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Fault-tolerant non-Clifford Gottesman-Kitaev-Preskill gates using polynomial
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The Gottesman-Kitaev-Preskill (GKP) error correcting code uses a bosonic mode to encode a logical qubit
and has the attractive property that its logical Clifford gates can be implemented using Gaussian unitary gates.
In contrast, a direct unitary implementation of the T gate using the cubic phase gate has been shown to have
a logical error floor unless the GKP codestate has a biased-noise profile. In this work, we propose a method
for on-demand noise biasing based on a standard GKP error-correction circuit. This on-demand biasing circuit
can be used to bias the GKP codestate before a 7' gate and return it to a nonbiased state afterward. With the
on-demand biasing circuit, we prove that the logical error rate of the T gate can be made arbitrarily small as the
quality of the GKP codestates increases. We complement our proof with a numerical investigation of the cubic
phase gate subject to a phenomenological noise model, showing that the 7 gate can achieve average gate fidelities
above 99%, with 12 dB of GKP squeezing without the use of postselection. Moreover, we develop a formalism
for finding optimal unitary representations of logical diagonal gates in higher levels of the Clifford hierarchy that
is based on a framework of “polynomial phase stabilizers” whose exponents are polynomial functions of one of
the quadrature operators. This formalism naturally extends to multiqubit logical gates and even to number-phase
bosonic codes, providing a powerful algebraic tool for analyzing non-Clifford gates in bosonic quantum codes.
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I. INTRODUCTION

Quantum error correction (QEC) is widely believed to be
necessary for large-scale, fault-tolerant quantum computing.
In discrete-variable (DV) QEC, logical qubits are encoded into
many physical qubits [1,2]. However, the required resource
overhead remains challenging for near-term hardware. On
the other hand, continuous-variable (CV) QEC offers a more
hardware-efficient alternative by encoding logical information
into a single infinite-dimensional bosonic Hilbert space rather
than multiple two-level systems [3,4]. The logical information
stored in such a code may already be low enough to perform
an algorithm, or, more likely, the error rate would be low
enough to concatenate with a code with lower overhead than
would be possible using DV qubits.

Among the CV codes, the Gottesman-Kitaev-Preskill
(GKP) code [5] emerges as one of the leading candidates since
all Clifford operations can be implemented unitarily using
Gaussian operations [5]. Moreover, when concatenated with
a DV code, the decoded information given by the inner GKP
code can be used to improve the decoder of the outer DV code
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[6-9], reducing the required hardware overhead. Approximate
GKP states have been realized experimentally in multiple plat-
forms, including superconducting circuits [10-12], trapped
ions [13,14], and integrated photonics [15].

Nevertheless, achieving universal quantum computation
requires the inclusion of a non-Clifford gate, typically the
T = diag(1, ¢/*) gate. In the original GKP proposal [5], it
was shown that the logical T gate can be implemented uni-
tarily using a cubic phase gate, which is the exponential of a
cubic polynomial of the CV position operator. However, Has-
trup et al. [16] recently showed that—in the absence of noise
biasing—the fidelity of the cubic phase gate is upper bounded
when applied to approximate GKP states, even in the limit of
infinite squeezing and even when the states are decoded using
ideal QEC. To circumvent this bound, one needs to perform
on-demand noise biasing, since Clifford gates (such as the
Hadamard gate) can alter the noise bias during the algorithm.

In this work, we reexamine the possibility of implementing
the logical T gate in the GKP code unitarily. We show that
the unitary 7 gate is both fault tolerant and outperforms the
vacuum-state injection method in a practical regime of inter-
est. Key to our work is the observation that on-demand noise
biasing can be performed using a standard GKP syndrome
extraction circuit. This on-demand biasing circuit allows us to
convert between a nonbiased GKP code for Clifford gates and
a biased GKP code for T gates with the same overhead as is
required for standard GKP QEC, as illustrated in Fig. 1. With
this noise biasing, we prove that the 7 gate implemented is
fault tolerant, meaning that the logical gate fidelity goes to 1 as
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FIG. 1. Fault-tolerant circuit for implementing the logical 7' gate
using the cubic phase gate. The g-Steane QEC circuit [Eq. (13a)]
is applied before the T gate to perform on-demand noise biasing
of the GKP qubit. After the gate, the passive Knill QEC circuit
[Eq. (14)] resets the noise profile for subsequent computation. The
implemented cubic phase gate can be optimized using our poly-
nomial phase stabilizer framework to obtain a representation that
minimizes error propagation.

the quality of the GKP codestate state improves. We compare
the unitary 7 gate implementations with the vacuum-state in-
jection method numerically under a phenomenological noise
model and find that for the vacuum-state method to achieve
the same performance as the 7' gate a postselection probability
below 20% is necessary for GKP states with A < 0.25 (which
corresponds to 12 dB of squeezing).

Alongside our analysis of the cubic phase gate, we also de-
velop an analytical framework of polynomial phase gates that
can implement gates in higher levels of the Clifford hierarchy.
Central to this framework is the introduction of the polyno-
mial phase stabilizer, that is, any operator that acts trivially
on the GKP codespace but whose exponent is a polynomial
function of one of the quadrature operators. Using this, we
develop a method to minimize the coefficients of the polyno-
mial required to implement a given logical gate, enabling the
systematic identification of optimal gate representations. For
example, we derive a representation of the logical T gate that
first appeared in Ref. [17], which we show to be optimal and to
significantly outperform the original construction in Ref. [5].
We also numerically investigated optimized polynomial phase
gates for the T!/2, T/ and T'/? gates, and found that these
higher-order gates can achieve higher average gate fidelities
than the T gate in some regimes. Moreover, the framework
applies to any gate whose exponent is a polynomial of one or
more commuting position, momentum, or number operators,
and therefore naturally generalizes to multiqubit GKP gates as
well as other bosonic codes, such as the multileg rotationally
symmetric code [18] and the number-phase code [19].

The article is organized as follows. In Sec. II, we briefly re-
view the square and rectangular GKP codes and introduce the
noise models considered in this work. In Sec. III, we explain
why the fidelity of the cubic phase gate is fundamentally lim-
ited when applied to nonbiased approximate GKP states [16].
We then present the on-demand noise biasing circuit based
on the Steane QEC circuit [5], which is applied immediately
before the 7' gate, as shown in Fig. 1. In Sec. IV, we introduce
the concept of polynomial phase stabilizers and use it to clas-
sify all representations of logical diagonal non-Clifford gates
in the GKP code and identify the optimal representations. In
Sec. V, we analyze the propagation of errors when polynomial

phase gates are applied to approximate GKP states and prove
our fault-tolerance theorem. Finally, in Sec. VI, we numer-
ically compute the average gate fidelity of the polynomial
phase gates using on-demand noise biasing and compare their
performance against the vacuum-state method [20], before
providing concluding remarks in Sec. VII. While there remain
significant challenges in performing our fault-tolerant unitary
T gate in experimental platforms such as the implementation
of the unitary polynomial phase gates in photonics or the
suppression of DV qubit errors in superconducting platforms,
our work provides a proof of principle that using polynomial
phase gates can reduce the required overhead of implementing
non-Clifford logical gates in the GKP code.

A. Relationship to existing literature

There are a variety of current approaches to realize fault-
tolerant 7 gates in the GKP code that we now briefly
summarize and compare. The current leading approach to
perform a T gate is magic-state preparation by measuring the
GKP stabilizers of a vacuum state [20], followed by injection
and a nonlinear feedforward operation [17]. The main advan-
tage of this scheme is simplicity as it requires only Gaussian
operations alongside standard GKP error correction. However,
achieving high-fidelity magic states with the vacuum-state
method requires postselection, significantly increasing the
time overhead. In comparison, our approach instead assumes
the additional capability to implement a unitary cubic phase
gate. We show that the resulting magic-state fidelity exceeds
that of the vacuum-state method with moderate postselection
rates, potentially reducing the subsequent cost of magic-state
distillation.

An alternative approach is to implement a fault-tolerant
logical T through dissipative engineering. For example,
Ref. [21] introduces a pieceable-circuit technique to real-
ize logical phase gates by utilizing DV ancillas as bath,
building on results of Refs. [22,23]. However, this approach
is primarily tailored to superconducting platforms and typi-
cally requires multiple rounds—along with biased-noise DV
ancillas—to achieve high-fidelity performance, which can
lead to significant time overhead.

In our work, we limit ourselves to approaches performing
the T gate that do not use DV qubits for two reasons. First,
some hardware platforms, such as in optics, do not have easy
access to DV qubits. And second, we want to be able to prove
the fault tolerance of our approach in the limit of increasing
GKP codestate quality. DV qubits complicate this picture
because one has to also consider the effects of noise arising
from the DV qubits themselves.

Finally, depending on the physical implementation of the
GKP qubits, the dissipative bath may be realized directly.
This idea has recently been explored in superconducting
platforms [24,25], where a dissipative element (e.g., a re-
sistor) is coupled to the GKP mode through a controllable
switch that can be used to implement a logical T gate. We
note that the optimal gate representations that we identified
in Sec. IV—which realize logical T and /T gates using
quartic and quadratic potentials—are naturally implementable
within the same scheme, as also pointed out by the authors
of Ref. [25]. The primary challenge here lies in realizing a

033107-2



FAULT-TOLERANT NON-CLIFFORD ...

PHYSICAL REVIEW RESEARCH 8, 033107 (2026)

picosecond-scale switch that has not yet been demonstrated
experimentally.

II. PRELIMINARIES

In this section, we introduce the notation and review
the states, gates, and QEC circuits for the single-mode
square/rectangular GKP code.

For a single CV mode, we use both the ladder operators
a,a’ and the position ¢ and momentum p operators that
obey the canonical commutation relations [a, a'l1=1 and
[g, p] = i. We denote the position x eigenstates as |x),. We
define the single-mode displacement operator W (v), where
v =(v4,V,) € R?, as

W) = W(vy.v,) = expliv/2 (vpq — vp)]. (D)

Note that our definition differs from the conventional one
(e.g., in Ref. [26]) by a factor of /7. The displacement opera-
tors form a group under multiplication, with the commutation
relation

WWW (v) = e 27 vd W (v)W (u) 2
and the composition rule
W@W (v) = e” T =)W (u + v). 3)

Displacement operators act on the quadrature operators via

W) gW () = g + V27, (4a)
W () pW (u) = p + +/2mv,,. (4b)

In this work, we will make use of both square and rectangular
single-mode GKP codes. Similar to DV stabilizer codes, the
GKP code can be defined in terms of its stabilizers [5]

2
S0 =W (24, 0), S;”=W<0, X)’ ®)

where A > 0. When A = 1, this corresponds to the standard
square GKP code, in which case we drop the A label from the
stabilizers. In contrast to the square GKP code, the rectangular
GKP code protects one quadrature at the expense of the other.
As a result, it can offer improved performance under biased-
noise models, where errors are more likely to occur in one
quadrature than the other. We will make use of this property
later, where we will show that the logical T gate causes an
effectively asymmetric noise model to arise on the GKP code.

The logical Pauli operators are the displacement operators
that commute with the stabilizers, given by

XP = /89 =w(/r/2,0), (62)
Z® = [S¥) =w(0, 1/v/21). (6b)

The logical computational states |0) and |1) are supported on
even and odd integer multiples of +/Ax in the position basis:

0)" =" 12nvam),. D) =) |@n+ DV, ()

neZ neZ

Logical Clifford gates in the GKP code are given by Gaussian
unitary operators (i.e., operators with an exponent that is a
quadratic function of g and p) and can be implemented by [5]

H™ = exp (z‘%(qz/x + Ap%), (8a)
s® = 2). 8b
exp <2Aq (8b)

CXP = exp(—iqi1p2), (8¢)

where we use subscripts to label the two modes participating
in the CX™) gate. Throughout this work, we will also make
frequent use of two other Gaussian unitary operators that do
not represent logical Clifford gates: the squeezing and beam-
splitter operators defined by

1
Sq(ar) = exp (i “(2“) (ap + pq)), (9a)
BS(0) = exp(i0(p1g2 — q1 ). (9b)

The squeezing operator is named because it “squeezes” the
quadrature operators

Sq(@)pSq(@)’ = pfa.  (10)

Moreover, squeezing operators can be used to convert between
square and rectangular GKP codes:

19 =SqWB1F), 0% =Sq(vmT0Sq(Wh), (11)

for any codestate |v/) and logical operator or stabilizer O.

To perform error correction on the GKP code, we need to
measure the two stabilizers S, S,,, which is equivalent to mea-
suring the position and momentum operators modulo /A7
and /7 /A (respectively). Then, given a measured modular
position g, and momentum p,, the state can then be returned
to the GKP codespace by applying the corrective displace-
ment W (gm, pm)’. A displacement error W (v) acting on an
ideal GKP state can therefore be detected and corrected if the
displacement satisfies [5,27]

R R L R N
2V2 V2T 2V 2V21

A simple circuit that can be used to measure the stabilizers

is the Steane QEC circuit. This consists of two subcircuits

(which can be implemented either sequentially or in parallel)

that measure the S, and S, stabilizers, respectively. These are

given explicitly by

Sq(a)gSq(@)" = ag,

) — —
einp: q (13a)
=
) — —
eiP1az p (13b)
0 —

where the measurements represent homodyne measurements
of the g or p operators. We refer to Eq. (13a) as the g-Steane
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QEC circuit since it measures S, and to Eq. (13b) as the p-
Steane QEC circuit. We will show in Sec. III that the g-Steane
QEC circuit allows us to perform the on-demand biasing that
is required to perform. By tracking how a displacement op-
erator W (v) propagates through the CX gates, we find that an
initial position displacement error on the data qubit propagates
through the g-Steane QEC circuit to the ancilla and is detected
by the position homodyne measurement (and likewise for
momentum displacement errors in the p-Steane QEC circuit).

In our analysis, we also use another type of syndrome
extraction circuit that we call the passive Knill QEC circuit,
given by [28]

p

BS() q
Ul o

BS(%)
0)* —
Here, the state |#)* is defined as
0 =" Inv2hr),. (15)
neZ

The passive Knill QEC circuit is convenient for a number of
reasons: it uses only passive (i.e., energy preserving) Gaussian
unitary operators, it is more robust against noise on the ancilla
modes than the Steane QEC circuit [28], and the output state
is guaranteed to be in the GKP codespace with only a logical
correction needing to be applied after the circuit.

So far, we have only considered ideal GKP codewords
[Eq. (7)]. In practice, however, only approximate GKP states
can be generated, since the ideal GKP codewords in Eq. (7)
require infinite energy to realize. We define the approximate
codestates as

[V)a = e MR (16)
where we refer to e & (@HP)/2 = g=Ad'a
(nonbiased) envelope operator.

In this work, we also need to define biased approximate
GKP codestates, which are obtained by applying a biased
envelope operator given by

= Env, as the

(A3 +A5p)/2

Enva, A, =€ (17a)

= Sq(VMe M @HI2sq()t,  (17b)

where A, = A/+/A and A, = v/AA. The biased approximate
codestate |1ﬁ)'\Aq’AF = EnVAq’Aphﬁ)A is the same as the ideal
codestate but where in the position basis, each Dirac-delta
function in Eq. (7) has been replaced by a Gaussian function
of width ~A, and multiplied by a Gaussian envelope of width
~1/A, (and vice versa in the momentum basis). This means
that the approximate codestates are normalizable, but also that
approximate codestates have inherent errors on them due to
the width of the Gaussian functions.

Importantly, we can always map a biased square GKP
qubit to a nonbiased rectangular GKP qubit using a unitary

squeezing operator
V) a0, = SAVMIP) 4, (18)

where L = A,/A, and A = /A A, Therefore, in the ab-
sence of other noise, the biased square GKP qubit |) ApA,

is equivalent to the nonbiased rectangular GKP qubit |1ﬁ)xA in
terms of the logical information and error rate.

Since the GKP code is designed to protect against displace-
ment errors that are small enough as in Eq. (12), a common
way to analyze an error operator or channel is to decompose it
into displacement operators. Because the displacement opera-
tors form a complete orthogonal basis for the operator space,
any operator O can be decomposed in terms of displacement
operators as

0= /dV Xo(WW (v), 19)

where the characteristic function x¢ of operator O is given by
Xo(¥) = IO W' (v)]. (20)

Analogously, any quantum channel £ can be decomposed in
terms of displacement operators as

5(p)=/dV du xg (v, w) W(v)pW (u)', 2y

where the x-function yg¢(u, v) is a CV generalization of the
DV y-matrix and corresponds to the characteristic function of
the superoperator representation of £ [27]. In our analysis, we
frequently employ the twirling approximation, which retains
only the diagonal components of Eq. (21):

Twirl[€](p) = / dv pe (VW (v)pW (v)'. (22)

for a more detailed discussion, see Ref. [29]. The twirling
approximation is useful for us because Eq. (22) can be viewed
as applying a displacement W (v) randomly according to
the probability density pg(v) = xg(v, v). This is convenient
because we can quickly determine the probability that the
random displacement is correctable by integrating pg(v) over
the set of correctable displacements [Eq. (12)].

When pg(v) is a Gaussian distribution, we call the twirled
channel a Gaussian random displacement channel

Gs(p) = /va(E,V) W(v)pW (v)', (23)

where we use a slightly nonstandard definition of the two-
dimensional (2D) Gaussian distribution A'(Z, v) given by

exp[—mv! Z7lv]

N(E,v) = 24

( ) |det X| @49

Here, X is the covariance matrix of the distribution (rescaled
by a factor of v/2).

It was shown in Ref. [27] that the biased envelope operator
Enva, A, has a characteristic function given by a Gaussian
function

A A A, A
KEny (V) J\/|:2 tanh( ‘12 p)Diag(A—Z, A—:), vi| (25a)

~ N (Diag(A], A7), v), (25b)
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where Eq. (25b) is obtained by taking a first-order approxima-
tion of the tanh function. Under the twirling approximation, it
therefore becomes a Gaussian random displacement channel
Gs with ¥ ~ Diag(A2, Af,)/Z.

We remark that in physical devices, photon loss and
dephasing channels are also significant sources of error. How-
ever, we do not include these noise channels in our analysis.
This choice is made to clearly illustrate our core ideas using
a realistic yet mathematically tractable model. Importantly,
under the twirling approximation, these noise channels can
also be converted into random displacement channels. For
example, applying the twirling approximation to loss gives us
directly the Gaussian random displacement channel [30]. One
could therefore imagine extending the analysis presented in
this work to account for photon loss or dephasing noise with
some appropriate modifications.

III. ON-DEMAND NOISE BIASING CIRCUITS

In this section, we discuss why on-demand noise biasing
is essential for achieving a high-fidelity implementation of
the cubic phase 7' gate and outline how on-demand biasing
can be realized. In Sec. Il A, we provide an intuitive expla-
nation of how the cubic phase gate amplifies noise from the
envelope operator. Building on this intuition, we show how
on-demand noise biasing can mitigate the resulting amplified
noise. Then, in Sec. III B, we demonstrate that a fixed amount
of on-demand noise biasing can be implemented using the
standard g-Steane QEC circuit, and thus requires no additional
resources beyond those of a conventional QEC circuit. Gen-
eral amounts of noise biasing can then be achieved by a simple
generalization to the g-Steane QEC circuit that makes use
either of a biased square GKP ancilla codestate or a nonbiased
rectangular codestate that can be prepared in advance.

A. Error propagation of the cubic phase gate

To understand the existing problems with the cubic phase
gate, we consider a simple circuit to generate the ideal square
GKP state |[T) = T|+):

Oy

Here, Tgkp is the specific realization of the cubic phase gate
proposed in Ref. [5] for implementing the logical T gate,
defined as

sl i) )
(27)

If the input state to Eq. (26) is ideal, then the output state
is an ideal square GKP |T) state. To see this, note that the
ideal |0) (and, respectively, |1)) codestates are superpositions
of position eigenstates with positions at even (odd) multiples
of /7 [Eq. (7)]. Meanwhile, note that the cubic polynomial

P(x) = 1x° + x* — ix (28)

has the property that if x is an even integer then P(x) is
an integer, and if x is an odd integer then P(x) is n+1/8

(for some integer n). Therefore, the cubic phase gate Tggp =
exp(i2w P(q/+/7)) acts as

Tokp|2ny/7), = |2n/7) .,
Teke|2n + D7), = €™*|2n+ D7),

for all integers n, and implements a logical T gate.

However, as discussed in Sec. II, only approximate GKP
states can be prepared in practice. Approximate codestates
always introduce some logical errors due to the envelope
operator, and the probability of a logical error goes to O as
A — 0. However, it was shown in Ref. [16] that the Tgkp gate
amplifies the noise due to the envelope operator in such a way
that the probability of a logical error no longer goes to 0 as
A — 0; we will also rederive this result using the twirling
approximation in Sec. V.

One can understand this intuitively by considering a small
perturbation to the position eigenstate |(n+¢€)/m) p that the
cubic phase gate acts upon. In particular, the polynomial
P(n+e€) is evaluated at a position that is a small distance €
away from being an integer n. Roughly speaking, the error
due to the Tgkp gate comes from the difference in phase
that is applied due to the perturbation P(n+¢) — P(n). To
estimate how this error scales with A, note that in the position
basis, the approximate codestate is a superposition of Gaus-
sian functions with width ~A, multiplied by an envelope of
width ~1/A . For an unbiased approximate codestate with
A=A, = A, we therefore set € = O(A) and n = O(1/A)
because larger values of € and n are exponentially suppressed
by the Gaussian distribution. In this case, the error in the phase
that is applied due to the perturbation P(n) — P(n-+¢€) contains
terms that do not decrease as A — O:

(29a)
(29b)

P(n+e€)—P(n) =3n"e+0(1) = O(A™"). (30)

We call this leading term the “shear error” and it is the leading
source of error in the Tgkp gate. In particular, due to the shear
error, the error in the phase of the resulting state does not
decrease as A tends to zero—limiting the logical error rate
that can be achieved [31]. Note, however, that this intuitive
argument is not watertight and does not produce quantitatively
correct predictions of the behavior of the Tgkp gate (see Ref.
[32]); for this reason, we will more carefully derive the error
induced by the T gate in Sec. V.

The solution to this is to instead bias the noise profile
by using a biased envelope operator [Eq. (17)], which im-
proves gate fidelity by two ways. First, decreasing A, reduces
the typical displacement in the position quadrature €; and
second, increasing A, tightens the envelope of the code-
word position-space wavefunction, effectively reducing n. Of
course, increasing A, also increases the error rate because it
increases the width of the envelope in the momentum quadra-
ture, introducing a trade-off between large and small noise
biases.

An alternative, entirely equivalent solution is to use
nonbiased rectangular codestates. This is equivalent be-
cause of the unitary relationship between biased square
and nonbiased rectangular codestates given by Eq. (18);
note that in this case one also has to use the rectangular

TCE)IL()P = Sq(+v/A) Tokp Sq(+/2) logical gate.
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Regardless of whether one uses a biased square or nonbi-
ased rectangular codestate to perform a T gate, it is crucial
that the bias is prepared on demand. This is primarily because
Clifford gates (for example, the Hadamard gate [Eq. (8a)]) are
not bias preserving: in the square GKP code, performing a log-
ical Hadamard gate causes the bias to be inverted A, <> A,
Moreover, a biased square GKP qubit is less protected while
idling compared to a nonbiased square GKP qubit [see, for
example, Fig. 6(a)]. Therefore, in the following section we
will derive an on-demand biasing circuit that allows one to
bias the codestate just before the 7' gate and return to a
nonbiased codestate afterward.

B. On-demand biasing circuit

The on-demand biasing circuit is based on the g-Steane
QEC circuit [Eq. (13a)]. We will first begin by explaining how
the g-Steane QEC circuit introduces a fixed amount of noise
bias, and then we will generalize the g-Steane QEC circuit to
be able to introduce an arbitrary amount of bias A.

We begin with an identity from Ref. [33], which rewrites
the g-Steane measurement circuit in terms of beam splitters
and single-mode squeezers [Eq. (9)]:

1Y) A — — —
e~ a2 et q (31a)
+)a — —
V) A — - SqT(v2) —
= BS(%) q (31b)
)a — — Sa'(75)

Note that Eq. (31a) is the same as the g-Steane circuit depicted
in Eq. (13a) except for the presence of the exp(ip;q,/2) gate.
However, this gate can be compensated for by applying a cor-
rective displacement exp(—ipigm/2) based on the outcome
gm of the measurement; this correction can be performed at
the same time as the usual displacement correction that is done
to return the GKP qubit to the codespace. Equation (31b) is
simply a linear algebra rearrangement of the unitary operators,
but it allows us to reason about the spread of noise as we now
explain.

The beam splitter BS(6) preserves the nonbiased-noise
profile of both data and ancilla qubits, as shown by the com-
mutation identity [27,28]:

{Enva |5 1 e
BS(O)| = |BS(H) © (32)
T ] | Fovs

However, the single-mode squeezing operator on the data
qubit after does modify the bias according to

=A—- —,

= A=A V2A. (33)

Therefore, after the displacement correction, the output
codestate of the g-Steane QEC circuit [implemented either
with Eq. (13a) or (31b)] will be a square GKP codestate
V) /v3./3a With a bias of 2. This shows that by measuring
just one of the two GKP stabilizers, we have effectively turned
a nonbiased GKP codestate into a biased GKP codestate: in
other words, we have performed on-demand noise biasing.

Intuitively, the reduction of A,, a factor of \/E, is the
direct consequence of measuring and correcting the position
quadrature, which reduces its error variance. Conversely, the
momentum quadrature becomes noisier because the momen-
tum displacement errors arising from the envelope operator
on the ancilla propagate to the data qubit through the CX gate,
adding to the noise in the momentum quadrature of the data
qubit.

However, as A becomes smaller, we need increasing levels
of noise bias to be able to perform the GKP gate with decreas-
ing noise levels. Indeed, we will later see in Sec. VI that for
A < 0.25 (GKP squeezing above 12 dB) the optimal level of
asymmetry is already larger than what can be achieved with
the g-Steane QEC circuit alone. There are a number of ways
to generate higher levels of bias using modifications of the
g-Steane QEC circuit, which we now outline one at a time.

The most conceptually simple way to increase the bias is
to perform multiple g-Steane QEC circuits in a row, which
increases the bias of the square GKP data qubit each time.
With r applications of the g-Steane QEC circuit, one can
prepare a biased square GKP codestate [/) , IV rFTA

However, a more time-efficient alternative is to use just a
single g-Steane QEC circuit with a biased square GKP ancilla

) a——

e~ ta1p2 q (34)

]

In this circuit, due to the reduced variance A/+/A of the posi-
tion displacement error, the syndrome measurement becomes
more sensitive to position displacement errors coming from
the data qubit, reducing the noise in the position quadrature.
Conversely, momentum displacement errors on the ancilla are
also amplified by the factor ~/A and propagate back to the
data qubit through the CX gate. A straightforward calculation
shows that the effective squeezing parameters of the data qubit
are transformed as

H‘>A/\/X,A\/K—

A
ANg=A— ——, A,=A—->V1I+2AA 35
RV e A 2
Note that even though Eq. (34) itself already uses a biased-
noise ancilla, this state can be prepared “offline” instead of on
demand.
Finally, an entirely equivalent alternative to Eq. (34) is to

use a nonbiased rectangular ancilla:

e~ iVAq1p2 s (36)

FA—

033107-6



FAULT-TOLERANT NON-CLIFFORD ...

PHYSICAL REVIEW RESEARCH 8, 033107 (2026)

. (a) A=1 ) (b) A=25 . (c) Ax=4
22 22 22
S0 0+ S0
7L T 7# T 7L 1
V2 1 V2 1 V2 0 1
T 2v2 22 T 2v2 2V2 T 2v2 22
Uq Uq Uq

FIG. 2. A visual representation of twirled channel Twirl(£) for the optimized 73 gate [Eq. (41)] and for A = \/A,A,, = 0.2. Specifically,
we plot the probability distribution p¢(v) of the random displacement function that is obtained by twirling the error operator E as in Eq. (22).
While v = (v, v,) can take any value in R?, we show here only the correctable displacements. Moving from panel (a) to panel (c), we increase
the noise bias A = A, /A, where panel (b) is the optimal noise biasing for this value of A, as found by numerics in Fig. 3(a). When not enough
noise biasing is applied as in panel (a), the noise from the 7" gate dominates and increases the noise, while when too much noise biasing is
applied, as in panel (c), the noise from the biasing itself dominates. At intermediate values, these two effects balance out so that the overall

noise rate is minimal.

which also generates the same biasing as in Eq. (35). This
can be derived from Eq. (34) by inserting squeezing operator
identities Sq(v/2)Sq(+/A)" into the circuit.

After biasing the noise with either Eq. (34) or (36) to
the optimal amount of biasing for the given A and applying
the corrective displacement, we proceed with the application
of the cubic phase gate Tgkp. Following the gate, the noise
profile becomes highly asymmetric and distorted (see Fig. 2).
If left uncorrected, subsequent gates can further amplify these
distortions, leading to rapid degradation of the logical state
fidelity. Therefore, using the same idea as Ref. [34], we return
to the unbiased square GKP code using the passive Knill QEC
circuit [28], which is guaranteed to output a fresh unbiased
square GKP codestate. The passive Knill QEC circuit can be
used exactly as shown in Eq. (14) because the input state is a
square GKP codestate (even though it is biased).

In summary, to apply the cubic phase gate, we first perform
noise biasing using Eq. (34) before the gate and then perform
full round of error correction afterward using the passive Knill
QEC circuit:

On-demand

biasing
[ R
1
1 Passive (37)
g-Steane |1 . ]
¢ — Knill p— -+
|| QEC [T T QEC
L ]

In contrast, to apply any Clifford gate we simply apply the
gate between two rounds of QEC:

PI%SS‘il\l/e Pfx{ssjﬁ/e
¢ — ni —.— ni —_—
QEC QEC ' (38)

An important practical question is how to generate the biased-
noise square GKP ancilla |+), N required in Eq. (34)
[or the nonbiased rectangular ancilla in Eq. (36)]. Exist-
ing preparation protocols [35-39] typically yield nonbiased
square GKP states. While these protocols likely could be

adapted to generate rectangular states, we do not detail such
modifications here. Instead, as a proof of principle, we show
in Appendix B how to use a slight modification of the g-
Steane QEC circuits to convert nonbiased square GKP states
|+) o into nonbiased rectangular GKP states |—T—))\A using only
nonbalanced beam splitters and displacement operations. The
nonbiased rectangular GKP state H_—)AA can be converted to
the biased-noise square GKP |+), IV AV by a single-mode
squeezer. The advantage of our procedure is that it is inde-
pendent of the specific method used to generate the initial
nonbiased square GKP qubit.

We briefly remark that the above method applies the T gate
on a biased square GKP codestate. However, one can also
apply the T gate on an unbiased rectangular GKP codestate.
To do this, one needs an on-demand morphing circuit that
“morphs” from the square GKP code to the rectangular GKP
code while preserving a nonbiased-noise profile. We derive
such an on-demand morphing circuit in Appendix A and
explain how it can be used to morph to the rectangular code
for the T gate and back to the square code for Clifford gates.
This approach may be more attractive experimentally because
it only uses a passive Gaussian operation (a beam splitter)
instead of a CX gate, and because a nonbiased rectangular
codestate has a lower average photon number than the corre-
sponding biased square codestate, reducing its susceptibility
to loss and dephasing.

One may wonder whether the on-demand biasing circuits
that we propose can be improved upon to provide output states
with better squeezing parameters. In particular, given an input
state |v/) », what output state |i/) a,.a, is achievable when us-
ing Gaussian operations? In Appendix C, we prove that, when
limited to circuits using any number of approximate GKP
ancillas |), and any deterministic Gaussian operations, the
output GKP qubit will always have a bias that satisfies

AgA, > A (39)
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In particular, the on-demand biasing circuits [Eqs. (34) and
(36)] already saturate this bound, demonstrating that these
circuits are indeed optimal among deterministic Gaussian cir-
cuits.

IV. OPTIMIZED LOGICAL GATE REPRESENTATIONS

In the previous section, we introduced the on-demand
noise-biasing protocol, which allows us to generate bias that
mitigates the effect of propagated errors induced by the cubic
phase T gate. In this section, we move beyond the cubic
phase gate and develop a general formalism for characterizing
polynomial phase representations of logical gates, enabling
the identification of representations that minimize error propa-
gation when acting on approximate GKP states. Central to this
framework is the introduction of polynomial phase stabilizers
that preserve the GKP codestates but are not displacement
operators. We show that these generalized stabilizers impose
strong algebraic constraints on the allowed polynomial phase
gates of logical gates. Finally, we emphasize that the formal-
ism is broadly applicable: it extends naturally to other bosonic
codes and can be generalized to multiqubit GKP logical gates,
as discussed in Appendix E.

A. Polynomial phase stabilizers

In this section, we introduce the framework of polynomial
phase stabilizers, which will lead to a systematic method to
construct alternative representations of logical gates in the
GKP code that minimize error propagation.

As a motivating example, consider the following operator:

R R COREICOl

How does this operator act on square GKP codestates? As
before, we can write O = exp(i2w P(q/+/7)), where P(x) =
—x3/6+4x/6 is a cubic polynomial. Moreover, note that P(n)
is an integer for every input integer n. This means that not
only does O preserve the GKP codespace, but it also acts
as the logical identity on that codespace—it is a cubic phase
stabilizer.

Because O acts trivially on the GKP codespace, it can be
multiplied by the Tggp gate to obtain an alternative cubic
phase gate 75 that still implements a logical T gate:

T3 = TokpO (41a)

~enf () +i(5) - =(H)])
(41b)

This same representation was previously found in Ref. [17]
through numerical optimization and shown to achieve signif-
icantly higher gate fidelity than the original Tgkp gate. This
improvement can be attributed to the reduced amplitude of the
cubic (non-Gaussian) term, which reduces the magnitude of
the induced shear errors discussed in Sec. III A. Our approach
here, however, suggests a more systematic general framework
to obtain minimal representations of polynomial phase gates
by characterizing the corresponding polynomial phase stabi-
lizers, as we now explain.

Specifically, polynomial phase stabilizers are operators that
act trivially on the GKP codespace and can be written as the
exponential of a polynomial

S; = exp[i2w P(x)]. 42)

Here, P(x) is a real polynomial that generates the stabi-
lizer S;, and x is any operator such that the linear stabilizer
exp(i2mx) acts trivially on the ideal GKP states [40]. Impor-
tantly, the linear stabilizer guarantees that the GKP codestates
are superpositions of eigenstates of x at integer eigenvalues.
For the present discussion, we fix x = g//7, correspond-
ing to a scaled position operator, such that exp(i2mwx) =
exp(i2{/mq) = S, is one of the usual GKP stabilizers. How-
ever, we will later show that other choices for x, such as
a’a/2, also yield valid stabilizer structures and reveal addi-
tional structure in the codespace.

Since the ideal GKP states have support only on eigenstates
|m/T) ;> Where m € Z, it follows that the polynomial P(x)
must return integer values when evaluated at integer argu-
ments x. In other words, we require

P(Z) C Z. (43)

This class of polynomials is well known in mathematics as
integer-valued polynomials. Importantly, Pélya [41] found
that there is a canonical basis for the set of integer-valued
polynomials, namely,

L(x) = %H?:l (x—i—i—%),
’ %H?:l (x—i—i—%),

(See also Ref. [42] for a more pedagogical introduction.) All
integer-valued polynomials P(x) can be written as an integer
linear combination of the basis polynomials {L, (x)}; that is,

for n even,

44)
for n odd.

m

P(x) =" caln(x), (45)
n=1

for some integer coefficients c;,.

Since the construction of polynomial phase stabilizers re-
lies solely on the fact that the square GKP code has support on
a discrete position-space grid, the same approach can be read-
ily extended to other sets of grid states. In particular, we can
generalize the operator x by replacing it with any of the scaled
operators {q, p, g — p}/+/7 that correspond, respectively, to
the logical Z, X, and Y bases. Furthermore, we observe that
the square GKP code has support only on even-number Fock
states and is therefore stabilized by exp(ima’a), and so we
can also set x to a'a/2. More generally, this observation
implies that the concept of polynomial phase stabilizers can
be naturally extended to the broader class of bosonic codes
[3] such as the multileg rotationally symmetric code [18] or
the number-phase code [19]. For instance, we can choose the
operator x to be a’a/a in the multileg rotationally symmetric
code where « is the number of legs.

B. Minimal logical gate representations

In this section, we consider the family of polynomial phase
gates defined by

Aplx] = exp(i2mw Py, (x)), 46)
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in which its actions on the eigenstates |x) (x € Z) of the
operator x are given by

[x), forx=0 mod 2,
Aplx]lx) = , (47)
exp(i2z /2™)|x), forx=1 mod 2.

When the operator x is chosen to be g/./mw, the gate
family A,,[x] encompasses the logical diagonal gates
{(Z,8, T, JT , ...} of the GKP code. More generally, by select-
ing alternative choices for x, the family A, [x] also captures
other important gate families. For example, by setting x =
a‘a /2, we yield the Hadamard gate family {H, JVH , JH -
[40].

In what follows, we will detail an algorithm that “min-
imizes” the representation of a particular polynomial phase
gate. In particular, the minimization is with respect to a “lex-
icographic” ordering on the polynomials (technically this is
a partial order). In the lexicographic ordering, given two real
polynomials P(x) = > ¢,x" and Q(x) = ) d,x", we com-
pare the coefficients of the polynomials P(x) and Q(x) starting
from the leading coefficient to lowest-order coefficient. We
define the polynomial P(x) to be less than Q(x) if

P(x) < Q(x) < there exists i such that
|ck| = |di| forall k > i, and |c;| < |d;]. (48)

The advantage of the lexicographic ordering is that it min-
imizes the coefficients of the higher-degree terms in the
polynomial before moving to the lower-degree terms. Intu-
itively, this is important because the higher-degree terms in
the polynomial contribute to higher-degree errors that affect
GKP codestates more severely. For this reason, as A — 0, we
expect a minimal polynomial phase gate to perform optimally
among the polynomial phase gates that implement the same
logical operator (although see Ref. [43]).

The algorithm that we describe will output a polynomial
phase gate whose corresponding polynomial is not larger
under the lexicographic ordering than any other polynomial
that implements the same gate. The algorithm consists of
two steps: First, we write down any “starting” representation
of the A, [x] gate, and then we use the polynomial phase
stabilizers to minimize the coefficients of the gate under the
lexicographic order (we call this second step the “coefficient
reduction” procedure). We show in Appendix D that every
A, [x] gate admits a “starting” representation with polynomial

xzm—l
Pyt (x) = BT (49)
Alternatively, if a good representation F(x) of the A,_[x]
gate is already known, one can choose a better starting point

Pyare(x) = 2" 2F (x)*. (50)

In either case, the candidate polynomial for Py, (x) can be
expressed as

N
Py (¥) = ) aix'. (51)
i=1

The goal of the coefficient reduction procedure is to sys-
tematically adjust the coefficients of Py, (x) by adding or
subtracting suitable integer multiple of the basis polynomials

{L,(x)}, starting from the highest-degree term and proceeding
downward. Importantly, the leading coefficient of L,(x) is
1/n!, which means that we can reduce each coefficient to be
between —1/(2n!) and 1/(2n!). Specifically, let j denote a
pointer, initialized at j = N and decreased sequentially until
Jj =1, and initialize P(x) = Pyare(x). At each step, we decom-
pose the coefficient a; of the polynomial [Eq. (51)] as
= 52
aj = 7 +rj, (52)
where n; € Z and the remainder satisfies |r;| < # We then
update the polynomial P(x) via

P(x) < P(x) — n;L;(x), (53)

where L;(x) is the degree- j integer-valued polynomial defined
in Eq. (44). This step removes the part of each coefficient that
is an integer multiple of 1/j!. Note that n; and r; are unique
here unless r; = :I:zLj!, in which case there are two choices of
n;. In this case, we proceed with both choices of 7; until one
of the choices is lexicographically smaller than the other, at
which point we can discard the other choice of n;. Iterating
this procedure from j = N down to j = 1 produces a reduced
polynomial representation of the form

Pe) =) axt, (54)
k=0
with coefficients satisfying bound
1
lax| < EER Vk. (55)

In Appendix D, we present multiple results about the coeffi-
cient reduction procedure. In Lemma D2, we formally prove
that the above algorithm indeed returns a minimal representa-
tion under the lexicographic ordering. Moreover, we prove in
Theorem D1 that the degree of the polynomial that is returned
is exactly m, and therefore that the lowest degree polynomial
that can implement the A,,[x] gate is degree m. While this
result is well known for diagonal GKP gates specifically, our
theorem applies to all polynomial phase gates of the form
described here (including the Hadamard gate hierarchy).

As an example, let us construct the minimal representation
of the /T gate. Our starting point is obtained by substituting
the minimal T gate into Eq. (50), giving

Pa,(x) < Pyan(x) = 4Py, (x)? (56a)
)C6 x5 x4 x3 x2

=+ 4+ -4+ (56b

36+12+144 12+36 ( )

Now, the leading coefficient 1/36 is equal to 20 times 1/6!,
and therefore we update

PA4(.X) < PA4(.X) — 2OL6()C)

xt X X2 x

=33 12 3

Notice that this update has coincidentally reduced the fifth-
order coefficient to zero. Moving on to the fourth-order
coefficient, there are actually two choices for the coefficient
reduction of 7x*/48 since it can be written in two ways:

(57a)

(57b)
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7/48 =3x1/4!4+1/48 = 4x1/4! — 1/48. After running the
full algorithm, it turns out that the second choice returns a
smaller polynomial under the lexicographic ordering, so we
update

Py, (x) <= Pp,(x) —4L4s(x) (58a)
X2
= T + CE (58b)

This polynomial can no longer be reduced by any of Lz(x),
Ly(x), or L;(x), and therefore we are done.

Equation (58) gives rise not only to a minimal representa-
tion of the /T gate,

ool () a(H) ) o

but also to a minimal representation of the v/H gate,

YH = > 1 (a'a 4 1 (dfa\’ 60
=ewfor () +i(F) [} @

It is important to note, however, that fault tolerance is only
guaranteed for polynomial phase gates of a quadrature oper-
ator such as Eq. (59) and not for Eq. (60) since it is unclear
how one would bias the noise in the latter case.

Moreover, taking the square of Eq. (59) gives a quartic
representation of the 7' gate that we label 7j:

T. oL (L) L (LY 61
oo () (B @
Although Eq. (61) is not minimal, it has the advantage over
the minimal 73 gate [Eq. (41)] that the polynomial that
implements it is even, making it more convenient in some im-
plementations. Indeed, in Ref. [44] it was shown that logical
phase gates of the GKP code can be implemented protec-
tively in O-w qubits, provided the underlying Hamiltonians
involve only quadratic and quartic potentials. This example
demonstrates that we can use the polynomial phase stabilizers
to find logical gates tailored to hardware constraints, while
preserving logical equivalence.

Although we have so far focused on single-qubit gates in
this section, the same polynomial-stabilizer framework natu-
rally extends to multiqubit gates between square GKP qubits.
In Appendix E, we demonstrate how the coefficient reduction
procedure can be generalized to construct minimal represen-
tations of such multiqubit gates. For example, we find the
following minimal representations of the CS and CCZ gates
for the square GKP qubits:

es=eol-5{(5) () + () ()

qi q>
() ()]} @
CCZ = exp(iq192q3//7), (62b)

acting on two and three modes, respectively.

V. ASYMPTOTIC ANALYSIS

In the previous sections, we showed how to construct min-
imal representations of logical gates, and we showed how to
perform on-demand noise biasing. We now turn to analyzing
the error rates of these gates when acting on approximate
biased square GKP states |/) ApA,- Throughout this analysis,

we will assume that x = g/+/7. In this section, we present our
analytic results concerning the behavior as A;, A, — 0, with
our numerical results explained later in Sec. VI. In particular,
we take two separate analytical approaches to analyze the fault
tolerance of polynomial phase gates. The first is to use the
twirling approximation to obtain an asymptotic estimate of the
error scaling in the limit of small A. This estimate, however,
uses a number of approximations as opposed to strict lower
bounds, and as such we also rigorously prove a fault-tolerance
theorem for the minimal 73 gate [Eq. (41)].

We begin, however, by explaining the error that we wish to
characterize analytically. Given a polynomial phase gate A,
we define the error operator as

E = AEnva, 4, AT (63)

To understand E, consider applying each of its terms to
an ideal GKP codestate |). From right to left, the first
term AT acts ideally because it is acting on an ideal GKP
codestate. Then, the envelope operator prepares an approxi-
mate GKP codestate with logical information given by AT |1r).
Finally, the last term A acts nonideally because it is ap-
plied to an approximate GKP codestate. Importantly, because
we acted initially with AT, the ideal logical action of E is
the identity, which can be recovered by setting A, = A, =
0. Therefore, E captures the effect of spreading the enve-
lope operator through the gate A while avoiding the logical
action of A.

In our asymptotic analysis, we will consider the channel
E()=E -ET (see Ref. [45]) and calculate the characteris-
tic function pge(v) of the twirled channel Twirl(€). Recall
that this twirling approximation approximates E as a random
displacement channel, where the displacements are sampled
from the (non-Gaussian) probability distribution pg(v). This
makes it easy to analyze in the context of GKP codes: If the
displacement sampled is correctable as defined by Eq. (12),
then no logical error occurs. Therefore, to obtain an asymp-
totic estimate of the error rate, we calculate the mean and
covariance matrix of the probability distribution pg(v), and
how these parameters scale with A, and A,. In particular,
if the mean and covariance matrix are small, there is a large
chance that the sampled displacement will satisfy Eq. (12) and
be correctable.

Specifically, let the logical operator have the form

A= exp[iZnP(q/ﬁ)], Px) = Zajxj, (64)
j=1

where n > 1 is the degree of the polynomial P(x). Then,
using the characteristic function expansion of the envelope
operator xgny(v) from Eq. (25), one can explicitly write the
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error operator as

E = AEnva, A, AT

— /dv XEny (V) eiZUP(q/ﬁ)W(V) e—iZUP(q/ﬁ)

(65a)

(65b)
— / AV Xea (V) W (V) eiZTr[P(q/ﬁ+ﬁvq)—P(q/ﬁ)] (65¢)

~ / 4V i (V) W (v) €227 @10, (65d)
where the first-order derivative approximation in Eq. (65d) is
valid for small v, because xgn (V) decays exponentially in v,
and is made to simplify the calculations.

Next, we apply the twirling approximation and calculate
the characteristic function of the twirled channel Twirl(£); see
Fig. 2 for a visual representation of the twirled channel. In
Appendix F, we exactly calculate the mean and covariance
matrix of the resulting distribution pg(v) as a function of A,
and A . In particular, the mean u of the distribution is zero:

E(vq)]
fr— pr— 0’ 66
n [E (v,) (66)

where [E() denotes the expectation value of a variable. More-
over, the terms in the covariance matrix are given by

_ |: E(vﬁ) E(qup)]’ 67
E(vgvp) E(vf,)

E(vy) = 0(A9), (67b)

E(v) = 0(A;) +0(a5/8)7),  (67¢)

E(vgvp) = O(A] /AZ2), (67d)

where the O() notation is valid in the limit of A,, A, — 0. For
comparison, the bare envelope operator has ]E(vg) = O(Afi),
E(v;) = O(A?), and E(vgv,) = 0. Therefore, the logical gate
A has the effect of adding the additional n-dependent terms in
Eq. (67). In the case of no biasing A, = A, = A, the variance
E(v;) does not go to 0 in the limit of small A for n > 3,
necessitating the use of noise biasing to achieve arbitrarily low
error rates.

At this point, we now wish to choose a noise biasing
A = A,/A, that minimizes the components of the covariance
matrix X. For our purposes, we will simply choose A to
minimize the most problematic component of the covariance
matrix, E(vﬁ). Indeed, choosing the correct A is important be-
cause Eq. (67¢) contains both a O(Af)) term from the envelope
that will increase with increased biasing and a O(Afz/ Ai”"‘)
term from the A gate that will decrease with increased biasing.
We illustrate this trade-off visually in Fig. 2, which shows
how the probability distribution pg(v) varies with A. Letting
A = /A;A,, itis straightforward to show that the optimal A
scales as

Aopt = O(AY™2), (68)

which scales inversely with A for n > 3. With this choice, the
remaining terms in the covariance matrix become

E(v;) = O(A*"), (69a)

E(v)) = O(A"™),
E(v,v,) = O(A?).

(69b)
(69¢)

Now, with this optimized choice Aoy, we see that all the
components of the covariance matrix go to zero in the limit
of small A, as desired (see also Ref. [46]). Note that the
quantitative estimate of the optimal biasing Aoy is not the
same as the numerical estimates we obtain later in Sec. VI,
but should reflect the correct scaling with A.

Equation (69) also justifies our choice of the lexicographic
ordering in Sec. IV. In particular, the performance of the poly-
nomial phase gate A in the limit of small A is governed by the
degree n of the polynomial. Moreover, in Appendix F we show
that the elements of the covariance matrix also depend on the
leading coefficient |a,| of the polynomial. To give a concrete
example, the variance E(v2) is 9 times larger for the Tgkp log-
ical gate [Eq. (28)] than for the optimized 73 gate [Eq. (41)].
Therefore, to improve the asymptotic performance, the most
important thing to reduce is the degree of the polynomial n
and the magnitude of the leading coefficient |a,|. We therefore
expect that for two polynomials P(x) and Q(x) that implement
the same logical gate, if one polynomial P(x) is less than Q(x)
under the lexicographic ordering, then for sufficiently small
A, the polynomial phase gate of P(x) will outperform that of
Q(x). Reducing the magnitude of the nonleading coefficients
{a; ;’;} of P(x) can have an effect for fixed larger values of A,
but this effect will become small for sufficiently small A.

While Eq. (69) provides strong evidence of the fault tol-
erance of polynomial phase gates with an appropriate bias, it
falls short of a rigorous proof. Not only did we use the twirling
approximation to perform the calculations, but we also only
calculated the covariance matrix of the corresponding random
displacement channel rather than explicitly calculating the
error rate of the gate that also depends on higher statistical
moments.

Therefore, in Appendix G we also rigorously prove that
for the optimized T3 gate [Eq. (41)], the “logical” average gate
fidelity of the error operator (precisely defined in Appendix G)
goes to 1 as A — 0. This is mathematically equivalent to
saying that, for any target fidelity Fi,r, there exists a A
such that for any A < Ay, there exists a choice of noise
biasing Aop(A) such that the fidelity F of the error operator E
is greater than Fi,,. We expect that similar results could also
be proven for higher-order polynomial phase gates, but due
to the somewhat tedious nature of the proof we leave this to
future work.

VI. NUMERICAL ANALYSIS

To complement our asymptotic analysis of the performance
of the logical gates in Sec. V, here we numerically assess the
performance of the logical gates in a more realistic parameter
regime. The aim of this section is to provide a proof of princi-
ple that implementing non-Clifford gates unitarily in the GKP
code can have good performance even for realistic values
of A. To provide such a proof of principle, we will use the
assumption that the only source of noise is the approximate
GKP codestates themselves; we do not attempt to consider all
experimentally relevant sources of noise in our simulations
and leave such investigations to future work.
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Throughout this section, we express the quality of the
approximate codestates A = ,/A,A, in two different ways:
first in terms of the average photon number 7 ~ 1/(2A%) —
1/2 [47] and second in terms of the GKP squeezing Agg =
—1010g10(A2); note that both # and Agg increase as A de-
creases. Also note that the average photon number 7 that
we use corresponds to a nonbiased square (or rectangular)
GKP state; a biased square codestate would have a higher
average photon number than listed here. For comparison,
recent experiments in superconducting qubits used nonbi-
ased square codestates with A ~ 0.32 (7 ~ 4.4, Agg =~ 9.9)
[11], while experiments in optics [15] only achieved A =~
0.93 (n~0.074, Agg ~ 0.6). The achieved squeezing in
superconducting devices of A = 0.32 is exactly the same
as the theoretically predicted threshold of the surface-GKP
code when only considering noise from approximate GKP
codestates [9]; however, the threshold is expected to be lower
in the presence of additional experimentally relevant sources
of noise.

In Sec. VI A, we benchmark a variety of polynomial phase
gates including those that implement logical gates up to
the sixth level of the Clifford hierarchy. Taking A = 0.25
(n="17.5, Agg = 12) as an example data point, all of the
optimized polynomial phase gates achieve infidelities of less
than 1% with moderate asymmetries of A < 2. Moreover, in
Sec. VIB we find that polynomial phase gates can outper-
form the vacuum-state method [20] for preparing |T') magic
states, requiring a low postselection rate of approximately
20% for the vacuum-state method to match the performance
of the minimal cubic phase gate at the same A = 0.25 data
point. This comparison also underestimates the noise in the
vacuum-state method: it ignores the noise that would arise
from Clifford gates in the |T') state injection circuit itself,
which could be avoided in the polynomial phase gate method
by directly applying a T gate on the desired GKP qubit.

A. On-demand polynomial phase gates

We are interested in benchmarking the performance of
polynomial phase gates in two contexts, the first of which
is “on demand” at an arbitrary location in an algorithm.
Specifically, we want to model polynomial phase gates (for
simplicity here represented by a 7' gate) in the square GKP
code that are preceded by a round of on-demand biasing using
the g-Steane QEC circuit

On-demand
biasing

1
! Passive (37)
. g-Steane |1 . e .
—i| QEC _._: 1 QEC '

as explained in Sec. III. We assume that noise arises in this
circuit only due to the envelope operator, which appears in
Eq. (37) in the g-Steane and passive Knill QEC circuits
[Egs. (13a) and (14)] but not in the polynomial phase gate
itself. This noise model therefore captures how the noise from
the envelope operator is propagated through logical gates, but
does not explicitly include some other experimentally relevant
noise sources such as loss, dephasing, and imperfect gate
implementation.

Intuitively, when performing a round of QEC with ap-
proximate GKP ancilla codestates, the approximate GKP
codestates introduce noise in two ways. First, it causes noise
on the stabilizer measurement outcomes (“measurement”
noise), and second, it adds envelope noise to the output state
(“incoming” noise). In fact, this intuition can be justified
theoretically: If one applies the twirling approximation to
the envelope operator to obtain a Gaussian random displace-
ment channel, then the noise from approximate codestates
in the passive Knill circuit [Eq. (14)] exactly corresponds
to an ideal QEC cycle preceded and followed by two inde-
pendent Gaussian random displacement channels representing
the measurement error and envelope noise discussed above
[30,48]. A similar result holds for the ¢g-Steane QEC circuit
but with biased noise following the gate. Our noise model is
therefore analogous to the “phenomenological” noise model
commonly used in the DV QEC literature. With this, Eq. (37)
becomes

lf 1
ored | Ideal | biased ored H Ideal hf (20n
biased &y H Prased biased H H biased
noise T QEC noise r noise QEC Il noise

(70)

See Appendix A for a discussion of how this could be mod-
ified if one wished to simulate the T gate using on-demand
morphing instead of on-demand biasing.

Now, to capture the performance of the polynomial phase
gate we will isolate only the part of the circuit that is “in
between” the two ideal QEC circuits, labeled C in Eq. (70).
This is because the noise outside of this part of the circuit
can be considered as the noise due to the other logical gates
that come before and after the T gate. Next, we define the
effective logical channel £ that maps a qubit input state to a
qubit output state and captures the performance of the circuit

C

9
10y, o AT H i {1 - an
()

In words, the effective logical channel £ has the following
steps:

(1) First, we take as input an arbitrary qubit state |y)
and encode it into the ideal square GKP code [) [this can
be viewed as the output of the initial ideal QEC round in
Eq. (70)];

(2) we apply the biased envelope operator that prepares
the state |v/) a,.a, (the “incoming” noise);

(3) we apply the logical gate T';

(4) we apply a nonbiased Gaussian random displacement
channel to model the measurement noise in the passive Knill
QEC circuit; and finally,

(5) we apply a round of ideal QEC, which returns us to the
ideal GKP codespace, and read out the resulting logical qubit
density matrix p.

We can then use the average gate fidelity to quantify the
quality of the logical operation, given by [49]

F(E,U)Z/dl//(l[/|UT€(|lﬁ><lﬂ|)U|l//). (72)
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TABLE 1. Polynomials used to construct the polynomial phase
gates. In particular, each CV gate is implemented using the unitary
exp(2miP(q/+/7)). Note that all of the gates labeled T implement
a logical T gate using a different polynomial; each of these are
equivalent up to polynomial stabilizers.

CV gate Polynomial P(x)

1 0

T x3/124x%/8 — x/12

Toxp X3 /4+x2/8 — x/4

T, —x*/244-x%/6

VT —x*/484-x2/12

T4 x° /240 — x*/96 — x3 /48+x% /24+x/60
T3 x6/1440 — 5x*/5764+17x2 /720

We will also refer to 1 — F(£,U) as the average gate infi-
delity. Some subtleties (such as the orthonormalization of the
GKP codewords) have been omitted in the above description
for the sake of brevity (see Appendix H for more details as
well as a description of our numerical methods, which are a
truncated Fock space simulation of the channel £).

The gates and polynomials that we simulated are listed in
Table I. For each CV gate, we calculated the average gate
fidelity of the corresponding effective logical channel £ as
a function of the asymmetry A and the strength A of the
envelope operator. We then took the optimal asymmetry Aqp
for each value of A and plotted the average gate fidelity with
the optimized asymmetry.

The results are shown in Figs. 3 and 4. The plots labeled
with [ represent idling, where the only noise comes from
the incoming envelope operator and the noisy syndrome ex-
traction, and serves as a comparison for the other nontrivial
logical gates. In Fig. 3, we plot three different implementa-
tions of the T' gate: Tgkp from the original GKP proposal [5],
T that optimizes the cubic polynomial required to implement
a T gate, and T, whose polynomial is even but quartic. Mean-
while, in Fig. 4 we plot optimized implementations of the A,
gates form = 3, 4, 5, 6, corresponding to logical Bloch sphere
rotations around the Z axis by angles of 7 /4, 7 /8, 7 /16, and
7 /32, respectively. For all of the curves, achieving the precise
optimal asymmetry is not necessary to achieve nearly optimal
gate fidelities, as we show in Figs. 6 and 7.

We can see that T3 outperforms both the original Tgkp and
the 7, gate across all values of A, as expected. Surprisingly,
however, when compared with phase gates in higher levels
of the Clifford hierarchy, 73 does not have the best perfor-
mance for lower values of A, with the v/7 and T'/* gates
outperforming 73 for A > 0.2 (71 < 12, Agg < 14) and T3
outperforming 73 for A > 0.16 (7 < 19, Agg < 16).

This performance can be explained by two factors: First,
because the coefficients in the polynomials are smaller for
these higher-degree polynomials, at lower 7 (higher A) these
higher-degree polynomial phase gates may spread errors less
than the 73 gate. Despite this, it is worth emphasizing that the
Ts gate is guaranteed to perform best asymptotically because
it only contains up to cubic terms, while the remaining gates
have higher-degree polynomials, as we showed in Sec. V.

Second, however, it is important to note that the gates rep-
resenting smaller angle rotations in the Bloch sphere also tend
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FIG. 3. Performance of T gates generated by different poly-
nomials. (a) The optimal asymmetry for each gate. We sampled
asymmetry values in finite increments, resulting in the optimal asym-
metry data points that are fitted with a polynomial fit. Note that for
the Tskp gate, for 71 < 4, no optimal value was found within the
sampled range of A (up to 6.5). (b) The average gate infidelity of
each gate when using states prepared with the optimal asymmetry.

to inherently perform better under the average gate fidelity
metric. As a back-of-the-envelope calculation, consider the
average gate infidelity between the identity gate and a 6 Z-axis
rotation in the Bloch sphere, which is given explicitly by

1 —F(,e%?)= (1 —cosb)/3. (73)

For the T gate, 0 = /4 and 1 — F (I, %/?) ~ 10%, indicat-
ing that if the infidelity of the logical T gate is greater than
10%, it would be better to simply not perform the 7' gate at all.
In Figs. 3 and 4, we see that the 7' gates have lower than 10%
infidelity for all the sampled values of A and therefore are
achieving nontrivial performance. However, for the T''/% gate
we have § = /32 and 1 — F(I, €%/?) ~ 1.6x 1073, which
means that only at A < 0.24 (i > 8, Agg > 12.4) is the T/
gate achieving nontrivial performance (see Appendix H for
more analysis of this). Nevertheless, we expect that directly
implementing a T'/® would outperform a compilation of the
T'/8 gate into logical T and H gates in this regime.

B. Polynomial phase gates for magic-state preparation

The second context that we are interested in is using the
polynomial phase gates as a method for preparing magic
states. This is useful in part because it allows us to directly
compare to existing work to prepare encoded |T) = T|+)
states [20]. This latter method—which we refer to as the
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FIG. 4. Performance of A, gates. Panels (a) and (b) represent the
same quantities as in Fig. 3.

vacuum-state method—consists of preparing a vacuum state
|[vac) and performing a single round of GKP QEC. Remark-
ably, this procedure has a high chance of projecting into a
logical GKP codestate that is close to a Hadamard eigenstate
or a magic state that is Clifford equivalent to a Hadamard
eigentstate. Therefore, after a Clifford correction dependent
on the stabilizer outcome, one can prepare a noisy encoded
logical |T') state (which is itself Clifford equivalent to a
Hadamard eigenstate).

We use the state fidelity of the produced state to quantify
the quality of the states prepared by each method. For the
polynomial phase gate method, we consider the three polyno-
mial phase gates from Table I that implement a T gate, using
the effective logical channel £ from Sec. VI A applied to the
|+) state and taking the state fidelity between the output state
and |T'). Meanwhile, for the vacuum-state method we follow
the numerical analysis of Ref. [20] modified to add measure-
ment noise to the round of QEC. We assume that the Clifford
correction is noiseless since it could be considered a part of
the T-injection gadget. We also allow for postselection based
on the stabilizer measurement outcomes in the vacuum-state
method.

In Fig. 5(a), we show the state infidelity achieved us-
ing each of the three polynomial phase gates and using
the vacuum-state method. For the vacuum-state method, we
plot three different postselection fractions: no postselec-
tion (p =100%), postselecting on the best 25% of stabilizer
outcomes, and postselecting on obtaining +1 stabilizer mea-
surement outcomes for both measurements. The latter curve
serves as a tight lower bound on the state infidelity that can be

(a) Aap
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< ] e,
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@ ] BT e S R T
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(}J) 10—3 J B — S~
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FIG. 5. Performance of T gates in preparing magic states. (a) The
state infidelity of |T') states prepared by applying a logical phase gate
to an encoded |+) state, compared to those obtained via vacuum-
state injection using various postselection probabilities p [20]. “1.b.”
here stands for “lower bound” and corresponds to projecting the
vacuum state |vac) onto the ideal GKP codespace, which occurs with
probability zero, and therefore lower bounds the infidelity of any
postselection scheme obtained by vacuum-state injection. (b) The
postselection probability p that is required for the vacuum-state in-
jection scheme to match each unitary 7' gate scheme.

achieved by the vacuum-state method, since it corresponds to
the limit as the postselection probability goes to 0. Meanwhile,
in Fig. 5(b), we take the state infidelity achieved by each of
the polynomial phase gates and calculate the postselection
fraction required in the vacuum-state method to achieve the
same infidelity. From both these plots, we see that the T3
method performs well compared to the vacuum-state method,
requiring a postselection fraction of less than 20% for all
values of A < 0.25 (n > 7.5, Agg > 12). It is also possible
that at higher 7 the 73 method achieves a lower infidelity than
even the vacuum-state method lower bound, although this is
not clear from the collected data.

It is worth noting that the comparison shown in Fig. 5,
if anything, underestimates the performance of the polyno-
mial phase gate method when compared to the vacuum-state
method. This is because the polynomial phase gate can be
implemented directly whenever a T gate appears in a circuit,
rather than needing to be used in a magic-state injection step.
With this in mind, the vacuum-state method would also suf-
fer from noise occurring in the injection step, for example,
from the CX gate and the conditional Clifford correction.
On the other hand, if one really wants to use a magic-
state injection step even with access to a polynomial phase
gate, we would gain the ability to postselect on stabilizer
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measurement outcomes, which would improve the fidelity
further. It is therefore reasonable to expect that with these
factors taken into account, the polynomial phase gate method
outperforms the vacuum-state method by a larger degree than
shown in Fig. 5.

VII. DISCUSSION AND OUTLOOK

In this article, we have presented a scheme for implement-
ing fault-tolerant non-Clifford gates in the GKP code using
polynomial phase gates. The key insight is that on-demand
noise biasing can be achieved within the standard Steane
QEC circuit by measuring only one of the two stabilizers
(Sec. IIIB). The cost of performing on-demand biasing is,
therefore, the same as the cost of performing a round of QEC.
The scheme relies on noise-biased ancilla states, which we
show can be prepared directly from nonbiased approximate
square GKP states. Furthermore, we prove that the cubic
phase gate T3, when implemented with the on-demand biasing
circuit, is fault tolerant (Sec. V).

Beyond the cubic phase gate, we develop an analytical
framework for studying and optimizing general polynomial
phase gates, including those at higher levels of the Clifford hi-
erarchy (Sec. IV). Central to this framework is the concept of
polynomial phase stabilizers, which enable the identification
of minimal polynomial phase gate representations through
a coefficient reduction procedure. Using this approach, we
identify 73 as the minimal representation of the logical T gate,
and we also find minimal representations for more exotic gates
such as the 7'/ or H'/? gates.

We numerically test our results using Fock-state simu-
lations. We find the 73 gate significantly outperforms the
originally proposed Tgkp gate [5] and compares favorably to
the vacuum-state method [20] even with low postselection
rates. We also investigate minimal polynomial phase repre-
sentations for logical gates such as the 7'/2, T'/4 and T'/8
gates. Surprisingly, these optimized polynomial phase gates
can achieve logical gate fidelity comparable to or even ex-
ceeding that of the cubic phase 73 gate in some regimes.

There still remain multiple challenges to exactly im-
plement our fault-tolerant unitary 7 gate in experimental
platforms. In photonics, implementing the polynomial phase
gates remains a challenge, although we note that our scheme
has multiple attractive features to photonic platforms because
our unitary T gate does not require any DV qubits and because
the on-demand morphing (Appendix A) can be implemented
using passive Gaussian operations and GKP input states. In
superconducting platforms, the polynomial phase gate is more
realistic, but these platforms are still limited by DV qubit
errors used in error correction. As a final remark, it is of course
possible to use autonomous error-correction techniques that
have already been demonstrated in superconducting platforms
[10] for most of the error correction, and only use active
error correction to implement the on-demand biasing for the
non-Clifford gates.

There are several interesting questions that we have not
addressed in this article. A natural next step is to incorporate
more realistic noise models into our numerical analysis, in-
cluding experimentally relevant sources such as photon loss,
dephasing, and gate imperfections. We note, however, that

photon loss can be converted into a Gaussian random displace-
ment channel (and, more generally, any noise channel can be
converted into a not-necessarily-Gaussian random displace-
ment channel) via the CV twirling approximation, and that
performing this approximation only has a small effect on the
logical gate fidelity [30]. We therefore expect that many of our
results that we obtained for Gaussian random displacement
channels would still hold in a more general setting. It would
also be interesting to compare polynomial phase gates and
vacuum-state methods for implementing 7' gates in the con-
text of a full T gate injection. Another interesting direction is
to numerically investigate the performance of multiqubit gates
such as the CS and CCZ gates. While we present their minimal
polynomial representations in Appendix E, and we expect
on-demand biasing would improve multiqubit gate fidelities
like it does in the single-qubit 7' gate, we leave it to future
work to confirm this. Part of the challenge here is that our
numerical simulations used Fock space simulations at high
truncation dimensions (roughly 1000), which is infeasible for
multiple modes.

Finally, an open question is whether a multimode GKP
code exists in which implementing the logical 7' gate is easier
and induces less errors. A trivial solution to this is to concate-
nate the GKP code with a DV code that has a transversal T
gate (which is equivalent to defining a multimode GKP code
with the same stabilizers); however, moving beyond such a
concatenated framework would be interesting. If such a code
exists, one could envision performing code switching to this
code for the T gate and switching back to the square GKP
code for standard Clifford operations.

One potentially interesting avenue of future work is to find
other applications of our on-demand noise-biasing technique
beyond enabling fault-tolerant non-Clifford logical gates. As
a possible example, perhaps on-demand morphing that we
discussed in Appendix A could be used to improve the er-
ror rate of operations involving DV qubits by shortening the
conditional displacement gates between CV and DV qubits.
However, we leave such considerations to future work.
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APPENDIX A: ON-DEMAND MORPHING CIRCUITS

In the main text, we showed how to perform on-demand
biasing by using a g-Steane QEC circuit in two ways in
Egs. (34) and (36). In this Appendix, we show how to perform
on-demand code morphing from a nonbiased square GKP
codestate to a nonbiased rectangular GKP code. This code
morphing method has the advantage of using only passive
Gaussian unitaries, while still enabling improved performance
under polynomial phase gates due to the equivalence between
nonbiased rectangular and biased square GKP codestates in
Eq. (18). We follow a similar structure here as in the main
text, beginning by how to construct an on-demand morphing
circuit that introduces a fixed amount of asymmetry, before
generalizing to a circuit that can generate arbitrary amounts
of asymmetry.

We start with the g-Steane circuit rewritten in terms of a
beam splitter and squeezing operators:

[¥) A — — Sq'(v2) ——
BS(%) q (31b)
Fa—  sd(E)

where the output (after the correction) is a biased square
codestate with a fixed amount of bias [v/) , /V2./3n- Now, if
we remove the squeezing operators, the output state will be

SAV2P) yumvza = W)a (A1)
by Eq. (18). Therefore, the circuit
‘1Z>A | I
BS(D)| ¢ (A2)
s —

is an on-demand morphing circuit from the square to the
rectangular GKP code with A = 2. Note that, compared to
Eq. (31b), we will need to rescale the measurement out-
come to account for the squeezing operator that we removed.
Moreover, from Eq. (33), the envelope operator is preserved
through Eq. (A2), and therefore both the input and output
states will be nonbiased.

So far, we have only been able to morph from the square to
the & = 2 rectangular GKP code; however, we wish to be able
to morph to rectangular GKP codes with arbitrary A. To derive
such a circuit, we begin with the (arbitrary-A) on-demand
biasing circuit from the main text:

e—1VAqip2 ) (36)
Y
A —~
which is written in the form such that it uses a nonbiased
rectangular ancilla codestate.

Now, we wish to perform the same rearrangement as be-
fore by rewriting this circuit in terms of a beam splitter and

squeezing operations. In particular, we wish to find £, 6, «,
and o, such that

efi\”\thpz

F)a — — —

eiéP1a2 q

) a — —1 Salar) F—

= q
2 — 1590 [ a3y

As before, we are allowed to freely add the ¢*71%> term to
Eq. (36) because it can be compensated for by a displacement
correction e %719 based on the measurement outcome ¢yy,.

One can solve this equation using the formalism of Gaus-
sian operators. Given a two-mode Gaussian unitary operator
U, we can always define a 4 x4 matrix S such that

q1 UlqiU
UtqU

S q2 _ qu (Ad)
P1 U'pU
)23 UszU

Moreover, given an arbitrary 4x4 matrix S that satisfies the
relation

STQs=Q, Q= [ 0 Id] (A5)

-1d O

(that is, S is a symplectic matrix), one can uniquely define a
corresponding Gaussian unitary operator [50]. With this, the
corresponding S matrices for the left- and right-hand sides of
Eq. (A3) are equal if and only if the unitaries themselves are
equal. The corresponding matrices for the left- and right-hand
sides, respectively, are given by

[1-&vi —& 0 0
| v 10 0
Stus = 0 0 1 VA (A6a)
| 0 0 & 1-¢&V
[cos(0)/a; —sin(8)/a; 0 0
S __ | sin(@)/ax  cos(8)/ar 0 0
RHS = 0 0 oy cos(@) —a sin(d) |
i 0 0 o sin(f) oy cos(0)

(A6b)

From here, it is straightforward to see that the solution is given
by

X
£ = % 6 = arctan(v/1), (A7a)
1
ar=vAt1l, a= . ATb
1 2 T (A7b)
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Therefore, the circuit

BS(arctan(v/A))
A

is an on-demand morphing circuit from the square to the A + 1

rectangular GKP code, with output state (after the correction)
. . Z A+

given explicitly by [¢), .

Having explained how the on-demand morphing circuit
works, we now briefly summarize the difference between the
on-demand biasing and on-demand morphing methods for
performing a polynomial phase gate associated with the poly-
nomial P(x). In the on-demand biasing method, we follow
the steps outlined in Eq. (37), first performing the on-demand
biasing circuit [Eq. (34) or (36)], followed by the square GKP
polynomial phase gate exp(i27 P(q/+/7)), and finally the pas-
sive Knill error-correction circuit [Eq. (14)] to return to the
nonbiased codespace. In the on-demand morphing method,
we first perform the on-demand morphing circuit [Eq. (A8)]
and then perform the rectangular GKP polynomial phase gate
exp(i2mw P(q/ VAT)). At this point, however, we are in a rect-
angular GKP code and therefore cannot simply perform the
passive Knill error-correction circuit because this would keep
us in the rectangular codespace instead of morphing us back
to the square one.

Therefore, we need to perform a morphing circuit based on
the p-Steane QEC circuit that returns us to the square GKP
code. The derivation of this circuit is much the same as for
Eq. (A8), but one does need to take care that the p-Steane
QEC circuit that one begins with is for the rectangular GKP
code instead of the square GKP code. With this, the morphing
circuit is given explicitly by

(A8)

|7/)>A ]
BS(arctan(v/A — 1)) ’

— )\/
0)A —

where A’ = (1 — 1/A)~". In the full circuit, this looks like

On-demand On-demand

morphing morphing
—_ = — =
1| Passive |[! 1| Passive |! Al10
. — g-Steane T()\) p-Steane H— . .. . ( )
1 QEC : ! QEC :
1

On-demand morphing has two potential advantages over on-
demand biasing. First, Eqs. (A8) and (A9) use only passive
Gaussian unitary operators (beam splitters) instead of log-
ical CX gates that are not energy preserving, which may
simplify experimental implementations. And second, because
the resulting rectangular states are nonbiased, their average
photon number is lower than the corresponding biased square
codestates. This means that loss and dephasing may affect
the nonbiased rectangular states less severely than the biased
square codestates.

In Sec. VI, our simulations were based on the on-demand
biasing method [Eq. (37)] instead of the on-demand morphing
method [Eq. (A10)]. In particular, we simulated the circuit C
given by

l:l()n-
biased

noise

C
1
Ideal | | biased non- || Ideal | non-
e | e e kel R

------------------------- (70)

P

where the specific choices of biased and nonbiased noise are
motivated by the QEC circuits used in the on-demand biasing
method [Eq. (37)]. To adapt this circuit for on-demand mor-
phing [Eq. (A10)], we would do two things. First, replace the
biased and nonbiased boxes to match the noise that arises from
the QEC circuits used in Eq. (A10), and second, use Eq. (18)
(change the noise bias as appropriate) to find an equivalent
circuit that acts in the square GKP code, giving

Hon1 |4 Ideal || biased biased || Ideal
t;igisseéi M QEC [] noise noise [| QEC

non-
biased

noise

(Al1)

Simulating C’ would therefore give quantitatively different
results to C, but should give qualitatively similar results be-
cause the noise coming from the final QEC round does not get
spread by the T gate.

APPENDIX B: PASSIVE BREEDING CIRCUIT
FOR NONBIASED-NOISE RECTANGULAR
GKP QUBIT STATES

In all of the on-demand biasing and morphing circuits with
A > 2 in Egs. (34), (36), and (A8), we have made use of
either a biased square or nonbiased rectangular GKP ancilla
state. However, we have not explained how one can produce
such a state in the first place. While it may be possible to
directly produce such an ancilla state by modifying existing
state generation schemes [35-37,39,44], here we instead show
how to obtain a nonbiased rectangular codestate iteratively
from only nonbiased square GKP codestates. If desired, the
nonbiased rectangular codestate could then be converted to a
biased square codestate using a squeezing unitary [Eq. (18)].

The circuit to breed such a state is conceptually quite simi-
lar to the on-demand morphing circuit [Eq. (A8)], but here we
have slightly different requirements that need to be satisfied.
In particular, we require that each input ancilla state is a
nonbiased square GKP codestate |/),, but each input data

state is a nonbiased rectangular GKP codestate |1/7)AA. We then

want to output a nonbiased rectangular GKP codestate with an

increased A; in particular, this will end up being |1ﬁ)AA+1.

To construct this circuit, we begin with the g-Steane QEC
circuit for the rectangular GKP code:

P — —

e~ ta1p2 q BD

S I o (2]
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FIG. 6. Average gate infidelity plots for the polynomial phase gates in Table I and Eq. (H19), for each value of asymmetry and A as
described in the text. Note that in panel (i), we implement the identity gate on the CV mode but calculate the average gate infidelity with
respect to the T''/® gate.

We can turn the input rectangular ancilla codestate into a It is straightforward following the same method as in
square codestate using Eq. (18): Appendix A that the g-Steane QEC circuit in Eq. (B2) can
be rewritten in terms of beam splitters and squeezers

—i .
VA B2 .q1p i _
e g (B2) i || e | =
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= Hu (B

BS (arctan( )) : (B3)

- 5(x) [~

By absorbing the single-mode squeezer on the ancilla into the
homodyne measurement and omitting the squeezer on the data
qubit, we can map a rectangular GKP state with nonbiased
noise and asymmetry A to one with asymmetry A+-1:

S

92— —

BS(6))

Therefore, by repeating Eq. (B4) a total of (A — 1) times, we
can generate a nonbiased rectangular GKP state |—T—)AA from A
nonbiased square GKP states |+) 5. We refer to this procedure
as the passive rectangular GKP state breeding protocol. Im-
portantly, the output of this protocol will always have A € Z;
however, this is not a problem because A does not need to be
fine-tuned in order achieve close-to-optimal error rates, as we
show in Figs. 6 and 7.

(B4)

[F)a —

APPENDIX C: PROOF OF NO-GO THEOREM

In the main text, we showed how to perform on-demand
biasing by using a g-Steane QEC circuit in two ways in

on-demand biasing circuit satisfies the trade-off relation
A A, = A% (39)

This naturally raises the question of whether a syndrome
measurement circuit could surpass the trade-off relation
in Eq. (39). In other words, is it possible to suppress
noise in one quadrature without inducing a corresponding
increase in the other?

In this Appendix, we show in Theorem CI1 that no such
circuit can be constructed using deterministic Gaussian op-
erations and approximate GKP ancillas. As a consequence,
the g-Steane QEC circuits that we present achieve the opti-
mal output A, and A, parameters for deterministic Gaussian
circuits.

Before presenting the formal statement of Theorem ClI,
we briefly review the generalization of the Gaussian random
displacement channel to multimode system and the definition
of symplectic matrices. In an N-mode system, the N-mode
displacement operator W (v) is defined as

W(v) = exp(iv2m ¢Qv), (C1)
where ¢ is the quadrature column vector
t=lg - av p pvl’, (€2)
and the matrix €2 is the 2N x2N symplectic form
Ovxny  Idyvxn
Q= . C3
|:IdN><N Oy xn ] 3

The group of 2N x2N symplectic matrices S is the group of
real matrices that preserve the symplectic form

T _
Egs. (34) and (36). We found that the noise profile after the $TQS = Q. (C4)
(a) Ts|+) (b) Toxp|+)
] 2 2
-1 -1
z 10 5 & 10 s
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FIG. 7. State infidelity plots for the polynomial phase gates in Table I that implement a 7' gate, for each value of asymmetry and A as

described in the text.
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Gaussian unitary operators are, by definition, unitary op-
erators that map quadrature operators to other quadrature
operators; or, equivalently, they are operators that can be
written as a product of exponents that are quadratic in the
quadrature operators. Gaussian unitary operators that contain
only quadratic terms are in one-to-one correspondence with
symplectic matrices, given by the relation

U{¢Us = S¢, (C5)

where Uy acts componentwise on the elements of ¢.
The multimode Gaussian random displacement channel
G = is defined similar to the two-mode channel in Eq. (23):

_ exp[— (v — ) T (v — )]
Gux(p) = / av N (C6)
x WW)pW (v)T, (C7)

but here we have a 2N-dimension normal distribution; note
here that unlike Eq. (23) we also consider channels with
nonzero mean fL.

We consider the following model. We assume that the data
qubit and the ancillary qubits can be encoded using different
GKP codes. All physical modes are subjected to independent
Gaussian displacement noise channels Gy a2x1q, Which is the
noise model one obtains when applying the twirling approx-
imation to Enva. The syndrome extraction circuit consists
of Gaussian unitary operators, ideal homodyne measurements
on the ancillas, and arbitrary classical decoders. Under these
assumptions, the circuit model under consideration is given by

1Y) p— Y0,a2x1d

Us q (C8)

QN
gO,Aszd | | 7 |

where |/) , is a single-mode ideal GKP “data” codestate, |¢) 4
is an N-mode ideal GKP “ancilla” codestate, Uy is a Gaussian
unitary with the associated symplectic matrix S, and A? is the
variance of the noise applied to each GKP codestate. Note
that homodyne measurements in other bases can be incorpo-
rated into this model by writing them as a Gaussian unitary
preceding a position measurement, and then incorporating the
Gaussian unitary into Us.

Theorem C1. The resulting state of the data qubit after the
circuit [Eq. (C8)] and the displacement correction step is

[ avaww @, ()
where X (v) is a mixture of Gaussian distributions

X() =Y pi N(u;, A’S,v) (C10)

for some positive weights p; satisfying > . p; = 1, for some
mean vectors i;, and for some covariance matrix X’ satisfying
det(X’) = 1. The random displacement vector v drawn from
the distribution X'(v) satisfies the inequality

det(E[(v — ElVD)(v — E[v))]) > A*. (C11)

The circuit in Eq. (C8) can be interpreted as a noise-biasing
circuit with noisy ancillas, while Eq. (C11) provides a lower
bound on the product of the variances of position and mo-
mentum errors. The determinant appearing in Eq. (C11) is the
generalization of the informal trade-off relation in Eq. (39),
extending it to include cross-correlations between position
and momentum displacement errors.

As a final comment, we emphasize that although Theorem
C1 holds regardless of the choice of decoder, it does not imply
that all decoders perform equally well. The role of a good
decoder is to approach the lower bound as close as possible.
Theorem C1 also shows that the biased g-Steane QEC circuit
presented in Eq. (34) achieves this optimal bound.

Proof. Since Ug is a Gaussian unitary operator, we
can commute the random Gaussian displacement channels
Go, a2x1q through Uy, resulting in a new channel Gy 2.

— Go,A2x1d — — ] - -

US = US

Go.A2y

RN
gO,A2 xId

(C12)

The normalized covariance matrix ¥ = SS7 is both symplec-
tic and symmetric, and because it is symplectic it has unit
determinant det(X) = 1.

We decompose X into a 4 x4 block matrix

[qu]DD [qu]DA [Eqp]DD [Eqp]DA

Y — [qu]AD [qu]AA [Eqp]AD [Eq[)]AA (C13)
[qu]DD [qu]DA [Epp]DD [Epp]DA
[qu]AD [qu]AA [Epp]AD [Epp]AA

Here, the subscripts ¢ and p refer to the position and momen-
tum quadratures, respectively. The labels D and A indicate
whether the corresponding block involves the data qubit (D)
or ancillary modes (A). For example, [X,,]ps denotes the
cross-covariance between the position quadrature of the data
qubit and the momentum quadratures of the ancilla qubits.
The size of each block is

[Z4q1005 (251005 [Zpg)00s [Zgplop € RV,
[Z4q1aps [Zgplans [Zpglans [Zpplop € RVXE,

[Zgq]pa, [Zgplna, [Zpgloa, [Zpplpa € RV,

[Zgqlans [Zpplans [Zpglan, [Zgplan € RVY. 0 (Cl14)

Since ¥ is symplectic, its inverse £ ! is also symplectic and
can be expressed in terms of the entries of ¥, i.e., >l =
QT 2T Q. The explicit 4 x4 block matrix of X! is given by

[2,p]oD [(Zpplpa —[Zgplop —[Zgplpa
o [2,plap [(Zpplaa —[Zgplap —[Zgplan
—[Zplop —[Zpglpa [Eyqlpp [Z4q1pa
—[Zplap —[Zpglan [Zgqlap [Xgq]aa
(C15)

Because we measure only the position quadrature of the an-
cillary modes, we gain no information about displacement
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errors occurring in the momentum quadrature. Therefore, the
joint distribution of displacement errors on the position and
momentum quadratures of the data qubit, as well as the posi-
tion quadratures of the ancillas, is described by the marginal
of the full error distribution. Specifically, this corresponds to
marginalizing the original Gaussian distribution with covari-
ance matrix A’Y. The marginal of a multivariate Gaussian
distribution is itself a Gaussian, with covariance matrix A2¥,
where ¥ is obtained by removing the rows and columns of ¥
corresponding to the unmeasured variables—in this case, the
momentum quadratures of the ancilla qubits. For our block
ordering, this corresponds to removing the fourth row and
fourth column of X. For convenience, we permute the second
and third block row and block column of A%¥ to obtain

[qu]DD [Eqp]DD [qu]DA
NS = A [Zplop  [Zpplon  [Spgloa | (Cl6a)
[qu]AD [Eqp]AD [qu]AA
_ A2 [(Z1op  [Elpa (C16b)
T\l [Ela )

After performing position homodyne measurements on the
ancillary qubits, we obtain partial information about the
displacement error introduced by the Gaussian random dis-
placement channel: Since the ancillary qubits are encoded in
GKP codestates, the measurement only reveals the displace-
ment modulo the GKP grid. This means that we can only
determine the error up to a logical operation. For example, in
the standard g-Steane circuit where both the data and ancillary
qubits are square-lattice GKP qubits, the measurement out-
come allows us to infer the displacement error on the ancillary
qubit only up to a logical X operator.

Consequently, the measurement outcome is consistent with
a discrete set of possible position displacements {u, ;}, each
occurring with probability p; such that ), p; = 1 and p; > 0.
These tuples {p;, u,;} depend on the GKP encodings of the
data and ancillary modes and are typically intractable to
compute analytically. Fortunately, explicit knowledge of these
values is not required for the analysis that follows.

Now, suppose that a specific displacement error u,; oc-
curred on the ancillary modes. We are then interested in the
resulting displacement error on the data qubit, conditioned
on this event. In other words, we wish to determine the con-
ditional distribution of the random displacement on the data
qubit given that u, ; occurred on the ancillary qubit.

As discussed earlier, the joint distribution of displacement
errors is a multivariate Gaussian with zero mean and covari-
ance matrix AZY. Given this, the conditional distribution of
the data qubit’s displacement—conditioned on a displacement
error {u, ;} occurring on the ancillary qubit—is also Gaussian.
Its mean and covariance are given by

——[Z1ap (C17)

- (Zpp
Therefore, the state of the data qubit after the homodyne
measurement step is given by

S [ v N, A2Z W WL (€19

We note that the conditional covariance matrices are identi-
cal and independent of the measured syndrome. This fact is
crucial since it shows that the role of a decoder is simply
to determine the correction displacement that we will apply.
Therefore, the decoder only shifts the error profile, and cannot
change the covariance matrix X'.

We now prove that det(A’X’) = A* [or equivalently
det(X’) = 1] by utilizing the following fact, which holds for
any general invertible 2 x2 block matrix:

det([A]11)
det([A~"]2)”

If we identify A= A?%, [A];; = A’E, and [A™']p =
—1
[Z’XZ]AA = %, the determinant of the marginalized covari-

ance matrix ¥ is given by

det(A) = (C19)

E_l
det(A%S) = det (%) det(A’Y)  (C20a)

det([X,,]44)
= —(Az")';VAA (02N +2 (C20b)
= (AHV T2 det([Zy,]an)- (C20c)

Applying the same formula for A = A% in Eq. (C16a) and
using the Bayesian rules from Eq. (C17), we also have

det(A2[E]1a4)
det (—[izz]”)

= (AN det(A?T)det([Zyylan). (C21b)

det(A%S) = (C21a)

Comparing Egs. (C20) and (C21), we conclude that

det(A’X) = A% (C22)

The decoder then decides which correction ji to apply based
on some strategy. Therefore, after the correction steps, the
error profiles on the data qubit state is

Y piGa, ars (WD) (WD), fy=m— R (C23)

Since Eq. (C23) is a mixture of Gaussian displacement chan-
nels with identical covariance matrices A2Y’, we intuitively
expect the covariance matrix of the random variable v with
distribution function ), p; N(i;, A’Y',v) to have larger
generalized variance than A?%’, namely,

det(E[(v — E[vD)(v — E[vD)T]) > det(A%%') = A*. (C24)

This fact can be proven rigorously using the generalized
Jensen inequality and the Minkowski determinant inequality.
By direct computation, we can show that

E[(v — E[v])(v — E[v])]

=AY + ZPi(ﬁiﬁiT) - (Zl’iﬁi) (ijﬁiT)
i i j
(C25a)
=AY+ 3, (C25b)

The matrix X, is symmetric and also positive semidefinite.
To establish the positive semidefiniteness of X,, we will
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demonstrate that

xX'¥$,x>0, VxeR% (C26)

To this end, we define the function ¢y : R? > R for all x €
R2:

ox(it)) = X )7, (C27)
which is a convex function. Therefore, using the generalized
Jensen inequality, we can prove that

D piex(i) — (Z piﬁ,) 20,

¥pi >0 and > pi=1. (C28)

Since the left-hand side (LHS) of the above inequality is sim-
ply x” Z,x and the inequality holds for any x, the covariance
matrix X, is positive semidefinite.

As the matrices ¥’ and X, are positive semidefinite matri-
ces, the Minkowski determinant inequality implies

det(E[(v — E[V])(v — E[v])T])

> det(A’Y) 4 det(Z,) (C29a)
> det(A%%) = A* (C29b)
ending the proof. |

We remark that the main result presented in Eq. (C11) con-
tinues to hold even when displacement operators are allowed
in combination with Gaussian unitaries. Two modifications
arise in the proof:

(1) In Eq. (C12), after commuting through the gates, the
mean displacement of the resulting Gaussian displacement
channel may no longer remain zero.

(2) In Eq. (C17), the mean displacement of the Gaussian
displacement channel acting on the data qubit after measuring
the ancilla will be modified.

Aside from these shifts in the mean, the structure of the
proof is unchanged. The key reasoning relies solely on the
covariance matrix of the noise profile after measurement, as
given in Eq. (C17), and this covariance matrix cannot be
altered by displacement operators.

APPENDIX D: MINIMAL REPRESENTATIONS
OF POLYNOMIAL PHASE GATES

In Sec. IV, we introduced the formalism of polynomial
phase stabilizers and the coefficient reduction procedure to
generate minimal polynomial phase gate representations of
logical gates. In this Appendix, we prove a number of results
relating to the coefficient reduction procedure. These results
can be summarized in the following theorem.

Theorem DI. The minimal polynomial Py n,(x), under
the lexicographical order, that generates the logical gate A,
has degree

deg Prin,m(x) = m 2y
and kth-order coefficients gy that satisfy the bound
1
< —r. D2
laxl < 3 D (D2)

To prove this, we begin by proving that the coefficient reduc-
tion procedure always returns a minimal polynomial under the
lexicographic partial ordering introduced in Sec. IV, thereby
establishing the second part of Theorem D1. Appendix D2
demonstrates that the minimal polynomials Puyin ,(x) form
a hierarchy satisfying deg(Pminm+1) > deg(Pumin,m), Which
serves as a stepping stone for the following section. Finally,
in Appendix D 3, we use mathematical induction to show that
if deg(Pin,m) = m, then deg(Ppin.m+1) = m+1. Together with
the base case deg(Pnin,1) = 1, this completes the proof of the
first part of Theorem D1.

A recent result [51] establishes that non-Clifford gates in
the GKP code cannot be implemented deterministically using
Gaussian operations alone. Our theorem complements this by
identifying the minimal non-Gaussian resources required to
realize a given logical non-Clifford gate with a single polyno-
mial phase gate.

We remark that if x denotes either g or p, corresponding
to Z-type or X-type phase gates in the GKP code, Theo-
rem D1 can be readily proven using the Clifford hierarchy
and induction. However, the proof we present below is more
general, as it also applies to other families of gates, such as the
Hadamard-type gates that lie outside the Clifford hierarchy,
and is applicable to other bosonic codes.

Throughout this Appendix, we write

W(x) = 0(x)

to denote that the polynomials W (x) and Q(x) are equivalent
up to the addition of an integer-valued polynomial ), ¢;L;(x)
for ¢; € Z. One simple fact that we will repeatedly use is as
follows.

Lemma D1. For any integer-valued polynomial P(x) = 0
of degree m, its leading coefficient is an integer multiple of
1/m!.

The proof is fairly simple but is important to show that
linear combinations of higher-degree generating polynomials
cannot be combined to create a lower-degree polynomial with
a smaller leading coefficient.

Proof. This is a direct consequence of the generating set
of integer-valued polynomials {L;(x)} defined in Eq. (44).
Because {L;(x)} is a generating set, we can always write

(D3)

J
P(x) =Y c;L(x), (D4)
j=1

for some J € Z and c; € Z, where we assume without loss of
generality that ¢; # 0. Now, note that the degree of P(x) is J,
and therefore we have J = m. Because the leading coefficient
of L,,(x) is 1/m!, the lemma follows. |

1. Optimality of the coefficient reduction procedure

We first prove that the coefficient reduction procedure is
guaranteed to return a minimal polynomial under the lexico-
graphical order. Consequently, starting from any polynomial
Pytart(x) of the A, gate, we can always obtain a minimal
polynomial Ppin ,(x) by applying the coefficient reduction
procedure. Since the resulting polynomial from this procedure
always has coefficients a; that satisfy Eq. (D2), this estab-
lishes the second part of Theorem D1.
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We begin by present how to generate a starting polynomial
representation Py, (x) for any A,, gate. We note that for the
A gate, there is a minimal representation

X
Pmin,l(x) = =

2

which, in the usual case where x = g/4/7, corresponds to
the logical Z = ¢/V™ gate via Eq. (46). In the rest of this
Appendix, we assume that the polynomial only takes integer
inputs; of course, when it is turned into a polynomial phase
gate the polynomial will take real values again. Let us assume
that we have found a representation P,, for the A,, gate. Then,
a representative Py (x) for the A,,4; gate can be constructed
as

(D5)

Pyare(x) = 2" P2 (x), (D6)

which is a generalization of a result from Ref. [40].

The recursive formula presented in Eq. (D6) can be
explained as follows. Since P,, is a polynomial whose poly-
nomial phase gate implements A,,, we can write P, (x) as

P, (x) = n(x) + %7

D7)
where n(x) is some integer depending on x and a(x) = 0 for
even x and a(x) = 1 for odd x. Substituting Eq. (D7) into
Eq. (D6), we obtain

— am=1.2 a(x)?
Pyar(x) = 2" 07 (x) + n(x)a(x) + EYes (D8a)
a(x)?
= Pyan(x) mod 1 = PR (D8b)

proving that Py,(x) constructed from Eq. (D6) is indeed a
polynomial representation of A, .

From the definition of Py 1(x) in Eq. (D5), the explicit
formula for P, (x) is

X2

Consequently, there exists a starting polynomial represen-
tation of the logical gate A,, for all m > 1. These trivial
polynomial representations can be used as the starting poly-
nomial Py, (x) for the coefficient reduction procedure.

Now, we prove the following lemma relating to the opti-
mality of the coefficient reduction procedure itself.

Lemma D2. Let Py, (x) be any polynomial phase gate rep-
resentation of the logical gate O:

D9)

N
Puan(¥) = Y aix’. (D10)
i=0

Applying the coefficient reduction procedure to Py (x) al-
ways yields a minimal polynomial phase gate representation
of the logical gate O under the lexicographic order, indepen-
dent of the starting polynomial Py (X).

Proof. From the definition of the lexicographic order, if we
can prove that at a given order j the coefficient reduction pro-
cedure produces the minimal coefficient in j, then we know
that the overall procedure will output a minimal polynomial.

Due to the way we define the coefficient reduction
procedure, at each order j the coefficient reduction proce-

dure outputs a coefficient r; satisfying |r;| < 1/(2;!). From
Lemma D1, the output coefficient is unique and cannot be
reduced by any other integer-valued polynomial unless the re-
mainder r; = :t% In the case that the remainder r; = j:%],
there are two possible branches in the procedure. There is no
guarantee which branch will return the minimal polynomial
under the lexicographic order. Therefore, we need to keep
track of both branches and continue the procedure. Subse-
quent iterations might generate additional branches that we
also need to keep track of. At the end of the procedure, choose
the branch with the minimal polynomial. This guarantees that
the coefficient reduction procedure always returns the mini-
mal polynomial. |

2. Hierarchy of minimal polynomials Py,

From Lemma D2, we now have a constructive method
to generate a minimal polynomial representation Py, (x)
corresponding to the polynomial phase gate A,,. We now
prove some properties of the resulting minimal polynomial
representations, beginning in this section by establishing that
the minimal polynomials Py, ,,(x) form a hierarchy where
the degree of Ppin m+1(x) is strictly larger than the degree of
Prin,m(x). It will serve as a first step to the proof of Eq. (D1)
that we will finish in the following section. In the rest of
this Appendix, we denote the coefficients of the polynomial
P, min,m(x) as

Painn(¥) =D pmj X/ (D11)
j=1

We simply begin with a corollary to Lemma D1.

Corollary DI. Let P(x) and Q(x) be polynomials with de-
gree n and m, respectively, where n > m. If P(x) = Q(x), then
leading coefficient of P(x) must be an integer multiple of 1/n!.

Proof. This result follows directly from Lemma D1. Since
P(x) — Q(x) =0, Lemma D1 implies that the leading co-
efficient of P(x) — Q(x) must be an integer multiple of
1/n!. Moreover, the leading coefficient of P(x) — Q(x) coin-
cides with the leading coefficient of P(x) since deg P(x) >
deg Q(x), proving the result. |

Given Corollary D1, we are now ready to present and prove
the main result of this section.

Lemma D3. The minimal polynomial Py;, ,,(x) satisfies a
hierarchy

deg(Pmin,m-H) > deg(Pmin,m)- (D12)

Proof. Note that Eq. (D12) is already true for m =2
since we know the minimal polynomials Ppiy 1 (x) = x/2 and
Prin2(x) = x? /4 by using the coefficient reduction procedure.

Therefore, working toward a proof by induction, we as-
sume that Eq. (D12) holds for Pyin (x), i.€.,

n = deg(Pmin,m) > deg(Pmink), Vk < m. (D13)

In the following paragraph, we determine the leading co-
efficient of Ppinm(x). Since the logical gates satisfy the
recurrence relation A,,_; = A2, their polynomial representa-
tions obey the corresponding recurrence equation

2Pmin,m(x) = Pmin,mfl (X) (D14)
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Given our assumption that Ppi »,(x) is @ minimal polynomial
representation, its leading coefficient p,,, must satisfy the
upper bound

1
2(n!)’
However, from the recurrence relation in Eq. (D14) we
know that 2Pyin ;m(x) = Puyin,m—1(x). The inductive assump-

tion [Eq. (D13)] therefore allows us to use Corollary DI,
showing that the leading coefficient of 2Pyip , (X) must be

[Pl < (D15)

1
21pmal = —- (D16)

Given the leading coefficient of Py, (x) satisfies |p,,,| =
1/(2n!), we now show that it leads to

deg Prin.m+1 > deg Puin.m- D17)
Assume, for the sake of contradiction, that

degPin,m+1 < degPmin.m- (D18)
From the recurrence relation in Eq. (D14), we have

2Prin,m+1(x) = Prin,m (X). (D19)

By the assumption [Eq. (D18)], the left-hand side is a poly-
nomial of degree strictly less than n, while the right-hand side
(RHS) has degree n. Corollary D1 implies that the leading
coefficient |py.n| Of Pnin,m(x) is 1/n!, which is a contradiction
to Eq. (D16). Therefore, we conclude that

deg Pmin,m+l > deg Pmin,m- (D20)

We now eliminate the scenario in which the degree of
Prin.m+1(x) equals the degree of Py, (x). Again, for the sake
of contradiction, we assume that

deg Pmin,m+1 = deg Pmin,m- (D21)

Under this assumption, the recurrence relation [Eq. (D14)]
implies that

1
2pm+l,n + ]; = Pmn = (D22)

t—,
2(n!)
where j is some integer and 1/n! is simply the leading coef-
ficient of the stabilizer L, (x). Together with the requirement
that |py+1..] < 1/(2n!) from Eq. (D15), we can deduce that

the leading coefficient of Pyip 41 (x) must necessarily be

1
m+1lnl = T <- D23
Pl = g0 (D23)
In the following argument, we will show that Eq. (D23) cannot

be true. We will make use of the identity

Pmin,m+1 (.X + 2) - Pmin,m-H (X) = O, (D24’)

which holds for all polynomial representations of the phase
gate A,,+1. This identity follows from the observation that x
and x+2 share the same parity; both are either even or odd.
Consequently, the polynomials Prin 41 (Xx+2) and Prin mt1(xX)
represent the same logical gate.

However, the left-hand side of Eq. (D24) cannot be an
integer-valued polynomial. To see this, we explicitly expand

the LHS:

Pmin$m+1 (.X + 2) - Pmin,m+1 (x)

= me+1,j[(x + 2)/’ _ xj]

(D25a)
j=1
= 2nppi1 X’ + O ?) (D25b)
1
=+— X" 0", D25
2= 1)!x +0(X"™7) (D25¢)

where we have used that (x+2)/ — x/ is a polynomial of
degree j — 1, and in the last line we used Eq. (D23). Since the
coefficient of the leading term x"~! is :I:m, Corollary D1
tells us that the LHS of Eq. (D24) cannot be an integer-valued
polynomial. This contradicts the assumption in Eq. (D21).
Therefore, we conclude that

deg Pmin,m+l > deg Pmin,m(x)~ (D26)

3. Degree of the minimal polynomial Py, (x)

In the previous section, we have proven that the degree
of the minimal polynomials Ppin,(x) follows a hierarchy
Lemma D3. In this section, we will prove that the difference
in the degrees of the polynomials Ppin ,,(x) and Puyin m+1(X) is
1, which leads to the theorem.

Lemma D4. The degree of any minimal polynomial phase
gate representation of the A,, gate satisfies

degPin,m = m. (D27)

Proof. We will use induction to prove this lemma; the
base case is deg(Pmin,1) = 1. Before continuing, we will
present two facts about the basis of integer-valued polyno-
mials {L,(x)} that we will use. First, if »n is odd, then L, (x)
contains only odd powers of x. This can be shown by not-
ing that for odd n the integer-valued polynomial L,(x) from
Eq. (43) can be written as

L (=D
L@== ] =),

i=1

(D28)

which contains only odd powers of x. Second, when 7 is even,
the second-leading coefficient of L,(x) is nonzero and given
by

1

2 — 1 (D29)

En,n—l =

where we have written L,(x) = >, Kn,,-x". This can be seen by
noting that for even n, the stabilizer polynomial L,(x) can be
expressed as

/)T -
B (n—1)!

o fx 1 L
= (Z + 5) n—1(X).

Ly (x)

(D30a)

(D30b)
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Expanding this product shows that the two leading coefficients
of L, (x) are
1 1
Enn=_9 Znn—l=—~
’ ’ 2(n—1)!

n!
As our inductive assumption, we assume that the degree of
Prin,m(x) is m. For convenience, we denote the degree of

Pmin,m-H ()C) as

(D31)

deg(Pmin mil) =m+c, (D32)

where ¢ > 1 due to Lemma D3. Our goal is to prove that
c=1. T0 that end, we will repeatedly use the following two
identities:

(D33a)
(D33b)

Prin, m+l(x)+Pmm m1(—X) = Phin, m(X),

mm m+1 (X + 2)

These identities follow directly from the recurrence relation
for the phase gates in Eq. (D14), along with the fact that
the action of A,, on a y eigenstate of the x operator |y), is
determined only by whether y is even or odd and not on its
specific value.

Our proof strategy is to show that if ¢ > 1, then either
Eq. (D33a) or/and Eq. (D33b) must be violated. This contra-
diction will imply that ¢ = 1 is the only consistent possibility.
To carry out the argument, we consider two separate cases
depending on the parity of m: when m is even and when m is
odd.

Case 1: m is an even number: Subcase A: ¢ ¢ {2,4,...,}.
As a first step, we show that ¢ cannot belong to the set of
even integers greater than or equal to 2, i.e., ¢ ¢ {2,4,...}.
Suppose, for the sake of contradiction, that ¢ belongs to this
set. Then, Eq. (D33a) implies that

mm m+1(x) =0.

Pmm m(x) mm m+1(x)+Pmm m+l( )C) (D34a)
m+c—2
=+ il iX' D34b
(m+c), ZZ; P, (D34b)
m+c—2 m+c—1
=2 Z Prix’ F Z b, (D340)
i=2,4,.

where we have used Eq. (D16) in the second line, and we have
added or subtracted the polynomial L,,,.(x) in the third line
to remove the leading term on the second line.

The leading coefficient in Eq. (D34c¢) is £,4¢.m+c—1 and its
value is given by Eq. (D29), which is not an integer multiple
of 1/(m+c — 1)!. On the other hand, the degree of Eq. (D34c)
is m+c — 1, which is greater than the degree of Pupin,m(xX).
Therefore, Corollary D1 implies that the leading coefficient
on the third line of Eq. (D34) must be integer multiple of
1/(m+c — 1)!. This leads to a contradiction and we conclude
that ¢ cannot belong to the set of positive even integers.

Subcase B: ¢ ¢ {3, 5, ...}. We now prove that ¢ cannot be
in the set {3, 5, ...}. Let us assume by contradiction that ¢ €
{3, 5, ...}. Then, Eq. (D33a) implies that

Prin,m(X) = Prin,ma1(x) + Prin,m+1(—x) (D35a)
m+c—1

=2 ) Punix (D35b)
i=2,4,...

Due to Puin m+1(x) being a minimal polynomial, by definition,
there are three possibilities for py,41 mtc—1- They are

1

0 < 2pmttmte—1] < m, (D36a)
1

2 m mtc—1l — 77— > D36b

|Pm1mte—1] e D ( )

Pmttmte—1 = 0. (D36c¢)

For the first possibility [Eq. (D36a)], the leading coefficient
on the right-hand side of Eq. (D35a) is not an integer multiple
of 1/(m+c — 1)! and thus we can again use Corollary D1 to
find a contradiction.

For the second possibility [Eq. (D36b)], the right-hand
side of Eq. (D35a) can be reduced using the integer-valued
polynomial L, ;. (x), which yields

m+c—3 m+c—2
Pasinm(x) = 2 Z N Z nperix'. (D37)
i=24,..

However, the leading coefficient €,,1.—1 m+c—2 on the right-
hand side is not an integer multiple of 1/(m+c — 2)! due to
Eq. (D29). Therefore, we can again use Corollary D1 to find
a contradiction.

For the third possibility [Eq. (D36¢)], we apply Eq. (D16)
together with Eq. (D33b). This yields

0= mm m+1 (X + 2) mm m+1 (X) (D3Sa)
xin+c—] m+c—2 o3

_ 4 I O3y (D38b

el Smge—z TOWTT ) (D38D)

= Flsetmiea" 2 4 O, (D38c)

where on the second line we have used that |py41 mtc| =
1/(2(m+c)!) due to Eq. (D16), and to get to the third line
we have subtracted the polynomials L, .—;(x) and L, .—>(x),
respectively, to eliminate the leading terms. The resulting
leading coefficient on the final line is not an integer multi-
ple of 1/(m+c — 2)! due to Eq. (D29). Hence, we can use
Lemma D1 to find a contradiction.

In summary, ¢ cannot be in the set {3,5,...}; the only
remaining possibility is ¢ = 1. In this case, the right-hand
side of Eq. (D35a) matches the degree of the left-hand side,
and thus we cannot use Corollary D1. Since we know from
Appendix D 1 that Ppiy 41 (x) exists, we conclude that if m is
even, then deg(Pupin,m+1(x)) = m+1.

Case 2: m is an odd number. The proof for the case where
m is odd follows a similar structure to that of the even case.
However, the order of the arguments is reversed: We first
show that ¢ ¢ {3, 5, ...}, and then show that ¢ ¢ {2,4,...}.
The logic of each step remains analogous, with appropriate
adjustments to account for the parity of m. |

Finally, Lemmas D4 and D2 trivially combine to give the
main theorem (Theorem D1), as promised.

APPENDIX E: REPRESENTATION OF MULTIQUBIT
POLYNOMIAL PHASE GATES

In this Appendix, we present a method for constructing
minimal representations of multiqubit gates in the square GKP
code using multimode polynomial phase stabilizers. These
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results extend the single-qubit polynomial-stabilizer formal-
ism to the multimode setting, highlighting its generality. We
will begin by outlining how to construct a multimode polyno-
mial phase gate that can implement a given logical diagonal
multiqubit gate. In particular, we focus on the multicontrolled
phase gate CN~'A,, acting on N qubits, which applies a
phase exp(i2m /2™) to the logical state |1 - - - 1) while leaving
all other logical computational basis states unchanged. Any
diagonal logical multimode gate can then be generated by a
product of C¥~!A,, gates. After this, we will provide a char-
acterization of the multimode polynomial phase stabilizers
(which correspond to integer-valued polynomials on multiple
variables) and describe the multimode coefficient reduction
procedure that returns a minimal representation of a given
multimode polynomial phase gate.

We begin by constructing a multimode polynomial phase
gate that implements the logical CN~'A,, gate. As in
Appendix D, we start with the base case C¥Y~! A and then
recursively build higher-order gates CY~' A, from it.

We first claim that the CY~!' A, gate can be implemented
by the polynomial

PICY' AL 1(x) = w

.+ X). To see this, we decompose each vari-

(ED)

where x = (x, ..
able x; as

X; =2n; +r;, (E2)

with n; € Z and r; € {0, 1}, indicating whether x; is even
(r; = 0) or odd (r; = 1). Substituting into P[CY ! A](x) gives

PICY A, ](x) mod 1 = %

which implements the A gate precisely when all x; are odd,
i.e., when all encoded qubits are in the logical state |1).

Next, we construct a (nonoptimized) representation of the
logical CN=' A, gate from P[CY~!A,,]. The key is to reuse
the recursion formula from Eq. (D6), suitably generalized to
multiqubit gates. In this setting, we require that each repre-
sentation P[CY "' A,,](x) gate must be able to be decomposed
as

(E3)

PICY A, 1(x) = n(x) + %’;) (E4)

where n(x) is again some integer depending on x but now the
parity term satisfies

)L, ity =o=xv =1,
a(x) = {O, otherwise.

Consequently, we obtain the general recursive formula for the
CN~'A,, gate:

(E5)

(c1 -

PICY A1) = =3

(E6)
The proof of Eq. (E6) follows the same steps as in
Appendix D 1.

Next, we need to identify a complete basis for the integer-
valued polynomials on N variables. Such a basis is given by
the set

{Li, ()L (x2) - - - Liy () }. (E7)

To see why this is indeed a complete basis, note that we
already know this is true for N =1, so preparing for an
inductive argument let us assume it is true for N = n. Now
suppose we have an integer-valued polynomial P(x) on N =
n+1 variables; that is, it satisfies P(Z"') C Z. Viewing P(x)
as a univariate integer-valued polynomial of the variable x;,11,
we can always write it as

P(X) =Y ¢, (1. X)L, (), (E8)

int1

with ¢; . (x1,...,x,) being an integer-valued polynomial
using the completeness of the univariate integer-valued poly-
nomial basis [Eq. (43)].

Note, by our inductive assumption, the integer-valued poly-
nomial ¢;,,, (x1, ..., X,) can be decomposed into

Cipn (10 X) = Y iy L () - Ly (%), (E9)

iyesln

with the coefficient ¢;, __; being integers. Therefore, by sub-
stituting Eq. (E9) back to Eq. (E8), we find that P(x) can
always be written as

Px)= Y (L@ Li, Gag1)). (E10)

for some integer coefficients ¢; € Z. This shows that Eq. (E7)
is indeed a complete basis of the multivariate integer-valued
polynomials.

Finally, given a polynomial phase gate P[CY~!A,,](x), we
minimize the representation using a multivariate coefficient
reduction procedure as follows. In particular, the coefficient
of each monomial x{* ---x% in P[CY~'A,,](x) will be re-
duced by adding or subtracting a suitable integer multiple of
the integer-valued polynomial Ly (x1) - - - Lg, (xy). However,
defining the order in which these coefficients are reduced is
crucial for the coefficient reduction procedure to work cor-
rectly.

In particular, for any monomial x‘li‘ x ~x]‘\i,’v that appears in
the polynomial P[CN~'A,,], we define its degree as

deg(x" - x) =dy +do + -+ +dy. (E11)

The degree of the polynomial P[CN~'A,,](x) is simply the
maximal degree of its terms. The key difference in this multi-
variate coefficient reduction procedure is that, for any given
degree D of the polynomial F,,[CY~'A,,](x), there can be
multiple monomials of the form

Xty (E12)
such that
dy+---+dy=D. (E13)

The crucial observation is that the coefficients of any two
monomials with the same degree can be independently
reduced, without the reduction of one of the monomials affect-
ing the reduction of the other. This follows from the fact that
the polynomial Ly (x1)- - - Lg, (xy) only contains monomials
x{" -+ xyY, where every m, satisfies m, < d,. This greatly
simplifies the coefficient reduction procedure: we simply be-
gin by reducing the monomials in P[CY~!A,,] that have the
highest degree (in any order), before reducing the monomials
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with the next highest degree (in any order), and so on until
we have minimized all the coefficients in the polynomial. The
output P, [CN “1A,]1(x) will once again be minimal under a
suitably generalized version of the lexicographic order defined
in Sec. IV.

As an example, consider the controlled-S gate,
CS = C'A,. From Eq. (E6), the recursive formula gives

(S]]

2
X7X

P[CS](x1, x2) = Rt (E14)

This representation, however, is reducible by the stabilizer
Ly(x1)L,(x2). Subtracting this term yields the optimized form

2 2
X7X2 + XX + X1X2

Prin[CS](x1, x2) = — )

(E15)

This irreducible representation achieves the minimal possible
coefficients and interaction order, hence, constitutes a minimal
representation for the CS gate. The representation for the
CCZ = C?A, gate given in Eq. (62b) can be derived in the
same way.

APPENDIX F: STATISTICAL MOMENT
OF PROPAGATED ERRORS

In this Appendix, we present a quantitative analysis of the
propagated error operator £(-) = E - ET induced by general
polynomial phase gates exp[i27 P(g/+/m)], filling in the gaps
in our derivation in Sec. V. As a reminder, we define

A = exp[i2nP(q/VT)]. Px)=) a;x, (64)
j=1

E = AEnva,a, A", E()=E-E, (65)
and we will derive Egs. (66) and (67), which are asymptotic
expressions for the covariance and mean of the probabil-
ity density function pg(yy corresponding to the characteristic
function of the twirled channel Twirl[£] [Eq. (22)].

In Appendix F 1, we perform the twirling approximation
and write down an explicit expression for pg(v). To char-
acterize the noise induced by the Twirl[£], we compute the
first and second statistical moments—the mean displacement
and covariance matrix—of pg(v), as detailed in Appendix F 2.
These quantities serve as proxies for the gate infidelity, since
the exact error rate is generally analytically intractable. In
Appendix F3, we derive our main result: the asymptotic
scaling A — 0 of these statistical moments in terms of
both the polynomial degree defining the logical gate and
its coefficients. This analysis confirms our intuition that the
highest-order interaction term sets the fundamental limit on
gate fidelity and provides a quantitative justification for the
lexicographic ordering introduced in the main text. Finally, in
Appendix F4, we analyze the scaling of the first and second
moments of pg(v) at finite A and show that minimal poly-
nomial phase gates A,[g/+/7] with high degree n can have
lower gate infidelity compared to the minimal cubic phase
gate, providing a theoretical explanation for the results in
Fig. 4.

1. Twirling approximation of E

Throughout this Appendix, we employ three approxi-
mations to simplify the analytical calculation. First, we
approximate the characteristic function of the biased envelope
operator using the Taylor approximation tanh(x) & x given in
Eq. (25b). Second, we assume that the GKP state is strongly
squeezed in the position quadrature so that v, o« O(A,) and
make the approximation

dP,(x)

Po(x + +/20,) — Pu(x) & V2v,——— = +/2u,P,(x). (F1)

The third approximation is used in Appendix F 3, where we
estimate the optimal asymmetry Aoy by minimizing the prop-
agated shear error, following the same approach as in Sec. V.

While we could proceed without resorting to this approxi-
mation, it significantly simplifies the algebra and still provides
us the dominant contribution in the error operator. Under
these two approximations, the characteristic function of the
propagated error E is given by

2 22
N(Oa AL]’ Uq) \/‘dxgiimvﬁxef A/; eizﬁﬂqu,;(ﬁ)’
21

Xe(V) =

(F2)

which we derive more explicitly in Eq. (G20).
Performing the twirling approximation, the error channel £
becomes a random displacement channel

(N[O’ Aé’ Uq])zf(Uqu)
2

W)W ()",
(F3)

Twirl[E](p) = fdv

where we have denoted

. a2 ox 2
fplvg) = ‘/dxe'm"”xe SO (Ray

As explained in the main text, we can interpret the integrand

(V0. &5, vg])"Fwpluy)

2
as an unnormalized probability density function pg(v) of the
displacement error v on the data qubit. In the following, we

will find the normalization constant of this twirled channel
Twirl[£], which is defined as

/dv WTo. Aé’ Uq])zf(vaq)
27 '

Our first step is to rewrite f(vp|v,) in a more illuminating
form

2
flupluy) = ’/dxe—imv,yxe—Af,xzeiZﬂﬂqu,;(j;)

(F5)

(F6)

(F7a)
- \/dxle_l\/Znu,,x. e—A,z)xlzeizﬁﬂUqP,;(%)
i/27 A2 —i2\/2mu,PL(ZX
X / dixye VIR o= A8 o TNATUE R ()

. ;XX XL —X_
N // dx,dx_e2V G- RCE)

A2 i
£ (x%r+x3 )e—zZﬁv,,x, ,

X e

(F7c)
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where on the third equality, we have performed a transforma-
tion of variable with unit Jacobian

X1+ x2 X] — X2

NN

(F8)

For clarity, we denote

The integral over x4 and x_ cannot be evaluated analytically.
However, the integral in Eq. (F6) can be computed exactly by
changing the order of integration. Specifically, we first inte-
grate over v, which yields a Dirac-delta function 8(2/mx_).
We then successively integrate over x_, x, and finally v,.
After some straightforward but tedious algebra, the normal-
ization constant is found to be

/dv o, Aj’ Uq])zf(vatz) 1

= . (F10)
2w 2047,

Dividing Eq. (F3) by this normalization factor yields the nor-
malized error channel Twirl[£]:

0, Aé’ Uq])zf(vp|vq)
2w

Twirl[€](p) = / Wi
p) = 2A,A,) | dv
X W(V)pW (v)

= [ av[van,(io. a3, vq])2]<A M)

(Fl1a)

14 \/EJT
x W(v)pW (v)' (F11b)
A2 1A
= /dv/\/|:0, 74 vq] [;\/—%f(v,,|vq)i|
x W()pW (v)'. (Fllc)

In the transformation from the second to the third equality,
we have absorbed the factor \/EAq into the squared normal
distribution in vy, resulting in a single Gaussian with variance
A; /2.

2. Conditional statistical moments of the twirled error operator

In the previous section, we renormalized the twirled chan-
nel Twirl[€] such that p(v) is a normalized probability
distribution function. In this Appendix, we describe how
to compute the statistical moments of this probability dis-
tribution function. Of particular interest are the first and
second statistical moments, which characterize the average
and the spread of the displacement error in the twirled channel
Twirl[£], respectively. Since f (v4]vp) cannot be computed
analytically, we cannot determine the exact error rate of the
random displacement channel. Instead, we use these two mo-
ments as proxies for the error rate. If the mean is far away from
the origin or the covariance matrix has large eigenvalues, we
expect that the average gate fidelity will be low because the
probability of sampling an uncorrectable displacement error
[Eq. (12)] is high.

As we have explained previously, we can view % Fplug)
as a conditional distribution of v, conditioned on the displace-

ment error in position v,. Therefore, we will first compute the
mth conditional statistical moment E(v;"|vq) defined as

m

A
E(v;?n|v4) = /dvpv?pjgf(vph)q)

2 \"
= /dX+N<O, A—%,x+> /dx_<é> a(m)(x_)

2

. a3
« ez2ﬁnuqsizg(x+,x,)e—n Sr

(F12a)

(F12b)

From the first line to the second line of Eq. (F12), we have
simply performed the integral over v, and transformed the
dummy variables everything in term of the variables

X4 old X— old

X4 new = 7, X— new = 7

Here, 8% (x) is the mth-order derivative of the Dirac-delta
function, which is defined to have the property

(F13)

f dx 8" (x)g(x) = (—=1)"g"™(0). (F14)
For brevity, we denote ®(x;, x_, v,) to be the exponent that
appears inside the integral over x_ in Eq. (F12b):

2
TA b5

D(xp,x_,vy) = i2\/§nvq (6P (x4, x_) — 5 x-, (F15)

such that E(v;”|vq) is written as

2
E(v;"|vq) = /dx+j\f<0, E,)q.)
p

. m
x / dx_<i) 5™ (x )@ (Fl6b)
2

(F16a)

Due to the definition of the polynomial § P, (x), we find that
®(xy,0,v) =0, Vg, v, eR. (F17)

Using this property, the integral over x_ in Eq. (F16) can be
evaluated using Faa di Bruno’s formula [52]

/dx,S('")(x,)eq)(x*‘x*'”“)
= (=1)"B, [0 ®(x1,0,v,), ..., 3" D(xs, 0, v,)],
(F18)

where B,,(xq, ..
polynomial

., X,) is the mth complete exponential Bell

m Ji
Bt ook = (ml) ]‘[Wk(]k') (F19)

1j1+--mj,=m k=1

Consequently, the analytical formula for the conditional sta-
tistical moments E(v}/|v,) is given by

2 i \"™
E(vqu) = /dX+N(O, F,x+> <i> (_l)m
p

x B[00 ®(x 1, 0,v,), ..., 0 D(xy, 0, v,)].
(F20)
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From the general formula [Eq. (F20)] for IE(vZ’|vq), it is then
a straightforward calculation to show that the first conditional
moment [E(v,|v,) for a general polynomial P,(x) with coeffi-
cients {a;} is given by

. 2
E(v,|v,) = v2v, Zakﬂk/dx+N(O, F,x+)xﬁ2

k=2 p
=V2u, Y aBEE), (F21)
k=2,4,...
where the coefficients S are given by
2k(k —1
= % (F22)

and we define the expectation value E[g(x;)] of a function
g(xy) as

2
E(g(xy)) = /dx+ N<0, F,M)g@u). (F23)
p

Note that only even values of k contribute to Eq. (F21) since
]E(xﬁ) vanishes for odd k due to the symmetry of the Gaussian
distribution. We have seen this previously in Eq. (G21) where
the third-order coefficient a3 gives correction to E(v,|v,) to
the second order 0(v§). Similarly, we find the second condi-

tional moment E(v,z)lvq) to be

A2 n 2
E(vplvg) = 7= + 20 E [( > akﬂkxi2) } . (F24)

k=2

Given the formula for the conditional moments, we can obtain
the formulas for the unconditional first and second moments,
which are presented in the next section.

3. Asymptotic scaling of the first and second
unconditional moments

In the previous section, we derived an expression for the
conditional moment E(UZHUQ). In this section, we use this
result to determine the asymptotic scaling behavior of the
mean vector

E(vy)
@y
and covariance matrix
E(UZ) E(v,vp) . (F26)
E(vgvp) E (v[%)

As we already discussed in the main text, the covariance ma-
trix can be used as a proxy for the average gate fidelity. Using
this, we can obtain an asymptotic estimate of the optimal
asymmetry Aoy by minimizing the elements of covariance
matrix.

By definition, the unconditional moment [E( v;,") is obtained
from the conditional moment E(v}|v,) by averaging over the
distribution of position displacement errors vy, i.e.,

AZ
E(v,) = /dqu|:O, Tq vq]E(v,,wq) =0, (F27a)

AZ
E(v)) = /dvqj\/[o, 7" vq:|]E(v§|vq) (F27b)
AZ A2 n 2
=2+ "E 200 27
4 + 2 (; APy (F27¢)

To find the first and second moments E(v,) and E(vé), we
note that the probability that a displacement error v, happens
is independent of v),. Therefore, from Eq. (F11), we find that

A2
E(v,)? = 2.

E =
(vg) =0, 4

(F28)

Finally, the cross-correlation term can be computed by com-
bining Eqs. (F21) and (F28):

2

A
E(v,v,) = /dqu(O, 1 vq) v E(vplv,)  (F29a)

2
=V2E(W]) Y apEE?). (F29b)
k=2.4,...
2 n
= N%n > aBEET). (F29¢)

k=2,4,...

We can obtain an explicit formula for Egs. (F27¢) and (F29c¢)
by using the known formula for the statistical moments of a
Gaussian distribution

2
E(Xi) = /dXJrN(O, Fv )C+>xi (F30a)
p
14k 1 k
:z—'+é[1+(—1)"]n“3”F[%}A;k- (F30b)

In the limit of infinitely squeezed GKP states, the leading
contribution to [E (v12,) comes from the leading coefficient a,, of
the polynomial P,(x). As a result, the second moment E (v p)2
acquires a simple form in this limit:

A2 2n737.[1/27nr[n _ g] A2
2\ ~ _P 22 2 q
]E(Up) ~ E + anIBn AI%”_G A—%), (F31a)
2 2
_ Lo 2. (F31b)
47 A%”—“

In a similar fashion, we retain the leading contribution in
E(v,4v,). However, depending on whether the degree n of P,
is even or odd, the leading contribution can either come from
the leading coefficient or the second-leading coefficient. If we
assume that the degree of P,(x) is even, the cross-correlation
is given by

Az n n—1) n—1
E(vyv,) = ——a, n2_2+27r—21"|: i|A_(”_2)
v 23/27 P 2 P

(F32)

(F33)
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Again, assuming that the degree P,(x) is odd, we find that

A2 A2
E(v,v,) = 0<A7ﬁ3a,1_1> = O(Ang). (F34)
P 4

We assume that the GKP has asymmetry A such that squeezing
parameters are given by

A
VA
Since E(vlz,) is the dominant error in the limit of infinitely

squeezed state, our goal is to minimize it. The global mini-
mum of E(vlz,) is obtained at the optimal asymmetry value

., a%ﬂ%zn—Snl/Z—nF n—3
hopt = \/471(11 —1) = [ 2]

A, = A, = VAA. (F35)

(F36a)

= O(A~F4/m), (F36b)

Consequently, we can easily show that the second moments
E(v,z,) and ]E(vg) evaluated at Aqp; scale as

E(v;) oc A**" E(v7) oc AY", (F37a)
E A2, for even n,

(vgvp) (F37b)
e A2+, for odd n,

which vanish in the limit of infinitely squeezed GKP states.
This result implies that, even for high-order polynomial phase
gates, the propagated error induced by the non-Gaussian in-
teraction can be mitigated by on-demand noise biasing.

4. Scaling of covariance matrices at finite squeezing

We have analyzed the asymptotic scaling of polynomial
phase gates and shown that, in the limit of infinite squeezing,
gates with lower-degree polynomials asymptotically achieve
higher fidelities than gates with higher-degree polynomials.
However, this asymptotic behavior does not imply that higher-
degree polynomial phase gates perform worse for all finite
values of A. To investigate this, we now analyze how the
leading coefficient a, of a polynomial phase gate affects its
error scaling when applied to GKP states with finite A. In
particular, we are interested in how the error in lexicographi-
cally minimal polynomial phase gates A,[q/+/7] scales with
increasing n.

We first note that the prefactor g, scales as 8, 027,
which exactly cancels the exponential dependence on 2"/2

appearing in Eqgs. (F31) and (F32). In other words,
B.2"* x 0(1). (F38)

With this simplification, the second moments E(vﬁ) and
E(v,v,) for finite A scale with n as

A2 F[n - §] A2
2 p 2 P q
E(vp) o o + 0<an—nn A | (F39a)
I Azzz
E(v,v,) O(ay, ) (F39b)

The appearance of the Gamma functions in the numerators
implies a factorial growth with n, suggesting that, for fixed A,
nonoptimized higher-order polynomial phase gates could lead

to larger propagated errors. However, for minimal polynomial
phase gates, the leading coefficients satisfy a, o« O(1/n!) due
to Theorem D1. Substituting this scaling, we obtain

2l 3 o "ol @0
- oold) 5 e oo

As a result, for lexicographically minimal polynomial phase
gates, the second moments E(vlz,) and E(v,v,) would scale
with n as

A2 1 A2
2 p q
]E(vp) X E + O(W A‘lz)n_“), (F4la)

1 A
E(UqUP)O(O mm .

The factorial suppression in n indicates that, for finite but fixed
squeezing A, higher-order minimal polynomial phase gates
can in principle outperform lower-order ones such as the cubic
phase gate.

This analytical scaling is consistent with our numerical
simulations shown in Fig. 4, where the T''/® gates have higher
fidelity than the T gates in the simulated parameter range.
Nevertheless, we emphasize that this analysis neglects ex-
perimental challenges associated with realizing high-order
polynomial phase gates, such as their nonlinearity require-
ments and potential control errors. Thus, our results should be
viewed as a proof of principle that establishes the theoretical
potential for improved performance, rather than a practical
prescription for near-term implementations.

(F41b)

APPENDIX G: PROOF OF FAULT-TOLERANCE THEOREM

In this Appendix, we prove that the minimized 73 gate with
on-demand noise biasing is fault tolerant. Our strategy is to
show that, for any given squeezing parameter A, there exists
an asymmetry value A(A) such that the corresponding error
operator E (A, A(A)), defined the same as in the main text by

E(A, M(A)) = ABnvasia),ana AT, (63)

has logical error rate going to zero in the limit A — 0.
Specifically, we consider the following circuit:

i) — E(A,A(A)) 658 F— Pout (G1)

Because the input and output of the circuit are contained
within the ideal GKP codespace, we can define a logical
channel £ that acts from qubits to qubits defined such that
Pout = E(|VYin) (¥in]), which implicitly depends on the squeez-
ing parameter A and the asymmetry A. Here, & differs slightly
from the logical channel defined in Eq. (71), because we
assume that the QEC round following the T gate is ideal. This
assumption allows us to isolate the contribution of errors aris-
ing solely from the 73 gate, independent of those originating
from noisy QEC round. The proof can be straightforwardly
extended to include noisy QEC rounds if desired because the
noise arising from the noisy QEC round also goes to zero as
A — 0.

We define the average logical fidelity of the channel £ gate,
which also defines the “logical” average gate fidelity of the T3
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gate, as

F(A,)»)Zfdw (WIEA) (Y DIY). (G2)
To understand why F (A, A) characterizes the gate fidelity of
the 73 gate, recall that the operator E represents the effect
of propagating the envelope operator through the 73 gate.
The ideal logical action of E is therefore the identity. Con-
sequently, the average gate fidelity of £ with respect to the
identity directly corresponds to the logical gate fidelity of the
T operation.

We now prove our fault-tolerance theorem.

Theorem G1. Let &yee be a desired logical average gate
infidelity for the 73 gate. Then, there exists a threshold param-
eter Ay, such that

Inf[1 — F(A, 1] < fuarget (G3)
for all A < Ay, where F(A, 1) is defined in Eq. (G2).

Proof. The proof proceeds in three main steps. First,
we use the characteristic function xg(v) of the propagated
error operator E [defined in Eq. (63)] to write down an
exact expression for the average fidelity F(A, A). Second,
we derive a lower bound F (A, 1), for this average fidelity
F(A, }) that simplifies the expression found in the first step.
Third, we show that for each A there exists a biasing A(A)
such that F(A, A(A))p — 1 as A — 0. This proves that
inf; oF (A, L) — 1 as A — 0, which is equivalent to the
statement in Theorem G1 via the €-§ definition of a limit.

Step 1: An exact expression for F (A, A). As a starting point,
the propagated error operator E of T3 is given exactly by
Eq. (65c), which we write here as

2
E(A L) = /dv./\/(z tanh (%)Diag(kl, 1), v)

% W(V)eizﬂ [Prin3(q/N/T+3204)—Prin 3(q/ /7] (G4)

where Pyin 3(x) is the minimal polynomial that implements the
T gate defined in Eq. (41).

Now, our next step will be to evaluate the so-called x-
matrix of the logical channel £, which is defined such that

3
0y 0y
Ep)= Y x&" M oupou,

=0

(G5)

where as a reminder the logical channel £ is a qubit-to-qubit
channel, and where oy, 01, 02, 03 =1d, X, Y, Z. This repre-
sentation is convenient because the average gate fidelity of £
is straightforward to obtain from the x-matrix via [49]

_ 2 e
FAMN =30 3 (G6)
3 Z/L Xgu ! 3

The x-matrix elements of £ can be obtained from the char-
acteristic function of E(A, 1). As a stepping stone to this, we
define the logical characteristic function Eg“ (v)of E(A, L) as

() = Tr[Mgke, W' (VE], (G7a)

Mekp,, = Merpad, ke = Z [0l 7)(kl, (GTb)
jkel0,1)

which is based on the so-called “outcome-dependent” GKP
projectors defined in Ref. [20]. With these logical characteris-
tic functions, we can directly write

xe = fD dv 7" (V&L (V)" (G8)
where the integral is taken over the correctable error patch [
defined as

0= (—1/+/8,1//812 c R?,

which is simply a rescaling of Eq. (12).

Reference [27] presents an alternative way of calculating
the logical characteristic function. First, we write the error
operator E(A, A) as

(G9)

3
E=). Z/DdeE(V’ o, MW (V)5 W (v/2n).  (G10)

neZ? n=0

Since W(V)éMW(«/in) is a displacement operator [up to a
geometric phase from Eq. (3)], the function f can be written
as

fe(v,0,,m) = Moy (v 4 /2n + £,),

for some function 6, where €M=(O,O),(l/\/§,0),

(1/4/2,1/+/2),(0,1/+/2), respectively, for u=0,1,2,3.
After calculating f from the characteristic function g, the
logical characteristic function is simply

gﬂ(V) = Z fE(V» Ou, n)'

neZ?

(G11)

(G12)

From Eqs. (G6) and (G8), the average gate fidelity is simply
given by

2 fodvlgEol
3 Tty (G13)
3, Jodvler )|

which comes from Eq. (B17) of Ref. [30].

Our first task is to evaluate the denominator in the first term
of Eq. (G13), which we call the “normalization constant” of
the logical channel £. Computing each individual contribution
of the normalization constant is a nontrivial task. However, we
can use the following identity to simplify the computation:

3 [D av|el )| = 14,(0).

To prove Eq. (G14), we start from the right-hand side and
make use of the decomposition given in Eq. (G10). Recall
that & éd £(0) consists of contributions from displacement er-
rors W (v) that act trivially on the GKP codespace. Therefore,
when we express the error operators ET and E in terms of
their decompositions from Eq. (G10) and combine them, only
the terms in g £(0) with opposite correctable displacements
and identical logical Pauli operators contribute to ég £(0).
Consequently, we find that

F(A, ) =

(G14)

3
0= [av ¥ 3 foionny fo.m, (©15)

n’,neZ? u=0

which is just the LHS of Eq. (G14).
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We will not compute £14 i (0) directly, but use the following
trick:

&5 (0) = TrTkewE E] (G16a)
= Tr[T, E"ETlgkp 1aT5] (G16b)
= Tr[T, E'ETTgkp 1] (G16¢)
= TT[EHVZ/A,A,\EHVA/A,AA [gkp,ul (G16d)
= Tr[Env s, v3ar okl (Gl6e)

where we have used the fact that 73 commutes with the pro-
jector onto the GKP code Ilggp g Since it corresponds to a
GKP logical gate. Therefore, the normalization constant is
entirely dependent on the biased envelope operator. Using the
characteristic function of the biased envelope operator given
in Eq. (25b), we find that the normalization constant is simply

coth(A?)

: %(Az))ﬂs (O, e*]'[}x colh(Az))

EEIE(O) = D (0, e

s

(G17)
where 95 is the THIRD Jacobi-theta function, defined as

93z q) =142 ¢" cos(2nz). (G18)

n=1 |

N(tanh (&) /3, v, A <ﬁ+uanh( ),

Our next step is to evaluate the numerator of the first term
in Eq. (G13). We start by evaluating é d(v), which involves
calculating the characteristic function yg(v). The first step is
decomposing the shear error in Eq. (G4) into displacement
errors

gV

127T[Pmm3( vq) Pmm}(f)]

1 P . x+V2mvg o
= _// dupdx(eﬂn[i’mmJ( N ) Pm,w(ﬁ)]
N2

e VIW (0, ). (G19)

By combining Eq. (G19) with Eq. (G4), through some tedious
algebra, we find that xg is

2
— (%;/Z)’UQ)/dx(e—ivp 2mx
Vi

i tanh(§7 )2 2 [Py (o) =P (= )])

Xxe(V)

(G20)

The integral over x can be performed exactly. Then, by tak-
ing the modulus squared and dividing by the normalization
constant &g+ (0), the result can be written in terms of one-
dimensional normal distribution functions

X e

ﬁ_,.v_‘?
2 V2

lxeWI® _ G21)
£4.(0) C(A,N) ’
where
_ 2 A_2 — meotha?y —mhcoth(A?)
C(A.2) = 2coth(A) tanh ( == )93(0,e=™5)3(0. ¢ ). (G22)

This is not quite equal to the fraction in Eq. (G13), but in the next step we will use Eq. (G21) to lower bound F (A, 1).
Step 2: Lower bound for the average fidelity F (A, A). In this stage of the proof, our goal is to obtain a lower bound for the
numerator in Eq. (G13). From Egs. (G11) and (G12), we can write

2
ES W) = [IxeMI+ D Ixe (v + +/2m)] 14w (G23a)
nne;JéZO2
= [l )] + x et ow)]’ (G23b)

Id,rest

We have also defined

as the sum of all the contributions to &4

that come from outside the correction patch located at

the origin. Substituting arg(x """ (v)) = 7 for all v gives a lower bound

/dV|S S| /dv||xE(v>|+x1‘“e“<v)!2

/de(uE(v)F—2|xE<v)||xI‘““‘( )|+ [t o)),

(G24a)

(G24b)

At this step, we apply the Cauchy-Schwarz inequality successively:

/ AV = ()|

(G25a)

dvq\//dvplXE(V)|2\/fdvp|dereSt |

(G25b)
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\/.// dv"d”P|XE(V)|2\/// dvgdvy| x g w)|°

/ / dv|xE<v>|2\/ f dv] s .

The main idea behind applying the Cauchy-Schwarz inequal-
ity is that it allows us to complete the square and thereby
obtain a new lower bound

/ av|el )l (G262)
\// dvlxe(V)I* = \// av| et vy (G26b)

In the following, we find an upper bound for the second term
in the parentheses, which will give us the final lower bound to
the fidelity. We note that | x " (v)| is upper bounded by

> Ixe(v+v2m)).

neZ>

n#0
Given this upper bound, we find that

Id rest (V) | (G27)

2

/ v )]’ < / av| > Ixev+v2m)| | (G282)
d
neZ?

n#0

\// dvixs v+ V2P |

(G28b)

neZ2

n#0

where in the final inequality, we follow the same steps as in
Egs. (G24) and (G25). In summary, our final lower bound is

fde\%' ‘mf”

dv|><E<v)|2 // xe(v + fn>|2)
éEIE(O) l'l7£0 E‘E(O) '
(G29)
Let us denote
2
pe(n) =/ dv'XE(V+n)| ’ (G30)
C(A LY o £44,(0)
so that we rewrite Eq. (G29) as
2
Jndvlgs o’ S| 2@ 3 pe(v/2n) G31)
£l (0) C(A3)  ~, C(A M)
0

Based on Eq. (G21), we can interpret pg(n) as the probabil-
ity that a displacement error v lies inside a square patch [J

(G25¢)
(G254d)
centered at n. Hence, using Eq. (G21), we find that
n
> pe 75)= 1. (G32)

In the next step, we will make use of the following property
of Gaussian integrals to obtain a lower bound for pg(0):

D D
/ dx./\/(Az,x—ul)>/ dx N (A%, x — up), (G33)
-D

—-D

for all D and AZ?, provided that |ui| < |uz|. Intuitively,
Eq. (G33) expresses the fact that the integral over the interval
(—D, D) represents the probability that the random variable
x lies within that range. This probability is maximized when
the mean of the Gaussian u is at the center of the interval,
i.e., at the origin u = 0. As the mean p moves away from
the origin, the Gaussian distribution shifts, and because its
tails decay exponentially, the probability of finding x within
(—D, D) decreases accordingly. For v € [, we find that

2

Yo _ Y| _ 3

2 V2| 4

obtained at v, = —1/ V/8. Consequently, by using Eq. (G33),
we can lower bound pg(0) by

2
pe(0) > Lva(tanh <A7>/)» vq>

v A2 3
N(—q + X tanh (—> v, — —)
2 tanh (ATZ) 2 W

l/\/g AZ 7
> / dv N\ tanh (| — ) / A, v, / dv,
143 2 1

248

N( v2 + At h(Az) 3 )
e — n , —_—
2Atanh( ) 4 2 ) 4/8

(G35b)
1/\/§ A2
= dvo N | tanh [ — ) / A,
[ (5) /0

Jr
% A
4«/§\/2Manh(%2) —|—Atanh( > )

In the next step, we limit the integral over v, to the interval

o (_dmh (£)/x Jh (£

G34
max (G34)

x Erf

(G35¢)

/ x), (G36)

033107-33



MINH T. P. NGUYEN AND MACKENZIE H. SHAW

PHYSICAL REVIEW RESEARCH 8, 033107 (2026)

under the assumption that

4tanh(Az) A< !
2 NG

We will later derive a condition that specifies for which values
of A and A this assumption holds. By limiting the interval of

the integral, we can use v < /tanh(A2/2)/A to obtain our
final lower bound to pg (0) as
VT )

(tanh(AZ2/2)/0)1/4

(G37)

pe(0) > Erf (

x Erf

2A tanh

(4\/—)\/4/tanh(A /2)/)\+)\t h( )

(G38)

Step 3: Choosing the asymmetry value L(A). Based on
the argument presented in the main text, we know that the
shear error dominates in the small-A limit. The second Erf
term can be identified as the contribution associated with the
shear error. Therefore, we choose A(A) to be the value of A
that maximizes the second Erf function in Eq. (G38), which
amounts to minimizing

_(+/tanh(A2/2)/x A?
min { ———————— +Atanh{ — ] ). (G39)
S 2 tanh (AT) 2
Through some simple algebra, we find that
2/5
AMA) = 7 —(tanh(A?/2))73/3 (G40a)
o (tanh(A2/2))73/3. (G40b)
Substituting back, we find that
tanh(A%/2)/A(A) o tanh(A2/2)3/, (G41a)

V/tanh(A2/2)/0(A)
21(A)tanh (&)

AZ
+ A(A)tanh (7) o tanh(AZ?/2)5.

(G41b)

Given our choice of A(A), we can also derive the condition on
A under which Eq. (G38) is valid, namely,

1.3
A<V2 arctanh(R\%;) ~ 0.372.

Again using our choice of L(A) given in Eq. (G40), by substi-
tuting Eq. (G41) back into Eq. (G38), we find that the RHS of
Eq. (G38) approaches 1 as A — 0. Due to Eq. (G32), we can
conclude that

(G42)

il{)no pe(0) =1 (G43)
and
lim pe(v/2n) =0, Vn e Z*\{0}. (G44)

One final observation is that that the function C(A, A(A))
from Eq. (G22) is a strictly decreasing function as A decreases
and

iigloC(A’ A(A)) = 1. (G45)
By combining Egs. (G43) and (G45), we find that the RHS
of Eq. (G31) approaches 1 in the limit A — 0. Consequently,
the gate fidelity F also approaches 1 in this limit. Hence, it
implies that for any given target gate infidelity €gger, there
exists a threshold Ay, such that

A< An=1—F(A AA)) (G46)

< €target »

which proves Theorem G1.

APPENDIX H: NUMERICAL METHODS

In this Appendix, we detail the numerical methods we used
to produce the plots in Sec. VI and provide some additional
plots that we did not include in the main text.

1. Polynomial phase gates

We will begin by detailing the numerical methods we use
to model the effective logical channel £ that we introduced in
Sec. VI. To recap, here we define the effective logical channel
as

%)
1oy, o ATH i Hai -
=E(lY)X1)

where A, = A/A and A, = A as usual. Our definition of £
here differs from the definition in Appendix G by including
a nonbiased-noise channel to account for noise in the QEC
cycle that follows.

Our numerics are state vector simulations in the Fock basis
with a variable truncation dimension that increases over the
course of the simulation. In particular, the key subroutine
of our simulation takes the following inputs: an input qubit
state |¢), a polynomial phase gate with polynomial P(x), a
GKP codestate approximation level A, an asymmetry A, and a
measured Pauli operator P. The subroutine then outputs the
expectation value tr(PE(JY)(¥|)), where & is the effective
logical channel of the gate. We will explain later how this
subroutine can be used to determine the average gate fidelity
and state fidelity.

Before proceeding, note that Eq. (71) can be rewritten
using Eq. (18) as

|¥)
- H e H e

(HD

=E&(Jv)vl)

Note that this is not the same as the on-demand morphing
scheme described in Appendix A because the noise preceding
the ideal QEC box is biased. Equation (H1) is preferable
numerically because the nonbiased envelope of the input state
|1/7)2 lowers the average photon number of the state being
simulated, reducing the truncation error.
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With the rewrite in Eq. (H1), we can describe the simula-
tion in three steps:

(1) state preparation of a logical rectangular GKP
codestate with a nonbiased envelope I&)Z, as defined in
Eq. (7);

(2) the polynomial phase gate acting on the rectangular
GKP code, given by exp(2miP(g/(~/Ar))); and

(3) a biased Gaussian random displacement channel Gy
with covariance matrix X = tanh(AZ?/2)diag(x, A~"), fol-
lowed by ideal QEC and a trivial unencoding into a logical
qubit density matrix. The noise, QEC, and unencoding will
all be simulated together.

We now proceed in deriving the equations that we use in
our simulation, starting with the preparation of the |1})Z state.
For notational clarity, we denote the vacuum state as |vac),
single-mode displacement operators as W(v) = W (vy, v2),
and coherent states as displaced vacuum states W (v)|vac).
Working toward an expression in the Fock basis {|n)g,} that
we can numerically evaluate, we begin with a decomposi-
tion of ideal GKP codestates into coherent states following
Ref. [5]. In particular, the |(_))'\ state is the unique simul-
taneous +1 eigenstate of the rectangular GKP stabilizer
S, = W(«/ﬁ, 0) and the logical operator Z = W (0, l/«/ﬂ).

Therefore, we can write the projector onto the |(_))A state as [5]

001" = Y srz,

m,neZ

(H2)

since any other simultaneous eigenstate of S, and Z has at
least one of these eigenvalues not equal to 1, and will therefore
be a O-eigenstate of Eq. (H2). Applying this projector to the
vacuum state gives

0)" = Y (—=1)"™W (mv/2x, n/v/21)|vac),

m,neZ
and applying X = W (/A/2, 0) to Eq. (H3) gives
|I)A = Z P2MTW ((2m 4 1)3/A)2, n/~/20)|vac).  (H4)

m,neZ

(H3)

Next, we need an expression for the approximate codestates

e~2@'a This is simple to derive from the identity

—A%a A%a‘a
e W (v, vp)e
(22N (] _ p—2A2 A2 _ A2
—e JT(Uq+Up)(] e )/ZW(e A Uq,e A Up)

x eZﬁ(fu]wLivz)sinh(Az)a’ (HS)

which itself can be derived from the Baker-Campbell-
Hausdorff formula. Since e’A2“1“|Vac) = ¢**|vac) = |vac),
this gives

00 = D Comn(=1"™W(mv/2%, n/~20)|vac),  (H6a)
m,neZ

DA =Y Compral™ "W (Q@m+1)y/2/2, n/¥20)|vac)),
m,neZ

(H6b)

where we have defined ¢, , =exp(— n(mzk+n2/k)(1 —
e’ZAZ) /4) for convenience. Meanwhile, coherent states them-

selves can be represented in the Fock basis using the standard
expression, which in our notation is

VT Wgti,)"
Vn!

o]
242
W(Ulh UP)|VaC) = e—ﬂ(vq+vl,)/2 E |n>F0ck'
n=0

(H7)

Using Eqgs. (H6) and (H7) allows us to generate GKP
codestates in the Fock basis numerically, truncated to a desired
Fock truncation dimension dypync init; in this work, we generate
the codestates at dyync init = 400.

Some care needs to be taken to ensure the state generation
method is stable at high Fock dimensions. In particular, calcu-
lating (v,~+iv,)"/+/n! for large n can be numerically unstable
and can return large or infinite results. This is undesirable
because coherent states with large |v,+iv,| are exponentially
suppressed in the GKP codestates themselves due to the ¢,
coefficient. To combat this, we simply check whether the
coherent state has returned finite values; otherwise, we set
it to zero to avoid corrupting the remaining GKP codestate.
The exclusion of some of these coherent states will cause
some numerical error in addition to the usual truncation error,
although in our tests we found this to be lower than 107°
across the full range of A that we probed.

One important subtlety that must be taken into account is

that the codestates [0)} and |1)} are not orthogonal. This is
a problem because it would mean that the effective logical
“channel” £ would not be a channel because it is not trace
preserving. To rectify this, we follow the same procedure as
in Ref. [27] and orthonormalize the codewords in Eq. (H6).
First, the output states from Eq. (H6) are not normalized, so
we begin by normalizing them. Then, to orthogonalize two
arbitrary, normalized vectors |i) and |¢p), we first calculate
the angle 6 = arg((y|¢)). Then, the superpositions |+) =
Ni(ly)+e () and | =) = N_(|¢) — e*|¢)) are guaran-
teed to be orthogonal. Moreover, we choose the constants
N+ such that the states |£) are normalized. We can then
construct orthogonalized states |) ., = (|+)+|—))/ V2 and
1) oy, = €9(14+) — =)/ /2. This procedure coincides with
the Lowdin orthogonalization [53] in the special case of hav-
ing two 2D vectors. The additional error introduced by this
procedure is negligible for 7 > 2 (A < 0.45); see, for exam-
ple, Fig. 11 of Ref. [27]. With this, we can obtain arbitrary
logical codestates by taking superpositions of the orthonormal
codestates.

With the GKP codestate |1ﬂ)2 now prepared in the Fock
basis, we can apply the polynomial phase gate. The trun-
cated Fock basis representation of the polynomial phase gate
exp(2mwiP(q/(Ay/7))) is straightforward to obtain simply by
calculating ¢ = (a+a")/ V2 in the truncated Fock basis and
taking the appropriate matrix exponential. However, there are
two problems with this simple approach. The first is that
performing the matrix exponential over the truncated Fock
basis does not coincide with truncating the exponent of the
infinite-dimensional operator, leading to additional numerical
errors. This can be solved by performing the matrix expo-
nential over a temporary, higher truncation dimension, say
dlrunc,lemp = 3dtrunc,init’ and then tmncating to dtrunc,inil after-
ward. The second problem is that even if the input state has
no support on Fock basis states above dipync,init, the gate may
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increase its photon number such that the output state after the
gate does have support on Fock basis states above diync init,
leading to additional truncation error. We solve this second
problem by only truncating the input dimension of the ma-
trix, so that the gate is represented by a diunc.out X @irunc.init =
3diunc,init X Airunc.init = 1200x400 matrix. This way, the out-
put state has a higher truncation dimension than the input
state, avoiding any significant truncation error due to the gate.

Finally, we explain how to model the biased-noise channel
Gy, the final ideal QEC round, and the unencoding into the
logical qubit subspace. We start by explaining how to model
the ideal error correction and unencoding without the preced-
ing biased-noise channel; we will explain how to incorporate
Gy afterward. To begin, note that applying ideal QEC to any
CV state p maps it to an ideal GKP codestate T whose logical
state is given by [30]

= 3 (Itr(p) + Xtr(pXy) + Ytr(pY)) + Ztr(pZ})). (HB)

Here, the operators X, Y}, and Z operators are the ideal
Pauli measurement operators introduced in Ref. [27]. In par-
ticular, Z» is defined such that it acts as a logical Z on any
ideal GKP codestate that has been displaced by a correctable
displacement error [Eq. (12)]; that is, it acts as

ZEW (vg, v,)10)" = +W (v, v,)10)", (H9a)

ZAW (vg, o)) = =W (v, v)[ 1), (H9b)
for all —/A/8 < v, < V/A/8 and —1/+/8% < v, < 1/4/8A.
Similar expressions also exist for the other Pauli operators X,
and Y, acting on their respective correctable displaced GKP
logical eigenstates.

Our task is, therefore, to obtain the Fock basis representa-
tion of the ideal Pauli measurement operators. In Appendix D
of Ref. [30], it was shown that these ideal Pauli measurement
operators can be written as an infinite sum of displacement

operators given by

(= 1)
X =— A HI10
. sz o /2, (H10a)
z* =_Z( b’ 1)/4/2%).  (H10b)
" neZ n+

The displacement operators themselves can be obtained by
taking a matrix exponential; again, we use a higher tempo-
rary Fock truncation dimension to perform the truncation to
avoid numerical errors. At this stage in the simulation, our
Fock state vector has dimension dyunc.out = 3dirunc.init = 1200;
therefore, the matrix exponential is performed at a dimension
of dirunc,temp = 3dirunc,one = 3600 before truncating back to a
dirunc.out X Airuncont = 12001200 matrix. With this, we can
obtain the X and Z} operators by truncating the sum over
the displacement operators [Eq. (H10)] such that (2n+1) runs
over all odd numbers from —59 to +59, which we found to
be sufficient to avoid significant errors from this truncation.
Finally, the ¥ operator is calculated by

Y =

= L(iIXAZh —iZp X)), (H11)

with the symmetric form of this expression chosen to improve
numerical stability.

Now, we return to the issue of the Gaussian random
displacement channel (arising from the noisy stabilizer mea-
surements) that must be applied before taking the expectation
value with the ideal Pauli measurement operators. In particu-
lar, Gaussian random displacement channels obey the relation

tr(0Gz(p)) = r(Gz(0)p)

for any operator O. Therefore, we can rewrite the ideal QEC
and decoding steps in Eq. (H8) to incorporate Gy as

= 3(Ie(Gs(p)) + Xt (Gx(p)X)
+Yt(Gx(p)Yy) + Ztr(G(p)Z}))  (H13a)
= 3 (I (p) + Xt (X 5)
+ Ytr(,oYA }:) + Ztr(,oZI’T\1 ):))

(H12)

(H13b)

where we have introduced the approximate Pauli measure-
ment operators defined as P . z =Gs (P’\) The expressions
for the approximate Pauli measurement operators can be
derived from their ideal counterparts [Eq. (H10)] via the equa-
tion

Gs(W(vg, vp)) = exp(—nv' QT EQVIW (v, v,),  (H14)

where Q = [01 1] is the single-mode version of Eq. (C3)

and v = [”" This amounts simply to a rescaling of the co-

efficients in Eq. (H10). Therefore, applying Eq. (H14) to
Eq. (H10) gives the approximate Pauli measurement opera-
tors in the Fock basis, allowing us to model the approximate
QEC and unencoding steps at the same time in our numerics.
Moreover, this has the advantage that these approximate Pauli
measurement operators can be applied to pure states, avoiding
the need to compute and store a CV density matrix.

To briefly summarize, we can calculate an expectation
value tr(PE(|Y¥)(¥|)) by first obtaining the W_I)Z state us-
ing superpositions of the orthonormalized versions of the
states Eq. (H6) truncated to diunc.init = 400, applying the
polynomial phase gate truncated to a diunc.out X irunc.init =
1200x400 matrix, and then taking the expectation value of
this output state with the approximate Pauli measurement op-
erator P’\ b (truncated t0 diunc.out X dirunc,out = 1200x1200)
with ¥ = tanh(Az/Z)dlag(A, 271, using Egs. (H14) and
(H10).

With these ingredients, we can model the effective logical
channel applied to any pure input qubit state. To calculate the
average gate fidelity efficiently, we utilize the formula from
Ref. [49], giving

3

Z tr(Ua;U'E(a))),

j=0

FE,U)= (H15)

where the o; operators are the /, X, Y, and Z Pauli matrices,
respectively, for j =0, 1,2, 3. After some rearrangements,
we obtain
11
FEU) =3+ k;otr(kaU*ontr(azS(w<wk|>),
(H16)
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where {|Y)} is a set of (qubit) pure states such that |y ) (V| is
a basis for the space of qubit operators and V;, = Z axo;/2,
where o are coefficients such that o; = > k) (Yl In
this work, we choose |{y) € {|1), |[+), |i), |0)} where [i) =
(10)+i|1))/~/2, although we expect that different choices
would give identical numerical performance. Equation (H16)
is convenient because the latter trace can be evaluated simply
by evaluating the relevant expectation value of the ideal Pauli
operator as described above, instead of explicitly evaluating £.

A similar method can also be used to extract the state
fidelity in Fig. 5. In particular, we wish to calculate

= (TIEAH){HDIT).

To do this, note that |T)(T| = 1/2+(X+Y)/(2+/2), and there-
fore we can write

(H17)

F = f Ztr(0]5(|+)(+|)) (H18)

which again can be easily evaluated using the Pauli measure-
ment operators X » -y and Ym 5-

For each polynomlal phase gate, we calculated the aver-
age gate fidelity for input values of A = 1/4/27+1, where 7
ranges from 2 to 20 in increments of 0.5, and for 32 input
values of the asymmetry A ranging from 1 to 6.5. We also
collected the same data for the state fidelity of the produced
|T) state for each polynomial phase gate that we tested that
implements a T gate. The slowest stage of the simulation is
the generation of the ideal Pauli measurement operators, so
we precomputed these for each value of A and A and reused it
for each gate.

The full results are presented in Figs. 6 and 7, from which
the plots in the main text are produced. Note that there are no
error bars here since the simulations are matrix calculations
instead of Monte Carlo simulations. One can see here that
achieving the precisely optimal asymmetry is not crucial to
achieve good performance. Moreover, note that for the iden-
tity gate, the optimal asymmetry is always 1, indicating that
under idling noise the square GKP code outperforms all rect-
angular GKP codes as expected. Compared to the main text,
we also tested two additional gates. The first is an alternative
polynomial phase gate implementation of the T''/4 gate given
by

P(x) = —x°/240 — x*/96 + x> /48 + x* /24 — x/60, (H19)

which is related to the polynomial for the T'/* gate given in
Table I by the transformation x <> —x. Both polynomials are
minimal under the lexicographic ordering because they differ
only in the absolute value of each of the coefficients; the two
implementations perform identically up to numerical error.
The second is an “implementation” of the 7''/® qubit gate that
at the CV level implements an identity gate / [that is, the
polynomial is P(x) = 0]. In other words, we implement the
identity gate [ at the CV level, but then evaluate the average
gate infidelity with respect to the 7'/® gate. The purpose of
this is to evaluate a trivial benchmark in terms of average gate
infidelity that the nontrivial implementation of the T''/® gate
must beat.

In Fig. 8, we compare the trivial and nontrivial im-
plementations of the T'/® gates. Note that the trivial and

AgB
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FIG. 8. Comparison of the trivial (green dotted) and nontrivial
(orange dashed) implementations of the 7'/% gate. For reference, we
also plot the identity gate / evaluated with the average gate infidelity
with respect to the identity gate (blue solid).

nontrivial implementations have almost identical performance
until the trivial implementation reaches an infidelity floor at
~1.6x1073, which corresponds to the qubit-level average
gate infidelity between 7'/ and I, as explained in the main
text. To achieve this, one requires GKP codestates of higher
quality than A = 0.25 (n = 8, Agg = 12).

2. Vacuum-state method

Finally, we explain how we simulate the vacuum-state
method, following the same method as in Ref. [20].

The scheme that we wish to simulate consists of the fol-
lowing steps:

(1) Begin with a vacuum state |vac);

(2) measure the stabilizers with a round of square GKP
QEC (with noisy measurements); and

(3) based on the stabilizer measurement outcomes, per-
form a logical Clifford correction to make the state as close
to the |T') state as possible.

After this procedure, we average over the possible mea-
surement outcomes that could have occurred (weighted
appropriately by the probability of obtaining each outcome)
giving a CV density matrix pcy. The round of QEC is mod-
eled with noisy measurements but projects the state into the
ideal GKP subspace, which follows the same noise model as
the QEC round 2 in the circuit C as explained in the main text.
This means that pcy is in the ideal GKP subspace and can
be trivially converted into a qubit density matrix p, which is
the output of this procedure. We can then quantify the quality
of the output state by taking the state fidelity between p and
IT) =T|+).

In our simulations, the only noise arises from the noisy
QEC measurements, which we model as a nonbiased Gaus-
sian random displacement function Gi,nh(a2/2); acting on the
vacuum state prior to an ideal GKP QEC round. Conveniently,
a nonbiased Gaussian random displacement function applied
to the vacuum state corresponds exactly to a thermal state
P () with average photon number in our case given by i1 =
tanh(AZ/2). This allows us to directly use the equations given
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in Ref. [20], which give us the output qubit state conditioned
on a given pair of stabilizer measurement outcomes (e, e¥?)
along with the probability of these outcomes occurring. To
perform our simulations, we sample the continuous set of
possible stabilizer measurement outcomes from a 500x500
grid. For each output state, we calculate the state fidelity
between it and each of the 12 states that are Clifford equivalent
to a |T) state and return the maximum of these 12 fideli-
ties. Finally, we sort the outcomes from highest fidelity to
lowest.

In the case of no postselection (p = 100%), we take the
average of all these fidelities weighted according to the prob-
ability of obtaining the corresponding measurement outcome.
With postselection (0% < p < 100%), we take the (weighted)
average of the best fidelities up until the postselection frac-
tion has been reached. To obtain the infidelity lower bound
(p = 0%), we simply return the maximum fidelity (minimum
infidelity) that was obtained in the grid, which in each case
corresponded to obtaining +1 outcomes for both stabilizers.
This is sufficient to produce Fig. 5.
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