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Robust correlation-induced localization under time-reversal symmetry breaking
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We study Anderson localization in a one-dimensional disordered system with long-range correlated hopping
decaying as 1/ra with complex hopping amplitudes that break time-reversal symmetry in a tunable fashion by
varying their argument. We find analytically a corelation-induced algebraic localization that is robust to a finite
strength of the time-reversal symmetry-breaking parameter, beyond which all states delocalize. This establishes
a localization-delocalization transition driven by the interplay between long-ranged correlated hopping and time-
reversal symmetry breaking. In addition to obtaining the static localization phase diagram, we also investigate
the dynamical phase diagram through the lens of wave-packet spreading. We find that the growth in time of
the mean-squared displacement of a wave packet, which is subdiffusive for the time-reversal symmetric case,
becomes diffusive for any finite value of the time-reversal symmetry-breaking parameter.

DOI: 10.1103/34h6-sn4p

Introduction. Anderson localization [1,2], a hallmark
phenomenon in condensed matter physics, reveals that
disorder-induced quantum interference leads to exponential
localization of wavefunctions in real space, thereby suppress-
ing diffusion. The canonical model of Anderson localization
is a tight-binding Hamiltonian with nearest-neighbor hopping
and uncorrelated random on-site potentials. In such systems
in one dimension (1D), all eigenstates are localized by any
infinitesimal amount of disorder [3].

Despite the apparent robustness of localization in 1D,
several notable exceptions exist that have enriched our
understanding of localization-delocalization transitions in
low-dimensional disordered systems. One prominent example
is the Aubry-André (AA) model [4], where quasiperiodic,
and thus correlated, on-site potentials lead to a localization-
delocalization transition in 1D. Another class of exceptions,
allowing for the presence of extended states even in 1D, is the
power-law banded random matrix (PLBRM) ensemble [5–8]
that features uncorrelated hopping amplitudes between two
sites decaying as a power law with the distance between them.
The long-range couplings effectively increase the connectivity
of the lattice, which facilitates transport.
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A related actively debated frontier arises in Anderson
localization of light [9,10]. In three-dimensional (3D) dis-
ordered media, near-field dipole-dipole interactions between
randomly positioned scatterers are believed to hinder a lo-
calized phase entirely for vector waves [11,12]. Localization
is restored only in some specific cases that depend sensi-
tively on the material characteristics of the scatterers [13,14].
This motivated a model of long-ranged correlated hopping,
proposed originally by Logan and Wolynes, and Burin and
Maksimov [15–17]. The model combines on-site disorder
with translation-invariant hopping correlations mimicking
dipole-dipole interactions. While the correlations, transla-
tion invariance, and long-range nature of hopping might be
expected to promote delocalization, numerical [18] and an-
alytical [19] studies have shown that the above factors can
instead favor localization. Unlike the uncorrelated hopping
of PLBRM, correlations and translational invariance suppress
randomness in hopping pathways, reinforcing localization
beyond the convergence of the standard locator expansion
[1,5,6]. Later, several works addressed questions regarding
the robustness of correlation-induced localization with respect
to the nature of the disorder [18,20,21], partial correlations
[22,23], dimensionality [24,25], and even interactions [26]
and dynamics [27].

In the conventional picture of Anderson localization, an
excitation undergoing multiple scattering can follow a self-
crossing trajectory, thereby forming loops. A pair of trajecto-
ries that are identical except for their traversal of such loops,
where they are related by time-reversal symmetry, interfere
constructively. These so-called quantum corrections to con-
ductivity enhance the probability of return (coherent backscat-
tering) and thereby inhibit transport. Breaking time-reversal
symmetry (TRS) generally alters the relative phases these
trajectory pairs accumulate along the loops, weakening this
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interference mechanism. This indeed happens in certain in-
tegrable models [28]. This naturally raises the question of
how these expectations reconcile with correlation-induced lo-
calization. Motivated by this, in this work, we address the
robustness of correlation-induced localization [19] in the pres-
ence of TRS breaking.

We show that models with correlated, long-range hop-
ping exhibit robust localization up to a critical strength of
the TRS breaking parameter given by the argument of the
complex hopping amplitudes. We characterize the resulting
localization-delocalization phase diagram by extending the
matrix inversion trick of Ref. [19] to TRS-broken systems.
Furthermore, we numerically demonstrate that TRS breaking
leads to the anomalous dynamics of a wave packet where the
core remains localized but the tails diffuse. This is in contrast
to the time-reversal symmetric case, where we observe subdif-
fusive growth of the wave-packet mean-squared displacement.

Model. We consider a one-dimensional disordered model
with periodic boundary conditions and fully correlated long-
ranged hopping with complex hopping amplitudes. The
Hamiltonian is given by

H =
∑

n

εn |n〉 〈n| +
∑
n �=m

jn−m |n〉 〈m| , (1)

where {|n〉} denotes the set of real-space basis states and
εn ∼ N (0,W ) are i.i.d., Gaussian random onsite potentials.
As a representative realization of fully correlated hopping,
we consider that the translationally invariant hopping matrix
elements [29],

jn−m = J0eiθsgn(n−m)

|n − m|a (n �= m), (2)

are power-law decaying like in the PLBRM, but fully corre-
lated [30], where J0 sets the overall energy scale (without loss
of generality, we set J0 = 1), a > 0 controls the power-law
decay of the hopping amplitude between two sites with the
distance between them, and the phase θ is a tunable parameter
that breaks TRS via the difference in hopping phases to the
right and left, given by the sign function. The latter is defined
as as sgn(x) = 1 for x > 0 and sgn(x) = −1 for x < 0. We
restrict ourselves to θ ∈ [−π/2, π/2), because the phase dia-
gram is periodic beyond this interval.

For θ = 0, the model reduces to a real, symmetric (time-
reversal invariant) hopping matrix, first, suggested for 3D
case in Refs. [15–17], which has a localized phase even
when the locator expansion diverges at a < 1 [18,19], un-
like the PLBRM model that has random hopping matrix
elements and shows delocalized behavior in the above-
mentioned long-range regime. θ �= 0 breaks TRS that induces
chiral propagation and suppresses interference between time-
reversed paths. In the following, we present how TRS
breaking (i.e., at θ �= 0) affects the correlation-induced local-
ization properties.

Phase diagram. The main result of this work is that the
algebraic correlation-induced localization of eigenstates at
a < 1 remains robust even under TRS breaking up to a critical
parameter value |θ | = θc = πa/2, above which TRS breaking
destabilizes the localized phase (see Fig. 1). Importantly, the
phase boundary, |θc| = πa/2, being a dependent, leads to a
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FIG. 1. Phase diagram in the θ–a parameter plane. The system
exhibits a localization-delocalization transition with the delocalized
phase (I) appearing for |θ | � πa/2, a < 1. Further, the localized
phase exhibits two flavors [labeled (II) and (III)] characterized by
different power-law decays of the eigenstates wavefunctions. The
color map indicates the power-law exponent s from Eq. (3) across
the parameter space.

vanishing robustness interval in the integrable limit a = 0
corresponding to the crossover between the Richardson’s and
Russian doll models [28].

Due to the long-range nature of the model, a vanishing
fraction of eigenstates remain plane-wave-like delocalized
for a < 3/2 for weak enough disorder [19,31–33] and for
any disorder for a < 1. However, as in correlation-induced
localization [19], the typical eigenstate decay, |ψ (n)|2typ ≡
exp(ln |ψ (n)|2) ∼ |n − n0|−2s [34], at sites n away from the
localization center n0, remains intact and power law under
TRS breaking up to θc. The decay exponent s is dual with
respect to the PLBRM critical point, a = 1, i.e., s(2 − a) =
s(a) > 1, in direct analogy with correlation-induced local-
ization [19]. More specifically, typical eigenstates have the
following decay profile:

|ψ (n)|2typ =
⎧⎨
⎩

N−1 for |θ | > πa
2 , a < 1,

|n − n0|−2(2−a) for |θ | < πa
2 , a < 1,

|n − n0|−2a for a > 1.

(3)

We call these three regimes (I) delocalized phase at strong
TRS breaking, |θ | > πa/2, and in long-range case, a < 1; (II)
correlation-induced localized phase in the long-range case,
a < 1, with weak TRS breaking, |θ | < πa/2; and (III) An-
derson localized phase in the short-range regime a > 1. The
eigenstate behavior in regimes (I) and (III) is analogous to the
one in the long- and short-range phases of the uncorrelated
power-law models, like PLBRM or ultrametric matrices [35].

We present numerical evidence for the decay profile of
typical eigenstates in Fig. 2. The data show that typical
eigenstates follow power-law localization, Eq. (3), with a
power-law exponent that is independent of θ in both localized
regimes [Figs. 2(a)–2(c)]. In contrast, for θ > πa/2 and a <

1, all eigenstates are extended [Fig. 2(d)]. In the following,
we derive the whole θ − a phase diagram (Fig. 1) from the
hopping spectrum of the above model.

L032037-2



ROBUST CORRELATION-INDUCED LOCALIZATION … PHYSICAL REVIEW RESEARCH 8, L032037 (2026)

Localized Localized
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FIG. 2. Spatial decay profile of eigenstates in the bulk of the
spectrum. The eigenstates exhibit algebraic localization, as specified
in Eq. (3), (a)–(c) which collapses for all system sizes (darker colors
represent larger system sizes), and (d) become delocalized for θ >

πa/2 and a < 1. Black dashed lines show the analytical predictions
of Eq. (3). The data are averaged over 500 disorder realizations for
all system sizes.

Spectrum. Due to the hopping being translation invariant,
the momentum basis is another natural basis for the problem
[30]. In the Hamiltonian, the hopping and the on-site disorder
exchange their roles upon the discrete Fourier transformation,

H =
∑

p

Ẽp |p〉 〈p| +
∑
p,q

J̃p−q |p〉 〈q| , (4)

where |p〉 is p-momentum basis state, and Ẽp and J̃p−q are
defined as

Ẽp =
∑
n �=0

jne−2π i np
N , J̃p−q = 1

N

N−1∑
m=0

εme−2π i (p−q)m
N , (5)

with integer 0 � p, q < N . Here, for simplicity, we have
chosen the hopping eigenbasis to be momentum-space one,
though any basis with extended eigenstate profile in the
real-space basis will not break the reasoning below. The
momentum-space hopping terms J̃p−q, which come from
the Fourier transforms of the real-space onsite potentials εn,
are i.i.d. Gaussian random variables, J̃p−q ∼ N (0, N−1/2).
J̃p−q are also correlated in the sense that the hopping ampli-
tude between any two momentum modes separated by a fixed
momentum p − q is the same.

The diagonal part of the momentum-space Hamiltonian,
which is nothing but the spectrum of the real-space hopping
Hamiltonian, shows a divergence at small momenta |p| � N
in the long-ranged regime a < 1 (see Fig. 3). For such mo-
menta, 0 < |p| � N , which control the long-range structure
of eigenstates, the spectrum reads as

Ẽp = 2ζa + 2�1−a sin
(πa

2
+ sgn(p)θ

)(
2π |p|

N

)a−1

, (6)

where ζa is the Riemann zeta function at a and �k is the
gamma function. Note that the spectrum diverges in both

FIG. 3. Spectrum of the momentum-space hopping term Ẽp for
a = 0.5. (a) For θ > πa/2, the spectrum diverges in both direc-
tions, whereas (b) for θ < πa/2, it diverges in only one direction.
(Inset) Spectrum of the M matrix, which is bounded from both
directions.

directions for |θ | > πa/2 and diverges only in the posi-
tive direction for |θ | � πa/2 (see Fig. 3). In addition, the
spectrum satisfies the relation Ẽp(θ ) = −Ẽp(θ + π ), which
implies that it is sufficient to study the phase diagram in the
region |θ | � π/2.

The high-energy eigenstates, with |Ẽp| 	 1, remain
momentum-space localized (nearly plane waves) under on-
site-disorder perturbations because their energy gaps are
larger than the momentum-space hopping, i.e., |Ẽp − Ẽq| 	
|J̃p−q| at all |p| or |q| < p∗ ∼ N1−1/(4−2a) [32]. In contrast,
for typical states, with p ∼ O(N ), the perturbation series in
momentum space diverges: At any order, the level spacing
decreases with |p| faster than the hopping amplitude |J̃p−q| ∼
N−1/2. At the same time, the real-space perturbation series
also diverges, which we discuss next, questioning the origin of
a stable algebraic localized phase for a < 1. Here, the matrix
inversion trick (MxIT), which we explain below, helps to
understand how correlations in the hopping cause localization
of eigenstates that are in the bulk of the spectrum.

Matrix inversion trick and TRS. The condition for localiza-
tion is usually understood via Levitov’s resonance counting
[5,6], which extends Anderson’s locator expansion argu-
ment to the long-range systems. Localization occurs when
the hopping amplitude at distance R, | jR| ∼ R−a, is pertur-
batively small compared to the mean level spacing, δεR =
min

m
|m−n|<R

|εn − εm|,

| jR|
δεR

< R−ε, ε > 0, (7)

at all R > O(1). Here, δεR ∼ W/Rd is the typical level spacing
in a ball of radius R for a d-dimensional system and W is
the disorder strength variance. For a > d = 1, this inequal-
ity holds and standard perturbative arguments ensure that all
eigenstates are localized in all power-law banded models,
irrespective of the hopping correlations.

For a < 1, however, | jR|/δεR ∼ R1−a → ∞, the perturba-
tion series diverges, suggesting delocalization. This reasoning
applies to PLBRM models but fails for correlated models:
When the series diverges, all perturbative orders contribute,
and correlations between matrix elements become essential.
The model in Eq. (1) for θ = 0 belongs to this category and
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exhibits localization in this regime due to such correlations.
Nosov et al. [19] resolved this using MxIT, which maps the
problem to one with a spectrum bounded on both sides, al-
lowing perturbative expansion to converge even for a < 1.

When the spectrum is one-side bounded, in MxIT one
uses an offset energy E0 ∼ O(1) below the minimum hopping
energy, define an inverted matrix,

M ≡ (E0 + j)−1 =
∑

p

1

E0 + Ẽp
|p〉 〈p| , (8)

and rewrite the effective hopping term in the spectral bulk
as jeff

mn = Mm−n(E + E0 − εn), keeping the diagonal disorder
intact (see, e.g., Eqs. (15) and (16) in Ref. [19]).

This operation flattens the broad energy spectrum of jm−n,
making the spectrum of M bounded, as seen in the inset of
Fig. 3(b), and allowing for a perturbative treatment in real
space. This process enables us to derive an effective hopping,
jeff
mn ∼ |m − n|−(2−a), the details of which are discussed in

Supplemental Material [36]. In this effective model, Levitov’s
criterion, Eq. (7), is now satisfied, extending the localized
phase of all the spectral bulk eigenstates to a < 1 with an
effective decay of 2s = 2(2 − a), as given in Eq. (3).

This MxIT construction applies only when the single-
particle spectrum is unbounded in one direction; if it is
unbounded in both, the method fails and should be generalized
as, e.g., in Ref. [28], leading to the ergodically delocalized
states. In the latter case, there is no energy E0 ∼ O(1) lying
outside the spectrum that can be used to define the inverse
matrix M without introducing additional divergences, since in
the thermodynamic limit the bulk spectrum becomes continu-
ous and gapless.

In our model, the spectrum Ẽp is unbounded only from
one side for a < 1 and |θ | < πa/2, whereas it becomes un-
bounded in both directions for |θ | > πa/2, leading to the
breakdown of MxIT. This transition can also be understood
from the behavior of the group velocities vp = dẼp/d p (see
Fig. 3): For |θ | < πa/2, the velocities have opposite signs for
positive and negative p, enabling backscattering and promot-
ing localization of the bulk eigenstates. For |θ | > πa/2, the
velocities share the same sign, leading to the unidirectional
motion and, thus, favoring coherent forward scattering and
consequently delocalization. Thus, the phase θ induces a tran-
sition for a < 1 in which the direction(s) of unboundedness
directly governs the localization-delocalization physics. In
contrast, for a > 1, the spectrum is bounded for all θ leading
to only a localized phase.

Wave-packet dynamics. We now consider the dynamical
phase diagram of the model from the viewpoint of wave-
packet dynamics, which shows rich behavior complementing
the static phase diagram. To this end, we analyze the dynam-
ics of an initially localized wave packet [27]. Starting from
〈n|ψ (0)〉 = δn,n0 , the spreading is quantified by the general-
ized qth central moment,

σq(t ) =
(∑

n

|n − 〈n〉|q |ψ (n, t )|2
)1/q

, (9)

where ψ (n, t ) = 〈n| e−iHt |ψ (0)〉 and 〈n〉 = ∑
n n |ψ (n, t )|2.

Owing to the power-law-localized eigenstates, different

FIG. 4. Schematic illustration of the dynamical windows (top)
and their associated scaling exponents (bottom). The top panel shows
a schematic diagram of the different regimes in the dynamics of the
wave-packet width: The red, black, and blue dashed lines represent
the ballistic, intermediate (sub)diffusive, and saturation regimes, re-
spectively, while the green and blue vertical dashed lines mark the
crossover timescales τ ∼ Nλ and tsat ∼ N δ between these windows.
The table reports the corresponding exponents �, 2β, γ , λ, and δ

governing the dynamics in different windows.

values of q probe distinct spatial regions of the wave packet:
Small q is sensitive to the core, whereas large q empha-
sizes the algebraic tails. The transition between these regimes
is set by a critical index q∗. As shown in Supplemental
Material [36],

lim
t→∞[σq(t )]q ∼ N q−1/(4−2a), (10)

which yields q∗ = 1
4−2a . For q < q∗, the long-time value of σq

stays finite in the thermodynamic limit, indicating localization
of the core. For q > q∗, the moments retain sensitivity to
the extended tails and therefore display nontrivial spreading.
This analysis is valid for a < 3/2 and related to the presence
of p∗ ∼ N1−q∗ high-energy delocalized states at a < 3/2 and
their contribution to the dynamics.

In the following, we focus on the second moment, σ2(t ).
Since q∗ < 2 for a < 3/2, σ2(t ) is dominated by the tails of
the wave packet and therefore exhibits dynamics beyond the
trivial ballistic front. The disorder-averaged variance, [σ2(t )]2

displays a characteristic three-stage evolution

[σ2(t )]2 ∝
⎧⎨
⎩

N� (t/τ )2, 0 < t < τ ∝ Nλ,

N� (t/τ )2β, τ < t < tsat ∝ Nδ,

Nγ , t > tsat.

(11)

We summarize the exponents (�, 2β, γ , λ, δ) for the dif-
ferent parameter windows in the table of Fig. 4 and present
numerical evidence and analytical understanding of the
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Localized-II
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Localized-II
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FIG. 5. Dynamics of the width of a wave packet starting from an
initially localized state. The panels show the wave-packet dynamics
for a = 0.25 at different values of θ , with the darkest color corre-
sponding to N = 8 192: Panel (a) (Regime II with θ = 0) displays
an intermediate-time regime with 2β = 1

2−a |a=0.25 ≈ 0.58, panels (b)
and (c) (Regime II with 0 < θ < πa/2) exhibit diffusive dynamics
between the ballistic front and saturation, and panel (d) (θ = 2πa/3)
corresponds to the delocalized phase (I), where the intermediate
regime is also diffusive. The data are averaged over 500 disorder
realizations for N � 1024 and 100 otherwise.

ballistic decay in Supplemental Material [36]. We also discuss
the origin of the short-time ballistic decay and the scaling of
the long-time width, i.e., γ , there.

Remarkably, although the eigenstate properties in the bulk
of the spectrum yield three distinct regimes (Fig. 1), the dy-
namics further splits. For example, in the correlation-induced
localized phase (II), the eigenstate spatial decay is insensitive
to the choice of θ . In contrast, the dynamics being sensitive
to relative phases and correlations between eigenstates dis-
plays qualitatively different behavior: In the intermediate time
window, second moment is diffusive for θ �= 0, while it be-
comes subdiffusive for θ = 0 (see Fig. 5). The (sub)diffusive
behavior originates from an extensive yet asymptotically van-
ishing fraction (p∗/N ∼ N−q∗ ) of high-energy delocalized
states for 0 < a < 3/2 [32,37], which dominate the dynamics
for lower moments q < q∗.

Conclusion and outlook. We summarize the main findings
of this work. We investigated localization phenomena in long-
range correlated hopping models with broken time-reversal
symmetry and established two key results. First, on the static
side, we showed that the power-law-localized eigenstates in
the bulk of the spectrum remain robust against time-reversal
symmetry breaking up to |θ | = πa/2, beyond which all states
become delocalized. The resulting phase diagram was ex-
plained analytically by extending the matrix inversion trick
to finite θ , clarifying the stability of the correlation-induced
localized phase.

Second, from the dynamical perspective, we analyti-
cally determined the saturation properties of the generalized
moments σq(t ), demonstrating how different values of q selec-

tively probe the core or the tails of the wave packet. We further
showed numerically that the experimentally accessible vari-
ance [σ2(t )]2 is strongly sensitive to time-reversal symmetry
breaking unlike the static eigenstate spatial decay and exhibits
distinct diffusive or subdiffusive behavior depending on θ .

While we have established a clear understanding of both
the early-time ballistic regime and the saturation scale of the
wave packet, a full analytical description of the (sub)diffusive
intermediate-time scaling remains open. This subdiffusive
regime also appears in light-localization numerics [38,39].
The above localization of light setting involves dipole-dipole
interactions and, thus, also contains long-range correlated
hopping, like in the model considered in our paper. Thus,
the applications of our methods and investigation of the
wave-packet dynamics in such systems offers an exciting op-
portunity for further exploration. We anticipate that a deeper
analytical and experimental investigation of this connection
will provide valuable insight into anomalous transport in
generic long-range correlated systems.

An independent extension concerns the robustness of
correlation-induced localization to non-Hermiticity. Although
the present model allows complex hopping phases, the
Hamiltonian remains Hermitian; introducing asymmetric non-
Hermitian hopping would generalize the Hatano-Nelson
model [40] to long-range correlated systems. Whether the
algebraically localized phases identified here persist under
non-Hermitian spectral flow and associated skin effects re-
mains an open question.
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