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One of the central tenets of the theory of the fractional quantum Hall effect is that the bulk quantized Hall
response requires the existence of a gapless chiral edge mode. The field-theoretical arguments for this rely on
locality. While locality is typically met in standard experimental settings, it need not always apply. Motivated
by experimental capabilities of photonic platforms, we study confining potentials that are steplike in angular
momentum, and thus nonlocal in position. We show that this nonlocal potential does not host conventional chiral
edge modes. These are replaced by gapless spin-2 edge states, which we show are connected to the collective
“graviton” excitations that are gapped in the bulk. Furthermore, we show that fractional quantum Hall states host
gapless (charged) quasiparticles on their edges, even in the absence of conventional edge modes. The edge state
energies vanish as a power law in system size, with an exponent that characterizes the bulk topological order.
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In the fractional quantum Hall (FQH) effect, the low-
energy excitations at the boundary are described by the chiral
Luttinger liquid, a one-dimensional system where interactions
lead to non-Fermi liquid behavior and power-law tunneling
characteristics. The chiral Luttinger liquid theory of edge
states has played an important role in advancing the under-
standing of the bulk-edge correspondence in topologically
ordered systems [1]. Experimentally, edge state measurements
have served as powerful probes of the underlying bulk topo-
logical order [2,3].

Bulk excitations have also been central to the study of the
incompressible FQH fluid. The seminal work of Girvin, Mac-
Donald, and Platzman introduced the magnetoroton mode, a
gapped neutral collective excitation arising from density fluc-
tuations [4]. The charged excitations carry fractional charge
and are gapped, with the gap set by the change in chemical
potential upon addition of a particle, which is responsible for
the incompressibility of the FQH state [5]. More recently,
Haldane’s geometric description of FQH states has high-
lighted the importance of an emergent internal metric, which
characterizes local deformations of the quantum Hall fluid
[6]. In the long-wavelength limit, the magnetoroton mode
can be understood as a neutral collective excitation generated
by fluctuations of the guiding-center geometry rather than
by ordinary density variations. These fluctuations have been
theoretically linked to an emergent spin-2 collective excita-
tion, often referred to as the “graviton” [7,8], which has been
observed experimentally via inelastic light scattering [9].
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In this Letter, we elucidate a connection between the bulk
and edge excitations of FQH states by studying a “nonlocal
hard-wall” confining potential that is steplike in the angu-
lar momentum basis. Such a confining potential has been
proposed in the context of photonic platforms [10], where po-
laritons in twisted optical cavities have been used to realize the
two-body Laughlin state [11]. The photonic platform allows
separate control of individual angular momentum states, via
associated optical Laguerre-Gauss modes, which are intrin-
sically of nonlocal character. The confining potential central
to our study differs from the usually considered “hard-wall”
potentials, for which the energy is a smoothly increasing func-
tion of single-particle angular momentum for large particle
numbers [12–15]. Being discontinuous in the angular momen-
tum basis, the potential we consider is necessarily nonlocal in
the position basis.

In general, nonlocal confining potentials may be engi-
neered when particles at the edge of the system are coupled
to modes in a surrounding medium in which the propaga-
tion velocity is larger than that of intrinsic dynamics in the
system. Integrating out these fast modes yields an effec-
tively instantaneous, spatially nonlocal kernel [16]. In optical
cavities, coupling polaritons to extended standing-wave or
orbital-angular-momentum modes produces cavity-mediated
long-range interactions that, after projection to the Low-
est Landau Level (LLL) and assuming rotational symmetry,
reduce to angular-momentum-diagonal potentials and can
approximate sharp terms [17]. Analogous physics arises
in superconducting-circuit lattices, where fast, delocalized
boundary or resonator modes—enabled by enhanced hopping
or capacitance—mediate nonlocal single-particle kernels for
slower circuit degrees of freedom [18,19].

It is natural to wonder how the phenomenology of edge
states is modified by a nonlocal potential. The general re-
sult that a bulk system described by a Chern-Simons field
theory must have a chiral edge mode on a manifold with a
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FIG. 1. Schematic diagram showing the free-fermion ground
state in the nonlocal potential, with all states m � M occupied, and
states m > M unoccupied with energy Vconf. Any excitation involves
moving a particle to an orbital with m > M, and thus the spectrum is
gapped. (Here illustrated for �L = 2.)

boundary [20,21] cannot be applied, because that field-
theoretical approach relies on locality. Is there a gapless
edge state at all? Certainly, the ν = 1 state of noninteracting
fermions loses its gapless edge state: in the ground state, the
fermions fill all of the states with zero potential, so any excita-
tion must move an electron to an orbital of a nonzero potential
Vconf (see Fig. 1). But what about FQH states? As we will
show, even for Vconf → ∞, the FQH states in this nonlocal
confinement do exhibit gapless states in the thermodynamic
limit N → ∞. However, these gapless states are not conven-
tional edge modes. Rather, they are connected to the bulk
graviton modes and associated “parent” quasiparticles. Fur-
thermore, we show that the parent quasiparticles themselves
are gapless for N → ∞, establishing that the edges of FQH
states are compressible even in the absence of conventional
edge modes.

We consider the Laughlin states at filling factors ν = 1/q
[5]. We work exclusively in the LLL, where the single-particle
wavefunctions φm(r) are indexed by angular momentum m =

0, 1, 2, . . . The nonlocal confining potential is then

V̂M = Vconf

∑
m>M

ĉ†
mĉm, (1)

where M = q(N − 1) is the highest occupied orbital of
the Laughlin state and the operators ĉm annihilate bosons
(fermions) with angular momentum m and obey the appro-
priate (anti)commutation relations. Around the edge of the
FQH droplet, the confinement exhibits algebraic nonlocality
in real space (for the real-space form of the nonlocal potential
(see the Appendix). The interparticle interaction may be writ-
ten as Ûint = ∑

m

∑
i< j VmPm(i j), where Vm are the Haldane

pseudopotentials and Pm(i j) projects to the many-body state
where particles i and j have relative angular momentum m
(which is even/odd for bosons/fermions). To make the Laugh-
lin state at ν = 1/q the exact zero-energy ground state, we
choose Vm = Vint � 0 for m � q − 2 and Vm = 0 otherwise.

We numerically investigated the excitation spectrum above
the zero-energy Laughlin ground state. Exact diagonalization
was performed for N particles in the potential V̂M and interac-
tions Ûint, using the DiagHam library [22]. We focus first on
the strong confinement limit (SCL), where states with m > M
are excluded from the basis and the only energy scale is the
interaction energy Vint . We will later also mention results in
the weak confinement limit (WCL) Vconf � Vint, insofar as it
shares interesting connections with the SCL.

The energy spectra for edge excitations of N = 8, ν = 1/2
bosons and ν = 1/3 fermions in the SCL are shown in Fig. 2,
where the energy is plotted as a function of �L = L − 1

2 NM,
chosen such that the Laughlin ground state is at �L = 0.

The excitation spectrum shows several striking features.
(1) The low-energy branch is not of conventional “edge mode”
character, in which the energy is a linear function of �L with a
slope determined by the edge mode velocity. The energy is not
even monotonically increasing with �L, with �L = 1 having
an anomalously large energy. (2) Instead an apparent band
of low-energy states appears from �L = 2, . . . , N , with very

FIG. 2. Energy spectra in the strong confinement limit for N = 8, ν = 1/2 bosons (left) and ν = 1/3 fermions (right). The spectrum of
edge states is made of branches of bound states, sharply contrasting the chiral Luttinger liquid theory. Lowest energies for confining potentials
V̂M−1, V̂M−2 at �L = 0, 1 are used to illustrate the connection of branch states to their associated “parent” quasiparticles.
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FIG. 3. Energies of branch modes and “parent” quasiparticles as a function of system size for ν = 1/2 bosons (left) and ν = 1/3 fermions
(right). The extrapolation to zero in the thermodynamic limit is done by fitting to E = E0

N−1/2

1−AN−1/2 (bosons) and E = E0
N−1

1−AN−1 (fermions),

according to the algebraic exponent 1−q
2 in Eq. (3).

weak dispersion. (3) This entire band of states has an energy
that vanishes as a power law in 1/N in the thermodynamic
limit N → ∞ (see Fig. 3). In the following, we will explain
the nature of this unconventional low-energy spectrum, and
will derive an analytic expression that motivates the power-
law fits shown in Fig. 3.

To describe the nature of the many-body states, it is useful
to work in a subspace of squeezed partition states gener-
ated from a specified root partition [23]. The root partition
indicates the dominant occupation number configuration of
angular momentum orbitals, with the convention that angular
momentum m increases from left to right. For example, the
root partition {1011} corresponds to particles occupying an-
gular momenta m = 0, 2, 3. Other physically relevant states
are generated via a squeezing operation, which conserves
total angular momentum L and reflects the generalized Pauli
exclusion principle of FQH states. A generic state in the
squeezed subspace can be constructed as a sum over all mono-
mials Mμ for which the partitions μ are squeezed from λ,
denoted μ � λ. For example, the ν = 1

2 Laughlin state has
root configuration λ = {101010 . . . 101} and the coefficients
of squeezed configurations μ � λ can be found recursively
[they correspond to the Jack polynomial J−2

λ ({ri})].
The low-energy branch has states that range from �L =

2, . . . , N , which we can use to find the appropriate root par-
titions. In the SCL, we are constrained to working in M + 1
possible angular momentum orbitals (m = 0, . . . , M). To re-
produce the right counting of the lowest branch, we postulate
root partitions with two quasiparticles and two quasiholes on
the edge for �L = 2, and other states in the branch corre-
sponding to moving one of the two quasiholes in the bulk
(which there are precisely N − 2 ways to do). For example,
the ν = 1/2 Laughlin state of N = 4 particles has root par-
tition {1010101}, and its �L = 2 edge state root partition is
given by {1010002}. The root partitions for the other states
in the lowest branch corresponding to �L = 3, 4 are then
{1001002} and {0101002}, respectively.

We have verified that the states in Fig. 2 are constructed
from the proposed root partitions by calculating the projec-
tion of these states onto the subspace of squeezed states
〈ψ |P̂μ�λ|ψ〉. Doing so, we find that states in the restricted sub-
space are a very good approximation for the whole �L = 2
branch. (For example, this overlap is �0.999 92 for N = 9.)

We note that these root partitions are identical to the con-
figurations of the bulk magnetoroton mode on the sphere [7].
The �L = 2 state then corresponds to the spin-2 graviton of
the FQHE, which is now on the edge (see Fig. 4). Thus, the
nonlocal potential acts to trap the branch of graviton modes
on the edge, lowering its energy well below the bulk gap.
As we now show, the residual nonzero energy of this trapped
graviton mode is, in fact, a finite-size effect that vanishes as
N → ∞. The fact that a gapless graviton can be trapped on
the edge was also emphasized in Ref. [24], but there it is a
part of a conventional branch with linear dispersion. Here,
we have an unconventional edge state due to the presence of
the nonlocal confining potential, which prevents population of
angular momentum orbitals larger than M.

FIG. 4. Schematic diagram of the root configuration of lowest
energy �L = 2 excitation of the confining potential (1) in the SCL
for ν = 1/2 bosons, starting from the root configuration of the
Laughlin state, {. . . , 10101}. As angular momentum orbitals above
M are forbidden by the confinement, the �L = 2 excitation closest
to the edge involves moving an additional particle to the M orbital to
give {. . . , 10002}.
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The very weak dispersion of the low-energy branch, with
�L = 2, . . . , N , motivates the view that one can think of this
as a (mobile) quasihole that interacts very weakly with a
“quasielectron” that is bound to the edge. Within this picture,
the branch can be related to a fundamental “parent” quasi-
particle excitation. For example, the quasiparticle for ν = 1/2
with N = 4 bosons has the root partition {101002}, where
the additional zero (i.e., quasihole) of the �L = 2 branch
has been removed. This root partition state has been studied
in the context of bulk excitations as the “quasielectron” of
the Laughlin state and can be constructed using composite
fermion theory [25,26]. On the edge, the state can be easily
generated as the ground state of a modified confinement in
which the m = M orbital is also excluded, i.e., V̂M−1, and at
angular momentum �L = 0. We find that the energy of this
parent quasiparticle state is very close to that of its corre-
sponding branch (see Fig. 2). Under the assumption that the
parent quasiparticle can lower its energy by binding with a
free quasihole, then the parent quasiparticle energy provides
an upper bound on the energy of the branch.

We now turn to show analytically that the energy of the
parent quasiparticle vanishes in the thermodynamic limit. As
a trial state we take |�SCL

�L=0〉 ∝ (1 − n̂M )|�L〉, which removes
the components of the Laughlin state with a particle in the
M orbital to make a zero-energy eigenstate of V̂M−1 (Here,
n̂m = ĉ†

mĉm). This state has excellent overlap with the �L = 0
ground state at V̂M−1 confinement (e.g., the squared overlap
for N = 10 bosons is ≈0.9996) and its energy can be com-
puted analytically to give

ESCL
�L=0 =

(
〈�L|n̂MÛintn̂M |�L〉

〈�L|n̂Mn̂M |�L〉

)( 〈n̂M〉
1 − 〈n̂M〉

)
, (2)

where we have used the properties of the Laughlin
state Ûint|�L〉 = 0 and n̂2

M |�L〉 = n̂M |�L〉, and 〈n̂M〉 ≡
〈�L|n̂M |�L〉. The first factor on the right-hand side of Eq. (2)
can be viewed as the interaction energy of one particle frozen
in the single-particle state φM (r) with the mean density
ρL,N−1(r) of the remaining Laughlin state of N − 1 particles,
i.e.,

∫
ρL,N−1(r)Vint (r − r′)|φM (r′)|2d2rd2r′. Using the fact

that this gives an interaction energy density of order Vint (up to
a numerical factor that can depend on ν) within the region of
the (normalized) state φM (r), the first factor must be of order
Vint for large N (see the Appendix for numerical evaluation).
The occupation number 〈n̂M〉 in the second factor can be
directly related to the normalization constant of the ν = 1/q
Laughlin state [27], for which an asymptotic expansion as a
function of particle number is known [28], 〈n̂M〉 ∼ f (q)N

1−q
2 ,

where f (q) is some unknown function with f (1) = 1. Putting
these together, we find to leading order

ESCL
�L=0 ∼ Vint f (q)N

1−q
2 . (3)

Thus, the gap vanishes with an exponent that depends on the
nature of the bulk topological phase. This algebraic exponent
(1 − q)/2 in Eq. (3) accurately fits the numerical results for
the excitation spectrum (see Fig. 3).

This result establishes that, for the nonlocal potential, the
Laughlin ground state is gapless to the formation of a charged
quasiparticle at N → ∞. The FQH state has long been argued
to be incompressible through numerical and experimental

observations [4,29–31], although a proof of a gap in the ther-
modynamic limit remains unknown [32]. These novel edge
states give an unexpected case where quasiparticle excitations
are not gapped, as opposed to their bulk counterparts. It also
demonstrates that the edge of the Laughlin state is compress-
ible even in the absence of conventional edge modes, which
involve (small) fluctuations of particles into the confining
potential.

The approach of associating a “parent” quasiparticle to
the branch of edge excitations can be generalized to higher
branches. For example, we find that the second lowest branch
of energies for N = 8 bosons has a pattern of (near) degenera-
cies that can be explained by two overlapping branches: one
spanning from �L = 4 to �L = 9, and the other from �L =
6 to �L = 16. The latter has a pattern of near degenerate
states 1,1,2,2,3,3,3,2,2,1,1 that can be reproduced by taking
a root partition {101 . . . 1000003} and moving two quasiholes
around the bulk (i.e., keeping {0003} at the end of the par-
tition). To obtain an analogous quasiparticle, we take the
lowest-energy state of V̂M−2 at �L = 0, which gives the parent
quasiparticle {101 . . . 1003}. From the numerics, the branch
starting at �L = 4 must have one state for each �L, so it is
natural to conjecture the root configuration {101 . . . 1000102}
and allow only one quasihole to move in the bulk (i.e., keeping
{00102} at the end of the partition). The analogous quasi-
particle can then be obtained by taking the lowest-energy
state of confinement V̂M−1 at �L = 1, which gives the parent
quasiparticle {101 . . . 100102}.

To test whether the proposed parent quasiparticles are
related to these branches, we compare their energies numer-
ically for bosons and fermions. For fermions, the two quasi-
particles have energies very close to the two branches that they
were assumed to be related to according to the root partition
arguments above. For bosons, the energies of 〈V̂M−1〉�L=1 and
〈V̂M−2〉�L=0 quasiparticles happen to be close to each other,
causing the two branches to overlap (see Fig. 2). The energies
of these parent quasiparticles also vanish like those of the
associated neutral branches for N → ∞ (see Fig. 3).

We now turn to discuss the effect of the nonlocal potential
in the WCL. The spectrum has many features in common
with those of the SCL described above. First, the energy
spectrum in the WCL exhibits the same low-energy structure
as the SCL, as shown in Fig. 5 (left). The same root con-
figurations also describe the low-energy states. Indeed, the
wavefunctions in the WCL and SCL converge in the ther-
modynamic limit (see Fig. 5, right), which shows that the
wavefunction overlap approaches unity as N → ∞ according
to |〈�SCL

�L=2|�WCL
�L=2〉|2 = 1 − O(N

1−q
2 ). Second, the energies of

the low-energy states go to zero in the thermodynamic limit,
also with the same exponent as in the SCL. A derivation of
this is provided for general �L in the Appendix. Here, we
will illustrate this for �L = 1, taking the variational state
|�WCL

�L=1〉 ∝ L̂†|�L〉, where |�L〉 is the Laughlin state and we
have defined the raising operator of angular momentum, L̂† =∑M

m=0

√
2(m + 1)lBĉ†

m+1ĉm. The energy of the edge excitation
can be written as

EWCL
�L=1 = 2Vconfl

2
B

(M + 1)〈n̂M〉
〈�L|L̂L̂†|�L〉 , (4)
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FIG. 5. (Left) Energy spectrum of edge states in the WCL for N = 8, ν = 1/2 bosons. The branch structure corresponds exactly to that
of the SCL. (Right) Thermodynamic behavior of overlap squared of the �L = 2 state in the two limits. The two states are shown to have a
very strong overlap that increases with system size. Applying a best fit with the critical exponent 1−q

2 predicts remarkably well that the overlap
approaches unity as N → ∞ for both the bosonic and fermionic Laughlin states.

where the key simplification arises from the observa-
tion that V̂ML̂†|�L〉 = [V̂M, L̂†]|�L〉, as V̂M |�L〉 = 0. The
thermodynamic limit of the angular momentum occupation
number 〈n̂M〉 was already discussed in the context of the SCL
in Eq. (3). Finally, the denominator in Eq. (4) has a known
closed form in the thermodynamic limit [33], giving

EWCL
�L=1 ∼ Vconf[ f (q)/q]N

1−q
2 . (5)

Hence, the energy scales to zero with the same exponent as in
SCL (3), or also remains gapped for an integer quantum Hall
state with filling fraction ν = 1. The additional factor of 1/q
compared to Eq. (3) is also evident in the numerical results
shown in Figs. 2 (left) and 5 (left).

To conclude, this work serves as a first step in understand-
ing the effects of nonlocality on topologically ordered phases
of matter, where the conventional field-theoretic approaches,
which assume locality of the edge, no longer apply. We
have shown that the nonlocal confinement (1) does not host
conventional edge modes. Rather, it supports gapless modes
that are directly related to the spin-2 graviton modes in the
bulk. These edge excitations are linked to parent quasiparti-
cles that have vanishing energy on the boundary. Our results
are also very general: they remain qualitatively the same
for longer-range pseudopotential perturbations (e.g., nonzero
V3 associated with Coulomb interactions), and also for non-
abelian states where both a gapless edge graviton and gapless
neutral fermion mode are observed (see the Appendix). Fi-
nally, spectroscopic measurements of the energy gap in this
nonlocal confinement [10], as a function of system size, could
be used to extract the algebraic exponent associated with
the nontrivial edge structure [34]. The exact diagonalization
results indicate that the exponent can be extracted in experi-
ments using small particle numbers.
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ported by the EPSRC (Grant No. EP/V062654/1), a Simons
Investigator Award (Grant No. 511029), and a Cambridge
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Appendix A: Nonlocality of confining potential. To convert
the confining potential (1) to position basis, we write

V̂M =
∫

d2r
∫

d2r′K (r, r′)ψ†(r)ψ (r′),

K (r, r′) = Vconf

∑
m>M

φ∗
m(r)φm(r′), (A1)

where the operators ψ (r) annihilate bosons (fermions) at po-
sition r and φm(r′) are the single-particle angular momentum
states. Inserting their explicit form into the expression for
K (r, r′), we find

K (r, r′) = Vconf

2π l2
B

exp

(
− r2 + r′2

4l2
B

+ ei(φ′−φ) rr′

2l2
B

)

×
⎡
⎣1 −


(M + 1, rr′
2l2

B
ei(φ′−φ) )


(M + 1)

⎤
⎦, (A2)

where r = (r, φ) in polar coordinates and 
(s, x) =∫ ∞
x t s−1e−t dt is the upper incomplete gamma function.

Evaluating the confining potential at the radius of the FQH
droplet, i.e., taking r = r′ = √

2MlB, we get

K (φ, φ′) = K (φ′ − φ) = V0

2π l2
B

exp(−M(1 − ei(φ′−φ) ))

×
[

1 − 
(M + 1, Mei(φ′−φ) )


(M + 1)

]
. (A3)

L022063-5
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Using known asymptotic expansions of upper incomplete
gamma functions [36] and defining the coordinate along the
edge as x = Rφ = √

2MφlB, we find that, for large M,

K (x − x′) ≈ V0

2π l2
B

e
i

√
M√

2lB
(x′−x)−(x′−x)2/4l2

B

×
[

1 − 1

2
erfc

(
i(x′ − x)

2lB

)]
, (A4)

where erfc(z) = 2√
π

∫ ∞
z e−t2

dt is the complementary error
function. Performing an asymptotic expansion in x′ − x, we
find that |K (x′ − x)| ∼ 1√

2π |x′−x| , so the confinement exhibits
nontrivial algebraic nonlocality around the edge of the droplet.
The phase of the confinement is also highly oscillatory, with
the frequency of oscillations growing with system size as

√
M.

Appendix B: Weak confining potential derivations.
Consider edge excitations of form L̂†

n|�L〉, where
L̂†

n = ∑M
m=0 αm,nĉ†

m+nĉm and αm,n = 〈m + n|ẑn|m〉 =
(
√

2lB)n
√

(m+n)!
m! . Then, their energy due to the confinement

V̂M is given by

E�L=n = 〈�L|L̂nV̂ML̂†
n|�L〉

〈�L|L̂nL̂†
n|�L〉 . (A5)

Proceeding similarly to the n = 1 case, we use the
fact that V̂ML̂†|�L〉 = [V̂M, L̂†

n]|�L〉 and [V̂M, L̂†
n] =

Vconf
∑M

m=M−n+1 αm,nĉ†
m+nĉm to rewrite the energy of the

edge state as

E�L=n = Vconf

〈�L|L̂nL̂†
n|�L〉

M∑
m=M−n+1

|αm,n|2

× (〈�L|ĉ†
mĉ†

m+nĉmĉm+n|�L〉 + 〈n̂m〉), (A6)

where we have used properties of creation (annihilation) op-
erators for further simplifications. We note that, in the last
line, the first expectation value in the numerator vanishes
as ĉM+1|�L〉 = 0. Plugging in the expression for αm,n and
rewriting the sum over k = M − m, we have that

E�L=n = Vconf
(
2l2

B

)n

〈�L|L̂nL̂†
n|�L〉

n−1∑
k=0

(M − k + n)!

(M − k)!
〈n̂M−k〉

≈ Vconf
(
2l2

B

)n〈n̂M〉
〈�L|L̂nL̂†

n|�L〉 Mn
n−1∑
k=0

(
k + q − 1

q − 1

)
, (A7)

where we used the result [27]

〈n̂M−k〉 ≈
(

k + q − 1

q − 1

)
〈n̂M〉, (A8)

valid when k � √
N (i.e., when n � √

N). The denominator
also has an exact asymptotic expression [33]

〈�L|L̂nL̂†
n|�L〉 ≈ Mn

(
2l2

B

)n
[n/q] (A9)

FIG. 6. (Upper) Expectation value of first factor in Eq. (2) as
a function of system size. Fit given by E0(1 − BN−1) for both
ν = 1/2 and ν = 1/3. From the fit, we obtain E0 = 1.643 ± 0.003
for ν = 1/2 and E0 = 1.613 ± 0.003. (Lower) Angular momentum
occupation number of the Laughlin state 〈n̂M〉 as a function of
system size. Fit given by CN

1−q
2 + DN1−q. From the fit, we obtain

C = 0.443 ± 0.003 for ν = 1/2 and C = 0.251 ± 0.003 for ν = 1/3,
giving an estimate of f (q) in Eq. (3).

and hence we obtain

E�L=n ≈ qVconf

n
〈n̂M〉

n−1∑
k=0

(
k + q − 1

q − 1

)

= qVconf

n
〈n̂M〉

(
n + q − 1

q

)
. (A10)

When q = 1, the n dependence vanishes, as is expected in the
noninteracting case (flat dispersion and appearance of a gap).
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FIG. 7. (Left) Energy spectrum of edge states in the SCL for N = 9, 10, ν = 1 bosons with three-body pseudopotential interactions. The
branch structure is similar to that of the Laughlin state, with the addition of a low-energy branch at �L = 3/2 analogous to the bulk neutral
fermi mode of the Moore-Read state. (Right) Energies of �L = 2, 3/2 modes as a function of system size for both bosons and fermions. The
extrapolation to zero in the thermodynamic limit is done by fitting to E = E0

N−1/2

1−AN−1/2 (bosons) and E = E0
N−1

1−AN−1 (fermions).

Moreover, for n = 1, we recover the result presented in the
Letter.

Appendix C: Strong confining potential derivations. We
present additional numerical data for the terms appearing in
Eq. (2). The plot of the first factor as a function of system size
is shown in Fig. 6 (upper). Fitting E0(1 − BN−1) shows that it
tends to a finite value (of order Vint) as N → ∞, as was argued
in the main text. Furthermore, fitting also to 〈n̂M〉 in Fig. 6
(lower), we find a numerical estimate for f (q) in Eq. (3).
Combining these two results, we estimate the prefactor of
the N (1−q)/2 term in Eq. (3) to be ≈0.73Vint (ν = 1/2) and
≈0.40Vint (ν = 1/3).

Finally, we note that the finite-size correction to
〈�L|n̂MÛintn̂M |�L〉/〈�L|n̂Mn̂M |�L〉 and 〈n̂M〉 = CN

1−q
2 +

DN1−q also introduce corrections to Eq. (2). We use the

functional form N
1−q

2

1−AN
1−q

2
to account for these in the fits in

Fig. 3.

Appendix D: Moore-Read edge spectrum. We demon-
strate the generality of our results as applied to the bosonic
(fermionic) Moore-Read state at ν = 1(1/2). Here, we use
three-body analogs of the pseudopotentials that give the

Moore-Read as the exact zero interaction energy ground state
[37]. The confining potential is now modified so that states
above the maximum angular momentum of the Moore-Read
state are not occupied. This maximum angular momentum is
given by M = N − 2 (2N − 3) for bosons (fermions).

Similarly to the Laughlin state, we find the lowest-energy
branch has states ranging from �L = 2, . . . , N/2, corre-
sponding to the root partitions of the bulk graviton. On top
of this, we find another low-energy branch ranging from
�L = 3/2, . . . , N/2 for a system with odd particle number
(see Fig. 7, left). The root partitions of this state correspond
to those of the bulk neutral fermion mode of the Moore-Read
state [7].

The leading order term can be thought of as coming from
nk ∼ kα ∼ N (−α)/2, where we take k = 2π/L ∼ 1/

√
M ∼

1/
√

N [27]. In the case of the Laughlin state, α = q − 1 that
agrees with our derivation of the algebraic exponent from
〈n̂M〉. A similar argument for the Moore-Read states, where
α = 1(2) for bosons (fermions), leads to algebraic exponents
of N−1/2 (N−1). Using these exponents, we find convincing
fits for both the graviton and neutral fermion (see Fig. 7, right),
suggesting their gaplessness for non-abelian states also.

[1] X.-G. Wen, Topological orders and edge excitations in frac-
tional quantum Hall states, Adv. Phys. 44, 405 (1995).

[2] M. Grayson, D. C. Tsui, L. N. Pfeiffer, K. W. West, and A. M.
Chang, Continuum of chiral Luttinger liquids at the fractional
quantum Hall edge, Phys. Rev. Lett. 80, 1062 (1998).

[3] R. de-Picciotto, M. Reznikov, M. Heiblum, V. Umansky, G.
Bunin, and D. Mahalu, Direct observation of a fractional charge,
Physica B 249–251, 395 (1998).

[4] S. M. Girvin, A. H. MacDonald, and P. M. Platzman, Collective-
excitation gap in the fractional quantum Hall effect, Phys. Rev.
Lett. 54, 581 (1985).

[5] R. B. Laughlin, Anomalous quantum Hall effect: An incom-
pressible quantum fluid with fractionally charged excitations,
Phys. Rev. Lett. 50, 1395 (1983).

[6] F. D. M. Haldane, Geometrical description of the fractional
quantum Hall effect, Phys. Rev. Lett. 107, 116801 (2011).

[7] B. Yang, Z.-X. Hu, Z. Papić, and F. D. M. Haldane, Model
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