one Heisenberg chain exhibits a loga-
rithmic scaling of the entanglement entropy following Eq. (5),
where the leading area-law term becomes trivially a constant
in one-dimensional systems. In CSB phases, the low-lying
tower-of-states structure of the entanglement spectrum leads
to an additive logarithmic correction to the area-law scaling
[80,83,84]. Thus, we use a logarithmic function,

Svn(L) =bIn(L) +c, B

to perform a least-squares fit to the entanglement entropy
as a function of the system size L with b and ¢ as free
fit parameters. In the left column of Fig. 10, we show the
entanglement entropy as it increases with the system size L
and the logarithmic fit function for selected values of the
decay exponent « for D € {—0.5, 0, 0.5, 1.25}. Note that for
a=1.1 at D =0, the data points are limited to L < 220.
Due to enhanced entanglement in the SU(2) CSB phase, we
cannot push to the maximal system size (L = 340) for small
o values with a bond dimension limited to ym.x = 2000. Until
a ~ 1.85, the maximum system size L = 340 is accessible but
steadily decreases to L = 220 at o = 1.1.

We aim to account for finite-size effects by successively
performing least-squares fits in a “sliding window” with a
fixed number of system sizes. Thus, we slide the window with
the initial set of system sizes L = {60, 80, 100, 120, ..., 240}
to the final one L = {160, 180, 200, 220, ..., 340}, i.e., from
Liin = 60 to Ly, = 160 resulting in six data points for the
logarithmic coefficient b. In the right column of Fig. 10, we
show the logarithmic coefficients b(1/Ly,;,) as a function of
the minimal system size of the “sliding window.” To extract
the bulk value, we use a linear fit function

f(l/Lmin)Zboo+u(1/Lmin) (BZ)

in the range Ly, = [80, 160], where b, and u are the free
fit parameters. The coefficient of the logarithmic correction in
the thermodynamic limit is then given by f(0) = b with the
fitting error oy,

In the main text, we discussed the logarithmic coefficient
b as a function of the decay exponent o from the expected
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FIG. 10. Scaling behavior of the entanglement entropy Syy for
D € {-0.5,0,0.5, 1.25} at various decay exponents «. Left column:
Entanglement entropy as a function of system size L, fitted to Syy =
bIn(L) + ¢ (dashed lines). Right column: Logarithmic coefficients
b plotted vs 1/Ly;,, where Ly, is the lower bound of a “sliding”
fitting window. Each window contains N = 10 data points to which
the logarithmic fit is applied, and the window is shifted sequentially
to larger system sizes. Dashed lines show linear fits of b(1/Ly,) used
to extrapolate the thermodynamic value b(1/Ly;, = 0).

entanglement entropy
Syn = bIn(L) + c. (B3)

Here, we analogously discuss the behavior of the constant
term c¢ as a function of the decay exponent o as shown in
Fig. 11. The constant is obtained from the same fits used in
the main text. In contrast to the logarithmic coefficient b, the
constant term c is, in general, not universal and typically more
prone to finite-size effects. Consequently, the results should be
interpreted with more caution, especially the behavior close to
the critical point. In the Z, AF phase at D = —0.5 [panel (a)],
the constant term varies smoothly, decreasing continuously
from ¢ =6 to @ ~ 2. For « <2, ¢ increases again. This
behavior coincides with the regime where the logarithmic
coefficient b becomes negative. In this regime, the entangle-
ment entropy slightly decreases with increasing system size,
which leads to a negative logarithmic slope in the fit and a
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o
21 (b)
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FIG. 11. Constant term c of the entanglement entropy as a func-
tion of the decay exponent « for D = —0.5, 0, 0.5, and 1.25 in panels
(a)—(d), respectively. Data points include error bars from the extrap-
olation procedure. The ground state in the m, = 0 sector is used
to compute the entanglement entropy, except in the Haldane phase,
where the m, = 1 ground state is taken to avoid the residual In2
contribution from edge-state entanglement. Fitting the entanglement
entropy to Syx = bInL + ¢ yields the constant ¢, which displays a
nontrivial behavior close to the critical points «,.. Gray dashed lines
indicate critical points in the thermodynamic limit determined by the
data-collapse and extrapolation procedure in Appendix C.

compensating increase of the constant term c¢. For D = 0 in
panel (b), the constant term is positive and approximately
constant in the Haldane phase (a 2 2.5), while it becomes
negative in the SU(2) CSB phase (¢ < 2.5). Near the critical
point, ¢ increases from both sides and exhibits a pronounced
peak. Such peaks are expected close to the transition where
scaling corrections are strongest and the simple logarithmic
form provides only an approximate description of the finite-
size data. For D = 0.5 in panel (c), the constant remains
positive and approximately constant in both the Haldane and
U(1) CSB phases. In addition, a pronounced peak in ¢ appears
on the Haldane side of the transition (o, ~ 3). Finally, for
D = 1.25 in panel (d), the behavior across the large-D and
U(1) CSB phases is qualitatively similar to the previous cases.
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The constant increases on the large-D side of the transition,
reaches a maximum around « =~ 4, and slowly decreases for
larger o values.

APPENDIX C: DATA COLLAPSE AND EXTRAPOLATION
OF CRITICAL PROPERTIES

In this Appendix, we present the data-collapse and ex-
trapolation procedure, which we apply to extract the critical
properties of the second-order transition lines in the phase
diagram to high accuracy. Extracting critical properties—most
notably critical exponents—is a very challenging task. A very
accurate and proven approach is to use the finite-size scaling
of observables and perform a data collapse exploiting the
universal critical behavior about second-order quantum phase
transitions [57-62]. However, systems governed by long-
range interactions can give rise to increased entanglement and
long-range correlations leading to stronger finite-size effects,
which makes the determination of critical properties even
more challenging.

To get accurate results, we apply a two-step procedure.
First, we perform several data collapses for different sets of
system sizes, which allows us to extract the critical point and
exponents. Second, we analyze the behavior of the critical
point and exponents as a function of the inverse system size
and extrapolate the data to the thermodynamic limit. In the
following, we describe these two steps in more detail.

We calculate the staggered-magnetization curves for L =
{60, 100, 140, 160, 180, 200, ..., 340} in the vicinity of all
second-order phase transitions (except the topological Gaus-
sian transition). We use the following finite-size scaling
forms:

(M2), , =L/ LV (D - D)),
(M3)0 =L F(L (0 = 1)),

(MD)ar = L7 FLY (0 — o)), (€D
where f is a fifth-order polynomial function. The critical
points D, A., or o, and critical exponents § and v are
additional free parameters that we determine by a multidimen-
sional least-squares fit in the parameters L and D, A = 1/D,
or «. For the Ising transition, we use the staggered z mag-
netization M, (8), while for the transitions toward the CSB
phases, we use the staggered transverse magnetization M
(10). Depending on the critical line, we apply a data collapse
in the direction along o for the CSB transitions or in the
opposite direction along D for the Ising transition and along A
for large-D values toward the U(1) CSB transition. Moreover,
we perform biased data collapses in A, where we fix the
critical point A, to the pCUT 4 MC value AECUT, which is de-
termined independently using the high-order series-expansion
approach. This reduces the number of free fit parameters to
two, B and v, serving as a biased fit to check the consistency
of our results.

Above the upper critical dimension d > d,.—or likewise
below the upper critical exponents o < oy, Where we use
an alternative decay exponent 0 = o — d with d being the
dimension of the system—the above finite-size scaling forms
must be modified. Interestingly, the finite-size scaling forms

differ depending on the boundary conditions. Hence, we use
the following more general finite-size scaling forms:

L2 (LY (A = A,))
L7299 (LS (A ~ A,))

OBC,

ppc, (©

(M?)x 1 = {

for OBCs and PBCs, respectively. We introduce the general
scaling exponent ® and the pseudocritical exponent €. For o >
oue, We have ¢ = 1, both scaling forms are identical, and we
recover Eq. (C1), where we introduce the critical exponent
® = B/v. However, if 0 < oy, we have ? =2/30 and © =
B/v for PBC, and ® = (d — 0 /2)/2 for OBC, which is now
independent of B8 and v. To test this behavior, we performed
the data collapses using ® as a free parameter.

After performing least-squares fits to the MPS data points
with critical exponents (and critical point) as free parame-
ters, the established approach is to collapse the magnetization
curves of different system sizes onto a single curve using
the final fit parameters and proper rescaling according to the
finite-size scaling forms (C1). In Fig. 12, we show the magne-
tization curves for different system sizes and the associated
data-collapse representative for different transitions. As we
can see, the data points perfectly collapse onto a single curve
as expected at second-order quantum phase transitions. To get
a reasonable error estimate of the critical values, it is not suf-
ficient to only consider the uncertainty from the least-squares
fit, as we are limited to small system sizes. In reality, correc-
tions to the dominant power-law scaling are to be expected,
and long-range interactions further amplify finite-size effects.

To systematically account for finite-size effects, we per-
form multiple data collapses using a “sliding window” with
several system sizes. The variation between the extrapola-
tions obtained from different sliding windows is interpreted
as an estimate of the residual systematic uncertainty aris-
ing from finite-size effects. A pronounced dependence on
the chosen window indicates remaining finite-size effects not
captured by the scaling ansatz and leads to an increased sys-
tematic uncertainty in the final estimate. We fix the number
of system sizes for the data collapse to eight and “slide”
the window from L = {60, 100, 140, 160, ...,240} to L =
{200, 220, 240, 260, .. ., 340}, i.e., from Ly, = 60 to Ly, =
200 resulting in six data points. In Fig. 13, we show the behav-
ior of the three critical quantities as a function of the minimal
system size of the “sliding” window. We use a quadratic fit
function

S /Lin) = & + 1 (1/Lin) + v (1/Luin)* ~ (C3)

to extrapolate their values to the thermodynamic limit, which
is given by f(0) = « with the associated fitting error o,.. Here,
the parameter « represents the critical point (D,, o, and A.)
or a critical exponent (8 and v). We use a least-squares fit in
the range [100, 200].

To further improve the error estimate, we repeat the data-
collapse and extrapolation procedure with N = 6 different
data windows where the number of data points ranges between
40-60 per system size. We obtain several estimates for the
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bulk values k; and calculate the mean and associated spread
with

oLy (C4)
K== Ki,
N i=1
N
1
Ospread = m Z(Ki — k). (C5)
i=1

As the individual quadratic fits to the different data windows
lead to different uncertainties o, ;, where «; + oy ;, it is better
to compute the weighted average
SN wik; 1
Re= =P s (CO)
2izy Wi L wi

where we define the weights as w; = 1/07;. The weighted
average minimizes the variance under the assumption that the
individual k; values are independent measurements governed
by their respective uncertainties.

To test the consistency of the weighted average with the re-
ported errors, we use the (reduced) chi-squared value defined
as

X2

N-—1

Xoed = (C7)

X2 — Z (Ki _kw)z’

2
i=1 G/c,i

If szed < 1, the scatter among the k; values is compatible with
the fitting uncertainties. When x2, > 1, the observed fluctu-
ations exceed those expected from the errors o, ;, indicating

that the statistical uncertainties must be inflated. We therefore
obtain a statistical error

Ogar = Owy/max (x24, 1).

In addition to the statistical uncertainty, varying the window
size introduces correlations among the data and leads to a
systematic spread that is not captured by the individual fit
errors. We therefore interpret

(C8)

Osyst = Ospread (C9)
as an estimate of the residual systematic uncertainty asso-
ciated with the extrapolation procedure. We combine this
systematic error with the previous statistical error to a total

error estimate
_ 2 2
Ototal = 4/ Ogtar T+ Ogysts

for our final estimation of the critical quantities given by
Kw £ Owra- The systematic contribution can significantly in-
crease the total error bar when the extrapolated values show a
strong dependence on the chosen sliding window. In Fig. 13,
we depict the extrapolations and the final estimates for the
critical point and the critical exponents v and . The finite-size
behavior is well behaved and allows for decent fits to the
quadratic fit function. We see that the critical exponents for
the Ising transition v = 1.0228(25) and g = 0.12218(26) at
o =5 agree closely with the expected values in literature
v=1and g = 0.125.

(C10)
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