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Quantum metrology explores optimal quantum protocols for parameter estimation. In the context of optical
atomic clocks, conventional protocols focus on optimal input states and measurements to achieve enhanced
sensitivities. However, such protocols are typically limited by phase slip errors inflicted due to the decoherence
of the local oscillator. Here, we study schemes to extend the dynamic range and overcome phase slip noise

through weak measurements with ancilla qubits. Using coherent spin states, we find optimal weak measurements
protocols: we identify optimal measurement strength for any given interrogation time and number of atoms.
Then, we combine weak and projective measurements to construct a protocol that asymptotically saturates the
noiseless precision limits and outperforms previously proposed methods for phase slip noise suppression.

DOLI: 10.1103/2hyn-cqlq

In quantum frequency estimation, we seek to estimate an
unknown frequency w, given a dynamic range of [wy, wy +
dw], with an optimal precision. Maintaining a high precision
given an arbitrarily large frequency bandwidth, dw, is one
of the fundamental challenges in quantum metrology, and it
is typically referred to as the precision-bandwidth trade-off
[1-5]. The standard estimation schemes rely on a Ramsey-
type experiment: N qubits are initialized to an input state,
rotate at the frequency w for time 7, and are subsequently
measured. For an infinitesimally small bandwidth, longer
evolution times enhance the precision, leading to estimation
uncertainty that scales as 1/7, known as Heisenberg scaling
(HS) with respect to time [6—10]. However, a finite bandwidth
restricts this improvement: an evolution time that is longer
than 7 /Sw leads to phase slip errors that considerably degrade
the precision. Consequently, the evolution time in systems
such as optical atomic clocks [11-16] is typically constrained
by the inverse of the frequency bandwidth [17]. This phe-
nomenon is prominent for the Greenberger-Horne-Zeilinger
(GHZ) state, as it provides optimal sensitivity but suffers from
a poor dynamic range, limiting its usefulness when ST is
large [2,18-20]. It is therefore highly desirable to develop
schemes that suppress phase slip errors and achieve nearly
optimal precision for a large bandwidth.

Several schemes successfully combine entanglement-
enhanced sensing with a relatively large dynamic range,
ie., dw~n/T [2,4,18,19,21,22]. However, in most prac-
tical applications, it is important to extend the dynamic
range even further; for example, in atomic clocks, larger

*Contact author: sdirekci @caltech.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(2)/1L.022046(7)

L022046-1

dynamic range would improve the tolerance to laser noise
and the clock stability. The fundamental question is, there-
fore, how to extend the dynamic range beyond this limit.
Several methods have been proposed for this purpose, includ-
ing cascaded protocols [1,4,21], quantum deamplification [5],
and sequential weak measurements [23,24]. However, it is
unknown whether these schemes saturate the relevant preci-
sion bounds, and it is highly desirable to find schemes that
are both optimal and easy to implement with state-of-the-art
platforms.

We focus in this Letter on the weak measurement approach.
While sequential weak measurements were proposed in the
context of cavity-based atomic clocks [23,24], there has been
no systematic study of their precision limits in the context of
Bayesian frequency estimation. In particular, it is unknown
whether such schemes achieve HS or saturate the precision
bounds for a large bandwidth, especially for a limited num-
ber of atoms (hereafter, HS refers only to the scaling with
time). Finally, prior works assumed a large ensemble of atoms
measured collectively [23,24]; devising an optimal weak mea-
surement protocol for circuit-based sensors [25-27] and for
a small number of atoms [28] remains an open challenge.
We address these questions by designing a tunable sequential
weak measurement protocol and analyze its performance for
different configurations. We focus on the simplest case where
the input state is a coherent spin state (CSS) and propose a
protocol that asymptotically saturates the ultimate precision
bounds for CSS for an arbitrarily large bandwidth. This pro-
tocol also shows HS and outperforms conventional protocols
in the finite N regime.

Formulation and Cramér-Rao bounds. We consider a
Ramsey-type experiment: N qubits evolve according to the
Hamiltonian H = a)ZN: ,07, where o7 is the Pauli z operator
acting on the jth qubit and w is the unknown frequency to
be estimated. We consider the Bayesian setting where w has
a uniform prior distribution Ps,(w) = i}([g,,gw] (w) in [0, Sw]
(x is the indicator function) [29]. Note that any uniform prior
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FIG. 1. Dynamic range problem in frequency estimation: (a)
Circuit representation of the standard Ramsey experiment, where
a strong measurement is applied after a phase accumulation time
T. (b) We consider a uniform prior distribution of the unknown
frequency Ps,(w) in the interval [0, §w]. (c) The square root of the
Bayesian mean squared error A®, normalized by the prior width dw
and the number of qubits N = 64. The solid, red line corresponds
to the measurement-optimized BMSE, which suffers from phase
slips beyond dw T > m, as shown in the Bloch sphere picture. The
dashed blue line corresponds to the quantum Fisher information
bound of (Aw)™? = Iy =4NT?. (d) Circuit representation of the
approach studied here: Ramsey experiment with sequential weak
measurements.

distribution in the form of [wy, wy + dw] is equivalent to this
distribution: we can retrieve the original prior by applying a

unitary of e’ 2% before the measurement. The error in the
estimation is quantified by the Bayesian mean squared error
(BMSE), which is defined as the mean squared error (MSE)
weighted by the prior distribution:

(AB) = / (Aw)* Py (0)dw, (1

where (Aw)? := Y p(x|w)(@ — west(x))? is the MSE, (A®)?
is the BMSE, {p(x|w)}, are the probabilities of the measure-
ment results, and {wes(x)} is the estimator function.

The standard Ramsey experiment is illustrated in Fig. 1(a).
The probes are initialized to a CSS, |+)®V = (|0) +
[1))®N /2N/2 where |+) is an eigenstate of the Pauli x operator.
They are subjected to a free evolution for a duration of T
and are finally measured. The BMSE of this protocol, when
optimized over all possible measurements, is referred to as the
optimal classical interferometer (OCI) [19,30] and is plotted
in Fig. 1(c). We observe that for interrogation times where
dwT > m, the OCI BMSE increases rapidly and converges to
the prior width, A® ~ dw, signifying that no information is

gained from the estimation. The behavior is caused by phase
slips: the unitary transformation describing the free evolution
is periodic in w T . Therefore, the maximum interrogation time
using this protocol is limited to 77 /§w, since longer times will
give rise to phase slip errors.

To resolve this issue, we propose to perform sequential
weak measurements during the free evolution. Weak measure-
ments provide frequent monitoring of the state and allow us
to track the oscillations, preventing phase slip errors [37—41].
They therefore can potentially extend the dynamic range
beyond 7 /T.

Our scheme consists of applying a sequence of weak o,
measurements in time intervals of t. They are described by the
Kraus operators Ky = (cos (g)I £ sin (g)o,)/ V2, where gis
a tunable parameter that represents the measurement strength
(g = 7 /4 corresponds to a projective measurement). They can
be realized by weakly entangling each probe to an ancillary
qubit and measuring the ancilla (see the Supplemental Ma-
terial [30]). Each step of the protocol involves the rotation
V, = cos(wt)l — isin(wt)o,, followed by a weak measure-
ment that transforms the state of the sensing qubit p as
p— KL pKL/Tr[Ky p Ki], depending on the measurement
outcome. Therefore, the sensing qubits evolve in stochastic
quantum trajectories [42]. Given a total interrogation time 7
and a measurement period t, this stochastic step is repeated
for m = |T/t] times [43]. Note that, to prevent phase slips,
the measurement period must satisfy T < 53—. We study two
different protocols, illustrated in Fig. 1(d): the weak-only
protocol, in which only sequential weak measurements are
performed, and the weak-with-strong protocol, in which the
final weak measurement is replaced by a projective measure-
ment on the sensing qubits.

Let us study the effects of weak measurements and the
resulting stochastic dynamics. Initializing the sensing qubit
in the state |+), it remains on the o,—o0y plane [44], and
is thus fully characterized by the angle 6 in this plane.
This angle is a random variable that depends on the previ-
ous measurement outcomes. It can be calculated iteratively
using the following relation: 6y, = —2wt + arg(cos(6y) +
x; sin(2g) + i cos(2g) sin(6;)), where 6y is the angle before the
kth measurement and x; = 0, 1 corresponds to the outcome
of the kth measurement. Notice that in the limit of g — 0,
Or+1 = 6 — 2wt, which corresponds to the free evolution in
a standard Ramsey experiment. Each step thus consists of a ro-
tation by an angle of 2w, followed by a small stochastic kick
in the phase that degrades the coherent phase accumulation.
This effect can be seen more clearly from studying the aver-
age dynamics, corresponding to the sequential ap hcatlon of
the channel A(p) =} (4, K(w)pK(“’) where K’ = K;V,,.
The sensing qubit undergoes dephasing in this channel with
a rate of y = —5-In(cos(2g)) ~ g/t in the limit of g < 1.
This dephasing stems from the phase random walk induced
by the measurements, a phenomenon that is typically termed
as measurement backaction. Even though in our protocol we
are not limited to the average dynamics but track individual
trajectories, we will show that this dephasing still affects the
sensitivity.

We are now poised to study the precision limits of this
scheme and compare them to the fundamental bounds. The
ultimate precision limit is given by the Bayesian Cramér-Rao
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bound (or the van Trees inequality) [45—47]
(MDY > [Ie +1p]™, ©)

where I := [ doP (®)Ic(w), Ic= [dxpx|w)d,Inp
(x|w)]*> is the classical Fisher information (CFI) and
Ip = [dwP(w)[d,InP(w)]* denotes the information
from the prior distribution. Since we are interested in the
large bandwidth limit, i.e., w T > 1, we have that Ic > Ip,
and Eq. (2) reduces to the Cramér-Rao bound (CRB):
(Aw)* Z I ! Furthermore, from the quantum Cramér-Rao
bound [48], the CFI is upper bounded by the quantum Fisher
information (QFI), i.e., Ic < Ip. Then, the QFI is the ultimate
limit of precision given an input state, and the benchmark
for our parameter estimation. For an N-atom CSS, the QFI
about w is given by Ip = 4NT?, where N is the number of
qubits and T is the interrogation time. This precision limit
is referred to as the Heisenberg limit (HL) with respect to
the interrogation time 7'. In contrast, the CFI achieved by
repeating a Ramsey protocol for M = T/t times is found as
4AN1? x M = 4NT 7, which fails to achieve the HL.

We now turn to quantifying the performance of the pro-
posed protocols. We first compute the CFI of this weak
measurement scheme. Even though this is a local quantity,
it provides a bound on the BMSE through the Bayesian
Cramér-Rao bound [Eq. (2)] and can be calculated analyti-
cally. Therefore, we first show that the CFI can approach the
QFIL. We then demonstrate numerically the saturation of the
CFI in the relevant Bayesian setting.

For this purpose, it is useful to define the parameter
n = g*T/t, which quantifies the amount of backaction on
the sensing qubits due to the weak measurements: the back-
action decay time was found as y~' ~ t/g%; therefore,
n=T/y~' describes how the total interrogation time com-
pares to the decay time.

Let us start with the weak-only protocol and denote the CFI
with this scheme as I (g, T, 7) [49]. Figure 2 presents IY as a
function of the interrogation time 7', for a fixed measurement
strength g and period t. We observe a trade-off relation in the
behavior of I_g: in the weak backaction regime, i.e., for n < 1,
I can be approximated as I ~ N g”% This T3 scaling of
the CFI is typical for frequency estimation of classical signal
[50-55]. Here, even though the scaling with T is more favor-
able than HS, the absolute performance relative to the HL is
poor since n < 1. Conversely, in the strong backaction regime
where n > 1, the growth of I_g is much more restrained,
ultimately converging to IY ~ 4NT/y ~ 4N é%T. This linear
scaling of the CFI is ubiquitous in sequential measurement
schemes [37,56,57] and it is attributed to the state memory
loss induced by the sequential measurements; i.e., the phase
becomes uncorrelated with its initial value. We can interpret
the overall behavior of the CFI as follows: in the weak back-
action regime not enough information is extracted from the
state, while in the strong backaction regime the decoherence
induced by the measurements degrades the CFI and prevents
achieving HS with respect to time. The optimal g is thus at
the crossover between the two regimes, where the trade-off
between extracted information and dissipation is optimal, and
HS can be achieved (see Fig. 4 in Ref. [30]).

2 Weak measurements only
[C x T
1004 g == == With strong measurement
weak backaction strong backaction
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FIG. 2. Average classical Fisher information I, normalized by
the QFL, I, = 4NT?, for the weak-only protocol (plotted in yellow)
and weak-with-strong protocol (plotted in green). We fix the mea-
surement strength as g = 0.1 and measurement period as T = 0.1 s,
and vary the interrogation time 7 € [1, 100] s. In the weak back-
action regime, i.e., 2T/t < 1, the CFI for the weak-with-strong
protocol saturates /. The CFI for the weak-only protocols is much
smaller, yet it increases rapidly as 7. Eventually, in the strong
backaction regime, g?T /T > 1, the two protocols obtain the same
CFlof 4NTt/&.

The usual experimental scenario is a fixed total time, T,
while the weak measurement strength g is tunable. Hence, for
a given T, we find that the optimal g corresponds to g°T /T ~
/372 [58]. The resulting CFI is then IY ~ 1.11NT?. Hence,
we can obtain HS with time using this weak-only scheme with
an optimal g, where the CFI loses a factor of ~3.60 compared
to the QFI limit.

The CFI can be improved if, in addition to the weak mea-
surements, a projective (strong) measurement is applied at the
end of the interrogation, which is the weak-with-strong proto-
col. We denote CFI of this scheme as [¥*(g, T, 7). In the weak
backaction regime (n < 1), I_gs ~ Iy = 4ANT?, where it is
maximal for g = 0, which saturates the QFI limit (see Fig. 2).
However, in the strong backaction regime (1 >> 1), the final
projective measurement does not add any new information
and we obtain the same linear CFI scaling [ ~ 4NTt/ &,
as we had for I_g’ . Hence, weak measurements only reduce
I, but as we will show in the following, they are needed
to saturate the CFI given a large dynamic range. A further
analysis of the CFI with imperfect weak measurements can be
found in Ref. [30].

Saturability of the CRB and the threshold effect. So far we
have shown that the CFI of both of the weak measurement pro-
tocols, 1Y, I, yields HS with appropriate values of g, 7, T
However, these quantities correspond to local estimation of
w, and they are not necessarily saturable in the relevant large
bandwidth limit, §oT > 1. Hence, we study the minimal
n, N for which I, I** are saturated, given a uniform prior
distribution in [0, w]. In particular, we focus on whether
they can be saturated for small enough n such that HS is
achieved. Note that the prior distribution implicitly determines
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FIG. 3. Performance of the proposed protocol with respect to the interrogation time 7" and the threshold effect. The frequency w is sampled
from a uniform distribution in [0, Sw], which determines the measurement period as 7 < 7 /28w. (a) We fix dw = 57 (i.e., T = 0.1), T = 10,
and plot the inverse of BMSE (A®)? scaled by the QFI I, for the two weak measurement protocols. (A®)? x I, = 1 signifies saturating the
QFI, and Ic/I, is plotted with gray, plain lines. We observe a threshold effect such that the attainability of the CFI [, I requires large enough
SNR. The green, dashed, vertical line corresponds to 7 = /3/27/g*, which is a transition point between the weak and strong backaction
regimes. Achieving HS requires the threshold to occur before this line (which requires N > 20 qubits for this case). (b) We fix N = 64,
dw = 7 (t = 0.5 s) and plot the square root of the BMSE Aw normalized by the prior width §w, and scaled by the square root of the number
of qubits N. The vertical green line corresponds to w7 = m: for larger interrogation times, phase slips degrade the sensitivity of standard
protocols. We compare the performance of the OCI [19,30], the proposed weak-with-strong protocol, the iterative protocol, and the cascaded
protocol [1]. The latter two demonstrate an extended dynamic range; however, the proposed protocol outperforms the cascaded protocol and
achieves HS, with an overhead of 1.18 in Aw. The measurement strength g is optimized for each T for the proposed protocol.

the measurement period for the weak measurement protocols,
with T < 7/28w.

A similar problem was studied extensively in classical
sensing, where a signal s(t,) = A cos(2wt,) + v, is sampled
at times {t, = nt}ﬁ”=1 [50,51]. Here, A is the amplitude of the
signal and {vn}ff:l are i.i.d. Gaussian random variables, v, ~
N(0, ?). It was shown that this classical frequency estimation
problem is plagued by a threshold effect with respect to the
signal to noise ratio (SNR), defined as ;‘—z % For low SNR, the
posterior distribution is very close to the prior distribution, and
the MSE is thus very close the prior variance. Above a certain
threshold of the SNR, there is a sharp drop in the MSE, and
it converges to the CRB. This is a well-known effect in signal
estimation, studied in, e.g., Refs. [S0-52].

In our case, we also sample a stochastic, time-dependent
signal, through the weak measurements. The weak backaction
regime in our setting is equivalent to sampling a classical sig-
nal due to the negligible backaction. We thus expect a similar
threshold behavior, where the SNR in the limit of g < 1 can
be defined as Ng’T/t = N5. This SNR threshold effect is
observed numerically, and it is illustrated in Fig. 3(a) (see
also Fig. 6 in Ref. [30]). We plot the BMSE (A®)?* obtained
with the maximum likelihood estimator as a function of 7' for
varying numbers of qubits N [59]. (A®)~? is compared to the
CFI as a benchmark, plotted with gray lines. As the SNR is
increased, e.g., by increasing 7' as in Fig. 3(a), the BMSE
starts to rapidly decrease and saturates the CRB.

In order to approach Iy and achieve HS with time, the
CRB needs to be saturated in the regime where IS ~ I,.
Therefore, reaching this limit requires (1) weak measurement
backaction, n < 1, and (2) large enough SNR, Nn > 1. As
shown in Fig. 3(a), these two conditions are incompatible for

small N: the saturability occurs only in the strong backaction
regime. However, there exists a minimal N after which these
two conditions are satisfied and HS can be achieved. In par-
ticular, we observe that as N increases, the saturability occurs
at smaller 7.

Let us analytically find the minimal N for which the CRB
can be saturated. We aim to compute the parameters of the
weak-with-strong protocol for which the BMSE is close to the
CFL i.e., (A®)2 = (1 — €)lc, € <« 1. We work in the limit
of n <« 1 and a large number of probes, N >> 1, for which the
problem can be approximated as the sampling of a classical
signal. We find that (A@)~? = (1 — €)l is attained for

w32 6 T
Nnp=~2In{ — In{—).
7 n<486)+ n(r)

For any system parameters g, T, t, this expression provides
the minimal number of probes N for which we are € close
to the CFI. Since we can always tune g such that n re-
mains constant, then the minimal N, for any given €, grows
as 6In[(26wT)/m]. Hence, it grows logarithmically with the
number of phase wraps. While this logarithmic dependence
is in line with the scaling of N in previous schemes [21], we
obtain a smaller overhead.

Finally, we want to explicitly show that this protocol
achieves an almost optimal BMSE for long times, i.e., ST >
1, and that it outperforms existing methods. To this end, we
plot in Fig. 3(b) the square root of the BMSE A®, as a
function of interrogation time for different sensing schemes
for N = 64. Our weak-with-strong protocol is compared to
the QFI bound, to the OCI, and to two more conventional dy-
namic range extension schemes: the iterative and the cascaded

3
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protocol [1,4,21,25]. The iterative protocol scales the inter-
rogation time by a constant factor v > 1 iteratively, whereas
the cascaded protocol employs groups of atoms with shorter
interrogation times T/2', i > 0, which are used to prevent
phase slips [30]. In the Figure, we optimize over v, which is
set to 2.51.

We first observe that our weak-with-strong protocol per-
forms very close to the QFI bound for the entire range of
interrogation times, with a maximal overhead of 1.18 in A®@
(compared to 1.75 of the iterative scheme). We thus obtain
an almost optimal HS that is immune to phase slip errors and
persists in the limit of large Sw7. This is in sharp contrast
to the OCI that suffers from phase slip errors and becomes
inefficient for wT > m. We also observe that our protocol
considerably outperforms the cascaded protocol. The intu-
itive reason behind this metrological gain is that, while the
cascaded protocol allows optimization over only a finite set
of partitions into blocks, the proposed weak measurement
scheme offers greater tunability, as the optimization is over
the continuous weak measurement strength g [60].

Conclusions and outlook. In this Letter, we developed
and analyzed a weak measurement Ramsey protocol that
achieves optimal precision over an extended dynamic range
asymptotically. By optimizing over the weak measurement
strength, we were able to achieve a nearly optimal sen-
sitivity and HS in the large bandwidth limit, dwT > 1,
given a large enough number of probes. We identified two

separate conditions for obtaining a high sensitivity and a
large bandwidth, and demonstrated that they can be satisfied
simultaneously.

Some open questions and directions that can potentially
improve the proposed protocol are as follows: first, we can
reduce the number of ancillas by coupling only a subset of
sensors to ancillas or coupling several sensors to the same
ancilla. We can also improve the BMSE in the low SNR limit
by adding more ancillas as memory qubits and performing a
collective measurement on them [55,61,62]. This may allow
achieving HS for smaller N. Finally, we can mitigate the effect
of imperfect measurements by using error correction [63—-66].
Weak measurements could also be combined with entangled
states [24] to achieve HS with both time and the number of
qubits, for an extended bandwidth.

Acknowledgments. We acknowledge helpful discussions
with Yanbei Chen, Ran Finkelstein, James W. Gardner, Lee P.
McCluller, Alex Retzker, Nelson Darkwah Oppong, and Denis
V. Vasilyev. T.G. acknoweldges funding from the quantum sci-
ence and technology early-career grant of the Israeli council
for higher education. We acknowledge funding from the Army
Research Office MURI program (No. W911NF2010136),
TINA QC (No. W911NF2410388), and the Institute for Quan-
tum Information and Matter, an the NSF Physics Frontiers
Center (NSF Grant No. PHY-1733907).

Data availability. The data that support the findings of this
article are openly available at Zenodo [67].

[1] T. Rosenband and D. R. Leibrandt, Exponential scaling of clock
stability with atom number, arXiv:1303.6357.

[2] R. Kaubruegger, D. V. Vasilyev, M. Schulte, K. Hammerer,
and P. Zoller, Quantum variational optimization of Ramsey
interferometry and atomic clocks, Phys. Rev. X 11, 041045
(2021).

[3] C. D. Marciniak, T. Feldker, I. Pogorelov, R. Kaubruegger,
D. V. Vasilyev, R. van Bijnen, P. Schindler, P. Zoller, R. Blatt,
and T. Monz, Optimal metrology with programmable quantum
sensors, Nature (London) 603, 604 (2022).

[4] S. Direkci, R. Finkelstein, M. Endres, and T. Gefen,
Heisenberg-limited Bayesian phase estimation with low-depth
digital quantum circuits, npj Quantum Inf. 12, 31 (2026).

[5] Q. Liu, M. Xue, M. Radzihovsky, X. Li, D. V. Vasilyev, L.-N.
Wu, and V. Vuleti¢, Enhancing dynamic range of sub-standard-
quantum-limit measurements via quantum deamplification,
Phys. Rev. Lett. 135, 040801 (2025).

[6] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum sensing,
Rev. Mod. Phys. 89, 035002 (2017).

[7] B. L. Higgins, D. W. Berry, S. D. Bartlett, H. M. Wiseman,
and G. J. Pryde, Entanglement-free Heisenberg-limited phase
estimation, Nature (London) 450, 393 (2007).

[8] M. de Burgh and S. Bartlett, Quantum methods for clock
synchronization: Beating the standard quantum limit without
entanglement, Phys. Rev. A 72, 042301 (2005).

[9] C. Han, Z. Ma, Y. Qiu, R. Fang, J. Wu, C. Zhan, M. Li, J.
Huang, B. Lu, and C. Lee, Atomic clock locking with Bayesian
quantum parameter estimation: Scheme and experiment, Phys.
Rev. Appl. 22, 044058 (2024).

[10] H.-Y. Huang, Y. Tong, D. Fang, and Y. Su, Learning many-body
Hamiltonians with Heisenberg-limited scaling, Phys. Rev. Lett.
130, 200403 (2023).

[11] B. Bloom, T. Nicholson, J. Williams, S. Campbell, M. Bishof,
X. Zhang, W. Zhang, S. Bromley, and J. Ye, An optical lattice
clock with accuracy and stability at the 107! level, Nature
(London) 506, 71 (2014).

[12] A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt,
Optical atomic clocks, Rev. Mod. Phys. 87, 637 (2015).

[13] E. Oelker, R. Hutson, C. Kennedy, L. Sonderhouse, T.
Bothwell, A. Goban, D. Kedar, C. Sanner, J. Robinson, G.
Marti, et al., Demonstration of 4.8 x 107!7 stability at 1s
for two independent optical clocks, Nat. Photon. 13, 714
(2019).

[14] M. A. Norcia, A. W. Young, W. J. Eckner, E. Oelker, J. Ye, and
A. M. Kaufman, Seconds-scale coherence on an optical clock
transition in a tweezer array, Science 366, 93 (2019).

[15] I. S. Madjarov, A. Cooper, A. L. Shaw, J. P. Covey, V.
Schkolnik, T. H. Yoon, J. R. Williams, and M. Endres, An
atomic-array optical clock with single-atom readout, Phys. Rev.
X9, 041052 (2019).

[16] J. M. Robinson, M. Miklos, Y. M. Tso, C. J. Kennedy, T.
Bothwell, D. Kedar, J. K. Thompson, and J. Ye, Direct compar-
ison of two spin-squeezed optical clock ensembles at the 10~!7
level, Nat. Phys. 20, 208 (2024).

[17] I. D. Leroux, N. Scharnhorst, S. Hannig, J. Kramer, L. Pelzer,
M. Stepanova, and P. O. Schmidt, On-line estimation of local
oscillator noise and optimisation of servo parameters in atomic
clocks, Metrologia 54, 307 (2017).

L022046-5


https://arxiv.org/abs/1303.6357
https://doi.org/10.1103/PhysRevX.11.041045
https://doi.org/10.1038/s41586-022-04435-4
https://doi.org/10.1038/s41534-025-01177-9
https://doi.org/10.1103/25ds-9724
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1038/nature06257
https://doi.org/10.1103/PhysRevA.72.042301
https://doi.org/10.1103/PhysRevApplied.22.044058
https://doi.org/10.1103/PhysRevLett.130.200403
https://doi.org/10.1038/nature12941
https://doi.org/10.1103/RevModPhys.87.637
https://doi.org/10.1038/s41566-019-0493-4
https://doi.org/10.1126/science.aay0644
https://doi.org/10.1103/PhysRevX.9.041052
https://doi.org/10.1038/s41567-023-02310-1
https://doi.org/10.1088/1681-7575/aa66e9

SU DIREKCI, MANUEL ENDRES, AND TUVIA GEFEN

PHYSICAL REVIEW RESEARCH 8, 1022046 (2026)

[18] D. W. Berry, B. L. Higgins, S. D. Bartlett, M. W. Mitchell, G. J.
Pryde, and H. M. Wiseman, How to perform the most accurate
possible phase measurements, Phys. Rev. A 80, 052114 (2009).

[19] K. Macieszczak, M. Fraas, and R. Demkowicz-Dobrzanski,
Bayesian quantum frequency estimation in presence of collec-
tive dephasing, New J. Phys. 16, 113002 (2014).

[20] M. Jarzyna and R. Demkowicz-Dobrzanski, True precision lim-
its in quantum metrology, New J. Phys. 17, 013010 (2015).

[21] E. M. Kessler, P. Kémar, M. Bishof, L. Jiang, A. S. Sgrensen, J.
Ye, and M. D. Lukin, Heisenberg-limited atom clocks based on
entangled qubits, Phys. Rev. Lett. 112, 190403 (2014).

[22] L. Pezze and A. Smerzi, Heisenberg-limited noisy atomic clock
using a hybrid coherent and squeezed state protocol, Phys. Rev.
Lett. 125, 210503 (2020).

[23] N. Shiga and M. Takeuchi, Locking the local oscillator phase
to the atomic phase via weak measurement, New J. Phys. 14,
023034 (2012).

[24] J. Borregaard and A. S. Sgrensen, Near-Heisenberg-limited
atomic clocks in the presence of decoherence, Phys. Rev. Lett.
111, 090801 (2013).

[25] A. L. Shaw, R. Finkelstein, R. B.-S. Tsai, P. Scholl, T. H.
Yoon, J. Choi, and M. Endres, Multi-ensemble metrology by
programming local rotations with atom movements, Nat. Phys.
20, 195 (2024).

[26] R. Finkelstein, R. B.-S. Tsai, X. Sun, P. Scholl, S. Direkci, T.
Gefen, J. Choi, A. L. Shaw, and M. Endres, Universal quan-
tum operations and ancilla-based read-out for tweezer clocks,
Nature (London) 634, 321 (2024).

[27] A. Cao, W. J. Eckner, T. Lukin Yelin, A. W. Young, S. Jandura,
L. Yan, K. Kim, G. Pupillo, J. Ye, N. Darkwah Oppong, et al.,
Multi-qubit gates and Schrodinger cat states in an optical clock,
Nature (London) 634, 315 (2024).

[28] P. Sekatski, M. Skotiniotis, and W. Diir, Improved sensing with
a single qubit, Phys. Rev. Lett. 118, 170801 (2017).

[29] Extension to other forms of prior distributions is discussed in
Ref. [30].

[30] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/2hyn-cqlq for more details, which includes Refs.
[31-36].

[31] S. M. Kay, Fundamentals of Statistical Signal Processing:
Estimation Theory (Prentice-Hall, Inc., Englewood Cliffs, NJ,
United States, 1993).

[32] S.Pang and A. N. Jordan, Optimal adaptive control for quantum
metrology with time-dependent Hamiltonians, Nat. Commun.
8, 14695 (2017).

[33] S. Zhou and L. Jiang, Asymptotic theory of quantum channel
estimation, PRX Quantum 2, 010343 (2021).

[34] F. Albarelli, M. A. Rossi, M. G. Paris, and M. G. Genoni,
Ultimate limits for quantum magnetometry via time-continuous
measurements, New J. Phys. 19, 123011 (2017).

[35] M. A. Rossi, F. Albarelli, D. Tamascelli, and M. G. Genoni,
Noisy quantum metrology enhanced by continuous nondemoli-
tion measurement, Phys. Rev. Lett. 125, 200505 (2020).

[36] W. Bowden, A. Vianello, I. R. Hill, M. Schioppo, and R.
Hobson, Improving the Q factor of an optical atomic clock using
quantum nondemolition measurement, Phys. Rev. X 10, 041052
(2020).

[37] T. Gefen, M. Khodas, L. P. McGuinness, F. Jelezko, and A.
Retzker, Quantum spectroscopy of single spins assisted by a
classical clock, Phys. Rev. A 98, 013844 (2018).

[38] K. S. Cujia, J. M. Boss, K. Herb, J. Zopes, and C. L. Degen,
Tracking the precession of single nuclear spins by weak mea-
surements, Nature (London) 571, 230 (2019).

[39] M. Pfender, P. Wang, H. Sumiya, S. Onoda, W. Yang, D. B. R.
Dasari, P. Neumann, X.-Y. Pan, J. Isoya, R.-B. Liu, and
J. Wrachtrup, High-resolution spectroscopy of single nuclear
spins via sequential weak measurements, Nat. Commun. 10,
594 (2019).

[40] D. Cohen, T. Gefen, L. Ortiz, and A. Retzker, Achieving the ul-
timate precision limit with a weakly interacting quantum probe,
npj Quantum Inf. 6, 83 (2020).

[41] B. Tratzmiller, Q. Chen, I. Schwartz, S. F. Huelga, and M. B.
Plenio, Limited-control metrology approaching the Heisenberg
limit without entanglement preparation, Phys. Rev. A 101,
032347 (2020).

[42] T. Ilias, Biasing quantum trajectories for enhanced sensing,
Phys. Rev. A 111, 042432 (2025).

[43] Note that if we set T = T', g = 7 /4, this protocol reduces to the
standard Ramsey experiment.

[44] We ignore decoherence effects, such as amplitude damping. See
Ref. [30] for a derivation.

[45] H. Cramer, Mathematical Methods of Statistics (PMS-9),
Princeton Mathematical Series, Vol. 9 (Princeton University
Press, Princeton, NJ, 1946).

[46] C. Radhakrishna Rao, Selected Papers of C. R. Rao, edited by
S. Gupta, J. K. Ghosh, S. K. Mitra, P. S. S. N. V. P. Rao, J. K.
Grosh, A. C. Mukhopadhyay, and Y. R. Sarma (John Wiley &
Sons, Nashville, TN, 1995).

[47] H. L. Van Trees, Detection, Estimation, and Modulation Theory,
part I (Wiley-Interscience, New York, 2004).

[48] S. L. Braunstein and C. M. Caves, Statistical distance and
the geometry of quantum states, Phys. Rev. Lett. 72, 3439
(1994).

[49] We observed numerically that the CFI is w independent in the
regime of interest, o T > 1, wt < /2.

[50] D. Rife and R. Boorstyn, Single tone parameter estimation from
discrete-time observations, IEEE Trans. Inf. Theory 20, 591
(1974).

[51] A. Steinhardt and C. Bretherton, Thresholds in frequency esti-
mation, in Proceedings of the IEEE International Conference
on Acoustics, Speech, and Signal Processing, ICASSP’85 (Insti-
tute of Electrical and Electronics Engineers, Tampa, FL, USA,
1985), Vol. 10, pp. 1273-1276.

[52] L. Knockaert, The Barankin bound and threshold behavior in
frequency estimation, IEEE Trans. Signal Process. 45, 2398
(1997).

[53] S. Schmitt, T. Gefen, F. M. Stiirner, T. Unden, G. Wolff, C.
Miiller, J. Scheuer, B. Naydenov, M. Markham, S. Pezzagna, J.
Meijer, 1. Schwarz, M. Plenio, A. Retzker, L. P. McGuinness,
and F. Jelezko, Submillihertz magnetic spectroscopy per-
formed with a nanoscale quantum sensor, Science 356, 832
(2017).

[54] S. Schmitt, T. Gefen, D. Louzon, C. Osterkamp, N.
Staudenmaier, J. Lang, M. Markham, A. Retzker, L. P.
McGuinness, and F. Jelezko, Optimal frequency measurements
with quantum probes, npj Quantum Inf. 7, 55 (2021).

[55] J. W. Gardner, T. Gefen, E. Payne, S. Direkci, S. M.
Vermeulen, S. A. Haine, J. J. Hope, L. McCuller, and Y. Chen,
Bayesian frequency estimation at the fundamental quantum
limit, arXiv:2507.02811.

L022046-6


https://doi.org/10.1103/PhysRevA.80.052114
https://doi.org/10.1088/1367-2630/16/11/113002
https://doi.org/10.1088/1367-2630/17/1/013010
https://doi.org/10.1103/PhysRevLett.112.190403
https://doi.org/10.1103/PhysRevLett.125.210503
https://doi.org/10.1088/1367-2630/14/2/023034
https://doi.org/10.1103/PhysRevLett.111.090801
https://doi.org/10.1038/s41567-023-02323-w
https://doi.org/10.1038/s41586-024-08005-8
https://doi.org/10.1038/s41586-024-07913-z
https://doi.org/10.1103/PhysRevLett.118.170801
http://link.aps.org/supplemental/10.1103/2hyn-cqlq
https://doi.org/10.1038/ncomms14695
https://doi.org/10.1103/PRXQuantum.2.010343
https://doi.org/10.1088/1367-2630/aa9840
https://doi.org/10.1103/PhysRevLett.125.200505
https://doi.org/10.1103/PhysRevX.10.041052
https://doi.org/10.1103/PhysRevA.98.013844
https://doi.org/10.1038/s41586-019-1334-9
https://doi.org/10.1038/s41467-019-08544-z
https://doi.org/10.1038/s41534-020-00313-x
https://doi.org/10.1103/PhysRevA.101.032347
https://doi.org/10.1103/PhysRevA.111.042432
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1109/TIT.1974.1055282
https://doi.org/10.1109/78.622965
https://doi.org/10.1126/science.aam5532
https://doi.org/10.1038/s41534-021-00391-5
https://arxiv.org/abs/2507.02811

EXTENDING THE DYNAMIC RANGE IN QUANTUM ...

PHYSICAL REVIEW RESEARCH 8, 1022046 (2026)

[56] S. Gammelmark and K. Mglmer, Fisher information and the
quantum Cramér-Rao sensitivity limit of continuous measure-
ments, Phys. Rev. Lett. 112, 170401 (2014).

[57] Y. Yang, V. Montenegro, and A. Bayat, Extractable information
capacity in sequential measurements metrology, Phys. Rev. Res.
5, 043273 (2023).

[58] In the relevant regime of w7 > 1 and wt < 7 /2.

[59] We use the optimal Bayesian estimator [2,4] for dwT < 7,
since the prior information is significant in this regime.

[60] Note that if we plot A@® for larger T', the optimal g will fall into
the strong backation regime, causing the transition from HS to
a T scaling in the obtained precision.

[61] D. Yang, S. F. Huelga, and M. B. Plenio, Efficient information
retrieval for sensing via continuous measurement, Phys. Rev. X
13, 031012 (2023).

[62] R. R. Allen, F. Machado, 1. L. Chuang, H.-Y. Huang,
and S. Choi, Quantum computing enhanced sensing,
arXiv:2501.07625.

[63] Y. L. Len, T. Gefen, A. Retzker, and J. Kotodyriski, Quantum
metrology with imperfect measurements, Nat. Commun. 13,
6971 (2022).

[64] S. Zhou, S. Michalakis, and T. Gefen, Optimal protocols for
quantum metrology with noisy measurements, PRX Quantum
4, 040305 (2023).

[65] N. Carmel and N. Katz, Hybrid logical-physical qubit interac-
tion as a post selection oracle, arXiv:2306.05027.

[66] Y. Ouyang, Robust projective measurements through measuring
code-inspired observables, npj Quantum Inf. 10, 104 (2024).

[67] D. Su, sudirekci/Weak-Measurements-for-metrology: v1.0.0,
Zenodo, 2026, https://doi.org/10.5281/zenodo.20337455.

L022046-7


https://doi.org/10.1103/PhysRevLett.112.170401
https://doi.org/10.1103/PhysRevResearch.5.043273
https://doi.org/10.1103/PhysRevX.13.031012
https://arxiv.org/abs/2501.07625
https://doi.org/10.1038/s41467-022-33563-8
https://doi.org/10.1103/PRXQuantum.4.040305
https://arxiv.org/abs/2306.05027
https://doi.org/10.1038/s41534-024-00904-y
https://doi.org/10.5281/zenodo.20337455

