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Exact nonequilibrium steady states of boundary-driven circuit with XYZ gates
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We obtain the exact many-body density operator of a boundary-driven XXZ quantum circuit via a spatially
inhomogeneous matrix product ansatz. The ansatz has formally infinite bond dimension and generalizes authors’
previous construction [Popkov and Prosen, Phys. Rev. Lett. 135, 070401 (2025)] for the XXZ interactions. The
boundary qubits are coupled to reset quantum channels that project them toward arbitrary pure target states. We
find and describe a family of relatively robust separable chiral nonequilibrium steady states, which are elliptic
analogs of spin helices for the circuit, and which are particularly attractive from an experimental perspective.

DOLI: 10.1103/2v8p-lyhS

I. INTRODUCTION

In today’s era of noisy intermediate-scale quantum (NISQ)
computers, the theory of open quantum systems [1-3] is
essential for building useful quantum simulations. In this
respect, exactly solvable models play a special role since
they allow to test, control, and benchmark NISQ devices
[4-7]. One powerful example is a trotterized integrable XXZ
quantum spin chain realized as a brickwork quantum cir-
cuit and driven by specific Kraus dissipators at its ends, the
nonequilibrium steady state (NESS) of which can be ex-
pressed as an infinite bond-dimension matrix product ansatz
(MPA) [8,9]. The XXZ brickwork quantum circuit protocol
was implemented on an actual NISQ device [5,7]. Beyond its
mathematical beauty, this setup reveals surprising and often
exotic physics: for instance, fractal-like behavior of transport
coefficients (Drude weights) [10,11], insulating behavior far
from equilibrium, and even negative differential conductance,
where increasing the driving force actually reduces the current
[12,13].

In this communication, we are treating the most general,
fully anisotropic scenario in which the principal qubit gates
constituting the XYZ-type qubit circuit do not satisfy the ice
rule, i.e., the local constraint requiring two of the four qubits
incident to each vertex to be in one computational-basis state
and the remaining two to be in the other computational-basis
state, corresponding to the standard “two arrows in-two ar-
rows out” condition. Namely, we express the NESS of the
XYZ boundary-driven qubit circuit in terms of MPA. After
Ref. [9], our solution gives the second and more general
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example of the two-replica MPA that has nontrivially coupled
auxiliary spaces, meaning that the NESS is not factorizable
in terms of a product of two Cholesky factors, as in all
previously solved cases [14]. Analyzing the MPA, we find
a set of remarkably simple chiral separable states, which,
being a circuit extensions of spin-helix states [15-18], can
be named elliptic brickwork spin helices. The Hamiltonian
(continuous-time) limit of elliptic spin-helix eigenstates is
well known [19,20] even beyond one-dimensional lattices
[21,22]. The XXZ counterparts of elliptic helices turned out
to be prominent in cold-atom experiments, where the ex-
ceptional robustness of the helices allowed to use them for
controlling and benchmarking purposes [23,24]. Likewise, we
expect elliptic brickwork spin helices to be useful benchmark-
ing tool in potential future experiments with qubit gates not
satisfying the ice rule [i.e., breaking U(1) symmetry].

II. BOUNDARY RESET-DRIVEN XYZ CIRCUITS

We consider a chain of N+2 qubits labeled by 0, 1, ..., N,
N + 1. An XYZ gate is defined as

1=

. él(’?)él(ﬁ) ~
v = [élm + )0 (1 - u)] e @
r 0 0 r4
~ O r3 r O
Tum=1g = 7 ol )
rq 0 0 r
o 04(1)01 (u + 1) = 01(u)B4(u + 1) 3)
: 0,(0)8,(n) 04(0)0: ()
o 04 (u)Bs(u + 1) e 01 ()0 (u + 1) @)
T 00 T 04(0)0a()

where 0, (1) = 04 (mu, e¥77) and O, () = g (ru, €7°) are
standard elliptic theta functions (see Appendix A). The U ma-
trix is parametrized by the anisotropic parameter 7, modulus
of the elliptic theta function t [Im(r) > 0], and a spectral
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FIG. 1. Two-step reset-driven XYZ circuit in folded notation.
Empty circles represent local traces, while red/blue disks represent
arbitrary pure boundary states. The right scheme corresponds to an
equivalent reduced circuit where squares represent boundary Kraus
maps (see details in the main text).

parameter u. The matrix PU , where P is the permutation
operator, coincides with the standard parametrization of the
R-matrix for eight-vertex model [25]. The operator U satisfies
a symmetry relation

Uu,n) =U(—u, —n), &)
and the unitarity relation
Uu, MU (=u,n) =U@u, MU @u, —n) = 1. (6)

For small u << 1, we have

6,(0)

h+
28, ()
where £ is the energy density of the paradigmatic XYZ Hamil-
tonian

HO)

1) +0W®, ()

hanin = Y JuOgo ). ®)

a=x,y,z

Here, {0} are Pauli matrices acting on nth spin in the chain,
and the couplings {/, } read

_ Ba(m) _ () _ &(n)
04(0)° 6:(0) 6,(0)
The couplings J,, in Eq. (9) are real if the modular parameter t
of the elliptic theta function is purely imaginary, T € iR, and
the anisotropy parameter satisfies € R or n € iR. These two
choices, after performing the XXZ reduction
lim J,, =1,

T—>+ico

©))

lim J, = cos(mwn),
T—>+ico
correspond to the easy plane |J;/J,| <1 and easy axis
|J./J¢| > 1 regime, respectively. The U gate (1) is unitary if
DHueR,neiRorRucik,neR.

The gate U acts on a pair of neighboring qubits via so-
called folded map as U(p) = U pU". We consider a chain of
N + 2 qubits labeled as 0, 1, ..., N + 1. Assuming N to be
odd (similar construction can be given for N even), we define
a dynamical protocol consisting of two—even and odd—steps
(see Fig. 1). During the even step, we apply a string of U gates
to all neighboring pairs of qubits (1, 2), (3,4), ..., (N, N+1),
while qubit O is traced out and reset to an arbitrary pure
state pp, = |Y¥)(YL|. During the odd step, we similarly ap-
ply U gates to qubits (0, 1), (2,3),..., (N — 1, N) and reset
the qubit N + 1 to arbitrary pure state pr = |¢r)(¥r|. This
defines a many-body locally interacting (trotterized XYZ)

quantum channel, targeting predefined local spin states at the
ends. Here, u can be interpreted as the Trotter time step, so
u — 0 corresponds to continuous-time limit, governed by the
paradigmatic XYZ spin chain Hamiltonian [25] (8) in the
bulk, while the reset channels (Fig. 1) correspond to Zeno
limit of instantaneous relaxation of boundary spins toward
targeted states pr. and pg.

Ignoring the trivially separable state of the boundary qubit
(left/right in even/odd step), we can write an equivalent effec-
tive brickwork dynamical quantum channel acting on interior
N qubits, labeled 1,2, ..., N, as

Pr+1 = M(pt)v M - MoMev
Mo =KL @UEN D2 M =NV g Kr,  (10)

where Kpr: End(C?) — End(C?) are the local boundary
channels

KiL(p) = trj(U(pL ® p)U"),
Kr(p) = tra(U(p ® pr)U ). an

The boundary channels Kp,r(p) can be expressed ex-
plicitly in terms of pairs of Kraus matrices Kyr(p) =

)y =1 KIE’/% KIE‘/‘I]; For our further proofs, an explicit form of

Krauss matrices Kllf;}lz is not needed; for completeness, we give
them in Appendix B.

III. INHOMOGENEOUS YANG-BAXTER EQUATION

Let us denote the physical space of N qubits as h = (C?)®V
and label local operators over § that act nontrivially only on
nth tensor factor (qubit) by subscript n, e.g., Pauli operators
o;,Y%. In addition, we consider an infinite-dimensional auxil-
iary space a spanned by basis vectors {|j)q; j =0, 1,...}. We
now define a special type of inhomogeneous Lax operators,
and their conjugates, LY, , LT% € End(a ® b) as

a,n’

= Z[|j><j|aLn(n —=2))+ 1)+ UHaX,(n — 2],
j=0

Ly, = Z[Ij><j|aLll(n =2))+ N+ HaXu(n —2))],
Jj=0

L = Z[|j><j|aLn(n =27+ 1) + UaX(n = 2j)'1,
j=0

Zn/ (laLyn = 2))" + 1) G + HaXa(n = 2))'1,
j=0

12)

where L,(m), L, (m), X,(m), X, (m) are rank-1 explicit site-
dependent matrices, acting on the nth qubit.
Defining two unnormalized orthogonal qubit states as

01(u)

[V (u)) = (64(14)

>, (E@)] = (Oa(u), =01 (w)),  (13)
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we postulate

1
L(m) = %Ilﬁ(mn + a))(§(—u —mn —a),

1
L'(m) = %M//(u + mn + a))(§(=mn — a)l,

1
X(m) = ——|¥v(mn —u+ a))(§(—mn — a)|,

C(m)
o) — A o

X'(m) = C(m)lw(mn+a)><é(u mn — a)l,

C(m) = by(a + mn), (14)

where a € C is an arbitrary complex parameter.
The following Yang-Baxter-type (or RLL) identities play a
key role in the following:

+ 57— _7— 7t
U’L"+1La,nLa.n+l _La,nLa,n-&-lUnq""‘l’
+k p —x% ] kg
Un,n+1La,nLa,n+1 —La,nLa’n+1U/1,n+la (15)

where we interpret the gate U, ,+1 as an R-matrix of a unitary
eight-vertex model. Contrary to the usual situation, the RLL
relations (a form of Yang-Baxter relations intertwining a pair
of Lax operators with the R-matrix) (15) are inhomogeneous,
since our Lax operators LIH, ... (12) have explicit n depen-
dence (while the gate U remains the same). A proof of the
identities (15) is given in Appendix C.

IV. EXPLICIT INHOMOGENEOUS MATRIX
PRODUCTNESS FOR XYZ CIRCUIT

Similarly to Ref. [9], we formulate an ansatz for the NESS
Poo» Pl appearing at the even and odd steps of the qubit circuit
evolution

MoMepoo = Poo> (16)
MMopl, = po (17
as follows:
Poo = <L|L§b,ngb,2}L:b,3 o ']L;b,Nfl]Lib,N|R)’

Py = (L|]I‘;b,lL;rb,2Lgb,3 o 'L;rb,N—lL;b,N|R)’ (18)
]L:t

_r* +x
ab,n T Lu,nL

b,n’

where (L|, |R) are auxiliary vectors in a product of two
formally unbounded auxiliary spaces a® b, ie., (L|=
Yo iy(ilati'le, and [R) = 3%, 7j /)l /). How-
ever, our solution for (L| has just few nonzero components
[ i [see Egs. (23) and (30)], and therefore, generic Eq. (18)
always contains finite number of terms; see more details after
Eq. (29).

Consistency of the ansatz (18) in the bulk is guaranteed
by Eq. (15), while the boundaries yield extra conditions to
determine (L| and |R):

(LI(Lgp, = KL(Ly, ) =0, (19)

(Lgoy — Kr(LE, ) R) = 0. (20)

Like Eq. (15), the conditions (19) and (20) are overdeter-
mined. Solutions of these equations depend on the reset

channels (11) that will be parametrized with two complex
numbers o, and ag,

oL = Y)Yl pr = [YR) (YR,

1) = : (91(““)
VBs(Re(ar ))F3 (iRe(ay ) \Os(oL))”

[YR) =

1 (91 (or )> 21
VBs(Re(ag )3 (iRe(ag ) \O4(@r)/”

The U gate (1) is unitary if either u € R, n € iR (case (A)) or
u € iR, n € R (case (B)). The two cases are treated separately
below. The proofs of following Eqgs. (22)—(31) are given in
Appendixes D and E.

Case n € R, u € iR. The NESS of the XYZ qubit circuit
in Fig. 1 is given by Eq. (18) with local entries of Lax matrix
given by Eq. (14), where a = o, = wy + iw;, and the auxil-
iary vector (L| has just four nonzero components,

1
(LI= > Liplilali'le, (22)
J.J'=0
é s
lo=1 hLi1= ~3(u—z.wl)’
O3(u + iwy)

 03(iw )64 (u + wo)
01 == —— ,
03 (1 + iw1)04(wo)

ho=1I5;, wo=RelarL], w;=Imlar]. (23)

The auxiliary vector |R) is unbounded and has components

R) =Y rijlialie, (24)
JJ'=0

-1 =1
rj,j’:Cj,j’kul_[b*’v (25)

k=0 k'=0

é s —ir é . . -T

Coy= 3((—J )r;~ z 1) ~4((J +Jj'n o)’ 26)

03(iI"1) 04(Tp)
O1(nn 4+ v)0r(u+T —nn +v) 27

T Bt (n+ D) BT — (it Dy + )

F=a.+ N N+1n To=Relll, T;=Im[l], (28)

1
U=§(0[R_O‘L_u_(N+1)77)- (29)

Even though the vector |R) is formally unbounded, for a
system of size N, only the finite subset of coefficients r; ;,
with j, j/ < N + 2, matters. Indeed, due to the band structure
of Lax operators, the expression in Eq. (18) (L[L}, L7, ,---
can be seen as a walk on two-dimensional graph with coor-
dinates j, j* > O starting from a 2x2 seed (22) at the origin.
Every application of ]L;’M increases the walk range by at most
oneunit j — j, j+ 1, — j/, j/ + 1. After N steps, the walk
can only reach the points j, j/ < N + 2 on the graph, making
the elements of 7; ; outside the walk range obsolete.

Case n € iR, u € R. The NESS of the XYZ qubit circuit
in Fig. 1 is given by Eq. (18) with Lax matrices (14), where
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a = ap, = wy + iwy, and the auxiliary vector (L| (22) with

lo=1 L=

O4(u + wo)’
 O3(u+ iw)Bs(wo)
0,1 - ~ . ~ ’
03 (iw1)04(u + wo)

while the right boundary vector |R) has the form (24) and (25),
with b, given by the expression (27) and C; j given by

04((j — jOm — To)b5((j + jHm — i)
04(T0)P5(GT) '

Notably, both left and right auxiliary vectors generally can-
not be recast in a product form, (L|sp # (v|a(D]6, |R)ap #
|w)q|W)p. Consequently, the NESS of a driven qubit circuit
(18) cannot be factorized into a product of two Cholesky-
type factors as it was in all previous solvable instances in
models with continuous-time evolution [14]. Apparently, in
the absence of U(1) symmetry, it is the time discreteness, i.e.,
a finite Trotter time step u # 0 in Eq. (1), which makes the
coupling between auxiliary spaces a, b a necessary ingredient
of a theory. In special cases, factorization can still happen,
e.g., for u =0 or for up = % the left auxiliary vector (L| is
factorized, while a generic infinite-dimensional |R) is factor-
ized only in a trivial case n = 0. Generic Schmidt rank for
both auxiliary vectors is equal to 2. However, for specially
tuned boundary conditions, the vector |R) has a finite support,
leading to special class of robust circuit states—brickwork
helices and their descendants—which are described below.

ho=10,, (30)

Cjj=

€2V}

V. ELLIPTIC SPIN HELICES IN XYZ
BRICKWORK CIRCUITS

An analysis of Egs. (24) and (27) reveals an especially
simple class of brickwork NESS (16): It corresponds to zeros
and poles of b,. Namely, setting v = 0, or

or =ap +(N+ 1)n+u, (32)

leads to byp = 0 and consequently |R) = |0),|0),. Here, Eq.
(32) is understood modulo 2 and 2t. The same convention
applies to other analogous cases below. Due to upper triag-
onal structure of the Lax matrices (12), the NESS (18) then
simplifies to

poo = LIDL(D)' @ L'Q)L'2)" ® --- @ LIN)LIN)'
=AW (W],
Wi) = ¥1(0) ® Yo (u) ® ¥3(0) @ Yalu)
@ Yn—1(u) @ Yy (0), (33)
Poo = AW )WL,
W) = ¥1(u) @ ¥2(0) @ ¥3(u) @ ¥4(0)
- @ Yn-1(0) ® Yy (u), (34)
where A and A’ are normalization constants and
Oy (ar + nn + u)
ynl) = (6’4(aL +nn + u))'

The state (33) is periodic in space (with lattice period 2/n or
27 /n, depending on whether the anisotropy 7 is real or imag-
inary), with qubit polarization vector following an elliptic

(35)

u U MP

U u u | Mia

T ]
12 M-1 M

FIG. 2. Two-step reset-driven periodic XYZ circuit in folded
notation.

helicoidal spiral. The argument of elliptic function grows lin-
early by unit n with spin position, with an additional even/odd
site staggering due to additional argument increment “+u”
for even sites. Typical local magnetization profiles for elliptic
helices are shown in Figs. 3 and 4. For odd steps of evolution,
the NESS is still fully factorized, as in Eq. (34), but the
increment “+u” occurs at odd sites, which results in different
magnetization profiles at odd and even steps of qubit circuit.
Significance of the factorized helix state (33) goes beyond
just being a special fine-tuned solution of the steady-state
equation (16). A particularity of helix (33) is that it is locally
reproduced in the bulk after every full step Mo M.. This

(o)

1o}

0.5F

0.5}

~1.0-

FIG. 3. Average local magnetization profiles for elliptic brick-
work helix (48) for real 1. Top panel: black, blue, and green points
connected with full lines correspond to {o0;), (o)), and (o)), respec-
tively. Bottom panel: Blowup of (o)) for even/odd steps of evolution
(50) and (51) (|¥,) and |\TJ+)) is shown with full blue and dashed
red lines, respectively. Parameters: M = 60, u = 0.15i, T = 0.65i,
ap =0.095+0.1i, and n = 4/M.
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(o)

1.0}

0.5]

0.5

FIG. 4. Average local magnetization profiles for elliptic brick-
work helix (48) for imaginary . Black and blue points connected
with full lines correspond to {(o;) and (o, ), respectively. Dashed
lines show the same quantity at odd steps of evolution (51) (|\T/+)).
Parameters: M = 30, u = 0.15, T = 0.325{, o, = 0.095 + 0.1¢, and

n=2t/M.

renders it particularly robust also in open circuits of size N,
with arbitrary boundary conditions, where spin-helix lifetime
would be of order N, while a lifetime of a generic state is
of order O(1). In the XXZ limit Im(t) — oo and for real
n, the state (33) describes winding of the polarization vector
along the chain in harmonic fashion, with even-odd site alter-
nation (see Ref. [9]). The usefulness of the long-lived helices
for calibration purposes has been demonstrated in cold-atom
experiments [23]. Further, we shall refer to the state (33) as
an elliptic (XYZ) brickwork spin helix or simply a brickwork
helix. Note that periodic in-space helix (33) with imaginary
n and lattice period 27 /5 does not have a trigonometric XXZ
analog. Brickwork helix state also appears as a special de-
generate site-factorized stationary state for periodic circuits
[see Egs. (48) and (49)].
Notably, slight generalization of Eq. (32),

ar = o + (N +1—=2m)n + u,
me=0,1,2,..., (36)

with integer my =0, 1, 2, ..., leads to b,, = 0 and cropping
of |R) to dimension (my + 1) x (m + 1), ie., r; =0 if
Jj > my or j' > my. The respective NESS appears to be no
longer pure [like Eq. (33)], but it still has a low rank, and it
can be seen as consisting of imperfect helices with my kinks,
in analogy to Ref. [18]. The NESS ranks of p., for the cases
mg=0,1,2are 1, N+ 1, and (NZH) + 1, respectively.

An elliptic brickwork helix NESS with a winding in the
opposite direction,

W_) = v-1(0) @ Y_2(—u) ® ¥-3(0) @ Y_s(—u)
c @Yyt (—u) ® Yy (0), (37
appears for a choice of parameters
or =oap — (N + 1)n —u, (38)

[compare to Eq. (32)], and it corresponds to a pole 1/by = 0
in Eq. (27). Then, a renormalized right auxiliary vector |R) has
just one nonzero component, |R) = [N + 1)4|N + 1)p. The

NESS (18) then becomes
oo =l (Ma{ll6Liy Log, - IN 4 1)alN + 1)y
=L, X'(-DX' (=D @ X (=2)X (-2)"
® X1 -NX(1-N) @X'(-N)X'(—N)"
=AW ) (W_|, (39)

where A is a normalization constant and |W_) is given by
Eq. (37). A generalized condition

or =oL — (N +1—=2m)n —u, 40)

[compare to Eq. (36)] corresponds to a pole 1/by_,,, = 0 and
yields NESS in the form of imperfect helix with my kinks.

Divergence condition. Bulk stationarity of elliptic brick-
work helices (33) and (37) also follows in a simple way, via
two Yang-Baxter RLL-type relations,

Ul (0)) (Y (0 & Y1 () (g1 ()]
= ¥ ) (Y )] & [Y41(0)) (V41 (0)U, (41)

Ul (0)) (¥ (0)] & Y1 (=) (1 (—u)]
= V(=) (Y (=1)] @ (Y1 (0)) (V-1 (OIU,  (42)

which can be derived from Eq. (C1). The RLL-type relations
(41) and (42) guarantee the stationarity of XYZ brickwork
circuits even in the absence of any dissipative Krauss maps.
Consider a space-periodic circuit of even size M, M + 1 =1
with fully coherent discrete time evolution dynamics

pri1 = MP(p) = MPGMPE oy, (43)
MO =Unalhrs - Uy-am-, (44)
M =UialUz - Un—im, (45)
(see Fig. 2).
If a periodic closure condition is satisfied,
nM =0 mod 2, ifneR, (46)
nM =0 mod 27, ifne€iR, 7

then an even-size version of Egs. (33) and (37),

(W) = ¥1(0) @ vra(u) @ ¥3(0) ® Yra(u)
@ Yy —1(0) @ Y (u), (48)

W_) = ¥1(0) @ Y2(—u) ® ¥—3(0) ® Y_4(—u)

@ Y_m1(0) @ Yoy (—u), (49)
satisfy stationarity conditions
MgaMEG (W) (W) = W) (], (50)

MBS MPSE (W) (W |) = (W) (D],

even

W) (W | = M W) (W], (51)

even

where |\Tfi) are obtained from |W.) by swapping the argu-
ments 0 < £u in Egs. (48) and (49). Equations (50) and (51)
follow straightforwardly from Egs. (41) and (42). Stationary
helices (48) and (49) in the periodic setup (43) are degenerate,
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since the choice of the overall phase . in Eq. (35) is arbitrary.
Based on numerical investigations, we propose that the degen-
eracy of helices in a periodic system of M sites (see Fig. 2),
including both chirality signs, is equal to deg = 2M. Helices
(48) and (49) for n € iR do not have analogs in XXZ-type
brickwork circuits [18]. Figures 3 and 4 show examples of
magnetization profiles for the periodic elliptic helices (48) for
both n € R and n € iR cases.

Visualization of elliptic spin helices via measuring
one-point correlations. Coming back to the open circuit
with boundary resets (Fig. 1), we propose to observe the
elliptic brickwork helices in a potential experiment, where we
change the anisotropy and measure a one-point correlation at
a boundary.

To this end, let us fix the left/right boundary resets as in
Eq. (21), with arbitrary o, and ar = o, + u. Keeping the re-
sets fixed, we adiabatically change the anisotropy 1. Condition
(32) predicts pure helix NESS for the anisotropy satisfying

(N + 1)n = 2nr,
(N + 1)y =2n,

n=1,2,...,N, forimaginary n, (52)
n=1,2,...,N, forrealn. (53)

For experimental detection of helices, we propose to mea-
sure the one-point steady-state correlations of the leftmost
spin: a = (a]+ ) and b = (o}), from which the reduced density
matrix of the leftmost spin p; = tra 3, n~(ps) can be con-
structed. Next, we define two helix indicators:

fi=1-t(p]) = L 2aa*, (54)
2 2
1 13
() = Strlor = plon + ) = 5 Zl Al (55)
1 01(x) *j N
PO = o O + BP (&(x)) 6D, GO 60

The indicator f| simply measures a purity of a qubit state.
The indicator f,(n) is a trace distance between the actual state
of the first qubit p; and p(ap + 1), which is the state of the
first qubit in the helix (33). Analogously, f>(—n) measures
a distance between p; and respective state p(cp — 1) in the
helix of opposite chirality (37). In Eq. (55), || are absolute
values of the eigenvalues of the difference p; — p(ar + x). By
definition, fi, f> have range 0 < fi < 1/2and 0 < f> < 1.
Whenever the NESS becomes an elliptic helix state (33), both
indicators vanish, f| = f>(n) = 0. This is expected to happen
whenever the condition (52) or (53) is satisfied. Otherwise,
f1, f(£n) serve as a measure of a purity and of a distance to
an elliptic helices (33) and (37), respectively.

Figure 5 shows that indicators fi, f>(n) are very sensitive
not only to the presence of the helices [at positions (52) and
(53), as expected], but they also show very clear, less deep
minima (indicated by green dashed lines). Positions of the
extra minima can be readily identified as location of helix
descendants, i.e., helices with kinks, according to Eq. (36).
For the case N =7, we see clear minima of fj, f> for he-
lix descendants with my = 1. For an increasing system size,
more and more helix descendants my > 1 can be identified
(see Fig. 6).

In Fig. 5, only helices with the same winding direction ap-
pear, the helices of type (33). However, with a specific choice

_fl 9.f2(77)

-0.4

_fl >.f2(n)

1
d
1
]
1
]
1
]
1
]
1

FIG. 5. Helix indicators —f; (solid blue curve) and f>(n) (solid
black curve), given by Eqgs. (54) and (55), respectively, and measured
in the NESS, plotted vs the rescaled anisotropy for a system of N = 7
sites. Top panel: u = 0.185i, T = 0.65i, . = 0.165 4 0.13i, ag =
op +u. Bottom panel: u=0.185,7 =0.65{,0p =0, 0r = u =
0.185. Zeros of the indicators coincide with the pure helix condition
(N + 1)n =2p+2qt, p,q € Z (red dashed lines), while less pro-
nounced minima (green dashed lines) occur at anisotropies leading
to helix with integer number of kinks my = 1 (helix descendants)
(N+1-=2m)n=2p+2qt, pge Z,my =1.

of boundary condition a1, ag, and only in XYZ circuits, by
varying anisotropy, one can generate NESS with any winding
direction, i.e., both of Eq. (33) type and of Eq. (37) type. This
becomes possible due to a specific property of theta functions
01, 64 parametrizing our reset channels, namely,

<91 (01)) _ (91(1 - 06)). 57)
O4(a) Oa(l — )

A scenario featuring steady helices of both chiralities is il-
lustrated in Fig. 6 for real n. Namely, choosing the left and
right reset as o, = 0, ar = u, we generate NESS—helices of
type (33)—when condition (32), equivalent to (N + 1)n =0
(mod 2), is satisfied. On the other hand, due to Eq. (57),
the choice ar = u is equivalent to ar = 1 —u, also en-
abling helices of reversed chirality (37) according to Eq. (38),
at anisotropies (N + 1)n =1 (mod 2) (see bottom panel of
Fig. 6).

VI. DISCUSSION

We have presented analytic expression for a unique steady
state of a boundary-driven XYZ brickwork circuit, via a spa-
tially inhomogeneous matrix product ansatz with formally
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_ﬁ :ﬁ(n)

1.0
0.8}
0.6
0.4}
0.2}

0.2}
-0.4}

_ﬁ 9_f2(_77)
0.8F
0.6F
04

FIG. 6. Helix indicators —f; (blue curve) and f>(£n) (black
curve) given by Egs. (54) and (55), vs the anisotropy, for a system
with N = O sites. Zeros of f; are marked by black and red points. Pa-
rameters: u = 0.185i, t = 0.65i, . =0, g = o, + u. Top panel:
A subset of zeros of fi (black points) coincides with the pure he-
lix condition (N + 1)n = 0 (mod 2) and corresponds to helices of
type (33) (red dashed lines). Helix descendants with one/two kinks
correspond to (N + 1 —2my)n =0 (mod 2), with my = 1,2, and
are marked with green/blue dashed lines. Red points mark loca-
tions of helices with opposite helicity of the form (37), appearing
at (N + 1)n =1 (mod 2); see text for more explanations. Bottom
panel: Remaining zeros of f; (red points) correspond to helices of
reversed chirality (37) and their descendants and appear at positions
(N+1-=2m)n =1 (mod 2), with m = 0, 1, marked with red and
green dot-dashed lines.

infinite bond dimension. Our analysis reveals the existence of
especially simple NESS types—pure factorized chiral qubit
configurations (elliptic spin helices) and their descendants,
helices with kinks. We find conditions for the existence of
helices both in open dissipative setup and for fully coherent
periodic brickwork qubit system. Helices are characterized by
a periodic modulation of qubit polarization, with wavelength
inversely proportional to the XYZ gate anisotropy 7, both for
“easy-plane-like” case (real 1) and for “easy-axis-like” case
(imaginary 7). Elliptic “easy-plane-like” helices reduce to
conventional trigonometric ones with harmonic modulations
of qubits’ polarization in the XXZ limit. Periodic “easy-axis-
like” helices do not have trigonometric counterparts. Our
findings show that the bulk qubit dynamics in systems without
U(1) symmetry is amenable to analytic treatment. In addition,
it exhibits a rich family of robust, chiral, and easily creatable
steady states—elliptic helices that are potentially important
for experimental applications.
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APPENDIX A: THETA FUNCTIONS

We introduce the following Jacobi theta functions o, («, q)
[26]:

D1, q) =2y (—1)'q""> sin[(2n + Dyul,

n=0

o0
Da(u, q) =2 Z ¢ cos[(2n + 1ul,
n=0

(o]
P3(u,q) =1+2 Z q”2 cos(2nu),

n=1

94, q) = 1+2 ) _(=1)'q" cos(2nu). (A1)

n=1

For corlvenience, we use the following shorthand notations
ea(u)v eot(u)v a=1,2,3,4:

Op (1) = Vo (ru, €¥77), Oy (1) = Oy (ru, €°),  (A2)

where 7 is a complex number with a positive imaginary part.

APPENDIX B: EFFECTIVE KRAUSS OPERATORS
Here, we show that local boundary channels
KL(p) = tr1[U(pL ® p)U'],
Kr(p) = tralU(p ® pr)U 1,

with pure pr /R = |¥L/R){YL/R], can be expressed in terms
of a pair of Krauss matrices K'I'dl/]RKE/'R as Kpr(p) =

(B

Zizl K{’ﬁj PKL[71]1~ Note that we do not need an explicit form

of the Krauss matrices KI[";I]( for the proof of our MPA (18).
Here, we give the derivation of the Krauss matrices for com-
pleteness and for possible use in numerical algorithms.

Let us introduce a unitary matrix V such that |[y) =

V((l)) and define a trace-orthonormal basis of 2x2 matrices

@;as
+o°
go =V V= |y (Yol = o,
I_ 4
o =V—2 Vv 0 =VerVl, @ =Vo VT
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satisfying
tr(@00) = 8-
Using the basis, we can expand the XYZ gate U from Eq. (1)

as

3 3
U=Y g®@u, U'=Y ¢l @u, u =ty ®NU).

k=0 k=0

Now, for arbitrary 2x2 matrix A, we have

KL(A) = tri[U (oL ® A)UT]

3
=) il ® u)(po ® A)g] @ ul)]

= B4 ()04 (u + 77)’ _ 01 ()01 (u +n)
04(0)04(n) 04(0)04(n)
_ b (n + M)?l (n —u) B8)
01(moi(n)

and parametrizing [ ) via a polar angle 6; and azimuthal
angle ¢, we have

efeos Ty (] B9)
h”L) - eiWL/z Sin % - 0 ) (
.ot [cos % —sin %‘
V=exp| — l(pL7 s o |- (B10)
sin > COSs >

Calculating K, (1 K{Z] from Egs. (B4) and (B5), we obtain

k,j=0 (r1, r3) (12, r4)F
K= fLri, 73 gL(r, r)F, Bl1
3 . ) 3 L ﬁ(&(m ) fulrs, n) ®B11)
= Y tr(pepop)) wAu)) = > Cix (wAu), i
k,j=0 k,j=0 1 ((r3 —ro)fL fu(ra, ra) ) (B12)
(B2) L™ W\ AGar)  (n—r)R)
where
where Cj; = tr((pkgoogoT) Only nonzero C; coefficients are §in @ . ) o ) o
y [ [2] F = L fLx,y) = xe ¥t cos® L yei gin? &
Coo = C33 = 1. Denoting K; ' = ug, K;~ = uz, we finally L="">H JWy= 5 7 7’
obtain , 0L , 0L
5 ) fix,y) = xcos® ?+ysm >
KL(A) = Z KEM]AKI[‘ML ) (B3) gL(x,y) = e x4 ¢y, (B13)
n=1
Completely analogously, we treat the right boundary. We then
K" =t (9] ® DU), (Bd) b 1Y A0SO & Y
K = tr((¢] ® DU). (B5) e ] ol
Kr(p) = tna[U(p ® pr)U1 =Y K{pk!',  (B14)
Taking U in the form =l
no0 0 r where Kl[{‘] is given by exactly the same expressions as for
1Ll10o rn rn O K]E”“ 1, with the substitutions of all subscripts L — R in all the
Ulu,n) = ﬁ 0 mn rn 0 (B6)  expressions in Eqs. (B12) and (B13).
rq 0 0 r
04(u)0, (u + 1) 0, (u)0a(u + 1) ®7) APPENDIX C: PROOF OF EQ. (15)
M= =
04(0)01 (1) 04(0)01 (1) Let us introduce some useful identities [27,28]
|
~ 61 (u+ 1)
Uly(xFu) Q |y (xE£n) = 30 ——— 1Y) @Yy (xFutn), (ChH
1
~ (5 F ) 61 (3 % 1)
Ulpx£n) @ v Fu) = TII//(X Tutm) QWO+ ———=F5 WOFuFn) Y K), (C2)
(58 ) b1 ()0 ()
~  Oi(u+tn)
ExFW® EExEIU = WW(X)' Q (Y (x Fuxn)l, (%))
1

(7 Fu) 01w (3 £ 1)
6:(3%) 01 (mf>(*3)
Due to the band structure of the matrices (12), for a proof of Eq. (15), it is enough to check the following properties [below
we adopt simplified notations L(m) — L,,, X (m) — X, etc.]:

U(L ® L,/,H_]) = (L,/n ® Lm+] )U
U(L ®Xm+1+X QL 1)_(L/ ®X/+1+X ®Lm I)U
U(X ®)(m ]) - (Xm ®X 1)U (CS)

EGx @ EGFwIT = = Exxutn @ EWI+ EGFuFm @ (EMXI. (C4

043064-8
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which hold for arbitrary m, and the same set for the conjugated operators in Eq. (12).
Define the following operators:

Ly = Y (mn + b)) (E(—u—mn —Db)|, L, =¥+ mn+b))E(—mn—Db), (Co)
X = [Y(mn —u+ a))(E(=mn —a)l, &, =¥ (mn+a)(E@w—mn—a). (&)
By using Eqgs. (C1)—(C4) repeatedly, we can get the following identities:

UL ® Lyy) = (Lo ® Loy, (C8)

m

U(X), ® Xuo1) = (X, @ X;,_ U, (C9)

~ (a+b ~ (a+Db
(92< > +mn—n)£m®9€m+1+92<

xR

+mn + n)X,ﬁ, ® ﬁ;nl)

~ (a+Db , ~ (a+Db ~
= (02( +mn—n)£m®Xr’n+l+92< +mn+n>Xm®£m_1)U. (C10)
We suppose
Em 7 E;n Xm / Xr;l
Lm:_s Lm:—, Xm:_v sz_- (Cll)
Oy O{;n ,Bm ﬁ;n

From Eq. (C5), the following constraints need to be satisfied:

Uy = O Omits BBt = BpBm—1, (C12)
~ (a+Db ~ (a+Db ,
92( ) +mn — 77>0lm,3m+1 = 92( + mn + 77) m%m—1
~ (a+Db ~ (a+Db
= 2( ) +mn — ’7)01;",3;”“ = 92( ) )ﬁmaml- (C13)
A simple solution is
12 / pat a + b
U =y = P =B, =62 5 +mn ). (C14)

Reinstalling the original notations [L,, — L(m), X,, — X (m), etc.] and letting b = a, we obtain Eq. (15).

APPENDIX D: RESOLVING EQ. (19): FINDING THE LEFT AUXILIARY VECTOR

We first introduce some identities regarding theta functions

el(u)91<v>+e4(u)94(v>=é4( ;”)93(“5”), (D1)
~fu+v\= fu—v
91(“)94(0)—91(1))94(%):92( 5 )91< 5 ), (D2)
él(x)é2(y)é3(z)é4(w)_él(x—i-yzz—w>é2(x+y—zz+w>é3<x—y—;z+w>é4<y+z;w—x>
s ([W+HXx—y—2 —X+y—2\z (W—X—y+2\ fwH+x+y+2z)
_9‘( 2 )92< 2 )93< 2 )9“< 2 )‘0‘ )

Other useful identities derived from Egs. (C1) and (C2) are

Ul B) @ v+ B+n) = 1;1(+)n)|1ﬂ( +B8) Y (B+n), (D4)
10:(B+u) 10, (w)b(B — 1)
U ® —n4+ — ® — +-—— + ® +n)), (D5
Y (B ®IY(B—n+u)= < 50 ——— (B —w) QY (B —n) o 9]('2)92(& [Y(B+uw) ¥ (B+mn), (D5)
16,8 — u) 1 01(u)6(B +n)
U ® —u-+ —_—— + ® + —_————— - ® - , (D6
[W(B)) @Y(n—u+pB)) = < 506 [V (B+uw)®[¥(B+n)+ PR NS AT V(B —w) ¥ (B—mn), (DO6)
where k is defined as k = [%]
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We postulate the solution of Eq. (19) in the form
(Ll = Z L.y (ilali'Tes (D7)
J.Jj'=0,1

for appropriately chosen parameter « in all equations in Eq. (14).
First, without losing generality, we postulate the left reset channel to target the qubit state

oL = py = [V (B)) (¥ (B)I oy = [¥ (B 4 nm)) (Y (B + nn) o = |V (u+ B +nm) (Y (u+ B +nn)l (D8)
T @) T Wy B ) T Wt B )yt B+ )

where 8 = o, = wp + iw is an arbitrary complex number.
Postulating the constants a = § in Eq. (14), we write Eq. (19) in components

D LA T = D LK@ )pwl, kK =0, 1. (D9)
J,j’=0,1 J,j’=0,1

Before analyzing Eq. (D9), we denote L(m) = L,,, L'(m) = L}, X(m) = X,,, X'(m) = X, L(m)" = T,, L'(m)" = T), X(m)" =
Y, X' (m)t = Y, and their definitions are as follows:

1
Ly = — ¥ (mn + B))(§(—u —mn — B)I,

Cn
1
Ly, = - [¥ Gt mn + B)) & (=mn — B,
1
X = Y (mi) =+ ) (E(=mn — B)],
1
X, = o Wrmn + B)) (€ —mn = B, (D10)
Cp = 02(B +mn), (D11)

and

1

I = EIS(—u—mn—ﬂ)MW(anrﬂ)l,
1

T, = alf(—mﬁ — BN (u+mn+ B,

1
Y = alé(—mﬁ = PN (mn —u+ B,

, 1
Y, = Elé(u—mn—ﬁ))(lﬁ(anrﬂ)l- (D12)
Expression of ly o. Taking (k, k") = (0, 0) in Eq. (D9) yields
looL1Ty = looKLILI T} ]. (D13)
The definition of £y is
KiL(A) = [U (oL @ AUT]. (D14)

By substituting A = L| T}, we obtain
(§(=n—=PE(=n—=B))

KLIL' T = U Ut
LT = = Gy MUV E) V(B ut MBI ® (6 +ut iU
el @(;”C:( ﬂ"f)('://'z ﬂ_))’g DB+ w0l (B + W)+ B + B (D15)
1

In both case (A) and case (B), we find

(0= PIECn — PV B+ WY (B +w) o | D16)
E(—u—n—PIs(—u—n—BNYBIV () ’
which directly leads to Eq. (D13). Since Eq. (D13) holds for arbitrary Iy o, we set lp o = 1.
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Expression of lp,1 and 1, o. For the element (k, k') = (0, 1) of Eq. (D9), we get
LY + 1o LiT-y = KL+ o KLIL T 1.
Using Egs. (D4)—-(D6) repeatedly, we have

(&(—n = BE(=1 — B)) 1 Biu+n) 1 Br(B* — u*)

IC L Y] = — —
) = e e agn B+ 0B+ (B )y (B )
E(—n—BEC=n—B) LBiu+m) | i)
et o e S B~ W8 + W) W8 + (B = .
—n — — 16 1 6,(B8* + u*
KoL,y = S PNEG — P 161t m) L OB 00) g8 4 )y (B + )0 (B — )

CC BN PB) k6 k*  6r(B*)

(E(—n—BIEG =) 1Bi+m) 1 Biw)
CWBWE) € B € Bi(M5p)

Comparing the two sides of Eq. (D17) gives the following identities:

ECu—n=plEw=—n=-p), (§(=n = P)IE(=n—PB))

1
CiyB+wlyB+uw) ° BB  «

=P 1Bt L B
WEWE)  « G0 € BB

ECu—n—pleCutn—p), _ (ECn=plECn—p)
CLWE - E+uw) WY (B)

_ECn=PlE =B 1) 1 BB )
CLUEWE) « o) & B

From Eq. (D20), we can derive the expression of [y 1, as follows:

case (A): I, 2 ?1 (77)?2(/3* - “)?S(iwl + )04 (wo) B ?1(77 = M)éz(ﬂ*)?z.(iwl tn+ M)94(~w0)94(wo)
’ O1 ()02 (B* — m)B3(iwy)0s(wo +n)  O1 ()02 (B* — n)B3(iwy)0s(wo + 1)0s(wo + u)
3) Ba(wo)B3(u + iw)
By + wo)Fs(iwy )
case B):  lp; 2 ?1(77)?2@ + /3*)?3(1'11)1)94(11)? +n) ?1(77 - M)éz(ﬁ*)?s(iwl)és(l'ujl)@(u + 77:|— wo)
’ O1 )02 (B* + n)Os3(iwy + n)ba(wo)  O1 ()02 (B* + )03 (iwy + n)B3(u + iwy)Pa(wo)
3) B4 + wo)B3(iwy)
 Oa(wo)B3(u + iwy)

One can verify that [y | in Eq. (D22) or (D23) also satisfies Eq. (D21).
Analogously, taking (k, k') = (1, 0) in Eq. (D9) can give [; 9. After some tedious calculations, we finally obtain

+

(W(B+wly(B+w)y B +m)v(B+nl

1(u+1n) iéz(ﬁ* —u*)
Oi(n)  «k*  Br(B*)

0,0

Bt 1 i)
B & OB (B °

1
K

0,1 — 0

ho=1j,.
Expression of I, 1. Setting (k, k') = (1, 0) in Eq. (D9) yields the following equation:

looXY| + hoL1Y| + loaX\T-1 + L1 T-y = looKLXi1 ]+ LKLl ]+ b KX T/, 1+ L KLl 77,1

With the help of Egs. (D4)—(D6), we arrive at the following equations:
(§(=n = BIECn—B)) 16208 —u) 1 G2(B” — u")

CCHYBIWB)  « 6,(B) k*  G(B*)
ECn =Bl =B 16— 1 Biw)
CyBIB)  « 6(B) Kk Hi(n*)P(B*)
ECn=PIECn =N 1T G 1 6" —u*)

Cr{y BN (B))  k(m(B) k™ 02(B*)

ECn—PlECH—BN 1 Bw 1 &)
(W (B (B)) K 61(mBr(B) K B (1)B2 (%)

KLlXiY1] =

(B +wly(B+w)YB+m) B +nl

+

(W(B—wly(B+w)yB+m) V(B —n)

+

(WB+wY (B =)y (B —m) B +nl

+

043064-11

(W(B—wly (B —w)y (B —m) V(B —nl

(D17)
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(D19)
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(D24)
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 B)le(—n— ) 15 B —
S T 2;’;;“% 2(;2(’3*)“ L0 (B + ) (B — B — ) (W (B + )
- 1

EM=PIECn =B 1B +uw) 1 6iw)
CiyBIWB)  « 0:(B) K*6i1(n")D2(*)
EM=PIECn =B 1 Biw) 1 6:(B* —u)
CrHyBIYB) Kk Bi(mba(B) k™ Hr(B*)
1
K

+

(B =Y (B—ulY(B—m) (B —nl

+

(B +wly(B+w)y (B +m) (B +nl

Em—PlEn—pN 1 Biw) 1 B
WBIWEB) K omBB) * bi(1")B ()
(E(=1 = BEM = B) 15208 —w) 1 Ba(B* +u)
CC W BB « 0:(B) & BB
En—PIEG—P) 1B -w) 1 Biw)
CBIVEB) kB «* 5B
En—PIEG—PN 1 Biw) 1 BB +u)
CU BB KHMBB) K Ba(B*)

ECn—PIEG—PN 1 Biw) 1 B
WBIWEB) ko) k* 01(1")Ba(B*)
0~ BIEM — B) 15208 +u) 1 Ba(B” +u)
CLCLWBENE B(B) & BB
(E0—PlEm— PN 1BB+u) 1 Bi(u*)
CLW BB « BB« Bi(")Ba(B")
Em=PIEM =N 1 Biw) 1 BB +u”)
CU BBk Bba(B) ™ Ba(p*)
LEG-BEG -1 Bw 1 B
€ BuBa(B) K 61 (7)Ba(B*)

+

(B —wlyB+u)yB+m) B —mnl. (D27)

KLlXiT 1=

(U(B —wly(B+w)y B +m) V(B —n)l

(B +wly (B +w) (B +m)W(B+nl

(B —wly (B —w)y (B —m) W (B —nl

+

(B +wly (B —w)Y B —m) (B +mnl, (D28

ICL[LLITLI] =

(B —wly(B—w)Y(B—m) B —nl

(B +wly(B—w)Y (B —m) B +nl

+

(U (B —wly(B+w)y B +m) V(B —n)

. (D29
W (B (B)) (B +wly(B+w)yB+m)W(B+mnl. (D29)

We see that both sides of Eq. (D25) are linear combinations of | (8 + mn)){¥ (B + myn)|, m;, my = £1. Comparing the
coefficients of |y (8 + n)) (¥ (B8 + n)| gives

Eu—n—Plew—n—p))

CICHYB+wlyB+u) °
B 0<s<—n—ﬁ)|s(—n—ﬂ)>y2(ﬁ—u)iézw*—u*) 1, E0 = BllECn = B)) i) 1 0B —u")
CCIWBIVPB) € BB K BB T BB kBB (B) Kt By ()

ECn=BlEM =P 1HB-w) 1 6iw) B =PIEM =) biw 1 6w

+1 —— = = + —— —= ~ .
TG BWB) kBB K amRE T WBWE) kBB K B ()F(B*)
(D30)
By substituting the expression of [y g, lp.1, and /; ¢ into Eq. (D30), we can get
case (A): 1, 2 _01Ba(B — wbs(iwy +w)ba(wo +n) | 1B (B* — w)B3(u — iw)Ba(n — wo)
' ' 01(w)b2(B 4+ mB3(iwy — MBa(wo +u) B (w)b2(B* — n)Bs(iwy — n)Ba(wo + u)
_ 01(n — w01 (n + Wb (BG(B*)B3(iwy + 1)0s(u — wo)
61 ()1 ()62 (B + m)B2(B* — mBs(iwy — n)a(wo + u)
01 (B (MB2(B — )0 (B* — w)b3(iw1 + 1) m3) Balu — wo) O31)

010 w)02(B + MP2(B* — n)B3(iwy — 1) Oa(u + wo)’
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on 1B (B* + w)b3(n — iw)Ba(u — wo) 6161 (m)B(B — B (B* + u)fa(wo + 1)
0D (B + B3 (u+ iw)Ba(wo — n) By (W) (W) (B + M)Ba(B* + 1)Ba(wo — 1)
61 = whi (n + w)br(B)F(B*)F3(u — iw1)ba(wo + 1)
01 ()0 ()02(B + mB2(B* + 0)03(u + iwy)Pa(wo — 1)
3 ?1(77)?2(,3 - u)?3(77 + iwl)?4(w0 +u) o3 ?3(“ — iwl). (D32)
01 ()2 (B + )03 (u + iw1)0s(wo — 1) O3(u + iwy)

Although Eq. (D25) is overdetermined, comparing the coefficients of ¥ (8 — n)) (W (B + 0|, |¥ (B + mM){(¥ (B — 1), and
[Y (B —n))(¥(B — n)| in Eq. (D25) yields the same expression for /; |, namely, Eq. (D31) or (D32).

case (B): [

APPENDIX E: RESOLVING EQ. (20): FINDING THE RIGHT AUXILIARY VECTOR |R)

Let us introduce the following identities derived from Eq. (C2):

i (5+n+k277+ﬂ+u )

Uk + B) ® [¥(8)) = —= 2 [ (B 4 ki — ) ® [9/(5 — )
ke B ()

o, (u)éz(%)

P él (n)éz(5+n+k2n+ﬁ7u)

~2(87n+kr7+,87u)
Ulykn+ B)) ® [¥(8)) = Wlw(ﬁ +kn+u) & Y6 + u))
2\— %

[V (8 +m) ® [ (kn + B+ n)), (ED)

él (M)ég ( 8+7]+k2n+ﬁ+u)

Kk By (), (S )

One can write Eq. (20) in components. The element (k, k") of Eq. (20) is

V(& —m) & [Ykn+ B —n). (E2)

Z ri i Ly i, i (Ty ey = Z 7 i KRIL i i (T e 1 (E3)
= =
The left-hand side of Eq. (E3) can be rewritten as
LHS = r i (Ly )k k (T i + Tk +1 (L) ik Ty i1+ Trept ko (g i k1 (Ty ek + gt k1 Ly ik 1 (T e 41
= rewLy_oi Ty _ow + Tek+1 Ly o Yn—ok + Tt o Xn—ak Ty _op + et o1 Xn—2k Y -2k
1 - _ _ _
= (E(—kn — BIE(—k'n — B rew |¥ (u+kn + B)Y (W (u+Kn+ B)l
1194
+ e Y+ kn 4+ B k'n — u+ B + ripriltkn —u+ ) (W (u+k'n+ B)l
+ res i1 W kn — u+ B (Y k'n —u+ BIN, (E4)
where k = N — 2k, k' = N — 2k’, and B = . The right-hand side of Eq. (E3) reads
RHS = ri o KR I3 ik (T e e + it KR UL ek (T e 11
+ Pt KR L ekt (T e e ]+ it et KR I Dkt (T i1
= 1 K [Ln—2k -2k 1 + i+t KR ILN—2k Yy o ] + Tt o IR IX Y o Tv—2i ] + Tt k1 KR [X o Yy i)
1 _ - _ _
= Ccr e (E(—u—kn — P)E(—u —k'n — B)) + res1(E(—u —kn — B)E(w —k'n — B))
k™~
+ repr i (Eu —kn — BIE(—u — k'n — B)) + rigr w1 (Ew —kn — B)IEw — k'n — B))]
(ES)

x K[y (kn + B)) (r (K'n + B)I1.

In the following, we will demonstrate that our ansatz in the main text [Eqs. (24)—(29) and (31)] satisfies Eq. (E3) for arbitrary &

. . . Ty 1 .
and k’. For convenience, we will omit the overall factor % in the proof.
k™~ g

Case (B). To be consistent with the notation in the main text, we first rewrote o g as

a=B=T—=Nn—n, ar=8=u+T+2v. (E6)
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Multiplying Eq. (E4) from the left by (£ (kn + B + u)| and from the right by |&(k'y 4+ B + u)) and using Eqs. (D1) and (D2), the
left-hand side becomes

(€ (kn + B + w)|LHS|E (K'n + B + u)

=rk+r1k+l (€ (—kn — P& (=k'n — B (Ekn + B+ w W (kn —u+ ) (Y (kK'n —u+ BEKRD + B+ u)

k. k'
_@f(u)él (kn 4+ )1 (k'n + v)B (T — (2k + Db (T — 2K + D) (T — kn + v + w)br(I'* — k'n + v* — u)
O1((k + D 4+ v + w)d (K" + D 4+ v — )0, (T — (k + Dy + v)0,(T* — (k' + D + v*)
» 03(iTy — (k — kK )n)Bs(To — (k + k' + Dn)ba(k + k' + 2)n — Fo)
04((k + k") — Tp)

The c term in Eq. (ES), appearing in the first and second lines of the last step, can be simplified as

)

rkk+1

(E(—u—kn — P)lE(—u—k'n— ) + ——(E(u— kn — B)IE(u—k'n — B))

’j“‘(&( u—kn— BE(—u—k'n—B)) + "*r;“‘ (@ —kn — B)IEw —K'n — B))

(Dl) Tl k' +1 %

04(To — (k+ k' + Dn)b3(u + iTy — (k — K )n) + ———04(u + o — (k + k' + Dn)b3(iTy — (k — K)n)

Fret1,k , ,
+ p 9(u—F0+(k+k +1)77)93(1F1 (k —k)Hn) +
kK

Me (To — (k + &k + 1)) (u — iTy + (k — K)n)

(D3) 61(n + w)b1(n — w)b(I' — (2k + D)n)P(I'* — (2k’ + Dn)
Bk 4 D4 v 4+ wbi (K + Dy +v* —u)dr(T — (k+ D+ v)6(T* — (k' + Dy + v*)
93(1F1 +v—v* +u)dy(To — (k + k' + Dn)bs(To+ v + V*)
O4((k + k')n — To)

Since (& (x)[¢(x)) = 0, multiplying the third line of the last step in Eq. (E5) on the left by (& (kn + B + u)| and on the right by
|&(k'n + B + u)), and applying Egs. (D1), (D2), and (E2), we obtain

(€ (kn + B + w)Kr[IY (kn + )Y *'n + BINIEE D + B + )

Bl (B [yl (S 1y g+ — )y R+ B — )
i Oy (o () | (G (g, (o) WGy (5))

(E8)

x (& (kn + B + )y (8 —m) (¥ — mIEK'n + B+ w)

_912(”)91 v+ kB (v + kKb (T — kn + v+ w)b(I'* — k'n + v* — u)
01(n — Wb (n + u)

» 05T — (k — k")mBa(To — (k + k' +2)n)

03GTy 4+ v — v* + u)Bs(Ty + v + v*) E)
From Egs. (E7)-(E9), we can easily conclude that
(€ (kn + B+ wILHSIE(K'n + B+ w) = (£(kn + B+ w)RHS[E (k"0 + B + u)).
Furthermore, by repeating the above procedure, one can obtain
(§(kn + B + ew)|LHS|E (K'n + B + €'w)) = (E(kn + B+ ew)|RHS|E(K'n + B+ €'u)), €, € ==*I. (E10)

Since both sides of Eq. (E3) are 2x2 matrices, the four equations presented in Eq. (E10) consequently lead to Eq. (E3).
Case (A). Now, we consider the case (A). Multiplying Eq. (E4) from the left by (§(kn + B + u)| and from the right by
|£(k'n + B + u)) and using Egs. (D1) and (D2), the left-hand side reads

(€ (kn + B + w)|LHS|E (K'n + B + w))

= TR (e (—fn — B)IE(—R'n — B (R + B+ wl Ry — u+ B) (Y (R — u+ BIER D + B +u))

T k'
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_ BB v + kB (" — Ko —

2k + D)n)Bo(T* + k" + 1)n)0r(T — kn + v 4+ )0 (T* + k'n + v* + u)

Or(u+ (k+ Dy + )0 (u — (k' +

8 03T — (k+ k' + 1)n)05(iT;

Dy + v*)6,(I" —
— (k+ K +2)0)0s(To — (k — k"))

(k + D) 4+ v)0r(T* + (k' + 1)n + v*)

(E11)

B30y — (k +k")n)

The c term in Eq. (ES), appearing in the first and second lines of the last step, can be simplified as

(E(—u—kn— PlE(—u—kn—p)+

L (6 (—u— T — Bl — K — )

5 = T — Bl (- e Er P R e - )
QD BT — (k + K + Dn)a(u+ T — (k — Kyn) + EX+L g —E Gy T = (kK + Dn)Bu(To — (k= K)m)

+ "r:‘k" By(u — iy + (k + & + Dn)a(To — (k — k/) )+ ZELKEL G G (kK 4 Dn)Ba(u — To + (k — K)p)
) B1(u — )81 (u + )BT — 2k + Dn)Fy (T + (Zk’ + D)

O1(u~+ (k+ Dy + )0 — (k' + D + v*)d (I —
93(1F1 +v— V)Pl — (k+ K +

(k + Dn 4+ v)or(T* + (k' +
DmBs(To + v + v* + u)

Dn +v*)

(E12)

05Ty — (k + k')n)

Multiplying the third line in the last step of Eq. (E5) on the left by (£(kn + B + u)| and on the right by |£(k'n + B + u)), and

applying Egs. (D1), (D2), and (E2), we arrive at

(€ (kn + B+ wKCR[IY (kn + B)) (Y (K'n + BNIEK D + B+ w))

Kél(n)éZ(W#)

G ()8 (SR ptny Gy ), (Borby Vo g + B — )y kn + B — )
K él(n)éz(a—n+i’2n+ﬂ+u)

WACIAC))

x (Ekn + B+ uw)y (S —m) (¥ (S —n)IE’'n+ B+ u)
07 ()01 (v + kB (v* — kK'mBo(T — kn + v + w0 (T* + k'n + v* + u)

93(1F1

01(u — 0By (u+n)

(k 4 k' +2)m)Ba(To — (k — K')n)

(E13)

O3GT 4+ v — v)84(To + v + v* + u)

Comparing Eq. (E11) with Egs. (E12) and (E13), we find

(Ekn + B+ w)LHS|E(K'n + B +w)) =
Analogously, by repeating the above procedure, one can verify
(& (kn + B + €w) RHS|E (K'n + B + €'u)),

In this way, the correctness of Eq. (E3) in case (A) is also proved.

(€ (kn + B + ew)|LHS|E(K'n + B + €'u)) =

(€ (kn + B+ w)RHS|E (K'n + B +u)).

€, ==+£1.
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