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Dressed-state optomechanics in the few-photon regime
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Efficient optomechanical cooling typically requires high photon occupancy to maximize cooling power, a
constraint that generally limits the degree of coherent quantum control available in the few-photon regime. Here,
we investigate this trade-off by considering a strongly nonlinear cavity operated as a discrete quantum system.
In the weak-coupling limit, we derive a general connection between the optomechanical damping rate and the
cavity’s dressed-state manifold. This framework reveals that the damping rate (determined by the population
imbalance across dressed states) is directly tunable via the coherent manipulation tools, which are standard in
circuit quantum electrodynamics. We illustrate this framework using a Josephson photonics architecture, where
a dc-biased junction induces a photon blockade that truncates the cavity to an N-level system. By sacrificing
raw cooling (or heating) power, this platform enables full quantum mechanical control over optomechanical
properties, offering a versatile avenue for the quantum manipulation of mechanical modes.
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I. INTRODUCTION

Optomechanics provides an important platform for cou-
pling mechanical motion to electromagnetic fields, enabling
the cooling and quantum control of massive oscillators for
applications in precision sensing [1–5] and tests of funda-
mental quantum mechanics [6–8]. The standard approach for
cooling mechanical modes to their quantum ground state is
resolved-sideband cooling [9–11]. This technique relies on
driving an optomechanical cavity red detuned from resonance
to maximize the anti-Stokes process. In this process, pho-
tons scattering off the mechanical mode remove phonons
from the oscillator, resulting in an effective cooling rate �opt

[12]. Conventional cooling requires a high intracavity pho-
ton occupation (n � 1) to achieve a strong optomechanical
damping rate. This high-occupation condition allows the sys-
tem dynamics to be accurately described by a semiclassical
approach relating �opt to the cavity’s photon number noise
spectrum [13].

Experiments have successfully achieved ground-state cool-
ing in various platforms, including optical [11] and microwave
frequency domains [10]. However, all standard resolved-
sideband cooling protocols face a fundamental trade-off:
Maximizing the net cooling rate requires a high average
photon occupation (n), while quantum mechanical control
and operation in the truly few-photon regime require n � 10.
This conflict restricts coherent, quantum-level manipulation
of the cooling process in most current scenarios. To achieve
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quantum-level control and cooling, one can make use of the
full electromagnetic spectrum by leveraging platform-specific
nonlinearities. Microwave circuits offer an especially flexi-
ble platform where strong, highly tunable nonlinearities are
readily engineered via the integration of Josephson junctions
[14,15]. In the optical regime, comparable nonlinear cavities
can be created through strong coupling to atomic [16–18] or
molecular systems [19,20]. Although these configurations en-
able coherent quantum manipulation, the restriction to small
photon numbers inherently leads to weak optomechanical
damping and cooling. Nevertheless, this weak-cooling regime
is particularly relevant for platforms where the mechanical
mode is replaced by a high-frequency oscillator, such as mi-
crowave resonators in radiation-pressure-coupled microwave
circuits [21,22], or bulk acoustic [23–25] and piezoelectric
modes [26,27] in optical systems. Due to their high frequen-
cies, these modes possess inherently low thermal occupations,
meaning that even a modest damping rate can significantly
influence their final quantum state.

Recent theoretical and experimental efforts, including
work on passive Kerr nonlinearities [28,29] and our own anal-
ysis of active nonlinear driving [30], have primarily focused
on operating within the high-n regime (weak nonlinearity)
to achieve high damping and suppress backaction heating.
Moving beyond this, an important objective is to establish
a regime where the cooling dynamics can be accessed and
coherently controlled by addressing the cavity as a discrete
quantum system.

Here, we develop an intuitive theoretical framework for
optomechanical systems using a strongly nonlinear cavity,
either intrinsically nonlinear or nonlinearly driven, operated
deep in the few-photon quantum regime.

First, we derive a general connection between the op-
tomechanical damping rate and the dressed-state structure
of the cavity. In this work, we focus specifically on the
weak optomechanical coupling regime. While the few-photon
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FIG. 1. Circuit schematic of a dc-biased Josephson junction
providing a nonlinear drive to an optomechanical LC resonator in-
tegrating a mechanical element as a drumhead capacitor. At the
resonance condition ωdc � ωc, energy conservation dictates that each
inelastic Cooper pair tunneling event results in the emission of a
photon into the cavity mode.

limit often necessitates strong coupling to observe apprecia-
ble optomechanical effects, we treat the weak-coupling case
as a necessary foundation. This choice allows for a trans-
parent mapping of the optomechanical dynamics onto the
dressed-state manifold, providing a rigorous base for future
explorations of the strong-coupling regime. By focusing on
the dressed-state-resolved regime, where the energy differ-
ences between dressed states exceed the cavity broadening,
we establish that phonon scattering is primarily driven by
transitions between discrete pairs of dressed states. We show
that the resulting damping rate is directly proportional to
the population imbalance between these states, providing an
intuitive link between the cavity’s internal quantum manifold
and its optomechanical properties. This dressed-state picture
offers a powerful mechanism for quantum coherent control,
as the energy differences (which tune the optimal cooling
frequency) and the population distribution (which governs
the damping rate) can be engineered using the sophisticated
control tools typical of modern quantum architectures.

Second, we illustrate this general theory using the non-
trivial example of a Josephson photonics architecture. Here,
a strong nonlinearity is realized via a dc-biased Josephson
junction (see Fig. 1) [31–33], which restricts the cavity dy-
namics to its lowest N levels through a photon blockade.
This experimental platform is by now well established and
highly tunable, serving as a promising test bed for coherent
control; both the transition frequencies and the steady-state
populations are fully tunable using standard circuit quantum
electrodynamics techniques.

Our results demonstrate a degree of mechanical control,
such as the ability to simultaneously cool and heat different
modes or suppress backaction without large detunings, that is
fundamentally inaccessible in traditional high-photon-number
architectures. Ultimately, this work paves the way for a new
generation of hybrid devices where the internal quantum
structure of the cavity serves as a versatile tool for mechan-
ical manipulation and, in the future, the coherent control of
nonclassical mechanical states.

II. DRESSED-STATES OPTOMECHANICS

A. General formulation

We consider a general optomechanical system described by
the Hamiltonian Ĥ = Ĥcav + Ĥm + Ĥint, where Ĥcav accounts

for the cavity and its drive, potentially including nonlinearities
of arbitrary complexity. The mechanical mode is governed
by Ĥm = h̄ωmb̂†b̂, while the interaction term Ĥint = h̄g0(b̂† +
b̂)â†â couples the photon number to the mechanical displace-
ment via the single-photon coupling strength g0.

Dissipative dynamics for the coupled system are described
by the Lindblad master equation:

d

dt
ρ̂ = − i

h̄
[Ĥ , ρ̂] + γD[â]ρ̂ + γm

(
n̄th

m + 1
)
D[b̂]ρ̂

+ γmn̄th
mD[b̂†]ρ̂, (1)

where γ and γm are the cavity and mechanical decay rates,
respectively. We assume that the cavity operates in the limit of
negligible thermal occupation (e.g., cryogenic temperatures in
the case of microwave cavities), while the thermal occupation
of the mechanical mode is n̄th

m . The dissipator is defined as
D[L̂]ρ̂ = L̂ρ̂L̂† − 1

2 {L̂†L̂, ρ̂}.
This formulation is applicable to a broad class of sys-

tems, including cavities with arbitrary intrinsic nonlinearities
or those subject to nonlinear driving, as described by the
cavity Hamiltonian Ĥcav(t ). We assume a single-mode cavity
driven periodically at a fundamental frequency ωd . Provided
the driving amplitude is small relative to ωd , a rotating-wave
approximation yields a time-independent Hamiltonian Ĥcav in
the appropriate frame. The eigenstates of this Hamiltonian
define the cavity dressed states |α〉, which satisfy Ĥcav |α〉 =
εα |α〉. These states constitute the discrete quantum manifold
that plays a central role in our theoretical description.

B. Optomechanical damping rate

In the few-photon regime, the interaction between mechan-
ical motion and the cavity field is fundamentally shaped by the
discrete energy structure of the cavity. For the driven cavity,
this structure is defined by the dressed-state energies. While
the role of dressed states in optomechanical systems has been
characterized in specific hybrid systems featuring embedded
two-level emitters or superconducting qubits [34–37], our
objective here is to extend this mapping to arbitrary cavity
nonlinearities. By doing so, we establish a rigorous theoretical
framework for the dressed-state-resolved regime.

In the limit of weak optomechanical coupling g0 � γm �
ωm, the influence of the cavity on the mechanical motion is
characterized by the optomechanical damping rate �opt. This
rate is obtained using Fermi’s golden rule and arises from the
imbalance in the cavity’s photon number fluctuations at the
mechanical sidebands [13,38]:

�opt = g2
0[Snn(ωm) − Snn(−ωm)], (2)

where Snn(ω) = ∫ ∞
−∞ dteiωt S̃nn(t ) represents the power spec-

tral density of the photon-number fluctuations. The cor-
responding autocorrelation function, defined as S̃nn(t ) =
〈â†(t )â(t )â†(0)â(0)〉 − 〈â†â〉2, is evaluated in the uncoupled
limit (g0 → 0) and captures the intrinsic noise properties of
the nonlinearly driven cavity.

To elucidate the connection between the Fermi’s golden
rule expression in Eq. (2) and the dressed-state framework, we
evaluate the correlation function S̃nn(t ) utilizing the regression
theorem [39] and the basis of dressed states. We begin by
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defining an auxiliary, unnormalized cavity density operator
ρ̂n(t ), which evolves from the initial condition ρ̂n(0) = n̂ρ̂(0).
Here, n̂ = â†â is the photon number operator and ρ̂(0) denotes
the steady-state density matrix of the cavity. The correlation
function is then directly related to the dynamics of this aux-
iliary state via S̃nn(t ) = Tr{n̂ρ̂n(t )} − Tr{ρ̂n(0)}2. In this way,
the evolution of ρ̂n(t ) provides a transparent path to determin-
ing the optomechanical damping rate.

The dynamics of ρ̂n(t ) is governed by the uncoupled master
equation (g0 → 0). In the dressed-state basis {|α〉}, where the
cavity Hamiltonian is diagonal (Hcav)αβ = εαδα,β , the evolu-
tion of the matrix elements is

(ρ̇n)αβ = −iωαβ (ρn)αβ + γ (
[ρ̂n])αβ, (3)

where ωαβ = (εα − εβ )/h̄ are the transition frequencies and

[ρ̂n] is the standard Lindblad superoperator applied to ρ̂n,

[ρ̂n] ≡ D[â]ρ̂n using the notation in Eq. (1), given in the
dressed-state basis by

(
[ρ̂n])αβ =
∑
μ,ν

aαμ(ρn)μνa∗
νβ

− 1

2

∑
ζ

[nαζ (ρn)ζβ + (ρn)αζ nζβ]. (4)

Throughout, we use the notation Xαβ ≡ 〈α|X̂ |β〉.
While 
 generally couples all matrix elements of ρ̂n,

the dynamics simplify significantly in the dressed-state-
resolved regime, characterized by distinct transition frequen-
cies |ωαβ − ωμν | � γ .

In this dressed-state-resolved regime, each off-diagonal
element (ρn)αβ evolves predominantly within a narrow fre-
quency window of width ∼γ centered at ωαβ . While the
dissipator 
̂ introduces couplings to other matrix elements,
these contributions oscillate at frequencies far from the res-
onance ωαβ . Consequently, these nonsecular terms have an
effective amplitude scaling as γ /|ωαβ − ωμν |, rendering their
impact on the dynamics negligible. Under this approximation,
the evolution of the off-diagonal entries decouples

(ρ̇n)αβ ≈ (−iωαβ − γ̃αβ )(ρn)αβ, (5)

where the effective decay rate is γ̃αβ = γ [ 1
2 (nαα + nββ ) −

aααa∗
ββ].

The resulting solution to Eq. (5), (ρn(t ))αβ =
e−(iωαβ+γ̃αβ )t (ρn(0))αβ , describes a damped oscillation that
generates sharp Lorentzian peaks in the noise power spectrum
Snn(ω) at the frequencies ωαβ . These peaks correspond to
phonon emission or absorption events associated with the
transitions |α〉 ↔ |β〉.

The secular approximation relies on distinct transition
frequencies. If certain dressed-state transitions are quaside-
generate (|ωαβ − ωμν | � γ ), their corresponding elements
remain coupled, forming small linear subsystems that can be
solved analytically or semianalytically.

It should be noted that our approach is not intended for the
conventional scenario of a linear optical cavity under linear
driving. In that limit, the Hamiltonian Ĥ (lin)

cav = −h̄
â†â +
( f /2)(â† + â) possesses an equidistant energy spectrum sepa-
rated by h̄
. Consequently, all transition frequencies between
consecutive levels are identical, leading to fully coupled

dynamics. For the linear case, Snn(ω) can be calculated di-
rectly [13], without employing a secular approximation.

While the secular approximation effectively decouples the
off-diagonal elements, the diagonal entries of ρ̂n are in-
herently nonoscillatory. In the dressed-state-resolved regime,
these elements decouple from the rapidly oscillating off-
diagonal terms but remain coupled to one another, evolving
via a set of rate equations

(ρ̇n)αα = γ

⎡
⎣∑

β

(|aαβ |2 − nααδα,β )(ρn)ββ

⎤
⎦. (6)

This system of equations can be solved collectively by defin-
ing a vector �vn(t ) composed of the diagonal entries (ρn)αα .
The evolution is then given by �vn(t ) = exp(γ At )�vn(0), where
the matrix A has elements Aαβ = |aαβ |2 − nααδαβ . Physically,
this matrix captures the population transfer between dressed
states driven by the cavity dissipation, providing the low-
frequency contribution to the correlation function S̃nn(t ).

Applying the same secular approximation, but now to the
density matrix ρ̂ (not to ρ̂n), we find that the steady-state
coherences (ρ(0))α �=β are suppressed by a factor of γ /ωαβ

relative to the populations (ρ(0))αα . Consequently, the ini-
tial condition for the auxiliary matrix elements simplifies to
(ρn(0))βα = nβαPα , where Pα = (ρ(0))αα is the steady-state
occupation probability of the dressed state |α〉. Combining
these results, the full time dependence of the correlation func-
tion is

S̃nn(t ) =
∑

α

nαα (ρn(t ))αα − Tr{ρ̂n(0)}2

+
∑
α �=β

|nαβ |2Pα e−iωαβ t e−γ̃αβ t . (7)

The first line of Eq. (7) contributes to low-frequency features
in Snn(ω) [cf. Fig. 2(c), shaded region] corresponding to the
unresolved regime of optomechanics where Snn is probed at
ωm � γ . Here, the detailed dressed-state structure is obscured
and plays only an indirect role. As illustrated in Fig. 2(c) for
the Josephson optomechanical device discussed in Sec. III,
the agreement between the full quantum calculation and our
secular approximation is excellent for ωαβ/γ � 10, with de-
viations emerging only as the transition frequencies become
comparable to the cavity broadening.

In contrast to the first line, the second line of Eq. (7)
yields a series of Lorentzian peaks at the transition frequencies
ωαβ [cf. Fig. 2(c)]. These peaks represent a generalization of
the optomechanical susceptibility, now shaped by the inter-
nal dressed-state structure. Significantly, the weight of each
peak is determined by the steady-state populations Pα . This
population dependence breaks the symmetry between positive
and negative frequencies, resulting in a net optomechanical
damping rate �opt with a rich spectral structure

�opt(ωm � γ ) =
∑

εα<εβ

(Pα − Pβ )�αβ (ωm), (8)

where the single-transition rates are given by

�αβ (ωm � γ ) = g2
0|nαβ |2 2γ̃αβ

(ωβα − ωm)2 + (γ̃αβ )2
. (9)
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FIG. 2. Josephson optomechanics in the photon blockade regime. (a) Evidence of photon blockade in the dimensionless transition matrix
elements |tn,n+1|2 = 4|Tn,n+1|2/(E∗

J φ0)2. For the specific values of φ2
0 marked by green and yellow dots, Fock state transitions |1〉 → |2〉 (orange)

and |2〉 → |3〉 (black) are, respectively, suppressed. (b) Dressed-state eigenenergies for a three-level system vs detuning 
, at EJ = 300h̄γ .
Gray dashed-dotted curves represent the high-detuning asymptotes of the dressed-state eigenenergies. (c) Photon number spectral density
Snn(ω). Arrows identify the transition frequencies between the dressed states of the three-level manifold (EJ = 300h̄γ ). The unresolved-
sideband regime is marked by pink shading.

Equation (8) constitutes our central result: It explicitly identi-
fies the net cooling rate as a sum over transitions weighted by
the population imbalance (Pα − Pβ ) between dressed states.
The correspondence between Eq. (9) and the standard form of
Fermi’s golden rule,

�αβ = 2π

h̄
|Mαβ |2δ(h̄ωβα ), (10)

is now apparent. The transition matrix element Mαβ , rep-
resenting the optomechanical coupling strength between
dressed states |α〉 and |β〉, enters as |Mαβ |2 = h̄2g2

0|nαβ |2.
Furthermore, the energy conservation condition of the golden
rule is expressed through a Lorentzian of width γ̃αβ , reflecting
the finite lifetime of the dressed states.

Notably, in the dressed-state-resolved regime where tran-
sition peaks are well separated, the optomechanical response
near a resonance is dominated by a single pair of states. In this
limit, the damping rate simplifies to

�opt(ωm � ωβα ) � (Pα − Pβ )�αβ (ωm � ωβα ), (11)

under the convention εα < εβ . This expression provides an
intuitive picture: Net cooling or heating is determined by the
competition between upward and downward transitions, with
the sign of the optomechanical damping dictated solely by the
steady-state population distribution across the dressed-state
manifold.

Because the optomechanical coupling is assumed to be
weak, its effect on the dynamics of the mechanical element
does not require a full quantum master equation treatment;
instead, it is sufficiently captured by a rate equation including
the optomechanical damping �opt and the intrinsic mechanical
damping γm. In the cooling regime, where the population of
the lower-energy dressed state |α〉 dominates, the steady-state
phonon occupancy n̄m is reduced from its thermal equilibrium
value n̄th

m . The rate equation is analogous to standard linear op-
tomechanics [13], which remains valid in this weak-coupling
limit, leading to the steady-state phonon occupancy

n̄m = �optn̄r
m + γmn̄th

m

�opt + γm
. (12)

The term n̄r
m reflects the residual heating or quantum backac-

tion limit. It represents the phonon occupancy achieved when
the optomechanical damping rate �opt strongly overcomes the

influx of thermal excitations, �opt � γmn̄th
m , when n̄m ≈ n̄r

m.
Near a specific transition, this term takes the remarkably sim-
ple form

n̄r
m(ωm � ωβα ) � Pβ/(Pα − Pβ ), (13)

where we again assume εα < εβ . We note that the dressed-
state-resolved regime allows for cooling toward the quantum
ground state, provided the system is prepared such that the
higher-energy dressed state has negligible population (Pβ →
0). However, in practice, cooling to the quantum ground state
is limited by the requirement �opt � γmn̄th

m . This constraint
presents a considerable experimental challenge, which mo-
tivates further study of the dressed-state-resolved regime in
the limit of strong optomechanical coupling. However, such a
regime is outside the scope of the present study and will be
addressed elsewhere.

Since the transition frequencies ωαβ , which dictate the
optimal damping conditions, and the populations Pα , which
determine the damping strength, are both governed by the
cavity Hamiltonian, they offer significant degrees of freedom
for control. These quantities can be engineered via circuit de-
sign and dynamically manipulated using standard tools from
circuit quantum electrodynamics. This adaptability allows for
the precise tuning of the dressed-state manifold to optimize
optomechanical performance at several frequencies simulta-
neously. This approach offers an alternative to conventional
methods to address multiple mechanical modes (cf. Sec. IX
in Ref. [40]), which typically require either a “bad” cavity,
where all modes fall within a broad linewidth, or complex
multifrequency driving schemes. By utilizing a single nonlin-
ear cavity mode under monochromatic driving, the engineered
dressed-state manifold offers a more scalable multimode plat-
form, suggesting promising directions for mechanical lasing
(cf. Sec. VIII in Ref. [40]) and synchronization [41].

III. JOSEPHSON OPTOMECHANICS

In this section, we illustrate our analysis by considering
a superconducting device where dressed states result from an
LC cavity driven (nonlinearly) by inelastic Cooper pair tunnel-
ing across a voltage-biased Josephson junction, as shown in
Fig. 1. This device concept has been established as a simple,
but versatile, source of quantum light, capable of producing
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single photons [32], entangled pairs [42], and photon multi-
plets [33]. Integrating this device with a mechanical element
(e.g., a vibrating capacitive plate) defines a rich optomechani-
cal system. In the regime of weak nonlinearity and high cavity
occupation, we have shown that this device facilitates efficient
cooling with suppressed residual heating [30]. Theoretically,
this regime is well described by a semiclassical approach,
in analogy to the theory for standard linear-cavity optome-
chanics [13]. In this work, we focus on the quantum regime
where strong driving nonlinearities induce an intrinsic photon
blockade, effectively confining the cavity dynamics to a finite
manifold of dressed states. We demonstrate that such a device
can be feasibly operated in the dressed-state-resolved regime,
providing a unique platform to investigate the resulting effects
of unusual optomechanical damping.

A. Theoretical model

The Josephson photonics circuit consists of a supercon-
ducting microwave cavity (LC resonator) in series with a
dc-biased Josephson junction. It integrates a mechanical el-
ement, exemplified in Fig. 1 by a vibrating capacitor plate
with mechanical degree of freedom ŷ. The Hamiltonian of the
system is given by

Ĥ = Ĥcav + Ĥm + Ĥint (14)

consisting of the microwave cavity circuit Ĥcav = h̄ωcâ†â −
EJ cos(ϕ̂ j ) that includes the LC-oscillator and the dc-biased
Josephson junction, the mechanical mode Ĥm = h̄ωmb̂†b̂, and
the optomechanical interaction term Ĥint = Gŷâ†â. Here, EJ

and ϕ j are the Josephson energy and phase across the junction,
ωc = 1/

√
LC is the frequency of the LC cavity mode, and

ωm is the frequency of the phonon mode considered. The
optomechanical coupling strength G can be related to the
change in capacitance (assumed linear) due to the mechanical
motion, G = (dC/dy)(dωc/dC). The mechanical displace-
ment is expressed in terms of phonon operators (creation b̂†

and annihilation b̂) as ŷ = y0(b̂† + b̂), with y0 the strength of
the zero-point fluctuations of the mechanical oscillator. The
resulting single-photon coupling strength is given by h̄g0 =
Gy0. Similarly, the phase across the LC resonator is expressed
in terms of photon operators ϕ̂ = φ0(â† + â), with zero-point
fluctuations φ0.

The voltages are related by Kirchhoff’s law, Vdc + Vc −
Vj = 0, where the voltage bias is Vdc, the voltage across the
LC resonator is Vc = (h̄/2e)(dϕ/dt ), and the voltage across
the Josephson junction is Vj = (h̄/2e)(dϕ j/dt ). As a result,
the Josephson phase is given by ϕ̂ j = ϕ̂ + ωdct , where ωdc =
(2e/h̄)Vdc. The Hamiltonian of the microwave cavity circuit
can therefore be conveniently parametrized by the photon
operators â† and â, and in the limit of low bias voltage and
low temperature (compared to the superconducting gap) takes
the form of a nonlinearly driven oscillator,

Ĥcav = h̄ωcâ†â − EJ cos[φ0(â† + â) + ωdct]. (15)

Energy dissipation in the microwave cavity and in the mechan-
ical mode is described using the Lindblad master equation (1).

Near the resonance condition ωdc � ωc, the cavity is driven
by inelastic Cooper pair tunneling, a process in which each
tunneling event converts the Cooper pair energy 2eVdc into an

added cavity photon [31]. The effect of this nonlinear drive is
made apparent after performing a rotating-wave approxima-
tion, which is well justified in the standard regime ωdc, ωc �
γ � γm characteristic of most optomechanical platforms. We
follow the approach in Refs. [43,44] and express the cav-
ity Hamiltonian Ĥcav in a frame rotating with the frequency
corresponding to the voltage bias ωdc using the unitary trans-
formation Û = e−iωdcâ†ât . Neglecting all time-dependent terms
in this rotating frame, the nonlinear drive takes the form of
an operator whose eigenvalues can be formulated in terms
of Laguerre polynomials [45,46], leading to the following
effective Hamiltonian that describes the nonlinearly driven
cavity:

Ĥcav = −h̄
â†â + E∗
J

2
φ0[iâ†B̂1 + H.c.], (16)

where the detuning is given by 
 = ωdc − ωc and the effective
driving strength is E∗

J = EJ exp (−φ2
0/2). The driving strength

can be adjusted in such devices [31] by employing a flux-
tunable Josephson junction in a superconducting quantum
interference device geometry [47], which allows for the mag-
netic modulation of EJ . Crucially, B̂1 encodes the nonlinearity
as follows,

B̂1 =
∞∑

n=0

1

1 + n
L(1)

n (φ2
0 ) |n〉 〈n| ,

where the Laguerre polynomials are defined as Lp
n (x) =

(x−p/n!)(d/dx − 1)n(x)n+p. While B̂1 is diagonal in the Fock
basis, its dependence on the Fock index n modifies the effec-
tive coupling between consecutive Fock states |n〉 and |n + 1〉.
The strength of this nonlinearity is determined by the com-
bined effect of zero-point fluctuations φ0 of the cavity phase
and Fock index n, as can be seen from the expansion

1

1 + n
L(1)

n

(
φ2

0

) = 1 − nφ2
0

2
+ O

(
n2φ4

0

)
.

For small φ0, the nonlinear correction nφ2
0 only becomes sig-

nificant at high n scaling as ∼φ−2
0 . In this limit, the cavity

occupation 〈n̂〉 grows quadratically with drive strength until
it reaches a saturation threshold [44]. While this high-photon
occupation regime is well described by semiclassical methods
(where B̂1 can be rewritten using a Bessel function) [30,44],
here we focus on the opposite limit where φ0 is large. For
large φ0 of order unity, the saturation in the cavity occupation
occurs in the few-photon regime, placing the system deep in
the quantum regime.

Crucially, in Josephson photonics devices, the zero-
point fluctuations are determined by the characteristic
impedance ZR = √

L/C of the resonator [48], such that φ0 =√
4πZR/RK , where RK = h/e2 is the von Klitzing constant.

Consequently, φ0 can be customized during circuit design
(φ0 � 1 has been realized in Refs. [32,33]) or adjusted in situ
by engineering a tunable cavity inductance (e.g., using mag-
netic field-tunable high kinetic inductance materials [49–51]
or metamaterials [52]) or a tunable capacitance (e.g., using
the electric field-tunable equilibrium position of a suspended
capacitor plate as employed in micro- and nanoelectrome-
chanical systems [53]). As we demonstrate below, tuning φ0

results in cavity photon blockade, where the cavity Hilbert
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TABLE I. Engineered N-level cavity. The different values of φ2
0

lead to blocking of a certain transitions allowing for the desired
N-level cavity.

N level φ2
0 Transition blocked

2 2 |1〉 −→ |2〉
3 3 − √

3, 3 + √
3 |2〉 −→ |3〉

4 0.936, 3.31, 7.76 |3〉 −→ |4〉
5 0.743, 2.57, 5.73, 11 |4〉 −→ |5〉
6 0.617, 2.11, 4.61, 8.40, 14.3 |5〉 −→ |6〉

space is effectively restricted to an N-level system, provid-
ing an ideal platform for exploring optomechanics within the
dressed-state-resolved regime.

B. Photon blockade in a nonlinearly driven cavity

The effects of the nonlinear drive can be quantified by the
transitions it induces between Fock states. Using the cavity
Hamiltonian in Eq. (16), we calculate the matrix elements
Tn,n+1 = 〈n + 1| Ĥcav |n〉 for transitions between consecutive
Fock states [46,54],

Tn,n+1 = i
E∗

J

2
φ0 〈n + 1| â†B̂1 |n〉

= i
E∗

J

2
φ0

1√
n + 1

L1
n

(
φ2

0

)
. (17)

For specific values of the zero-point fluctuations φ0 corre-
sponding to the roots of the Laguerre polynomials, L1

n (φ2
0 ) =

0, the transition element Tn,n+1 vanishes [cf. Fig. 2(a)]. This
suppression can be intuitively understood through the Franck-
Condon principle [55], since the transition amplitude is
proportional to the overlap of displaced Fock states, Tn,n+1 ∝
〈n + 1| D̂(iφ0) |n〉, due to the cosine form of the Josephson
term [cf. Eq. (15)]. For certain φ0, the displacement operator
D̂(α) = exp (αâ† − α∗â) shifts the wave functions such that
their spatial overlap is exactly zero, rendering the transition
forbidden. Consequently, higher-energy states become inac-
cessible, truncating the cavity dynamics to a finite N-level
system. The specific value of N is thus determined by φ2

0 , as
summarized in Table I.

This photon blockade is robust against optomechanical
coupling because the interaction depends only on the pho-
ton number operator n̂, which is diagonal in the Fock basis
and thus does not drive transitions across the blockade. Fur-
thermore, this truncation remains valid in the presence of
dissipation, provided the cavity environment is sufficiently
cold (kBT � h̄ωc), a condition typically met in microwave-
regime experiments [31].

In the following, we focus on these specific cases where the
cavity is described by an effective N-level Hamiltonian Ĥcav,N

in the rotating frame:

Ĥcav,N =
N−1∑
n=0

−h̄
n |n〉 〈n|

+
N−2∑
n=0

(
i
E∗

J

2
φ0

L(1)
n

(
φ2

0

)
√

n + 1
|n + 1〉 〈n| + H.c.

)
. (18)

The eigenstates of this Hamiltonian constitute the dressed
states of the system.

For an N-level cavity, there are N such dressed states
with energy eigenvalues εα . In general, these states allow for
up to N (N − 1) distinct transition frequencies ωαβ = (εα −
εβ )/h̄, each corresponding to a peak in the noise power spec-
trum Snn(ω). Due to the symmetry ωαβ = −ωβα , these peaks
appear in pairs symmetric about the origin. Under certain
conditions, some transition frequencies may coincide [e.g., at
zero detuning 
 = 0 for N = 3; see Fig. 4(e)]. This leads to
overlapping sidebands and the formation of quasidegenerate
subspaces, where the dressed-state-resolved approximation
must be handled with the subsystem approach described in
Sec. II B.

In the following sections, we validate the theoretical
framework developed in Sec. II by comparing the dressed-
state-resolved damping rates calculated using the secular
approximation against exact numerical simulations of the full
quantum master equation. We specifically examine the cases
of a two-level and a three-level cavity. As we shall demon-
strate, these two configurations are qualitatively different:
The two-level system provides the simplest realization of
our framework, while the three-level system reveals features
generic to cavities with multiple pairs of dressed states.

C. Optomechanics using an N-level cavity

We evaluate the validity of our theoretical framework
by comparing the analytical results from the dressed-state-
resolved regime [Eqs. (7) and (8)] against exact numerical
solutions of the full quantum master equation (1). Specifi-
cally, we analyze the photon number spectrum Snn(ω) and
the resulting optomechanical damping rate �opt for the N = 2
and N = 3 cases. These analytical predictions are obtained by
diagonalizing the cavity Hamiltonian in the photon blockade
regime Ĥcav,N in Eq. (15) and provide a nontrivial example
of how the dressed-state structure dictates the optomechanical
damping rate.

1. Results for a two-level cavity

When the cavity impedance at resonance is tuned such that
φ0 = √

2, the transition matrix element T12 vanishes, effec-
tively restricting the uncoupled cavity dynamics to the Fock
states {|0〉 , |1〉}. The resulting two-level Hamiltonian in the
rotating frame is

Ĥcav,2 = −h̄
 |1〉 〈1| + T01 |0〉 〈1| + T ∗
01 |1〉 〈0| ,

where T01 = iE∗
J /

√
2. The eigenstates of this system are

the dressed states {|0̃〉 , |1̃〉}, with corresponding ener-
gies ε0 = h̄(−
/2 − �2) and ε1 = h̄(−
/2 + �2), where
h̄�2 =

√
(h̄
/2)2 + |T01|2. In this basis, the Hamiltonian is

diagonal:

Ĥcav,2 = −h̄�2 |0̃〉 〈0̃| + h̄�2 |1̃〉 〈1̃| ,
where the energy origin has been shifted by h̄
/2 for conve-
nience.

The dressed-state-resolved regime is reached when the
splitting ω10 = 2�2 significantly exceeds the dissipation rate
γ . This can be achieved even at resonance (
 = 0) by increas-
ing the drive amplitude such that E∗

J � h̄γ . In this regime, the
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FIG. 3. Optomechanics using an effective two-level cavity. (a) Optomechanical damping rate �opt(ω) in the sideband-resolved regime
ω � γ . Curves correspond to detunings 
/γ = {−8,−26, −38, −50} (left to right, colored from light blue to purple) at EJ = 80h̄γ , with
peaks centered at the dressed-state transition ω10. (b) Steady-state populations of the dressed states |0̃〉 (P0, dashed) and |1̃〉 (P1, solid) vs
detuning 
. Colored curves correspond to different driving amplitudes EJ/h̄γ = 80 (blue), 150 (orange). (c) Single-transition rate �01(ω10) vs
detuning 
. (d) Maximum optomechanical damping rate �opt(ω10) plotted vs detuning 
. Colored round markers correspond to the specific
detuning values illustrated in panel (a). (e) Residual heating phonon number n̄r

m (logarithmic scale) plotted vs detuning 
 (linear scale),
showing a strong suppression of this unwanted backaction at large detuning |
| � γ .

noise spectrum Snn(ω) exhibits features at frequencies ±ω10,
and the optomechanical damping rate �opt(ωm) peaks when
the mechanical frequency is resonant with the dressed-state
transition, ωm = ω10 [cf. Fig. 3(a)].

Near this peak, the damping rate is determined by the
population imbalance between the dressed states

�opt(ωm � ω10) = (P0 − P1)�01(ωm � ω10). (19)

The single-transition rate �01 is defined as

�01(ωm � ω10) = g2
0|n01|2 2γ̃01

(ω10 − ωm)2 + (γ̃01)2
, (20)

with the matrix element |n01|2 = E∗
J

2/(4E∗
J

2 + 2
2) and tran-
sition width γ̃01 = γ (3E∗

J
2 + 
2)/(4E∗

J
2 + 2
2), while the

dressed-state populations are determined from the steady state
of the cavity.

Physically, Eq. (19) represents the competition between
phonon absorption and emission. When the lower-energy
dressed state is more heavily populated (P0 > P1), absorp-
tion dominates, leading to net cooling (�opt > 0). Similar to
conventional linear optomechanics [13], cooling occurs for
negative detuning and heating for positive detuning. However,
because both the populations and the transition rates depend

nonlinearly on the drive E∗
J and detuning 
 [cf. Figs. 3(b)

and 3(c)], the resulting damping rate exhibits a complex pa-
rameter dependence, as illustrated in Fig. 3(d).

Finally, the residual heating n̄r
m [given by Eq. (13)] quan-

tifies the limits of this cooling process due to unwanted
backaction. As shown in Fig. 3(e), this unwanted heating n̄r

m
can be suppressed well below unity by increasing the detuning
(the same strategy as for linear optomechanics [13]), which
effectively depopulates the higher-energy dressed state.

In the following, we explore the dressed-state-resolved
regime for the slightly more complex case of a three-level
cavity. As we shall see, the addition of a third state introduces
multiple transition frequencies and the possibility of popula-
tion inversion. This leads to a rich landscape where cooling
and heating channels coexist at distinct frequencies, offering
insight into the multilevel dynamics of the dressed-state man-
ifold.

2. Results for a three-level cavity

By tuning the zero-point fluctuations to φ0 =
√

3 − √
3

(Table I), we engineer an effective three-level cavity restricted
to the Fock states {|0〉 , |1〉 , |2〉}. The dressed-state energies

FIG. 4. Optomechanics using an effective three-level cavity. (a) Optomechanical damping rate �opt(ω) for detunings 
/γ = −30 (navy)
and −63 (orange). (b) Steady-state populations of dressed states |0̃〉 (P0, yellow), |1̃〉 (P1, navy), and |2̃〉 (P2, burnt-orange) vs detuning 
. The
vertical dashed line (brown) at 
c marks the population inversion threshold (where P2 = P1). (c) Single-transition rates �01 (black), �12 (red),
and �02 (light blue) vs detuning. (d) Maximum optomechanical damping rate �opt extracted at each resonance: ω10 (black), ω21 (red), and ω20

(light blue). Coloured dashed lines denote the specific detunings illustrated in panel (a). The dashed region in the curve corresponding to ω21

(red) highlights heating at the red-detuned drive. (e) Transition frequencies ωαβ as a function of detuning. (f) Residual heating n̄r
m extracted for

each transition at its respective optimal frequency. All results are calculated for EJ = 300h̄γ .
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are found by diagonalizing the Hamiltonian

Ĥcav,3 = − h̄
|1〉〈1| − h̄ 2
|2〉〈2|
+ (T01|1〉〈0| + T12|2〉〈1| + H.c.), (21)

where the transition matrix elements are T01 = iE∗
J φ0/2 and

T12 = iE∗
J [φ0(2 − φ2

0 )]/2
√

2. While the resulting eigenvalues
εα have complex analytical forms, they are easily obtained
numerically and are plotted in Fig. 2(b), where the energy
origin has been shifted by h̄
 to ensure that the spectrum is
symmetric around the origin in the large-detuning limit [cf.
the gray dashed-dotted curves in Fig. 2(b), which denote the
high-detuning asymptotes of the dressed-state energies].

In this three-level manifold, the noise spectrum Snn(ω)
exhibits three distinct side peaks at the transition frequencies
ω10, ω20, and ω21 [cf. Fig. 2(c)] and corresponding peaks
(cooling) or dips (heating) in the optomechanical damping
�opt [cf. Fig. 4(a)]. A key feature of the N > 2 regime is
the emergence of a nontrivial population inversion between
excited states. As shown in Fig. 4(b), for moderate negative
detunings (0 > 
 > −
c), the populations P1 and P2 invert
such that P2 > P1, even though the energies maintain the
order ε0 < ε1 < ε2. This feature is distinct from the popula-
tion inversion occurring at 
 = 0, which is also present in
the N = 2 case. Nontrivial population inversion arises from
the specific driving dynamics within the multilevel manifold,
which can favor the steady-state occupation of higher excited
states. Consequently, near the transition frequency ω21, the
optomechanical damping switches from cooling (
 < −
c)
to heating (0 > 
 > −
c). Meanwhile, the peaks at ω10 and
ω20 continue to provide cooling, as the ground-state popula-
tion P0 remains dominant. This ability to simultaneously heat
a mechanical mode at ω21 while cooling others at ω10 and
ω20 using the same cavity mode is a unique signature of the
dressed-state-resolved regime.

A similar reversal occurs for positive detuning (
 > 0).
While all three peaks generally lead to heating at large de-
tunings, a population inversion P0 > P1 at moderate detuning
allows for cooling at the frequency ω10, despite the overall
heating environment.

The dressed-state populations [Fig. 4(b)] and transition
rates [Fig. 4(c)] exhibit a nontrivial dependence on detun-
ing and drive amplitude, which is subsequently reflected in
the optimized damping rate �opt at each transition frequency
[Fig. 4(d)]. Similar to the two-level system behavior shown in
Fig. 3(d), these results indicate the existence of an optimal
detuning for maximizing the cooling performance of each
individual transition. However, it should be noted that the
transition frequencies ωαβ are themselves functions of the
detuning [cf. Fig. 4(e)]. Consequently, an optimal detuning
point implicitly selects a specific transition frequency, which
in turn defines the optimal mechanical frequency for cooling
in a given experimental implementation.

We note that, as in conventional linear optomechanics, each
mechanical frequency can be addressed optimally at either
positive or negative detuning by matching the mechanical
resonance to a specific transition frequency [cf. Fig. 4(e)].
The damping rate alternates between heating and cooling
upon reversing the sign of the detuning. However, for the

population-inverted transition, the direction is reversed; here,
red detuning leads to heating and blue detuning to cooling.

Furthermore, the three-level system allows for the sup-
pression of residual heating n̄r

m without requiring the large
detunings typically needed in linear systems. For instance,
at moderate negative detuning, the large disparity between P1

and P0 [Fig. 4(b)] significantly reduces n̄r
m [Fig. 4(f)]. In this

same regime, the optomechanical damping rate �opt(ω10) is
also maximized [cf. Fig. 4(d)], providing optimal conditions
for efficient cooling that surpass those found in low-cavity-
occupancy linear regimes.

IV. CONCLUSIONS

In this work, we have established a theoretical framework
for understanding optomechanical damping in the presence
of strong cavity nonlinearities. By shifting the perspective to
the dressed-state-resolved regime, we reveal that the cooling
dynamics are fundamentally governed by transitions within
the cavity’s quantum manifold. This approach provides an
intuitive link between the optomechanical damping rate and
the population imbalance of the dressed states via a result that
mirrors Fermi’s golden rule while accounting for the finite
lifetime of the quantum states.

We illustrated this framework using a Josephson photonics
architecture, where the combination of high-impedance cir-
cuits and nonlinear driving allows for the precise engineering
of a few-level photon manifold. Our results demonstrate that
this platform offers unprecedented control: By manipulating
the zero-point fluctuations φ0 (via the cavity’s impedance)
and the drive detuning, one can selectively address specific
transitions to simultaneously cool or heat different mechanical
modes.

While illustrated here in the microwave domain, where
strong nonlinearities are particularly accessible, our theo-
retical framework applies across the full electromagnetic
spectrum. In the optical regime, photon-blockaded cavities
featuring strongly nonequidistant dressed-state manifolds can
be engineered by coupling cavities to atomic [16–18] or
molecular systems [19,20]. Integrating such strongly anhar-
monic cavities with mechanical elements would establish a
test bed in the optical regime for exploring strongly nonlinear
optomechanics.

While the strong nonlinearity naturally limits the photon
occupation, it opens a new door for coherent manipulation
of cooling schemes that are inaccessible in linear systems.
The ability to suppress residual heating through population
engineering, without requiring extreme detunings, highlights
the practical advantages of this quantum-resolved approach.

Furthermore, this cooling scheme offers a direct pathway
toward multiplexed optomechanical control. For a target sys-
tem comprising M mechanical modes, our results suggest
a strategy of tuning the nonlinear cavity to a blockade at
N � M levels, subsequently engineering the drive amplitude
and detuning to achieve the desired damping rate for each
mode. The utility of this platform may be further extended
by incorporating coherent control techniques to manipulate
dressed-state populations in real time. Moreover, reaching
the single-photon strong-coupling regime would provide addi-
tional functionality, enabling even more sophisticated control
over the underlying quantum dynamics.
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Our study of the weak-coupling limit serves as a necessary
foundation for this next frontier of strong optomechanical
coupling. In that limit, we anticipate that dressed-state tran-
sitions will involve the simultaneous exchange of multiple
phonons, potentially enabling the simultaneous ground-state
cooling of several modes or the generation of multipartite me-
chanical entanglement. By providing a clear physical picture
of the underlying quantum transitions, this work paves the
way for a new generation of hybrid devices where the internal
structure of the cavity becomes a versatile tool for mechanical
control.
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