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Turbulent diffusion and dispersion in a superfluid
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Single-body diffusion and two-body dispersion are fundamental processes in classical turbulence, governing
particle mixing and transport. However, their behaviors in superfluid turbulence remain largely unexplored.
In this study, we numerically investigate the diffusion and relative dispersion of both quantized vortices and
superfluid parcels in the OK limit in two distinct turbulence regimes: ultraquantum turbulence, character-
ized by a randomized vortex tangle, and quasiclassical turbulence, in which locally polarized vortices create
large-scale flows resembling classical turbulence. Our results reveal that while vortex segments exhibit similar
superdiffusion behavior at short times in both regimes, superfluid parcels behave differently—following the
same superdiffusion scaling in ultraquantum turbulence but deviating significantly in quasiclassical turbulence.
This contrast provides a key clue to the origin of short-time superdiffusion, a puzzle since its recent discovery.
Additionally, we show that two-body dispersion of both vortex segments and superfluid parcels exhibits distinct
scaling behaviors in ultraquantum and quasiclassical turbulence, highlighting fundamental differences in these
two turbulence regimes. Our findings bridge a critical gap in superfluid turbulence research, offering useful

insights into turbulent transport in inviscid quantum fluids.

DOI: 10.1103/2hdj-gnw3
I. INTRODUCTION

Turbulent diffusion and dispersion are fundamental to un-
derstanding transport phenomena in fluid dynamics [1]. In
classical turbulence, the chaotic motion of eddies governs how
individual fluid parcels spread over time (single-body diffu-
sion) and how initially close pairs of parcels separate (two-
body dispersion), both of which follow well-characterized
scaling laws. For instance, for a fluid parcel with position
vector r(t), its mean square displacement (MSD), defined
as (Ar?(t)) = (Ir(t) — r(0)|?), follows a ballistic scaling,
(Ar%(1)) ~ u2, 12, at short times (¢ < 7z) and transitions to
a diffusive scaling, (Ar?(t)) = 2I'z¢, at long times (t > 1;)
[2]. Here, uys is the root-mean-square (rms) velocity, 1, =
L/uums is the integral timescale with L being the integral
length scale, and I'r = ufmsrL is the turbulent eddy diffusiv-
ity [3]. Meanwhile, in fully developed turbulence, the mean
square separation (A%(¢)) = (|r(t) — ra(t)|?) of two initially
close fluid parcels follows Richardson-Obukhov ¢* law [4,5],
(A%(1)) = get3, for times 1y <t < 7, while A(¢) remains
within the inertial range. Here, € is the turbulent energy dis-
sipation rate, g >~ 0.5 is the Richardson constant, and 79 =
|A(0)]*/3/€'/3 is the memory time [6]. Extensive studies have
explored these scaling laws in classical fluids [7-13].

In an inviscid superfluid, the situation becomes intriguing.
Turbulence in a superfluid can arise from a chaotic tangle
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of quantized vortex lines [14], which are topological defects
characterized by a quantized circulation x = h/m, where h is
Planck’s constant and m is the mass of the bosons constituting
the superfluid [15]. The vortices evolve with time and can re-
connect when they intersect [16]. Depending on the structure
of the vortex tangle, superfluid turbulence can manifest in two
distinct regimes [17,18]. The first, known as quasiclassical tur-
bulence (QCT), emerges when the vortices locally align and
form bundles that mimic classical vortices [19]. In this regime,
the induced velocity field exhibits classical behavior at length
scales larger than the mean intervortex spacing ¢ [20,21]. In
contrast, when the vortices are arranged randomly, it gives rise
to ultraquantum turbulence (UQT), a regime with no classical
counterpart, where the flow field fluctuates at scales compa-
rable to £ without large-scale motion [22]. Remarkably, both
QCT and UQT can decay even at the 0 K limit in the absence
of a viscous thermal component. At scales comparable to
£, vortex reconnections create quasiparticles [23] and excite
Kelvin waves on the vortices [24]. These waves can cascade
energy to smaller length scales through nonlinear interactions,
eventually causing quasiparticle emissions [25]. While exten-
sive studies have examined the energy cascade and spectral
properties in these turbulence regimes [14,25-28], much less
is known on how vortices and superfluid parcels diffuse and
disperse [29,30].

In a recent experiment [31], we observed superdiffusion
of quantized vortices in UQT produced by thermal coun-
terflow in superfluid helium-4 (He II). At short times, the
MSD follows (Ar?(t)) o t¥ with an exponent y =~ 1.6, be-
fore crossing over to normal diffusion with y >~ 1 fort > 7,
where 7, = £/ulY). is the characteristic time for a vortex seg-
ment to travel before reconnecting with other vortices, with

u'Y) the rms vortex velocity. Similar scaling behavior was also
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FIG. 1. (a) Schematic showing the configurations of the injected vortex rings and ring bundles. (b) Time evolution of the vortex-line density

L. A snapshot of the vortex tangle for the case D;, = 1 mm, N =

10, and 6 = 0.03 mm is included. (c) Turbulence energy spectrum (E (k)),

ensemble-averaged over the steady-state time window for various injection conditions.

reported by Boltnev et al. for particles trapped on vortices near
a He 1II free surface [32]. Our subsequent numerical simu-
lations further confirmed that this diffusion law is universal
for quantized vortices in UQT, independent of ¢, and arises
from intrinsic temporal correlations of vortex velocities for
t < 1, [33]. However, the mechanism underlying this velocity
correlation remains a puzzle. It is also unclear whether sim-
ilar vortex diffusion persists in QCT, and whether superfluid
parcels exhibit the same diffusion characteristics.

With respect to turbulent dispersion, our understanding re-
mains even more limited: Apart from a preliminary numerical
study of vortex dispersion in two-dimensional UQT [34], no
comprehensive framework exists for dispersion scaling laws
in either UQT or QCT, leaving a major gap in superfluid
turbulence research.

In this work, we present a systematic numerical study
comparing the diffusion and dispersion behaviors of quantized
vortices and superfluid parcels in both UQT and QCT at
the O K limit. Our results reveal that vortex segments exhibit
universal short-time superdiffusion in both regimes, whereas
superfluid parcels follow the superdiffusion scaling only in
UQT but deviate significantly in QCT. Moreover, the relative
dispersion of vortices and parcels is found to follow distinct
scaling laws in the two turbulence regimes, highlighting their
fundamental differences. These findings go far beyond our
earlier work [33], establishing the first unified framework for
turbulent diffusion and dispersion in superfluids. This frame-
work fills a critical gap in understanding transport in quantum
turbulence and has direct implications for applications involv-
ing dispersing particles in He II [35-39].

II. GENERATION OF ULTRAQUANTUM
AND QUASICLASSICAL TURBULENCE

To study vortex dynamics, we adopt the vortex-filament
model [40], where each vortex line is represented as a zero-
thickness filament discretized into a series of points. To

generate UQT, we use the method adopted in Ref. [33],
where randomly oriented small vortex rings (diameter Dy, =
0.1 mm) are repetitively injected at random locations within a
cubical computational box (side length D = 1 mm) with peri-
odic boundary conditions in all three directions. The injection
occurs at fixed intervals of #, to facilitate the buildup of a
vortex tangle. In contrast, generating QCT requires energy
injection at large length scales [22]. In this work, we tested
injecting individual vortex rings with D, = 1 mm as well as
vortex-ring bundles consisting of N = 3, 7, or 10 coaxial rings
arranged in a triangular lattice within the plane containing the
central axis. The bundles have an averaged Dj, = 1 mm and
an inter-ring distance of § = 0.1 or 0.03 mm, as illustrated in
Fig. 1(a). A filament at s moves at the local superfluid velocity
u, given by the Biot-Savart law [40,41]:

—uy(s.1) = / (sg —S) X dsl’ M

sy —s|?

where the integration is performed along all the vortices. In
our simulations, we adopted x = 1073 cm? /s for He 11, though
the results are expected to be general for superfluids in which
vortex dynamics is governed by the same law. Since the inte-
grand diverges at s, we follow Adachi et al. and calculate the
integral as the sum of the local contribution and the nonlocal
contribution [42]:

ds " / (s1 —s) x ds;
9 AL o)
g = s xs +47r s 51— S @

where the prime denotes derivative with respect to the arc
length of the vortex filament at s, and f; is a vortex core-size-
dependant coefficient [40] (see Appendix A for details). When
two vortices approach to have a separation less than our spatial
resolution A&, = 0.008 mm, we reconnect them at the loca-
tion of the minimum separation, following the procedures as
detailed in Refs. [41,43]. We also remove small vortex loops
with lengths less than SA&,;, to account for the cascade loss
of the vortices [41]. Figure 1(b) shows the time evolution of
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TABLE 1. Key flow properties for the UQT and QCT cases.

[Note: () and u?). denote the rms velocities of vortices and super-

fluid parcels, respectively. The characteristic timescales are defined

) _ (p) _
as 7," = £/ul) and 7,” = £/ul)].

Case u® (mm/s) ™ (s) u®) (mm/s) P (s)
uQT 2.57 0.046 0.21 0.56
QCT 2.50 0.044 0.41 0.27

the vortex-line density £ (defined as the total vortex length per
unit volume) for various injection conditions. After an initial
transient of 2-3's, L settles to a steady level, where the tangle
exhibits excellent isotropy (see Appendix B). To ensure a fair
comparison, we adjust #, for each case so that the steady-
state £ remains about 75 mm~2 for all cases, corresponding
to a mean intervortex spacing of £ = £~/ ~0.11 mm. A
representative snapshot of the vortex tangle for the case with
Dy, =1mm, N =10, and § = 0.03mm is also shown in
Fig. 1(b).

Knowing the vortex-tangle configuration at time ¢, the
energy spectrum E(k, t) as a function of wavenumber k, as-
sociated with the superfluid velocity field, can be computed
using the expression from Ref. [44] (see Appendix C for
details). This spectrum is then ensemble-averaged over the
steady-state time window to obtain (E(k)). Results for var-
ious injection conditions are shown in Fig. 1(c). For UQT,
where the energy is injected at a scale comparable to ¢, the
spectrum (E (k)) peaks near k, = 27 /£, as expected [22]. For
QCT, we observe that in the low-k regime, (E(k)) increas-
ingly approaches the classical Kolmogorov scaling k=/3 as
bundles of more closely packed rings are used for injection. In
contrast, injecting randomly oriented individual rings at large
scales fails to deliver sufficient energy density to establish a
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clear inertial range, a key consideration for those aiming to
generate QCT via ring injection. We also fit the spectrum
using (E(k)) = ae?3k=>/3 for the case with D;, = 1 mm,
N =10, and § = 0.03 mm, where the energy dissipation rate
€ = 0.106mm?/s® is obtained by equating it to the energy
injection rate, determined from the measured energy increase
following each bundle injection divided by the injection in-
terval f;, (see Fig. 6 in Appendix C). The fitted Kolmogorov
constant is o = 1.43, which is close to the classical value
o >~ 1.5 [45]. In what follows, we focus on this case and
the UQT case to comparatively examine their diffusion and
dispersion scalings. Table I summarizes the rms velocities of

vortex segments #) and superfluid parcels ul), along with

rms
the calculated timescales rz(”) and T{(p ),

III. SINGLE-BODY DIFFUSION IN ULTRAQUANTUM
AND QUASICLASSICAL TURBULENCE

We begin by examining vortex diffusion using the tag-
ging method described in Ref. [33], where randomly selected
vortex-filament points are tracked and their MSD along each
axis is analyzed during the steady-state time window. The
resulting vortex MSDs in the x direction, (Ax?(t)) = ([x(to +
1) — x(ty)]?) for UQT and QCT are shown in Figs. 2(a) and
2(b), respectively. For UQT, the MSD exhibits superdiffu-
sion scaling (Ax?(t)) oc t” with y; ~ 1.6 at times on the
order of or below the vortex reconnection timescale r[(”). This
superdiffusion arises from a power-law temporal correlation
in vortex velocity [33]. At very short times (¢ < 10’211;”)),
when vortex velocities are fully correlated in time, ballis-
tic scaling (Ax%(¢)) o t? can emerge. At ¢ >> rz(”), the MSD
transitions to normal diffusion, (Ax?(¢)) o t”2 with Yy > 1,
as vortex reconnections disrupt the velocity correlations and
randomize the vortex motion. Remarkably, the vortex MSD in
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FIG. 2. MSD, (Ax*(t)), along the x direction for vortex segments in (a) UQT and (b) QCT, and for superfluid parcels in (c) UQT and
(d) QCT. Solid and dashed lines represent power-law fits to the data within the shaded regions. The integral time rL(”) = L/ulP). for parcels in

QCT is also indicated in panel (d).
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QCT exhibits the same scaling behavior despite fundamental
differences between QCT and UQT, suggesting a universal
mechanism governing vortex diffusion independent of turbu-
lence form.

Further insight arises from our analysis of the apparent
diffusion of superfluid parcels. We begin by randomly se-
lecting parcels at time fy. Their initial velocities u(r) are
computed using Eq. (1) based on the vortex configuration at
to. The parcels are then advected to positions r(fy + Ar) =
r(tp) + uy(r)At, and their velocities are updated using the
vortex configuration at #y + Ar. Repeating this procedure
yields complete parcel trajectories, enabling evaluation of
their ensemble-averaged MSDs. Figures 2(c) and 2(d) show
the parcel MSDs in the x direction, (Ax?(¢)), for UQT and
QCT, respectively. In UQT, parcels follow the same diffusion
scaling as vortex segments, though with smaller (Ax?(¢)) due
to their lower rms velocity. Interestingly, in QCT the parcel
MSD exhibits ballistic scaling (Ax?(t)) o t" with y; ~ 2 at
short times before crossing over to normal diffusion at large
times, resembling classical turbulent diffusion and standing in
stark contrast to vortex diffusion in the same flow.

To understand these observations, we first note that both
vortex segments and superfluid parcels follow the superfluid
velocity field uy. The key difference is that vortex segments
experience the local induction term §;s’ x s”, whereas most
parcels do not, since they are not typically located on the
vortices. In UQT, Table I shows that the vortex rms velocity
is about an order of magnitude larger than that of parcels,
demonstrating the dominance of the local induction contribu-
tion over the nonlocal field. As u, in UQT fluctuates mainly at
scales comparable to ¢, where the nonlocal flows mimic those
produced by the local induction term, both parcels and vortex
segments exhibit comparable diffusion scaling.

In QCT, vortex bundling and polarization substantially en-
hance the nonlocal flows, resulting in a parcel rms velocity
nearly twice that in UQT (Table I). These large-scale coherent
flows advect parcels and produce fully correlated velocities
at short times, thereby giving rise to ballistic parcel diffusion.
By contrast, the rms velocity of vortices in QCT remains about
the same as in UQT, as the vortex dynamics is still dominated
by the local induction effect. The local induction likely yields
only power-law temporal velocity correlations, because vor-
tices have mean curvature radii of about £ [14], which drive
vortex segments into rotations that prevent complete temporal
correlation of their velocities.

To support this interpretation, we performed simulations
using the local induction approximation (LIA), where vortices
evolve solely under the local term, as originally adopted by
Schwarz [40]. As shown in Appendix D, the vortex MSDs
in both UQT and QCT under LIA reproduce the short-time
superdiffusion seen in Figs. 2(a) and 2(b), confirming that this
behavior is indeed governed by the local induction effect and
pinpointing the origin of this puzzling phenomenon.

IV. TWO-BODY DISPERSION IN ULTRAQUANTUM
AND QUASICLASSICAL TURBULENCE

To analyze two-body dispersion, we track randomly
selected pairs of vortex segments and superfluid parcels, mea-
suring their separation over time as |A(¢)| = |r; () — ra(¢)|.

The mean square separation (|A(t)|?) is then ensemble-
averaged over many pairs within the steady-state window.
Results for parcel pairs with various initial separations |A(0)|
are shown in Figs. 3(a) and 3(b) for UQT and QCT, respec-
tively. Similar to classical fluids [8—-10], an initial “frozen”
regime is observed, where (|A(¢)|?) remains nearly constant
due to minimal relative motion. As turbulent fluctuations
accumulate, the separations begin to grow. For QCT, we
compute the memory time 7y = |A(0)|*/3/€!/3 for each case.
When the initial separation is sufficiently small, we indeed
observe the Richardson 3 scaling within the inertial range
[highlighted in green in Fig. 3(b)] at # > 7y, followed by a
transition to normal diffusion. Fitting the classical expression
(|A2(2)|) = get® to the QCT curve with |A(0)| = 0.01 mm
yields a Richardson constant of g2~ 0.18, slightly below
the classical value of 0.5, likely due to our limited inertial
range [46,47]. In UQT, as |A(0)| decreases, the curves also
converge toward a power-law scaling (|A(¢)|?) o %2, which
transitions to normal diffusion at late times. This anomalous
t>2 scaling—distinct from classical turbulence—represents an
observation that reflects the fundamental differences in the
large-scale flows between UQT and QCT.

We also analyzed the scaling behavior of the reduced
mean square separation (|A(t) — A(0)|?) to eliminate the
influence of the initial “frozen” regime. The results for parcel
pairs are shown in Figs. 3(c) and 3(d). For pairs with large
initial separations, the (|A(t) — A(0)|?)/¢> curves closely
follow the single-parcel diffusion curves 6(Ax?(t))/£>. This
is expected, since the two measures are mathematically
equivalent when parcel pairs are far apart such that their
motions become uncorrelated. As |A(0)| decreases, the
dispersion scalings discussed earlier reappear in the same
time intervals as in Figs. 3(a) and 3(b). This representation
captures both single-particle diffusion and two-particle
dispersion in a unified framework, which could serve as a
useful tool for data visualization.

The dispersion behavior of vortex segments closely re-
sembles that of superfluid parcels in both UQT and QCT
(see Appendix E). Furthermore, since quantized vortices have
well-defined cores—unlike those in classical fluids—they can
be unambiguously tracked for analyses that are difficult to
perform in classical turbulence. For instance, we can dis-
tinguish vortex-segment pairs that are initially on the same
vortex line from those on different vortex lines, and analyze
their separation behavior separately. The results for vortex-
segment pairs with an initial separation of |A(0)| = 0.01 mm
are shown in Fig. 4. For pairs initially on the same vortex
line, the dispersion curve exhibits the scaling behavior dis-
cussed earlier. However, for pairs initially on different vortex
lines, the dispersion closely follows single-body diffusion
data 6(Ax?(¢))/¢>, indicating uncorrelated motion between
the segments. This observation suggests that the ¢> dispersion
scaling for vortex segments in QCT is likely associated with
stretching of vortices due to large-scale flows.

V. SUMMARY

Our work demonstrates that the short-time superdiffu-
sion scaling of quantized vortices—regardless of turbulence
type—is governed by the local induction term. This finding
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7.7 = L/u®) for the parcels in QCT is also indicated in panel (b).

may motivate future analytical derivations of the observed
scaling (Ax?(t)) o< t'*¢ within the LIA framework. In addi-
tion, the dispersion scaling observed in UQT, featuring a ¢>
behavior, highlights unexplored dynamics that warrant further
investigation. These scalings are robust and independent of
£, as confirmed by our additional simulations and consistent
with Ref. [33]. The method of generating idealized QCT via
packed-ring bundle injection is also significant. Thanks to
the well-defined structure of quantized vortices, such simu-
lations enable statistical analyses that are often impractical in

QCT, vortex segment L

S 10 7
N
< O 6<AX> /2
S ’
< 10 7
5 |A(0)]=0.01 mm
~ | &£ same vortex line

107 —— different lines

T T T T
107 10" 10° 10
t/T[(”)

FIG. 4. Dispersion behavior of vortex segments in QCT with an
initial separation of |A(0)] = 0.01 mm. The red solid and dotted
curves represent segment pairs initially located on the same vortex
line and on different vortex lines, respectively.

classical turbulence—for example, tracking vortex segments
to study both inter- and intravortex dynamics. This approach
opens opportunities to advance our understanding of classical
turbulent transport through quantum analogies.
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APPENDIX A: VORTEX-FILAMENT METHOD

In this work, we employ the vortex-filament model to in-
vestigate vortex dynamics and the resulting superfluid velocity

043215-5



TANG, INUI, XING, QL AND GUO

PHYSICAL REVIEW RESEARCH 7, 043215 (2025)

field [40]. In this framework, each quantized vortex line is
represented as a zero-thickness filament discretized into a
series of points. In our simulations, the point spacing A&
ranges from A&, = 0.008 mm to A.x = 0.024 mm. In the
zero-temperature limit, where the viscous thermal component
is absent, a filament point at position s moves with the local
superfluid velocity v,(s), given by

85 3i(8) = Vo(S) + Vin(S), (AD

dt

where vy(s) is the imposed background superfluid velocity,
and vj,(s) denotes the velocity induced at s by all vortex
filaments, as given by the Biot-Savart law [40]:

K (s1 —s) x dsq
= o [ O=xdn,

PR (A2)

where the integration is carried out along all the vortex
filaments. Since this integrant diverges at s for ideal zero-
thickness filaments, we follow the well-established approach
[42] and compute the induced velocity as the sum of a local
contribution and a nonlocal contribution:

S1 —S) x ds
Vin(s) = Bis’ x 8" + L/ ¥,
S1#S

A3
47 Is1 — s|3 (A3)

where the prime denotes the derivative with respect to the arc
length of the vortex filament at s (i.e., 8’ is the unit tangent
vector along the filament, and s” is the unit vector along the
binormal direction divided by the local curvature radius [40]).
The nonlocal term accounts for contributions from the rest of
the filament and all other vortices. The coefficient §; is given

by [40]
1/2
PR (2(z+1_) )

47 e4ag

where [, and [_ are the distances from point s to its two
nearest neighboring points along the same filament, and the
cut-off parameter ag >~ 1 A denotes the vortex core radius in
He 1.

In our simulations, the background superfluid velocity is
set to vop = 0. The time evolution of the vortex configuration
is obtained by integrating Eq. (Al) using the fourth-order
Runge-Kutta method [48] with a time step of At = 107*s.
We have verified that our spatial and temporal resolutions are
sufficient to ensure convergence and independence of the sim-
ulation results. During vortex evolution, whenever two vortex
filaments approach each other with a minimum separation less
than A&, we perform a reconnection of the two filaments at
the location of the minimum separation, following procedures
detailed in Refs. [41,43]. Furthermore, to maintain a more
uniform spatial resolution along the filaments, we adaptively
remove or insert vortex-filament points at each time step: A
point is removed if the separation between two adjacent points
falls below A&, and inserted if it exceeds A&pax.

At zero temperature, Kelvin waves excited on the vortices
can lead to local kinks, promoting reconnections and the for-
mation of small vortex loops. Through nonlinear interactions,
these waves cascade to smaller scales, generating increas-
ingly smaller loops in a self-similar breakup process [41].
When loops become sufficiently small, they can propagate
ballistically and be absorbed by container walls. To account
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FIG. 5. The vortex-tangle anisotropy I, as a function of time ¢
for the UQT case with Dy, = 0.1 mm (top panel) and the QCT case
with injection parameters Dj, = 1mm, N = 10, and § = 0.03 mm
(bottom panel).

for this cascade-induced vortex loss, a common approach in
vortex-filament simulations is to remove loops shorter than a
given threshold. Following Ref. [41], we remove all vortex
loops with lengths less than SA&,;, in our simulations.

APPENDIX B: ISOTROPICITY OF VORTEX TANGLES

To study the dynamics of both UQT and QCT, it is es-
sential to ensure that the generated turbulence is isotropic.
This is crucial for meaningful comparisons with theoretical
models developed under the assumption of isotropy. To as-
sess whether the vortex tangles produced in our simulations
meet this criterion, we evaluate the dimensionless anisotropy
parameter commonly used in the literature [42]:

1 roAN2
=g 1= e (B1)
where L is the vortex-line density (i.e., the total vortex length
divided by the computational volume €2), s’ is the unit tangent
vector along a vortex segment d&, and €; is the unit vector
along the i axis (i = x,y, z). The integral is performed over
all vortex lines within the volume 2. For an isotropic tangle,
one expects Iy = I, = I, = 2/3, whereas in the extreme case
where all vortex lines are oriented perpendicular to the i axis,
I; = 1. Figure 5 presents the time evolution of I, for both
the UQT case with D;, = 0.1 mm and the QCT case with
injection parameters Dy, = 1 mm, N = 10, and § = 0.03 mm,
as described in the main text. In both cases, I, remains close
to 2/3, indicating near-isotropic behavior. In the QCT case,
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FIG. 6. Total turbulent kinetic energy per unit mass Er () as a
function of time ¢ for the QCT case with D;, = 1 mm, N = 10, and
6 = 0.03mm.

small transient spikes appear in the I, (¢) curve, correspond-
ing to the injection of compact vortex-ring bundles, which
momentarily perturb the isotropy. The behaviors of I and I,
are found to be very similar to that of I, in both turbulence
regimes, supporting the conclusion that the vortex tangles in
our simulations are effectively isotropic.

APPENDIX C: ENERGY SPECTRUM AND DISSIPATION
RATE CALCULATION

Given the vortex configuration at time ¢, the full three-
dimensional superfluid velocity field v, can be computed
using Eq. (Al). Applying a Fourier transform to this ve-
locity field yields the turbulent kinetic energy spectrum per
unit fluid mass E (k, t) as a function of wavenumber k. The
ensemble-averaged energy spectrum, (E (k)), is then obtained
by averaging E (k, t) over the steady-state time window shown
in Fig. 1:

5]

(E(k)) = % CE(k,t)dt (C1)

h—1n 4
As discussed in Ref. [44], this energy spectrum can also be
calculated from the vortex-filament positions using the fol-

lowing expression:
2 L pL
S [ o0

sin(k|s(&) — s(€,)]) >
dEdE; C2
@) sy )

where both integrals are performed over all vortex filaments.
The resulting energy spectra for both UQT and QCT un-
der various vortex-ring injection conditions are presented in
Fig. 1.

In steady state, the energy dissipation rate € equals the
energy injection rate. To evaluate €, we calculate the total
kinetic energy per unit mass in the computational box as
Er(t) = [ d’rluy(r)]> = [ dkE(k,t). The result for the QCT
case with D;; = Imm, N = 10, and § = 0.03 mm is shown
in Fig. 6. Following each injection of a vortex-ring bundle,
the total energy Er(f) increases by an amount AEr. The
energy injection rate and hence the dissipation rate is then

(E(k)) =

T T T
UQT, vortex segment  <(Ax)™>oc ¢V
(LIA simulation) Y. =

—
(]

._
<
-

1

<(Ax)> /2

107

10'4 QCT, vortex segment

. . <(Ax)>oc Y
(LIA simulation) J

<(Ax)> /2
2

v, = 1.41
3
10y &< y,=1.057
10" 10° 10 10?

FIG. 7. MSD of vortex segments, (Ax*(t)), along the x direction
for UQT (top) and QCT (bottom), computed using the LIA. Solid
and dashed lines indicate power-law fits to the data within the shaded
regions.

given by € = AE7 /t,, where f;, is the injection time interval.
Averaging € over all bundle injections during the steady-state
time window yields € = 0.106 £ 0.019 mm?/s*. With € de-
termined, we can fit the energy spectrum curve (E(k)) in
the wavenumber range shown in Fig. 1, where a clear k—/3
scaling is observed, using (E(k)) = ae?3k=>/3. The fitted
Kolmogorov constant is « = 1.43 +0.17.

APPENDIX D: VORTEX DIFFUSION IN LIA FRAMEWORK

To examine whether the short-time superdiffusion of
quantized vortices in both UQT and QCT is primarily
governed by the local induction term—i.e., the first term on
the right-hand side of Eq. (A3)—we performed numerical
simulations using the LIA, in which vortex evolution is driven
solely by the local term, as originally adopted by Schwarz
[40]. It is worth noting that this analysis serves as a test case,
since LIA is known to break down in capturing long-time
vortex dynamics. For instance, in thermal counterflow
simulations, LIA leads to the formation of artificial layered
vortex structures, requiring a nonphysical mixing procedure
to maintain a uniform tangle [42]. Moreover, LIA cannot be
used to generate true QCT, as the vortex motion is governed
only by local curvature effects and does not respond to
large-scale flows induced by other vortices. As a result,
coherent structures such as locally organized vortex bundles
cannot form and maintain under LIA dynamics.

Nonetheless, to probe the apparent diffusion behavior of
vortex segments in the absence of nonlocal interactions, we
carry out LIA simulations for the UQT case with Dy, =
0.1 mm, and for the QCT case with injection parameters
Dj, = Imm, N =1, and § = 0.03 mm. The results are pre-
sented in Fig. 7. The MSD of vortex segments, (Ax>(t)),
along the x direction continues to exhibit superdiffusion scal-
ing behavior at short times in both UQT and QCT, with the
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FIG. 8. Simulated vortex-segment pair dispersion in (a) UQT and (b) QCT. The solid curves for different colors correspond to different
initial pair separation |A(0)| ranging from 0.01 to 0.4 mm. Open circles represent 6(Ax?(¢))/€>, obtained from diffusion data of individual

vortex segments.

diffusion power-law exponent y; slightly reduced compared
to simulations using the full Biot-Savart law. This small dif-
ference reflects the contribution of the nonlocal term in the full
Biot-Savart formulation. At later times, a transition to normal
diffusion with a power-law exponent y, ~~ 1 is observed.

APPENDIX E: VORTEX-PAIR DISPERSION IN
ULTRAQUANTUM AND QUASICLASSICAL TURBULENCE

We analyzed the two-body dispersion behavior of quan-
tized vortices in both UQT and QCT by tracking randomly
selected pairs of vortex-filament points. The mean square sep-
aration, (|A(2)|?), ensemble-averaged over many pairs within
the steady-state time window, was evaluated for the UQT case
with Dy, = 0.1 mm and the QCT case with injection parame-
ters Dy, = 1mm, N = 1, and § = 0.03 mm. The upper panels
of Fig. 8 present the results for ensembles of vortex pairs with
various initial separations |A(0)| in both turbulence regimes.

As with the dispersion of superfluid parcels discussed in
the main text, the vortex-pair separation initially enters a
“frozen” regime, where (| A(¢)|?) remains nearly constant due
to minimal relative motion. As turbulent fluctuations accumu-
late, the pair separation begins to grow. In UQT, as |A(0)|

decreases, the dispersion curves collapse onto a common
power-law behavior, (|A(¢)|?) oc t>2, similar to that observed
for superfluid parcels. This scaling persists until a transition to
normal diffusion occurs at later times. In QCT, for sufficiently
small initial separations |A(0)|, we observe the classical
Richardson scaling, (|A(¢)[?) oc 3. It should be noted that
we are examining the dispersion of vortex-segment pairs, not
passive tracer particles in a hydrodynamic flow. Therefore,
quantities such as the inertial range and the turbulent kinetic
energy dissipation rate €, which characterize the superfluid
velocity field, are not applicable in this context. As a result,
the classical Richardson expression, (|A(¢)|?) = get?, cannot
be directly used to fit the vortex-pair dispersion curves to
evaluate the Richardson constant g.

To exclude the influence of the initial “frozen” regime,
we also analyzed (|A(¢) — A(0)|?) for vortex-segment pairs.
The results for both UQT and QCT are shown in the lower
panels of Fig. 8. For pairs with large initial separations, the
normalized dispersion (|A(z) — A(0)|?)/¢> closely matches
the normalized diffusion data 6(Ax2(z))/£? for individual vor-
tex segments. This is expected when the motions of the two
segments are effectively uncorrelated. As the initial separation
decreases, the curves converge and recover the dispersion
scaling discussed earlier.
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