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Critical states preparation in light-matter systems with deep reinforcement learning
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The fast and efficient preparation of quantum critical states is a challenging yet crucial task for various
quantum technologies. This difficulty is most particularly for systems near a quantum phase transition, where
the closure of the energy gap fundamentally limits the timescale of adiabatic processes and thus precludes rapid
state preparation. We propose a framework using deep reinforcement learning (DRL) to rapidly prepare quantum
critical states, with broad extendibility to light-matter interaction systems. Specifically, a DRL agent optimizes a
set of time-dependent control Hamiltonians to drive the system from an initial noncritical state to a target critical
state within a finite time and over experimentally accessible parameter ranges. As a concrete application, we
focus on the quantum Rabi model. The DRL-optimized time-dependent control Hamiltonian yields a final state
with high fidelity (>0.999) to the target critical state. The protocol can be readily extended to other quantum
critical systems described by light-matter interaction models, such as quantum Dicke model. This investigation
provides a powerful framework for preparing and manipulating quantum critical states.
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I. INTRODUCTION

Quantum systems near critical points exhibit a wealth of
exotic physical phenomena, where small variations in physical
parameters can lead to drastic changes in equilibrium-state
properties [1–4]. A prominent class of quantum critical sys-
tems is described by light-matter interaction models, such
as the quantum Rabi model (QRM) [5,6], the energy gap
closes and levels converge to degeneracy as system parameters
approach the critical point.

The ground states of these quantum critical systems are
central to the study of quantum phase transitions, as they
exhibit universal features of quantum criticality [7–9]. These
unique properties make them a vital resource for quan-
tum technologies [10–12], particularly in quantum metrology
[13–15]. Nevertheless, preparing such critical ground states
remains a formidable challenge. Conventional methods, such
as adiabatic evolution [16,17], require an infinitely slow pas-
sage through the critical point to avoid excitations induced by
the closing energy gap, rendering them impractical. Shortcuts
to adiabaticity reduce the evolution time but typically rely on
experimentally infeasible driving Hamiltonians [18]. Conse-
quently, fast, robust, and experimentally feasible protocols for
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generating quantum critical ground states are a crucial open
challenge in the field [19,20].

The fast and high-fidelity preparation of a target quantum
state can be formulated as an optimization problem [21–28].
Given a system Hamiltonian, the goal is to design time-
dependent control protocols that drive an initial state to a
target state within timescales shorter than the decoherence
time [29–35]. Among existing approaches, gradient-based
optimal control methods (e.g., gradient-ascent pulse engi-
neering [36–38]) efficiently identify optimal parameters via
gradient evaluation, but rely on explicit knowledge of the sys-
tem dynamics. However, in strongly or ultrastrongly coupled
quantum critical systems, the dynamics are often analytically
intractable and gradient evaluation becomes unreliable, which
limits the applicability of such methods. In these cases, control
strategies based on final measurement outcomes (e.g., fidelity
or observables) become essential [38].

Recently, deep reinforcement learning (DRL) has emerged
as a powerful tool for solving complex optimization problems
in quantum physics, particularly those involving measure-
ment feedback [39–47]. DRL agents learn effective control
strategies through trial-and-error interactions with simulated
environments, without requiring prior knowledge of the sys-
tem dynamics [48]. This approach has achieved remarkable
success across various quantum tasks, including many-body
ground-state preparation [49], high-fidelity quantum gate de-
sign [50], and quantum error-correction decoding [51]. Owing
to its ability to explore high-dimensional parameter spaces,
DRL can identify efficient and nonintuitive control protocols
beyond the reach of traditional optimization methods.

In this article, we propose a broadly applicable DRL frame-
work for the rapid preparation of quantum critical states.
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A DRL agent optimizes time-dependent control Hamiltoni-
ans to drive a system from a noncritical ground state to
a target critical state within a short time and with high
fidelity. As a concrete example, we consider the quantum
Rabi model, where the optimized control yields a final state
with fidelity exceeding 0.999 using only a single control field.
The robustness of the protocol against systematic errors and
environmental dissipation is also examined. Numerical sim-
ulations show that the fidelity loss remains below 5% on
average for |β| � 5%, while the effect of dissipation stays
below 1%, demonstrating strong robustness. This work es-
tablishes DRL as a powerful tool for engineering quantum
critical states and can be readily extended to other light-matter
systems, such as the quantum Dicke model.

II. PHYSICAL MODEL AND METHOD

We consider a class of quantum systems with Hamiltonian

H[g(t )] = H0 + Hint[g(t )], (1)

where H0 is the free Hamiltonian and Hint[g(t )] denotes the
interaction term controlled by a tunable parameter g(t ) [19].
As g(t ) approaches the critical value gc, strong entanglement
develops, making controlled state preparation challenging.
Given g(0) and g(T ) = gc over a time interval [0, T ], the goal
is to design a time-dependent protocol that drives the system
from the initial state |�[g(0)]〉 to the eigenstate |�[g(T )]〉 of
H[g(T )].

To address this, we introduce a sequence of control Hamil-
tonians, such that the total Hamiltonian reads

Htot (t ) = H[g(t )] +
n∑

i=1

Hc
i (t ), (2)

with

Hc
i (t ) = �i cos(ωdt + φi ) Hc

i . (3)

Here, ωd is the driving frequency, while �i and φi denote the
amplitudes and phases of the control fields, respectively.

In the first step, the full set of control Hamiltonians
is employed to achieve control over all degrees of free-
dom of the system Hamiltonian, driving the system from
|�(0)〉 = |�[g(0)]〉 to |�(T )〉 = |�[g(T )]〉, while H[g(t )] is
tuned accordingly. However, implementing all controls simul-
taneously is experimentally challenging. To overcome this
limitation, we adopt a second step: each control field is ap-
plied individually to generate test trajectories |�test

i (t )〉, and a
trajectory similarity is defined as

�i =
∫ T

0

∣∣〈�test
i (t )

∣∣�(t )
〉∣∣2

dt, (4)

which quantifies the contribution of the ith control field. Based
on �i, the dominant control fields are reoptimized to reduce
resources while preserving the target state transfer. In gen-
eral, determining a sequence of control Hamiltonians Hc

i (t )
that drives a complex quantum system to a desired evolution
is challenging. The system dynamics are rarely analytically
solvable as the g(t ) increases. Moreover, in the first step full
control analysis, one must explore a high-dimensional param-
eter space, which leads to a substantial optimization overhead.
We therefore employ DRL to design control protocols that

FIG. 1. Schematic of the DRL approach for quantum critical
states preparation. At each episode n, the agent observes state sn,
receives a fidelity-based reward rn+1, and selects an action an via
policy π (A|S) to update the control fields, driving the system to sn+1.
This iterative process optimizes the control toward the target critical
state.

circumvent these analytical limitations. The central idea is that
the DRL model (workflow in Fig. 1) emulates the behavior
of agents interacting with an environment, learning through
rewards to adapt its decisions based on observations [50,52].
To ensure experimental feasibility, we design a physically
constrained reward function that incorporates fidelity incen-
tives and penalties on control parameters.

In the learning process, a fixed total evolution time T is
discretized into a finite number of steps k = 1, 2, . . . , K . At
each episode n, the agent observes the current state sn ∈ S
and chooses an action an ∈ A according to the policy π (A|S).
The action spaces are defined by the control parameters of the
control Hamiltonians Hc

i (t ), such as driving frequency, ampli-
tudes, driving time, and phases, and the state sn is described
by the fidelity F = |〈�(T )|�[g(T )]〉|. Note that we adopt this
form of the fidelity to mitigate the barren plateau problem that
may arise during the initial training stage due to low-fidelity
values. Other distance measures, such as the Jensen-Shannon
divergence and the trace distance, can also be used to char-
acterize the state sn. However, near the critical point, these
measures require significantly larger computational resources.
Therefore, the fidelity is chosen here as the training objective.
To find the optimal control Hamiltonians Hc

i (t ), we define the
reward function for the DRL agent as

R = rfid − ζampPamp − ζfreqPfreq − ζsmoothPsmooth,

rfid = [a + b(F 4)][−log10(1 − F )],

Pamp =
n∑

i=1

[
1

n

K∑
k=1

exp(Λk,i )

]
,

Pfreq = exp(ωd ),

Psmooth =
n∑

i=1

[
K∑

k=1

(Λk+1,i − Λk,i )
2 + 2

K∑
k=1

(Λk+2,i

− 2Λk+1,i + Λk,i )
2

]
. (5)
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Here, the term rfid denotes the fidelity reward and constitutes
the primary driving component of the reward function R, and
a and b are positive hyperparameters (chosen to balance train-
ing stability and reward sensitivity). The penalty term Pamp

suppresses excessive driving amplitudes, Pfreq biases the agent
toward lower driving frequencies, and Psmooth reduces abrupt
changes in the driving amplitude between adjacent time steps.
The coefficients ζamp, ζfreq, and ζsmooth represent the weights of
the corresponding penalty terms. The structure of the reward
function enforces strong physical constraints during training.
In Appendix C, we compare the above DRL protocol with
other methods.

III. APPLICATION-QUANTUM RABI MODEL

To validate our DRL framework, we focus on the quantum
Rabi model—a paradigmatic light-matter interaction system
exhibiting a superradiant quantum phase transition [5,6]. Its
Hamiltonian is

HRabi[g(t )] = ωa†a + �

2
σz + g(t )

√
ω�

2
(a + a†)σx, (6)

where σx,z are Pauli matrices for the two-level atom, ω is
the cavity field frequency, � is the energy splitting of a two-
level atom, and a†(a) is the creation (annihilation) operator.
We define the dimensionless parameter g(t ) = 2λ(t )/

√
ω�,

where λ(t ) denotes the time-dependent cavity-atom cou-
pling strength. The function g(t ) is parametrized as g(t ) =∑2

j=0 a jt j [a j is a dimensionless parameter that determines
the shape of the function g(t )] and satisfies the boundary
conditions g(0) = g0 and g(T ) = gc. At the critical point
gc = 1 (i.e., λ = √

ω�/2), the energy gap closes, and the
QRM undergoes a superradiant phase transition [5].

Here, we consider five commonly used control Hamil-
tonians in cavity quantum electrodynamics systems, which
provide full control over the degrees of freedom of the QRM
[53]:

Hc
1 (t ) = Λ1 cos(ωdt + φ1)(a + a†),

Hc
2 (t ) = Λ2 cos(ωdt + φ2)(a + a†)2,

Hc
3 (t ) = Λ3 cos(ωdt + φ3)a†a,

Hc
4 (t ) = Λ4 cos(ωdt + φ4)σz,

Hc
5 (t ) = Λ5 cos(ωdt + φ5)σx. (7)

In each episode, the amplitudes are discretized as sequences
Λi = {Λi(t1), . . . , Λi(tK )}. To ensure experimental feasibility,
we impose Λi(t1) = Λi(tK ) = 0, such that Hc

i (t ) vanishes at
the initial and final times. At each DRL episode, the evolu-
tion operator can be described as U (T, 0) = ∏1

k=K U (tk, tk−1),
where the single-step evolution operator takes the form

U (tk, tk−1) = T exp

[
−i

∫ tk

tk−1

(
HRabi[g(τ )] +

5∑
i=1

Hc
i (τ )

)
dτ

]
.

(8)

Here, T denotes the time-ordering operator. The final state of
the quantum system is given by |�(T )〉 = U (T, 0)|�[g(0)]〉.
Through repeated training, the agent adjusts the system evolu-
tion operator to maximize the fidelity F (|�(T )〉, |�[g(T )]〉).

FIG. 2. (a) Energy spectrum (En − E0) of the Rabi Hamiltonian
HRabi[g(t )] across the critical point, calculated with a Hilbert-space
truncation dimension of N = 5000. (b) Analysis of the trajectory
similarity �i, indicating that the control field (a + a†)2 plays a dom-
inant role in the system evolution. (c) Waveform and amplitude of
the control pulses identified by the DRL agent. The control Hamil-
tonian is given by Hc

2 (t ) = f2(t )(a + a†)2, with the driving field
f2(t ) = Λ2 cos(ωdt + φ2). The parameters used in the simulation are
� = 104ω, g(0) = g0 = 0.01, g(T ) = gc = 1, and K = 60.

The trajectory similarity defined in Eq. (4) is then analyzed to
identify the control field with the largest contribution, which
is subsequently selected for retraining in order to maximize
the fidelity while minimizing resource consumption. Systemic
state and reward are obtained by simulating the Schrödinger
equation using the QuTiP package [54,55].

In the first step, the DRL-optimized control sequence
with the full set of control fields achieves a fidelity of
F (|�(T )〉, |�[g(T )]〉) = 0.9990 at T = 4.1531/ω. The tra-
jectory similarity �2 attains the largest value, indicating that
the control field (a + a†)2 plays a dominant role in the evo-
lution. Based on this result, the second step employs only
the control field (a + a†)2 for the evolutionary training. The
resulting optimized control sequence achieves the same fi-
delity, F (|�(T )〉, |�[g(T )]〉) = 0.9991, at a shorter duration
of T = 3.7913/ω.

The corresponding optimal parameters {ωd , φ2,Λ2} are
shown in Fig. 2. In Appendix B, control sequences for differ-
ent system parameters �/ω and the smoothing of the control
waveforms are presented. The populations of the time-evolved
state |�(T )〉 in terms of the instantaneous eigenstates of
HRabi[g(t )] are presented in Fig. 3. The results show that DRL
agent identifies a shortcut distinct from the adiabatic path,
enabling the system to evolve to the critical ground state
|�[g(T )]〉 within a markedly short time. This evolution is
achieved using a single driving field (a + a†)2, with the am-
plitude remaining within experimentally accessible limits and
the duration of each single-stage operation tk well within the
range of conventional quantum control times. Our proposal
is feasible in circuit QED systems, where a transmission line
resonator interacts with a superconducting qubit described
by the Jaynes-Cummings model [56,57]. A two-photon drive

033063-3



YU, YU, YAN, LIN, SONG, CHEN, AND XIA PHYSICAL REVIEW RESEARCH 8, 033063 (2026)

FIG. 3. Time evolution of the populations. At each time t , the
evolving state |�(t )〉 is projected onto the first ten eigenstates |En(t )〉
of the instantaneous Hamiltonian HRabi[g(t )], yielding the population
distribution Pn(t ) = |〈En(t )|�(t )〉|2. We also show the Wigner func-
tions of the initial and final states of the cavity subspace, obtained by
tracing out the qubit degrees of freedom.

(Josephson parametric amplification process) can be realized
by time-dependent modulation of the magnetic flux through
a superconducting quantum interference device [58,59]. In
Appendix A, a potential experimental implementation scheme
based on superconducting circuits is presented.

IV. ANALYSIS OF NOISES

Without loss of generality, the influence of control errors
and environmental dissipation on the DRL-control sequence
is considered separately.

For systematic errors, the actual control Hamiltonian is
written as H ac

2 (t ) = H c
2 (t ) + H e

2 , where H e
2 denotes the con-

trol error Hamiltonian. In practice, imperfections may occur
in one or more control parameters {ωd , φ2,Λ2}. To assess
the robustness of the protocol, we examine the influence of
deviation in each parameter independently while keeping the
others fixed at their optimal values. A perturbed parame-
ter is modeled as χa = (1 + β )χ , where χ ∈ {ωd , φ2,Λ2}
and β ∈ [−5%, 5%] characterizes the relative error strength.
In Fig. 4(a), the fidelity loss induced by errors is shown.
The results show that deviations in the phase φ2 and driv-
ing amplitude Λ2 have little influence on the final evolved
state, while the system is more sensitive to deviations in the
control frequency ωd . The reason is that variations in the
control frequency ωd can lead to significant distortions of
the entire control waveform, thereby altering the evolution
path compared with the error-free case. Nevertheless, our
control protocol can still maintain a high preparation fidelity
within the typical experimental error range of [−5%, 5%]
[58,59].We further account for environmental dissipation dur-
ing the system evolution. The dynamics is described by a
Lindblad master equation [13]

dρ(t )

dt
= − i[Htot (t ), ρ(t )]

+
3∑

i=1

(
Liρ(t )L†

i − 1

2
{L†

i Li, ρ(t )}
)

, (9)

FIG. 4. (a) Analysis of control errors. Different broken lines
correspond to errors in different control parameters χ . The results
show that the average fidelity loss of the final evolved state due to
systematic errors remains below 5%. (b) Analysis of dissipative
effects. The dephasing rate of the qubit is fixed at κ3/ω = 0.01. The
results indicate that qubit relaxation has a negligible impact on the
final evolved state, and even at relatively large dissipation rates,
the fidelity between the final state and the target state remains above
0.99.

where Htot (t ) = HRabi[g(t )] + H c
2 (t ) and ρ(t ) is the system

density matrix. The Lindblad operators L1 = κ1a, L2 = κ2σ−,
and L3 = κ3σz correspond to photon loss, qubit relaxation, and
qubit dephasing, respectively, with κ1, κ2, and κ3 the associ-
ated decay rates. The effects of environmental dissipation are
summarized in Fig. 4(b). The results indicate that the protocol
maintains high fidelity (>0.99) even in the presence of dissi-
pation when κ1, κ2 � 0.05ω. In addition, we apply the DRL
framework to train the control sequence directly in an open
quantum system. In this case, the system state and reward
are obtained by numerically simulating the Lindblad master
equation. The highest fidelity between the evolved state and
the target state reaches F = 0.9965, with T = 2.6047/ω (the
parameters used in the simulation are � = 100ω, g0 = 0.01,
gc = 1, K = 60, and decay rates κ1/ω = κ2/ω = κ3/ω =
0.05). These results demonstrate that the physically con-
strained reward function and the DRL environment designed
in our protocol remain effective even in the presence of dis-
sipation. These features demonstrate the robustness of the
designed control scheme and its suitability for realistic exper-
imental implementations.

V. DISCUSSIONS AND CONCLUSIONS

We propose a DRL-based framework for the fast and ro-
bust preparation of quantum critical states, where a DRL
agent optimizes time-dependent control Hamiltonians Hc

i (t )
to drive a system from an initial noncritical ground state
|�[g(0)]〉 to the target critical state |�[g(T )]〉 (g(T ) = gc)
within a finite time. As an example, we consider the QRM,
which exhibits a second-order mean-field quantum phase
transition at gc = 1. The optimized protocol achieves a fi-
delity of F (|�(T )〉, |�(gc)〉) = 0.9991 at T = 3.7913/ω. To
assess practical feasibility, we analyze the robustness of
the control sequence against systematic errors and envi-
ronmental dissipation. Numerical results show that fidelity
loss remains below 5% on average for |β| � 5%, while
dissipation effects stay below 1%, demonstrating strong
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robustness. In Appendix D, quantum fisher information (QFI)
analysis further confirms the criticality of the prepared state:
Ig sharply increases toward divergence at the end of the evolu-
tion, reflecting the quantum critical behavior.

Importantly, the proposed framework is readily extendible
to other light-matter quantum critical systems, such as the
quantum Dicke model. For the quantum Dicke model, the
protocol yields a fidelity F (|�(T )〉, |�[g′(T )]〉) = 0.9953 at
T = 3.0279/ω. Additional details are provided in Ap-
pendix E, highlighting the broad applicability of the frame-
work beyond the QRM. These results demonstrate the
effectiveness of DRL for preparing and manipulating quan-
tum critical states and provide a foundation for hybrid or
hardware-efficient reward schemes enabling partially model-
free experimental training [46].

ACKNOWLEDGMENTS

Y.-H.C. was supported by the National Natural Sci-
ence Foundation of China under Grants No. 12304390 and
No. 12574386, the National Postdoctoral Overseas Talent Re-
cruitment Program of China, the Fujian 100 Talents Program,
and the Fujian Minjiang Scholar Program. Y.X. was supported
by the National Natural Science Foundation of China under
Grant No. 62471143 and the Key Program of National Nat-
ural Science Foundation of Fujian Province under Grant No.
2024J02008.

DATA AVAILABILITY

The data used for obtaining the presented numerical results
as well as for generating the plots are available on request.

APPENDIX A: PROPOSAL OF AN
EXPERIMENTAL REALIZATION

We introduce an architecture composed of a superconduct-
ing qubit strongly coupled to a harmonic oscillator. Under the
rotating-wave approximation (RWA), the Hamiltonian can be
effectively approximated as (h̄ = 1)

H = ω0a†a + ωq

2
σz + λ(σ+a + σ−a†), (A1)

where a† (a) denotes the creation (annihilation) operator of
the harmonic oscillator with frequency ω0 and ωq denotes the
transition frequency of the qubit. The Pauli operators are de-
fined as σz = |e〉〈e| − |g〉〈g|, where |g〉 and |e〉 are the ground
and excited eigenstates of the qubit, respectively. The param-
eter λ represents the coupling strength between the qubit and
the cavity.

Now consider that the qubit is orthogonally driven by two
classical fields. The Hamiltonian of the driven system then
reads [60]

H = ω0a†a + ωq

2
σz + λ(σ+a + σ−a†)

− ε1[cos(ω1t )σx + sin(ω1t )σy]

− ε2[cos(ω2t )σx + sin(ω2t )σy], (A2)

where ε1,2 and ω1,2 denote the amplitudes and frequencies
of the two classical driving fields, respectively. The Pauli

operators are defined as σx = σ+ + σ− = |e〉〈g| + |g〉〈e| and
σy = i(σ− − σ+) = i(|g〉〈e| − |e〉〈g|). Next, by applying the
unitary transformation U = exp[iω1(a†a + σz

2 )t] to Eq. (A2)
and invoking the rotating-wave approximation once again, we
obtain

H ′ = (ω0 − ω1)a†a + ωq − ω1

2
σz + λ(σ+a + σ−a†)

− ε1(σ+ + σ−)

− ε2(ei(ω2−ω1 )tσ− + e−i(ω2−ω1 )tσ+). (A3)

After the above operations, we obtain the original first driving
term in a time-independent form, Hc

1 = −ε1(σ+ + σ−). We
then transform the Hamiltonian in Eq. (A3) into the interac-
tion picture with respect to Hc

1

HI (t ) = eiHc
1 t
(
H ′ − Hc

1

)
e−iHc

1 t

= (ω0 − ω1)a†a − ωq − ω1

2
(e−2iε1t |+〉〈−| + H.c.)

+ λ

2
[{|+〉〈+| − |−〉〈−| + e−2iε1t |+〉〈−|

− e2iε1t |−〉〈+|}a + H.c.]

− ε2

2
[{|+〉〈+| − |−〉〈−| − e−2iε1t |+〉〈−|

+ e2iε1t |−〉〈+|}ei(ω2−ω1 )t + H.c.], (A4)

where |±〉 = (|g〉 ± |e〉)/
√

2. By tuning the parameters of the
external driving fields to satisfy ω1 − ω2 = 2ε1 and choosing
a relatively strong amplitude for the first driving field ε1, a
time-independent effective Hamiltonian can be obtained un-
der a second RWA

Heff = (ω0 − ω1)a†a + ε2

2
σz + λ

2
(a† + a)σx. (A5)

Although the coupling strength λ is fixed in Eq. (A5), the
effective parameters can still be flexibly engineered by tuning
the amplitudes and frequencies of the driving fields. This
procedure yields an effective quantum Rabi Hamiltonian, in
which the effective qubit frequency and the effective cavity
frequency can be tuned independently via the driving frequen-
cies and amplitudes.

By introducing parametric pumping into the cavity and op-
erating in the effective regime, a two-photon drive is generated
[61]. The resulting effective system Hamiltonian, including
the control term, is given by

H ′
eff = (ω0 − ω1)a†a + ε2

2
σz + λ

2
(a† + a)σx

+ ε3(t ) cos(ω3t + φ)(a + a†)2, (A6)

where ε3(t ) denotes the time-dependent drive amplitude, ω3

denotes the drive frequency, and φ denotes the phase of the
parametric pump.

In a superconducting circuit, the Hamiltonian describing
the above process is given by [62,63]

H = 4Ec(n − ng)2 − Ej cos(ϕ) + λnN + 4ECN2

− N0EJ [�(t )] cos

(
φ

N0

)
, (A7)
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where Ej = Ej,max| cos(π�/�0)| denotes the tunable Joseph-
son energy, Ec is the charging energy, and λ represents
the coupling constant between the transmon qubit and the
Josephson-junction array. The effective offset charge of the
transmon qubit is denoted by ng, while n and ϕ represent
the number of Cooper pairs and the superconducting phase
difference, respectively. For the Josephson-junction array, EC

and EJ denote the charging energy and the Josephson energy
of each junction. The operators N and φ represent the number
of Cooper pairs and the overall superconducting phase across
the array, respectively. The parameter N0 denotes the number
of superconducting quantum interference devices in the array
and �(t ) is the external magnetic flux used to modulate the
parametric oscillator.

The transmon circuit can be treated as a Duffing nonlinear
oscillator in the regime EJ � EC . When only the lowest two
energy levels are retained, the Hamiltonian of the transmon
qubit can be written as Hq = ωq

2 σz. By performing a Taylor
expansion of cos(φ/N0) and truncating the expansion at fourth
order, with EJ [�(t )] = Ej + δEj cos(ωpt ), one obtains

N0EJ [�(t )] cos

(
φ

N0

)
= N0Ej

(
1 − φ2

2N2
0

+ φ4

24N4
0

)
+ N0δEj

(
1 − φ2

N2
0

)
cos(ωpt ).

(A8)

Consider the standard quantization procedure for super-
conducting circuits

N = −in0(a − a†), φ = φ0(a + a†), (A9)

and neglect the Kerr effect. Under these conditions, the Hamil-
tonian in Eq. (A6) can be obtained. By supplying the control
waveform through an Arbitrary Waveform Generator, the evo-
lution process described in the main text can be implemented.

Therefore, the system required by the protocol presented in
the main text, together with the corresponding control Hamil-
tonian, can be realized.

APPENDIX B: CONTROL FOR DIFFERENT VALUES
OF �/ω AND WAVEFORM SMOOTHING

As discussed in the main text, when the parameter g(t )
approaches the critical point gc, the energy-level spacing of
the quantum Rabi model decreases. Moreover, the ratio be-
tween the qubit energy splitting and the cavity frequency,
�/ω, further influences the energy-level spacing at the crit-
ical point. As shown in Fig. 5, increasing �/ω leads to an
intermittent linear reduction of the energy-level spacing at the
critical point. This behavior renders the critical ground state
more sensitive to external perturbations and further increases
the difficulty of preparing the critical ground state through
adiabatic and quasiadiabatic processes. In this case, the time
required for adiabatic evolution increases sharply [64].

Next, the procedure for obtaining control sequences that
realize the evolution toward the critical ground state within
the DRL framework is discussed for different values of �/ω.
The resulting control sequences are shown in Fig. 6. These
results demonstrate that the physical constraint-based reward
function adopted in this protocol yields control sequences

FIG. 5. Energy gap behavior at the critical point gc for differ-
ent values of �/ω. The energy-level gap between the ground state
and the first six (n = 1, 2, . . . , 7) excited states is calculated and
averaged. The results show that increasing �/ω leads to a progres-
sive reduction of the energy gap, which significantly increases the
difficulty of accurately preparing the critical ground state. The calcu-
lations are performed using a Hilbert-space truncation dimension of
N = 5000.

capable of preparing the critical ground state with high fidelity
across different system parameters �/ω and distinct critical
points.Although the control sequences shown in Fig. 6 achieve
high-fidelity evolution toward the target critical ground states,
the presence of abrupt variations in these sequences may lead
to practical difficulties in experimental control. To make the
control waveforms smoother, Gaussian smoothing is applied
to the control amplitudes. This procedure is described as
follows [65]:

G[m] = exp
(− m2

2σ 2

)∑M
j=−M exp

(− j2

2σ 2

) ,

Λ̃[k] =
M∑

m=−M

G[m]Λ[k − m], (B1)

where M = 	N/2
 is the half-width of the smoothing window
of size N and m ∈ Z ∩ [−M, M] denotes the relative index.
Here, σ is the standard deviation of the Gaussian function.
Gaussian smoothing acts as a filtering procedure that reduces
abrupt variations in the waveform by convolving each discrete
control amplitude with a Gaussian function. Figure 7 com-
pares the original control amplitudes and waveforms with the
Gaussian-smoothed amplitudes and waveforms, and examines
the influence of smoothing on the fidelity of the final evolved
state. The results show that significantly smoother waveforms
can be obtained while only a small reduction in fidelity is
incurred.

APPENDIX C: COMPARISON WITH OTHER METHODS

In this Appendix, we compare our protocol for generating
the critical ground state of the quantum Rabi model with
methods based on adiabatic evolution and shortcuts to adia-
baticity (STA).
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FIG. 6. Panels (a)–(d) show the control sequences obtained using the DRL framework for different values of �/ω, which realize the
evolution toward the critical ground state with high fidelity.

FIG. 7. (a) Effect of Gaussian smoothing on the control wave-
form. The standard deviation of the Gaussian function is set to σ = 2,
and the smoothing window is chosen as N = 5. The control sequence
corresponding to �/ω = 100 is selected as a representative example.
(b) Fidelity loss induced by Gaussian smoothing in the final evolved
state. Even when a large smoothing window of N = 9, correspond-
ing to nearly one-sixth of the total number of amplitude segments
K = 60, is employed with σ = 2, the resulting fidelity reduction
remains very small and does not exceed 0.2%.

1. Adiabatic method

Considering a time-dependent quantum system with
Hamiltonian H0(t ), where eigenstates are denoted as |φn(t )〉

H0(t )|φn(t )〉 = En|φn(t )〉. (C1)

Setting the initial state |Φn(0)〉 = |φn(0)〉, the system at the
time t becomes

|Φn(t )〉 =
∑

n

cn(t )e−i
∫ t

0 Endt |φn(t )〉, (C2)

where cn(t ) is the probability amplitude for the system to be
in the state |φn(t )〉. Substituting |Φn(t )〉 into Eq. (C1), we can
obtain

ċ(m) = −cm〈φm(t )|φ̇m(t )〉
−

∑
n �=m

cn(t )e−i
∫ t

0 (En−Em )dt 〈φm(t )|φ̇n(t )〉. (C3)

When the adiabatic approximation condition is satisfied∣∣∣∣ 〈φm(t )|Ḣ0(t )|φn(t )〉
(En − Em)2

∣∣∣∣ 
 1, (C4)

we can obtain cm(t ) = 1, indicating that the system evolves
along its initial eigenstate without transition to other eigen-
states.

We now analyze the explicit condition for generating the
critical ground state using the adiabatic method. For the
Hamiltonian HRabi(g) in Eq. (6), when the parameter g varies
with time slowly enough, i.e.,

dg

dt
≈ 0, (C5)
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FIG. 8. Time evolution of the state fidelity during a short-time
protocol using the adiabatic method. The fidelity of the evolved state
|�(t )〉 with respect to the initial ground state |�(gi )〉 (solid red line)
and the target critical ground state |�(gc )〉 (dashed blue line).

it mean that the adiabatic approximation condition
d (HRabi(g))/dt ≈ 0 is satisfied, the system evolves along
its initial eigenstate without transition to other eigenstates.

Specially, the instantaneous ground state |�(g)〉 of HRabi(g)
is satisfied

HRabi(g)|�(g)〉 = E0(g)|�(g)〉, (C6)

where E0(g) is the ground energy. By slowly varying the
parameter g (T → ∞) in the Hamiltonian HRabi(g) from an
initial value gi to a final value gc, the system evolves from the
initial state |�(gi )〉 to the final state |�(gc)〉.

A polynomial ansatz for the tunable parameter g is con-
structed to satisfy the boundary conditions at the initial
(t = 0, g = gi) and final (t = T, g = gc) times. For compar-
ison, we test the adiabatic method in the evolution time T = 1
of our protocol, but the result in Fig. 8 demonstrates that this
approach is entirely ineffective.

2. STA method

In general, STA often involves introducing a counterdia-
batic (CD) term into the original Hamiltonian to enforce the
quantum system evolution along the adiabatic path. Here, we
will provide a brief introduction to the CD term.

The aforementioned Hamiltonian H0(t ) can be des-
cribed as

H0(t ) =
∑

n

|φn(t )〉En〈φn(t )|, (C7)

where the approximate time-dependent adiabatic solution is

Φn(t ) = eiς (t )|φn(t )〉, (C8)

where ς (t ) are the adiabatic phases with dynamical and geo-
metric parts. Defining now the unitary operator

U =
∑

n

eiς (t )|φn(t )〉〈φn(0)|, (C9)

it must obey

i
d

dt
U = H (t )U, (C10)

from which we solve the Hamiltonian H (t ) = i(∂tU )U †. Con-
sequently, we can obtain the Hamiltonian H (t ) to drive the
system exactly along the adiabatic channel of H0(t )

H (t ) = H0(t ) + HCD(t ),

HCD(t ) = i
∑

n

[|φ̇n(t )〉〈φn(t )|

− 〈φn(t )|φ̇n(t )〉|φn(t )〉〈φn(t )|]. (C11)

Here, an extra Hamiltonian HCD(t ) to the original Hamiltonian
H0(t ) to ensure the system evolves along the adiabatic path
without any nonadiabatic transitions over a short period of
time. Consequently, we can achieve the adiabatic evolution
by constructing STA using the CD term HCD(t ) for a quantum
system.

In the limit ω/� → 0, the eigenstates of the Hamiltonian
HRabi(g) are given by

|φn(t )〉 = S(r)|n〉|↓〉, (C12)

where |n〉 is a Fock state and S(r) = exp[(r/2)(a†2 − a2)]
is the squeeze operator with the squeezing parameter r(g) =
− 1

4 ln(1 − g2) [29,66]

HCD(t ) = i
gġ

4(1 − g2)
(a†2 − a2). (C13)

We introduce the CD term HCD(t ) in the original Hamiltonian
HRabi(g). The complete Hamiltonian of the system becomes

H (t ) = ωa†a + �

2
σz + g

√
ω�(a + a†)σx

+ i
gġ

4(1 − g2)
(a†2 − a2), (C14)

where we also impose the conditions ġ(t = 0) = ġ(t = T ) = 0
to ensure that HCD(t ) vanishes at the beginning (t = 0) and
end (t = T ) of the evolution. Figure 9 shows the evolution of
the state fidelity with respect to the initial and target critical
ground states. The results are obtained by driving the system
with the CD term HCD(t ), whose time-dependent amplitude is
plotted in Fig. 10. The STA method achieves a high-fidelity
(F = 0.9980) final state for the target critical ground state
|�(gc)〉 within the same evolution time T . However, the
implementation of this method is experimentally challeng-
ing. The amplitude of the required CD driving term HCD(t )
exhibits a sharp peak at the final time, with an amplitude
exceeding the cavity frequency ω. In contrast, our protocol
achieves a comparable fidelity using controls that are signifi-
cantly more feasible to implement experimentally.

3. The gradient-ascent pulse engineering method

Another widely used optimal quantum control method,
known as gradient-ascent pulse engineering (GRAPE), is in-
troduced to achieve critical ground-state preparation. This
method discretizes the continuous time evolution into short
time segments and assumes a constant control field within
each segment. The chain rule is employed to compute the
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FIG. 9. Time evolution of the state fidelity during a short-time
protocol using the STA method. The fidelity of the evolved state
|�(t )〉 with respect to the initial ground state |�(gi )〉 (solid red line)
and the target critical ground state |�(gc )〉 (dashed blue line).

gradient of the objective function, typically the fidelity, with
respect to the control amplitude in each time interval. The
optimization procedure is iterated until the improvement of
the objective function becomes negligible. To satisfy the re-
quirements of the GRAPE method [36], the total Hamiltonian
of the system is written as

Htot (t ) = HRabi(gc) +
n∑

i=1

�i(t ) H c
i , (C15)

where the system Hamiltonian is chosen as the
terminal-time Hamiltonian of the time-varying system,
HRabi(g(T ) = gc = 1), as defined in the main text, in order to
satisfy the GRAPE formalism. The set of control operators
Hc

i is identical to that used in the main text. The quantity
�i(t ) denotes the time-discretized control amplitude.

To ensure a consistent benchmark, the number of time
segments, the total evolution time, the upper and lower bounds
of the control amplitude, and the number of training episodes
for the control field are set to be identical to those used for
the DRL approach in the main text. This training is performed
using the open-source qutip-qtrl package [67].

FIG. 10. The time-dependent amplitude of the CD term HCD(t ),
where �CD = gġ

4(1−g2 )
. Here, gSTA → 1.

Under the above conditions, the control field obtained us-
ing the GRAPE method does not achieve high fidelity, with
the maximum fidelity reaching 0.5300. The corresponding
control waveform is shown in Fig. 11. The results indicate
that, for such a time-varying system, evaluating the gradient of
the fidelity with respect to the control-field amplitude is chal-
lenging. Under the fixed total evolution time and the specified
number of time segments, the GRAPE method fails to obtain a
control sequence that significantly improves the fidelity using
accurate gradient information. In contrast, the DRL approach
overcomes the strong dependence on gradient information by
employing sampling-based feedback and yields control-field
sequences that are not accessible through analytical methods.

APPENDIX D: QUANTUM FISHER INFORMATION

Quantum metrology relies on quantum Cramér-Rao bound
that limits the sensitivity of estimating an unknown parameter
� [66]

Var[�] � 1√
I�

, (D1)

where the QFI I� for a pure state |�〉 with respect to a
parameter � is

I� = 4(〈∂��|∂��〉 − |〈∂��|�〉|2), (D2)

with ∂� = ∂/∂�. To verify that the prepared state exhibits
criticality-specific parameter sensitivity, a hallmark of quan-
tum critical states, the quantum Fisher information with
respect to the parameter g(t ) is analyzed. In the following
discussion, the time dependence of g is suppressed for clarity.
The states |�(t )〉 = |�(t, g)〉 during evolution are implicitly
g dependent, so we approximate the derivative via the finite
difference method [68]. Therefore, we set the estimating pa-
rameter � = g and calculate the QFI of the states |�(t, g)〉 at
any time

∂|�(t, g)〉
∂g

≈ |�(t, g + δ)〉 − |�(t, g)〉
δ

, (D3)

where δ is a small perturbation. The physical meaning of
Eq. (D3) is to quantify how much the geometric shape of the
quantum state �(t, g)〉 (its position in Hilbert space) “shifts”
or “distorts” at a given time t due to a minute change in the
parameter g. Consequently, we obtain the complete QFI Ig and
its time-dependent trajectory by performing this calculation at
each time point t .

Figure 12 presents the results of our numerical simulation.
The value of curve Ig sharply increases toward divergence
at the end of the evolution, implying that the final state has
acquired the heightened sensitivity to parameter variations
that is characteristic of a critical point.

APPENDIX E: APPLICATION-QUANTUM DICKE MODEL

To demonstrate the generality of our approach, we also in-
vestigate another fundamental light-matter interaction system:
the Dicke model. This model describes the collective inter-
action of N identical two-level systems with a single-mode
bosonic field via a dipole coupling. The Hamiltonian of the
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FIG. 11. Control-field waveforms obtained using the GRAPE method. During the optimization, the number of time segments is set to
K = 60, the total evolution time satisfies ωT = 4, and the upper and lower bounds of the control amplitude obey |�i/ω| < 1. The number
of training episodes is set to 30 000, consistent with the DRL settings in the main text, and five random seeds are employed. Two control
configurations are considered, (a) full control with five independent control fields and (b) single control with one control field. The final results
show that the maximum fidelity achieved with five control fields is 0.5116, while the maximum fidelity achieved with a single control field
is 0.5300. These results indicate that the GRAPE method has difficulty obtaining effective control sequences for such a rapidly time-varying
system.

Dicke model is

HDicke[g′(t )] = ω′a†a + �′Sz

+ g′(t )
√

ω′�′
√

N
(a + a†)Sx, (E1)

where ω′ is the frequency of single-mode bosonic field de-
scribed by the bosonic operators a(†), �′ is the transition
frequency, and Si = ∑N

j=1 σi, i = x, y, z are the collective
spin operators. Similarly, following the same definition in
the main text, we introduce a dimensionless parameter
g′(t ) = 2λ′(t )/

√
ω′�′, where λ′(t ) is the coupling strength.

FIG. 12. Time evolution of Ig calculated for the evolving state
|�(t )〉 under the DRL-optimized control protocol, together with
Is = g2/2(1 − g2)2 in the limit ω/� → 0, shown as the standard up-
per bound. The results demonstrate that as the evolution approaches
the final time (t → T ), the final state acquires extreme sensitivity
to the parameter g and Ig approaches Is. Here, δ = 10−5 and gs =
0.9999.

In the thermodynamic limit N → ∞, the system undergoes
a normal-to-superradiant quantum phase transition at the crit-
ical point g′

c = 1. In this Appendix, a larger value of �′/ω′
is chosen to partially emulate the thermodynamic limit that

FIG. 13. Waveforms of the control pulses discovered by the
DRL agent. The parameters used in the simulation are �′ = 2500ω′,
N = 4, g′(0) = 0.01, g′(T ) = g′

c = 1, and K = 60.

033063-10



CRITICAL STATES PREPARATION IN LIGHT-MATTER … PHYSICAL REVIEW RESEARCH 8, 033063 (2026)

would otherwise be achieved by increasing the number of
qubits N .

To drive the system from the initial ground state |�[g′(0)]〉
of HDicke[g′(0)] to the target ground state |�[g′(T )]〉 of
HDicke[g′(T ) = g′

c], we employ the following five control
Hamiltonians:

Hc
1 (t ) = Λ′

1 cos (ω′
dt + φ′

1)(a + a†),

Hc
2 (t ) = Λ′

2 cos (ω′
dt + φ′

2)(a + a†)2,

Hc
3 (t ) = Λ′

3 cos (ω′
dt + φ′

3)a†a,

Hc
4 (t ) = Λ′

4 cos (ω′
dt + φ′

4)Sz,

Hc
5 (t ) = Λ′

5 cos (ω′
dt + φ′

5)Sx. (E2)

We select a set of five control Hamiltonians commonly used
in cavity quantum electrodynamics systems. The first three

terms, Hc
1 (t ), Hc

2 (t ), and Hc
3 (t ), are identical to the control

Hamiltonians used for the QRM in the main text. The remain-
ing two terms, Hc

4 (t ) and Hc
5 (t ), represent global X and Z

control fields, respectively, applied to all qubits. The control
field constraints and all other DRL settings are identical to the
specifications in the main text.

Now, we present the specific settings for our numerical
experiment and subsequently showcase our findings. The opti-
mal parameters (N = 4) found by the DRL framework deliver
a fidelity F (|�(T )〉, |�[g′(T )]〉) = 0.9953 at T = 3.0279/ω′.
Similarly, the corresponding optimal parameters for the con-
trol Hamiltonians {ω′

d , φ
′
i,Λ

′
i} are depicted in Fig. 13. This

high fidelity confirms the protocol’s applicability to other
critical quantum systems. An optimal control scheme is thus
obtained for preparing the critical quantum state within the
given parameter constraints.
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