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Neural-network quantum states for solving few-body problems: Application to Efimov physics
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Neural-network quantum states have been developed as an efficient method for solving quantum many-body
problems, not only in lattice systems but also in systems of particles in continuous space. Here, we apply this
approach to strongly interacting few-body problems in continuous space at unitarity: the Efimov states and
associated few-body bound states. We extend the previous work [J. Phys. Soc. Jpn. 87, 074002 (2018)], in
which the ground states of few-boson systems were obtained, to the first excited states with a projection method,
and also to a mass-imbalanced fermionic system consisting of two identical fermions and a third particle. The
obtained energies of the ground and first excited states of these systems agree well with previously reported
results. Furthermore, the proposed approach also reproduces the discrete scale invariance between the ground
and first excited states and the critical-mass behavior in mass-imbalanced fermionic systems.

DOLI: 10.1103/31mv-7tz7

I. INTRODUCTION

Numerical calculations for quantum many-body systems
face fundamental limitations due to the exponential growth of
the Hilbert space with an increase in the degrees of freedom.
To overcome this problem, diverse numerical approaches have
been developed, including quantum Monte Carlo methods [1],
density-matrix renormalization groups [2], and tensor net-
works [3]. In addition to these approaches, novel methods
based on artificial neural networks have recently attracted
much interest [4-8]. Leveraging the flexibility and adapt-
ability of neural networks for representing various features,
many-body wave functions are encoded on neural networks
with a comparatively small number of network parameters,
which are optimized using machine-learning techniques. The
method of neural-network quantum states was first applied
to spatially discrete problems, such as spins and particles
on lattices [4,9-12], and then extended to continuous-space
problems, such as interacting bosons [13—19], fermionic sys-
tems [20-27], and nucleons in nuclei [28-34].

Neural-network quantum states are not only powerful
tools for ground states, but also useful for exploring excited
states [35-40]. An excited state belonging to a symmetry
sector different from the ground state can be simply obtained
by minimizing the energy by fixing quantum numbers, such as
momentum or magnetization. Even if the desired excited state
cannot be distinguished from the ground state by quantum
numbers, one can still compute the excited state by project-
ing it to the Hilbert space orthogonal to the ground state.
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Using these procedures, low-lying excitations of the Heisen-
berg model, the Bose-Hubbard model [35], and the J;-J,
model [36,37] have been calculated. More recently, multiple
excited states of benzene-scale molecules have been com-
puted by regarding them as the ground state of an extended
system [39].

While neural-network quantum states have been success-
fully applied to a variety of quantum systems, their application
to strongly correlated few-body systems in continuous space
has remained less explored, especially for the excited states
of three or more particles. Such problems are of pivotal
importance in nuclear physics and cold atomic systems. In
nuclear physics, a rich variety of nuclear structures and
reactions emerge from strong interactions between protons
and neutrons [41]. In cold atoms, strongly correlated few-
and many-body systems can be realized by tuning the s-
wave scattering length between the atoms via a Feshbach
resonance [42,43], enabling the experimental observation of
the Efimov states [44-51]. The Efimov states are peculiar
three-body bound states characterized by Borromean binding
and discrete scale invariance, which manifest as a quantum
anomaly in the underlying field theory [47-52]. Owing to
this discrete scale invariance, successive Efimov states differ
greatly in spatial extent, forming a multiscale structure that
provides a stringent test for numerical methods. To under-
stand the physical nature of the Efimov states and to gain
insight into many-body physics from a few-body perspec-
tive, few-body systems with large s-wave scattering lengths
have been extensively studied both experimentally [46,53—
59] and theoretically [60—65]. These studies have revealed
that, in addition to three-body bound states, four-, five-, and
six-body states tied to Efimov trimers also appear univer-
sally [55-57,61-63,65]. This hierarchy of few-body clusters
provides an important step toward a unified understanding of
how few-body systems evolve into many-body systems as the
particle number increases [62,63,66—69].

As Efimov binding is a highly quantum-mechanical phe-
nomenon that defies classical description, it is an ideal test bed
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for benchmarking novel numerical methods. Indeed, strongly
correlated few-body problems have been accurately solved
using the correlated Gaussian basis [61,70,71], adiabatic
hyperspherical expansion [61], Gaussian expansion [64,65],
and hyperspherical harmonics expansion [63]. Recently,
neural-network methods have also been applied to
continuous-space few-body systems with large s-wave
scattering lengths, but so far mainly to ground states: The
ground states of few-boson systems have been obtained for
short-range model potentials in Ref. [14], and also for “Hey
atomic clusters in Ref. [18]. Neural-network calculations of
excited states, in turn, have been demonstrated mainly for
lattice models [35-37] and molecules [38—40], leaving the
strongly correlated, spatially extended excited states of Efi-
mov physics essentially unexplored. Since the Efimov states
appear not only in cold atoms but also universally in a wide
range of systems with large s-wave scattering lengths, such as
weakly bound nuclear systems [51,72-74], “He clusters [75],
and magnetic systems [76], establishing a neural-network
method capable of describing Efimov physics is useful for
exploring few-body phenomena across various fields and
scales.

Here, we develop a neural-network method for comput-
ing the ground and first excited states of strongly interacting
few-body systems in three-dimensional continuous space, and
show that it properly captures the Efimov states and their
associated few-body clusters. We adopt the neural-network
approach of Ref. [14], which computes the ground-state en-
ergy with a fully connected feedforward neural network using
suitably chosen Jacobi coordinates as inputs. We extend this
approach to the first excited states using the orthogonal-
projection method [35], and to mass-imbalanced three-body
fermionic systems composed of two identical fermions and a
third particle. To stabilize the optimization for the spatially
extended excited states, we multiply the network output by a
two-body correlation factor that accounts for the short-range
two-body behavior. Using this method, we obtain the ground
and first excited states for three- to six-body systems of iden-
tical bosons at unitarity, as well as for the mass-imbalanced
fermionic system. The resulting energies are in good agree-
ment with previous results [63,70,71]. For the three-body
systems, in particular, our results are consistent with the ex-
pected universal features of the Efimov states, such as the
discrete scale invariance and the characteristic wave-function
structures. For the mass-imbalanced fermionic system, we
further find the critical behavior as the mass ratio approaches
13.6 [45,77]. Because our approach relies on simple, physi-
cally motivated ingredients (Jacobi coordinates, rotationally
invariant inputs, and two-body correlations), the method is
straightforward to implement and can be adapted with only
minor modifications to a range of strongly correlated few-
body problems.

The rest of this paper is organized as follows. Section II
explains the method of neural-network quantum states. Sec-
tions III and IV study systems of identical bosons and two
identical fermions with one particle, respectively. In each of
these sections, the method and numerical results are pre-
sented. Section V gives the conclusions and suggestions for
future research.

II. NEURAL-NETWORK QUANTUM STATES

To represent a wave function, we use a fully-connected
feedforward neural network, which consists of an input layer,
hidden layers, and an output layer [78]. The input layer re-
ceives a real-valued vector,

uinz(uiln,u;“,...,uj\‘zu), (1
constructed from the particle coordinates, where Nj, denotes
the number of input values. We will specify later how to
construct ™ from the particle coordinates in a uniform space.
The neural network contains L, hidden layers. The units in the
£th hidden layer (¢ = 1, 2, ..., L) are defined recursively as

Ne-1
W =W FuV) + b0, 2)

j=1

where Ny denotes the number of units in the ¢th layer, W®isa
real Ny_; x Ny matrix, and b is a real N, component vector.
The input layer corresponds to £ = 0. As an activation func-
tion f(x), we adopt the SiLU (Sigmoid Linear Unit) function:

J) = 3

14 e>
We found that this activation function allows more stable and
accurate calculations than those obtained using other activa-
tion functions, such as the ReLU (Rectified Linear Unit) and
sigmoid functions. The output layer gives the following two
real values:

Np,

=Y W) k=12 @
i=1

In this paper, we use a neural network with L, = 2 and Ny, =
32. Finally, the network outputs a single value A:

A = uf™ exp (uS"), &)

so that A can take either sign with exponential nonlinearity.
The many-body trial wave function W is constructed using the
network output A in combination with functions of X, where
X ={ry,ra, ..., ry} denotes the particle coordinates and W
denotes the network parameters, W and b(©).

According to the variational principle, the expectation
value E(W) of the Hamiltonian H for the trial wave function
W is not less than the true ground-state energy Ey:

[W*HWdX

EW) = T1w2dx

> Ey, (6)
where dX = dr) - - - dry. We minimize E (W) with respect to
W using the variational Monte Carlo method. In the following
sections, we rewrite E (W) in a form generally given by

[ F(P,W)dP

EW)= [ WP, W)|2dP’

(N
where F is a function constructed from the network output
A and the Jacobi coordinates P = {p;, p,, ..., py_;} of the
particle positions, and dP = dp,dp, - - - dpy_,. By taking the
Metropolis-Hastings sampling of the coordinates P with a
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probability distribution

|W(P,W)I?

PO Tlee wyrar

®)

we can evaluate the multidimensional integration in Eq. (7) as

NY

F(P.W)
EW) = PW)————
W /”( e e Zl

F&, W)
|V (P, W
€))

where N is the number of samples. Similarly, the gradient of
the energy with respect to the network parameters is obtained
as

N,
oF 1 o 1 (dF a|w|?
— ~— —E hd ) (10)
W N 4 |\11|2 aw

Using this gradient, we update the network parameters us-
ing the Adam optimizer [79] to minimize the energy. The
learning rate in the Adam optimizer is typically chosen to
be 1073 to 107, Large learning rates make the optimization
process unstable and the network parameters diverge. Once
stability is achieved, the final results are insensitive to the
learning rate.

We use the projection method to obtain the excited state.
Namely, we define the following wave function [35]:

W(P,W) =W (P,W)— LW)¥(P, W), (11

where Wy(P, Wy) is the ground-state wave function obtained
using the above method and W'(P, W) is a wave function
constructed from a network that is different from that used
for the ground state. The parameter A in Eq. (11) is given by

[ W (P, Wo)W'(P, W )dP
J W (P, Wy)2dP

AW) = ; 12)

which is also evaluated using Monte Carlo sampling. The
wave function W in Eq. (11) is orthogonal to the ground
state W, as long as the evaluated value of A is accurate. By
minimizing the energy with respect to the network parameters
W, we obtain the first excited state. The gradient of the energy
can be calculated using the automatic differentiation provided
by a machine-learning framework.

III. BOSONIC SYSTEMS
A. Method

We first apply our neural-network method to systems of N
identical bosons with mass m in three-dimensional free space.
The position of the ith particle is denoted by the Cartesian
coordinate r; € R?. The ith and jth particles interact with each
other through the two-body potential V (r;;), where r;; = |r; —
r;|. The Hamiltonian for the system is given by

. h2 al
H= — 4 Y V(). (13)

l<j

The system has translational symmetry and we eliminate the
center-of-mass motion using the Jacobi coordinates,

2/ 1( +ry+--tr))
— —\r; — —(r r r; R
PN—j it 1 j+1 F 1 2 J
j=1,2,...,N—1, (14)

and the center-of-mass coordinate,

2
Pcm=‘/m("1+"2+"'+m)- (15)

Transforming from the Cartesian coordinates to
{Pem> P15 P25 - - -» Py_1}, We can decompose the Hamiltonian
H as
. o1 9 .
A=-——— " 1p, (16)
mN +108p2,
where
I Ch 32
A =—— + Y V). (17)
j=1 i<j

The relative distance r;; in the potential terms can only be
expressed by p, p,, ..., py_;, and therefore, the decomposed
part H' does not involve p,,,,. We therefore only consider A’
and minimize its expectation value in the following.

The Hamiltonian A’ has rotational symmetry and here we
consider only rotationally symmetric wave functions. Rota-
tionally symmetric functions are functions of the elements of
the Gram matrix,

(i,j=12,...,N—=1). (18)

Although the number of independent elements of the Gram
matrix is 3N — 6, we use all of the N(N — 1)/2 elements G,
as the neural network’s inputs in Eq. (1) as

Gy—1n-1)- (19)

With this choice of inputs, the translational and rotational
degrees of freedom are removed at the input level. The neural
network can thus efficiently optimize its parameters while
keeping the symmetries of the quantum states. On the other
hand, the particle-exchange symmetry required for identical
bosons is not explicitly imposed. Nevertheless, we numeri-
cally find that the obtained wave functions are sufficiently
accurate, almost satisfying the particle-exchange symme-
try [14], which will be shown in the numerical results in
Sec. III B.

To accelerate the convergence, we explicitly incorporate
the two-body correlations into the trial wave function. Let
¢(r) be a function expressing the short-range behavior of two
particles. We construct the trial wave function W using ¢(r)
as

Gij = pi - p;

u" = (Gi1,Gia, .. .,

V= gpA, (20)
where

¢ =[]s0in Q1)

i<j
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is the product of the two-body correlation ¢(r) for all particle
pairs and A is the network output in Eq. (5). The multiplication
of the two-body correlation ¢ assists the trial wave function ¥
in expressing the short-range behavior, by which short-range
variations of the network output A can be mitigated. Using
the wave function in Eq. (20), the energy integral of the
Hamiltonian in Eq. (13) becomes

A ,
/dX —ﬁ;wa—ﬁw+2wm)qf

i<j
N

i dp DA 9%A
= [ dx|—— pA(22F = 4 o1 ) + Vg W2
/ [ 2 2% < or, 8r,~+(p8r2>+ i

i=1 i

- IA\?
= [dx| — 2 — VW2 |. 22
/ |:2m§90 <8ri) + Verr (22)
The effective potential Vi on the second line of Eq. (22) is
defined as

PP
2m —~ or?
e 1 32p(r))
- _ vy b - b;
ZMZZ o) o2 + Z ij - Dik | ¢
i=1 j#i ! k#i, j
=— ) V(i))e + Verrg, (23)
i<j
where
1 9¢(r;;
= — 200 (24)
T ¢(riy) o

Eliminating the center-of-mass coordinate using the Jacobi
coordinates, we can rewrite Eq. (22) as

2
R Re? 22 [ 9A
/wz’wp:/ap PN =) +verw? | 29)
m ap

j=1 J

The expectation value of the energy [ WH'WdP/ [ W2dP
is minimized using the method described in Sec. 11, where the
function F in Eq. (7) corresponds to

2 2py V-1 2
Few) =205 [M(P’W)} + Ver (PYU2(P, W),
mo SS9

(26)
The sampling of the particle positions is performed using
the Metropolis-Hastings algorithm. Initially, the particle po-
sitions P in the Jacobi coordinates are set to be random.
In each sampling, a random displacement vector §P is gen-
erated, which obeys the normal distribution with standard
deviation o. The value of o /b is typically taken to be 1 for
the ground states and 1-20 for the first excited states, where
b is a typical length scale of the two-body interaction. If
|[W(P + 8P, W)|> > |W(P,W)|?, the displacement of the par-
ticle position is accepted; otherwise, it is accepted with the
probability |W(P + §P, W)|?/|W(P, W)|%. In the early stage of
the optimization, samples sometimes diverge to infinity during
the random walk. To suppress such unphysical divergence of

particle configurations, we add an auxiliary harmonic poten-
tial [14],
2 N—1
TN 2 Q7
4 ="
i=1
to the Hamiltonian with @ ~ 107! to 1073/1/(mb?). After the
first 1000 updates, the auxiliary harmonic potential is removed
to obtain the results in free space. The final results are insen-
sitive to the strength and removal schedule of the auxiliary
harmonic potential.
In the numerical calculations shown in the next subsection,
we employ the Poschl-Teller potential for the two-body inter-
action potential,

252 1

(R ———
(r) mb? cosh? (%)

(28)

where b characterizes the range of the interaction. The po-
tential strength 2h%/mb?® is chosen such that the first s-wave
two-body bound state is about to appear, corresponding to an
infinite s-wave scattering length (i.e., the unitary limit), which
provides a suitable condition for exploring Efimov physics.
For this potential, the two-body Schrédinger equation can be
solved analytically, and the zero-energy solution is obtained
as [80,81]
1 r

¢(r) = — tanh —. 29)
r b
We employ this solution for the two-body correlation ¢ in
Eq. (21). The second derivative in Eq. (23) then becomes

== Vipdry),  (30)

i=1 j#i ! i<j

and exactly cancels the potential term of V' (r;;) on the final
line, which yields the simple form of the effective potential as

W
Ver =—5-3 > > bij-bu 31

i=1 j#i ki, j
with Eq. (24) being

b= (L 2 \rizr 32)
T R T -
ij  bsinh =t Tij

Thus, the two-body potential is eliminated from the Hamilto-
nian in Eq. (22) and the effective potential appears instead.
For example, in the case of N =3, Ve = —1* b1y b3 +
by - bys + b3y - bsyy)/m. We note that this cancellation is not
specific to the Poschl-Teller potential, but occurs generally if
¢ is taken to be the exact zero-energy solution of the two-body
Schrodinger equation with V (r;;). The present formalism is
therefore applicable to a broad class of interaction poten-
tials whose two-body Schrodinger equation can be solved
accurately, either analytically or numerically. Furthermore, as
shown in Sec. IV, the above formalism remains effective even
when the exact two-body solution is unavailable: An approx-
imate ¢ can be used to construct Vg according to Eq. (23),
despite the absence of the exact cancellation.
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In a previous work [14], the ground states for several
bosons interacting through the Gaussian potential were cal-
culated using neural-network quantum states without the
two-body correlations ¢. As we will show in the next subsec-
tion, the inclusion of ¢ is crucial for increasing the accuracy
and stability of the calculations for practical use, which en-
ables the study of the excited states.

B. Results

We present numerical results for the ground and first ex-
cited states of N-boson systems with N =3, 4, 5, and 6
interacting via the unitary Poschl-Teller potential. To assess
the accuracy of the present method, we compare our results
with those obtained using the hyperspherical harmonic ex-
pansion method [63], where the same Hamiltonian with the
unitary Poschl-Teller potential is used. In all the calculations
presented in Secs. III and IV, 10° Monte Carlo samples are
used in each update step of the neural network to evaluate
the gradient in Eq. (10). To accelerate the sampling process
using graphics processing units, these 10° samples are taken in
parallel with an interval of 16 Metropolis steps. This interval
is sufficient, since the final results remain unchanged when it
is increased to, e.g., 32.

Figure 1 shows the convergence behavior of the ground-
state energy with respect to the update steps. In Fig. 1(a), the
network output in Eq. (5) is directly used as the wave function
and the Hamiltonian in Eq. (17) is evaluated. In Fig. 1(b),
the two-body correlation ¢ is used as in Eq. (20) and the
energy in Eq. (25) is evaluated. For both methods, the N-body
ground-state energies converge to the values in Ref. [63],
demonstrating that the neural networks can accurately de-
scribe the N-body Borromean clusters associated with the
Efimov states. A comparison between Figs. 1(a) and 1(b)
clearly shows that the inclusion of the two-body correlation
¢ significantly improves the stability and smoothness of the
convergence, while noticeable fluctuations are observed with-
out ¢. This improvement originates from the more accurate
description of the short-range two-body correlations by ¢,
by which the network does not need to represent the sharp
short-range profile of the wave function. As explained later,
the posttrained ground-state energy for three bosons is evalu-
ated to be —0.13471(2) with the two-body correlation ¢. In
contrast, the posttrained energy is evaluated to be —0.1346(2)
without ¢, with an uncertainty 10 times larger.

As mentioned in Sec. III A, the particle-exchange symme-
try required for identical bosons is not explicitly imposed in
this method. To check whether the obtained states satisfy the
particle-exchange symmetry, we evaluate the overlap integral
defined by [14]

2 (f Wiwax)’
S=Nv-D quﬂ dX [w2dX’
Jj<k Jjk

(33)

where W j; is the wave function for which the positions r; and
ry of the jth and kth particles are exchanged. When the wave
function W exactly satisfies the particle-exchange symmetry,
S is equal to unity. The dashed lines in Fig. 1 show the
values of S evaluated by the Monte Carlo sampling, which
are larger than 0.999 for both panels (a) and (b), indicating

(a) __ 0.020
i S S — - s=ewr=: 1,000
o Foan
> 0.0151 {1/
g £0.998
= 6.010 —— 3bosons
T . —— 4bosons [0.996 0
u.? —— BSbosons
| 0.005 1 6bosons 0.994
1]
g 0.000 10.992
N
~ -0.005 r T 0.990
0.0 0.2 0.4 0.6 0.8 1.0
step x10°
(b) __ 0.020
E - r1.000
S 0.0154
% r0.998
= 6010 —— 3bosons
i . —— 4bosons | 0.996 0
U.? —— 5bosons
| 0.005 1 —— 6bosons [0.994
&
z 0.000 - e e 10,992
tig
=~ -0.005 0.990

00 02 04 06 08 10
step x10°

FIG. 1. Optimization process of neural networks for N-boson
ground states. The solid lines show the relative difference between
the obtained ground-state energy Ejngs and the reference energy
Eo rer taken from Ref. [63], and the dashed lines show the overlap
integral S defined in Eq. (33). The horizontal axis represents the
number of optimization steps. (a) Two-body solution is not included
in the trial wave function: Equation (5) is used as the wave function
and the expectation value of the Hamiltonian in Eq. (17) is evaluated.
(b) Two-body solution is included in the trial wave function: The
expression in Eq. (25) with Eq. (31) is evaluated with the wave
function in Egs. (20) and (21) with Eq. (29). In both cases, 10° Monte
Carlo samples are used in each step, and the values of the energies
and S are averaged over every 1000 update steps.

that the obtained wave functions satisfy the particle-exchange
symmetry to a good approximation.

Using the obtained ground-state energies and wave func-
tions, we next compute the first excited states. To avoid
the numerical instability originating from the small binding
energies and large spatial extent of excited few-body clus-
ters [61-63,65], an auxiliary harmonic potential in Eq. (27)
with w = 1073%/(mb?) is applied during the first 1000 steps.
In the following, we only present the results obtained with
the two-body correlation ¢, since the optimization process is
unstable without ¢. Figure 2 shows the convergence behavior
of the energies of the first excited states. For all NV, the excited-
state energies converge to negative values, indicating the
formation of bound states. Although the fluctuations in the en-
ergies in Fig. 2(b) for N = 4-6 are ~1%, those in Fig. 2(a) for
N = 3 are ~10%. The large fluctuation for N = 3 is due to the
extended spatial structure of the Efimov state; the spatial scale
of the excited state is ~20 times larger than that of the ground
state, while the short-range node structure is also important
for ensuring orthogonality with the ground state. This multi-
scale property of the Efimov states makes the Monte Carlo
sampling less efficient. For N = 4-6, in contrast, the first

033335-5



SORA YOKOI, SHIMPEI ENDO, AND HIROKI SAITO

PHYSICAL REVIEW RESEARCH 8, 033335 (2026)

(@) —0-00010
. +1.000
—0.00015 1 L0.998
3
2 _0.00020 1 (0280,
i
- +0.994
—0.00025 1
+0.992
—0.00030 1~ : : : —0.990
0 5 10 15 20
step x10°
(b)— 0.04
i el - £1.000
~  0.03
g —— 4bosons r0.998
E 0.021 —— 5bosons
:. —— 6bosons r0.996 0
w ]
| 004 ‘ +0.994
wn |
g- 0.001 “"“‘I“‘\"h AL LT K| (%992
0 VI e L A
~ —0.01- . . : —0.990
0 5 10 15 20
step x10°

FIG. 2. Optimization process of neural networks for first excited
states of N-boson systems. The solid and dashed lines show the
energies and overlap integral S, respectively. (a) N = 3. Energy is
normalized by i /(mb*). (b) N =4, 5, and 6, where the values of
E; rer are taken from Ref. [63]. Since the excited-state energy for
N = 3 is not explicitly provided in Ref. [63], only E; ngs is plotted
in panel (a). In panels (a) and (b), 10° Monte Carlo samples are used
in each step, and the values of the energies and S are averaged over
every 10* update steps.

excited N-body state is tied below the (N — 1)-body ground
state [48-50,61], and therefore remains relatively compact.
Consequently, the fluctuations arising from the Monte Carlo
sampling are less significant. The dashed lines in Fig. 2 show
the values of § defined in Eq. (33), which are larger than 0.999
for all the cases, indicating that the bosonic particle-exchange
symmetry is well satisfied also for the first excited states.
Using the trained neural networks, we next determine the
energies of the ground and first excited states. In this post-
trained evaluation, each energy is obtained from 10% (10°)
Monte Carlo samples, followed by 10° (10*) additional pa-
rameter updates of the neural network, for the ground states
(first excited states). This procedure is repeated 10 times and
we obtain 10 energy estimates. In addition, we repeat the
entire procedure (training and posttrained evaluation) 5 times
using different random seeds. Thus, we obtain 50 energy
estimates in total, and we take their average and standard
deviation. The results are summarized in Table I, where they
are compared with the values in Ref. [63]. Our values are
in good agreement with those in Ref. [63]. For N = 3, the
ratio «/Ey/E| is consistent with the universal value predicted
from the zero-range theory, ~22.7. This agreement is ex-
pected because the finite-range effect is of order (refrko)? [82],
where kg = /m|Ep|/h and the effective range is rer = 2b

TABLE 1. Ground-state energies Ey, first-excited-state energies
E, and ratios +/Ey/E; for N-boson systems. The value of 22.4
for N = 3 is taken from the main text of Ref. [63] and the other
reference values are taken from Table II in Ref. [63]. The energies
are normalized by #*/(mb?).

Ey E, VEo/E
N = 3 (REF) —0.1345 22.4
N =3 (NQS) —0.13471(2) —2.63(9)x10~* 22.6(4)
N = 4 (REF) —0.8259 —0.1548 2.31
N =4 (NQS) —0.82612(6) —0.1554(4) 2.305(3)
N =5 (REF) —2.313 —0.9428 1.57
N=5(NQS)  —2.31531(9) —0.9421(18) 1.568(2)
N = 6 (REF) —4.731 —2.667 1.33
N = 6 (NQS) —4.7456(4) —2.663(8) 1.335(2)

for the unitary Poschl-Teller potential, and thus regig = 0.73.
Because Ey/E; =~ 500 for N = 3, even a small admixture of
the ground state into the first excited state can produce a
noticeable error in E;. The relative uncertainty of order 10~
in Ey suggests a residual ground-state admixture into the first
excited state of the same order, through Eq. (11), leading to
fluctuations in E; of order ~10~*E,, which is consistent with
the uncertainty in E; of order 10~ reported in Table I.

We have checked the statistical properties of the Monte
Carlo samples. The acceptance rate of the proposals in the
Metropolis-Hastings algorithm is typically 30%—50%, which
depends on the displacement o in the random walk of the
Jacobi coordinates; a larger o results in a smaller acceptance
rate. The autocorrelation function of the sampled Jacobi coor-
dinates decays exponentially with respect to the steps of the
random walk. The typical 1/e decay time is 10-30 steps. This
number of decay steps justifies the approximate independence
between subsequent samples taken with an interval of 16
steps.

Figures 3(a) and 3(b) show the probability distributions
P(R) for the ground and first excited states, respectively, of the
Efimov system (N = 3). Here, P(R) is obtained as a histogram

of the hyperradius R = v p? + p3, which characterizes the
spatial extent of the three-body system. In both states, the
distribution P(R) exhibits a pronounced peak at finite R and
decays at large R, indicating the formation of bound states.
The two distributions have similar shapes and the ratio be-
tween the peak positions is ~15. This larger deviation from
the zero-range prediction ~~22.7 reflects the finite-range effect
of order regrkg. In the first excited state in Fig. 3(b), a node
appears in the short-range region, making the state orthogonal
to the ground state.

The top-right insets in Fig. 3 show the spatial distribution
of the three-body wave function, namely, the probability dis-
tribution for the position of the third particle when the other
two particles are fixed at the positions denoted by the crosses.
The results show the same qualitative features as those ob-
served for “He trimers [75]: In contrast to the probability
density for the ground state [Fig. 3(a)], which forms a compact
bondinglike orbital, that for the first excited state [Fig. 3(b)] is
concentrated around each particle, reflecting the origin of the
Efimov trimer as arising from the exchange of a particle be-
tween the other two particles in a classically forbidden region.
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M) and a third particle (mass m) interacting via unitary in-
terspecies interactions. While the equal-mass system does not

a) 0.30
(a) /\
0.25 1 [ exhibit any three-body bound states due to the Pauli repulsion
[ \ s between the identical fermions, it is dominated by the attrac-
0.201 ," \\ tion mediated by the third particle if the mass ratio exceeds the
= 0154 /’ \ . critical value, M/m 2 13.6 [45,70,71,77]. Such highly mass-
™ ’ ', imbalanced fermionic systems have recently been realized in
0104 | cold atom mixtures of Er-Li [83] and Dy-Li [84], where the
| fermionic Efimov states are expected to appear in the £ = 1~
0.05 - / angular-momentum and parity sector [85,86].
/
0001 ! N — A. Method
0.0 8 =g f= 200125 150 We consider a three-body system composed of two iden-
R/b tical fermions located at r; and r, with mass M, and another
(b) particle located at 3 with mass m. The two-body interaction is
0.014+ introduced only between each fermion and the third particle;
0.012 //\ that is, no interaction is assumed between the two identical
[ \\ % s fermions, since there is no s-wave interaction between them.
0.0101 /’ \ The Hamiltonian for this system is given by
E 0.008 - / \ 0 . hZ 82 82 hZ 32
T 0.006 - / | Hfp = _w<8_r%+a_r%> —%a—’%—FV(Vls)-i-V(VB)
0.004 1 ; / (34)
0.002 1 | / \ Using the Jacobi coordinates,
0.000 {L=—"—4 — M m
P = (ry —r1), (35a)
2m

0 50 100 150 200 250 300 350
R/b
2(M+I’I’l) r]+r2
= — , 35b
P2 V2M+m<r3 2 ) (35b)

FIG. 3. Probability distribution P(R) as a function of hyperradius
we can eliminate the center-of-mass motion from the Hamil-

R = /p? + p3 for bosonic three-body system: (a) ground state and

(b) first excited state. P(R) is generated from the wave function W as | '
tonian and obtain

a histogram of samples R. The top-right insets show the probability
distribution for the position of the third particle when the other two ., 2 92 2 92
=—s—75 575t Vi) + Vi) (36)
F 3),
2u0p7 21 0p3
rs =

particles are fixed at the positions indicated by the crosses. The

bottom-left inset in panel (b) magnifies the line near the origin.
where ©u = Mm/(M +m) is the reduced mass,

[Vmp, + ~2M + mp,|//2(M +m), and ry = |/mp, —

V2M + mp,| /2O + m).
The Hamiltonian in Eq. (36) commutes with the angular-

The above results are obtained using the fully connected
feedforward neural network with two hidden layers containing
32 hidden units in each layer. We also examined a network momentum operator:
hoa

with 64 hidden units in each layer and a network with three
hidden layers containing 32 hidden units each. We calculated j= Z ( P X~ )
B P08 )
j=1 i

the ground-state energy of three identical bosons using these
networks and obtained Ey = —0.13471(2) for both cases,
which is the same as that reported in Table I. Exploring alter- The eigenstates of the Hamiltonian ﬁ} can therefore be
native neural-network architectures is an interesting direction  characterized by angular-momentum quantum numbers. We
express the Jacobi vectors p; and p, by their lengths p; and
02, the angle 6 between them, and their overall rotation by the

(37

J

for future work.
Euler angles ¢, 6’, and ¢’ as
IV. SYSTEM OF TWO IDENTICAL FERMIONS . ,
AND ONE PARTICLE o 0 sin 6’ cos ¢
, ) p1 = R (PIR(OIR(P)| O | = p1| sin€’sing” |, (38)
In this section, we apply the neural-network method to a o1 cos 6’
three-body system composed of two identical fermions (mass
cos 6 sin 0’ cos ¢’ + sin 6 (cos ¢ cos 6’ cos ¢’ — sin ¢ sin ¢')
; (39

02 sin 6
0 = py | cos B sinf’ sin ¢’ + sin O (cos ¢ cos 6’ sin ¢’ + sin ¢ cos ¢')
cosf cos 6’ — sin 6 cos ¢ sin 6’

P2 = R.(¢R,(O)R.(¢)
2 cos
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where R, ,, - (@) is the rotation matrix, with rotation by an angle
« around the x, y, or z axis. In this coordinate system, the oper-

ator 1.” can be represented only by the Euler angles (it does not

include p;, p2, and ) [87]. We denote the eigenvalues of i,z
and L, = hd/(id¢’) as h*€(€ + 1) and Fim,, respectively, and
the corresponding eigenfunction as Y, ¢, (¢, 0’, ¢’), where
the index n identifies the eigenstates within each angular-
momentum subspace. The energy is degenerate with respect
to m, due to the rotational symmetry and we only consider the
m, = 0 states. We numerically confirmed that the £ = 1 sub-
space with odd parity has the lowest energy, consistent with
the zero-range results, and therefore focus on this channel
throughout this section. We note, however, that our formalism
can be systematically extended to other angular-momentum
and parity channels. The parity transformation, p; — —p,
and p, - —p,,isrewrittenas 0’ — 7 — 0, ¢ — 7 — ¢, and
¢’ — ¢’ + m. There are nine eigenfunctions with £ = 1 [87].
Among them, the eigenfunctions with m, = 0 and odd parity
are given by

Yi10=cos8, Yy =sin® cosg. (40)

The general form of the wave function can therefore be written
as

V(p1, p2,0:6", ) = fi(p1, p2,0)cos6’
+ fo(p1, p2,0)sinf cos ¢,  (41)

where f| and f, are unknown functions.

We express the functions f; and f, by two different neural
networks as f; = A(P, W) and f, = A(P, W,), respectively,
where A is the network output given in Eq. (5). The wave
function must be antisymmetric with respect to the exchange
of the two identical fermions. In the Jacobi coordinates, the
exchange of the fermions is expressed as p; - —p; and
P, — p,, which are rewritten as § — 7 — 6, ' > 7w — 6/,
¢ — —¢,and ¢’ — ¢’ + 7, as found from Egs. (38) and (39).
Thus, in a manner similar to Egs. (20) and (21), we construct
the trial wave function as

W = pAuym, 2)
where

¢ = ¢(r3)¢(r3) (43)
is the product of two-body correlations and
Agsym = ¥ (p1, 02,0,0",0) — ¥ (p1, p2,m — 60, m =6, —(fi)

ensures antisymmetrization for the fermions. As in the
bosonic case in Eq. (23), we can define the effective potential
Vegr arising from the derivative of ¢. The energy integral is
written as

22 9Am |
VA WdP = | dP| — === Verr U2 |,
/ F / Z‘ﬂ ( ap + Verr

2u P ;
(45)
where dP = dp,dp,. The procedures used to optimize the
network parameters are the same as those for the bosonic case.
The first excited state is searched within the same subspace as
the ground state, namely, the £ = 1 and odd parity subspace.

In the following numerical calculations, we use the Poschl-
Teller potential for the two-body interaction potential as

o1

Ver(r) = ————
er(r) ub? cosh® %

(46)
whose s-wave scattering length is infinite, corresponding to
the unitary limit. We use the zero-energy analytical solution
of this potential in Eq. (29) as the two-body correlation ¢
in Eq. (43). The two-body potential term in the Hamiltonian
vanishes, as in the bosonic case, and the effective potential
simplifies to
2
Vetr = ——b13 - ba3, (47)
m

where b;; is defined in Eq. (32).

B. Results

First, we focus on the mass ratio M/m = 27.752 cor-
responding to the '®’Er-°Li system. A mixture of these
ultracold atomic gases has been realized experimentally, in
which interspecies Feshbach resonances were observed [83].
By fine-tuning the s-wave scattering length to be large and
achieving the unitary limit, the Efimov states involving identi-
cal fermions are expected to appear in the £ = 1 channel when
the mass ratio is larger than the critical value, M/m 2 13.6.
While a strong dipole-dipole interaction between the Er atoms
may affect the physical properties of the Efimov states of
Er-Er-Li, we neglect this interaction in this work and only
consider the short-range interactions between Er and Li, tuned
to the unitary limit, and demonstrate that our neural-network
method is useful for investigating fermionic Efimov physics.

Figure 4 shows the convergence of the energies with re-
spect to the update steps. For both the ground and first excited
states, the energies converge to negative values, indicating the
formation of bound states. The excited state exhibits larger
statistical fluctuations than those for the ground state, reflect-
ing its extended spatial structure, which makes the Monte
Carlo integration more difficult, as in the bosonic case. After
the convergence of the optimization, we perform the post-
trained evaluation of the energies in a manner similar to the
bosonic case, giving Ey = —1.88(2) x 107242 /(mb?) for the
ground state and E; = —4.4(1) x 1074/ /(mb?) for the first
excited state. The ratio «/]Ey/E|| ~ 6.5(1) is in reasonable
agreement with the universal discrete scale factor predicted
from the zero-range theory, +/|Ey/E;| >~ 7.19 [45,47-50,77]
for M/m = 27.752. The deviation of /|Ey/E | =~ 6.5 from
7.19 is attributed to the finite-range effects of the potential and
the limited validity of the low-energy condition, which often
deteriorate the universal description of the ground Efimov
trimer.

The acceptance rates in the Metropolis-Hastings algorithm
are similar to those in the bosonic case, i.e., 30%—-50%. The
autocorrelation function of the samples of p, in Eq. (35b),
i.e., the Jacobi coordinates related to the third particle, is also
similar to that in the bosonic case; i.e., it decays in ~10 steps.
However, the autocorrelation time for p, in Eq. (35a), i.e.,
the relative coordinate between the two fermions, is much
longer: ~103 steps. This is because the wave function has a
node between the two fermions and the random walk rarely
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FIG. 4. Optimization process of neural networks for system of
two identical fermions and another particle with mass ratio M/m =
27.752. (a) Ground-state energy and (b) first-excited-state energy,
normalized by 42 /(mb?). 10° Monte Carlo samples are taken in each
update. Auxiliary harmonic potential in Eq. (27) is applied during
the first 1000 steps, with @ = 1072/i/(mb?) for the ground state and
= 1073/i/(mb?) for the excited state.

exchanges their positions across the node. This is not prob-
lematic because the fermion exchange is included in Eq. (44)
and it does not need to occur in the sampling. In fact, the
autocorrelation times of quantities that are symmetric under
fermion exchange, such as p; and sin 6, are ~10 steps.

Figures 5(a) and 5(b) show the probability distributions
P(R) with respect to the hyperradius R for the ground and first
excited states, respectively. As in the bosonic case, the two
distributions have similar shapes with different spatial scales,
exhibiting the discrete scale invariance in Efimov physics. The
ratio between the peak positions is ~4.7, which is smaller
than the zero-range prediction of ~7.19 due to the finite-range
effects, as in the bosonic case in Fig. 3. In the first excited state
[Fig. 5(b)], a node appears in the short-range region, making
the state orthogonal to the ground state. The insets in Fig. 5
show the probability distribution for the position of the third
particle when the two identical fermions are fixed. The results
show the same qualitative features as those for the bosonic
three-body systems in Fig. 3.

We also perform the calculation for variable mass ratios
and obtain the dependence of the ground-state energy on the

(a) 0.12]

0.101

lwl?

0.081

X 0.061
&
0.04
0.021

0.001

20 25 30

0.020+

|?

0.015+

=~ 0.0101

0.005

0.000 1
0 50 100 150 200
R/b

FIG. 5. Probability distribution P(R) as a function of hyperradius
R for system of two identical fermions and one particle with mass
ratio M/m = 27.752: (a) ground state and (b) first excited state. The
insets show the probability distributions for the position of the third
particle when the two identical fermions are fixed at the positions
indicated by the crosses.

mass ratio M /m, as shown by the circles in Fig. 6. As expected
from the zero-range Efimov theory [45,47-50], the binding
energy increases monotonically with M/m. Extrapolating the
data in Fig. 6, we find that the bound state disappears at
M/m =~ 13—14, which is consistent with the zero-range pre-
diction of ~13.6 [45,77].

We finally consider the case in which the two-body inter-
action potential is not a Poschl-Teller potential. We consider
the Gaussian potential

Ve (rij) = Voe "o/, (48)

where b characterizes the interaction range. The value of V;
is taken to be —1.342/%/(ub?), corresponding to the depth
at which the two-body bound state is about to appear and
hence to the unitary limit. Although the analytical two-body
solution is unavailable for the Gaussian potential, we can still
perform the neural-network calculation by using the two-body
correlation of the Poschl-Teller potential, exploiting the sim-
ilar, though not identical, short-range correlations of the two
potentials. More specifically, in solving the problem with the
Gaussian potential, we use the trial wave function in Egs. (42)
and (43) with the Poschl-Teller two-body solution in Eq. (29).
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FIG. 6. Ground-state energy [normalized by /*/(mb?)] of system
of two identical fermions and one particle as a function of mass ratio
M /m. Circles show the results obtained using the neural-network
method for the Poschl-Teller potential at the unitary limit in Eq. (46).
Triangles show the results obtained using the neural-network method
for the Gaussian potential in Eq. (48) at the unitary limit. Squares
show the results obtained using the explicitly-correlated Gaussian-
basis method for the same Gaussian potential [70,71]. The vertical
dotted line indicates the critical mass ratio, M/m =~ 13.6. The statis-
tical uncertainties are smaller than the size of the plotted symbols.

The effective potential changes from Eq. (47) to

Fl2
Veir = —;bm ~bo3 + Vi(r13) + Vi (r23)

= Vpr(r13) — Vpr(r23). (49)

The obtained ground-state energies are shown by the triangles
in Fig. 6. They are in excellent agreement with those obtained
using the explicitly-correlated Gaussian-basis method [70,71]
for the same two-body Gaussian potential (squares in Fig. 6).
This agreement is attributed to the ability of the neural
network to compensate for the relatively small differences
between the short-range two-body correlations of the Poschl-
Teller and Gaussian potentials, thereby yielding accurate
energies. The above results suggest that the neural-network
method is not limited to analytically solvable two-body po-
tentials, but is applicable to problems with a wide variety of
interaction potentials.

V. CONCLUSIONS AND DISCUSSION

We developed the method of neural-network quantum
states for exploring Efimov physics in few-body quantum
systems in three-dimensional continuous space. By using the
two-body solution to efficiently incorporate the strong two-
body correlations at the unitary limit into the variational wave
function, the convergence and accuracy are significantly im-
proved. For systems of N identical bosons, as well as the
mass-imbalanced three-body fermionic system, the ground
and first excited states are obtained, whose energies agree well
with those obtained by previous methods. The ratio between
the ground- and first-excited-state energies is found to be

consistent with the values predicted by the universal Efimov
theory. In addition, our method reproduces the characteristic
shapes of the Efimov states’ wave functions and captures the
disappearance of the Efimov state as the mass ratio approaches
the critical value.

In most of the numerical calculations presented in this
paper, we used the Poschl-Teller potential, for which the
analytical form of the two-body correlation ¢ and its deriva-
tive b;; are available, which accelerates the convergence.
However, the proposed method is not restricted to analyti-
cally solvable potentials. Indeed, leveraging the fact that the
two-body correlations ¢ exhibit similar, though not identi-
cal, short-range behavior, we used the two-body correlation
of the Poschl-Teller potential to study a three-body system
with a Gaussian potential. The neural networks are found to
compensate for the small differences in the two-body correla-
tions of different potentials and to converge rather efficiently
to the values obtained using an established method [70,71].
Alternatively, one may employ the numerically obtained ¢
and b;; with appropriate interpolation. These schemes may
allow us to solve few-body problems with general inter-
action potentials, including regimes away from the unitary
limit considered here, or dipolar types of interactions whose
long-range and anisotropic nature leads to exotic few-body
clusters [85,86,88-91].

A major advantage of the present approach, compared
with other established methods for few-body studies [61,63—
65,70,71], is its simplicity of implementation combined with
high flexibility. As seen in our codes (FewBodyNet.py) pro-
vided in the Supplemental Material [92], the basic structure
of the codes is common to all the systems considered. They
are written using the PyTorch framework with the standard
machine-learning routines. The codes can be readily extended
to a wide variety of systems, such as those with different in-
teraction potentials, harmonically trapped systems, or reduced
dimensionality, with only minor modifications. Three- and
higher-body interactions are not included in the present study,
but can be incorporated straightforwardly. Our method may
therefore be useful not only as a numerical tool for bench-
marking other theoretical approaches, but also for exploratory
studies of previously unexplored few-body systems.
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