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A central challenge in climate science and applied mathematics is developing data-driven models of multiscale
systems that capture both stationary statistics and responses to external perturbations. Current neural climate
emulators aim to resolve the atmosphere-ocean system in all its complexity but often struggle to reproduce
forced responses, limiting their use in causal studies such as Green’s function experiments. To explore the
origin of these limitations, we first examine a simplified dynamical system that retains key features of climate
variability. We interpret the results through linear response theory, providing a rigorous framework to evaluate
neural models beyond stationary statistics and probe causal mechanisms. We argue that the ability of emulators
of multiscale systems to reproduce perturbed statistics depends critically on (1) the choice of an appropriate
coarse-grained representation and (2) careful parameterizations of unresolved processes. These insights highlight
reduced-order models, tailored to specific goals, processes, and scales, as valuable alternatives to general-purpose
emulators. We next consider a real-world application, developing a neural model to investigate the joint
variability of the surface temperature field and radiative fluxes. The model infers a multiplicative noise process
directly from data, largely reproduces the system’s probability distribution, and enables causal studies through
forced responses. We discuss its limitations and outline directions for future work. These results expose key
challenges in data-driven modeling of multiscale physical systems and underscore the value of coarse-grained,
stochastic approaches, with response theory as a principled framework to guide model design and enhance causal
understanding.
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I. INTRODUCTION

A key challenge in current applied mathematics is to build
data-driven models from partial observations of multiscale
physical systems. One of the most complex examples is
the climate system: a forced, dissipative, and chaotic sys-
tem whose dynamics spans at least 15 orders of magnitude
across spatial and temporal scales [1]. This problem has been
extensively studied over the past three decades, mainly in
the realm of reduced-order models [2]. Seminal contribu-
tions include the work of Penland et al. [3–5], the strategy
of Kravtsov et al. [6–9], and the contributions of Majda
et al.[10,11]. Recent proposals include Markov chain and
generative approaches [12–16], as well as autoencoder-based,
latent-space formulations [17]. Most prior work has focused
on evaluating reduced-order models on equilibrium statistics
and forecasting, with limited attention to responses to external
perturbations. Notable exceptions include the contributions of
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Majda and Qi [18,19]. Capturing such responses is key for
building models that not only mimic the system’s dynamics
but also faithfully capture causal relations across degrees of
freedom [20,21].

Recently, autoregressive models based on deep learning
architectures have been proposed as potential emulators of
complex turbulent systems such as the weather [22–26] and
climate [27–36]. Unlike traditional reduced-order models,
these neural architectures aim to emulate the full hierarchy
of spatial and temporal scales present in the system. For
example, Refs. [33,34] emulate the full ocean and atmo-
sphere components of state-of-the-art climate models. Such
emulators often reproduce stationary statistics and generate
forecasts across a range of horizons. They can potentially be
used for tuning and sensitivity analysis [37], and to improve
the study of rare events [38], offering a promising direction for
fast and efficient tools in climate modeling. However, several
limitations remain: For example, long rollouts can suffer from
error accumulation that can lead to instabilities [39,40]; rare
events are not captured if absent from the training set, lim-
iting their applicability for rare-event analysis in a changing
climate [41]; key atmospheric modes, such as the quasibien-
nial oscillation and the southern annular mode, are not well
represented [42]. A limitation particularly relevant for climate
science, as opposed to weather forecasting, is that high skill
in reproducing stationary statistics does not ensure accurate
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responses in perturbation experiments, thereby limiting the
use of such models for causal studies of climate dynamics.
This has two consequences: (1) Neural emulators often fail to
generalize in out-of-distribution climate change scenarios and
(2) they may not capture the correct causal relations across
variables, two issues that are likely related. The work of Van
Loon et al. [43] illustrates this limitation in the context of
the “pattern effect” problem [44,45], i.e., the influence of sea
surface temperature (SST) warming patterns on the Earth’s
energy imbalance. Using the ACE2 emulator [29] trained on
the ERA5 reanalysis [46], they constructed a Green’s function
by perturbing SSTs regionally and measuring the radiative
response. The resulting Green’s function failed to capture
the causal relation between SST and radiative fluxes in a
quantitative way. This is just one example of limitations of
neural emulators in capturing responses to perturbations with
additional examples in Refs. [33,34,47]. Even if such issues
are addressed in specific cases, as shown by Wu et al. [48]
in the context of the pattern effect, they highlight a broader
challenge: Building general-purpose emulators that reliably
capture forced responses remains inherently difficult and con-
text dependent. Such limitations are also likely to become
more pronounced in coupled settings. Additionally, emula-
tors’ skill in capturing forced responses is often assessed
using single trajectories. In climate applications, however, the
relevant quantities are probability distributions, particularly
the responses of the mean and variance. We will show that
focusing on the skill in capturing variance responses can re-
veal important limitations otherwise hidden when examining
only the mean response. The limitations examined here are
especially relevant for emulators built from observational data
and intended to model “real-world” dynamics.

While the field of neural emulation is advancing rapidly
and yielding impressive results, it is useful to step back and
examine its fundamental limitations in capturing forced re-
sponses, both from a theoretical standpoint and in controlled
settings. In the first part of this paper, we build on a series of
previous works by Vulpiani et al. on the limitations of data-
driven modeling [49–51]. We consider a simplified stochastic
dynamical system and ask the following question: Can neural
autoregressive models, trained on (practically) infinitely long
time series, accurately capture responses to general external
perturbations? In addressing this question, we focus on two
relevant scenarios in data-driven-only modeling:

(1) Unknown equations, fully observed state vector: Data-
driven modeling when the entire state vector is available.
Here, we assume no knowledge of the underlying equations,
but we have access to very long time series of the complete
system state vector.

(2) Unknown equations, partially observed state vector:
Data-driven modeling in the presence of partial observa-
tions. This reflects common constraints in modeling high-
dimensional systems from data, where the full set of relevant
variables is typically unobserved [52], for example because of
unresolved fast and small-scale processes, or even unknown
[51]. In this more realistic setting, we again assume no knowl-
edge of the underlying equations and only partial access to the
system’s state vector.

To tackle such questions, we proceed pedagogically by
focusing on a multiscale “triad model” first proposed by

Majda et al. in Refs. [53,54]. The model mimics the ab-
stract structure of dynamical cores of large-scale climate
models with a linear operator and energy conserving quadratic
nonlinearities. It provides a simplified yet relevant mathemati-
cal framework to unambiguously explore fundamental (rather
than technical) limitations in capturing forced responses in
climate emulators. We address the questions above by training
neural stochastic emulators on a long integration of the triad
model and test the models’ performance on stationary and
perturbed cases. In doing so, we face the following issue:
quantifying how an emulator respond to general forcing is
an ill-posed question, as there are infinite possible forcings.
Nonetheless, the linear response can be computed by con-
volving the forcing with an impulse response operator [55,56].
This operator can be inferred from the model and is a build-
ing block that an emulator must capture to reproduce the
response to general external perturbations. Therefore, linear
response theory is here proposed as a rigorous framework
to evaluate neural models beyond stationary statistics and
probe causal mechanisms [20]. In the case of a fully observed
state vector, we show that the inferred neural model can
reproduce stationary and perturbed statistics of the system.
In the case of partial observations, as in realistic settings,
the performance of a data-driven model necessarily depends
on (1) the choice of proper variables to model and (2) suit-
able parametrizations of unobserved processes. We then note
that the lack of clear scale separation in realistic applica-
tions further complicates the problem, leading to non-unique
coarse-graining choices tailored to specific goals. These issues
are illustrated through a real-world example in a later section.
The field of reduced-order modeling, introduced earlier, has
long sought to confront these challenges by formulating ef-
fective Langevin equations capturing the coarse-grained, slow
dynamics of the system [5,57,58], though typically without
addressing responses to external perturbations. Therefore, we
will argue that, a promising perspective is to build on such es-
tablished approaches, emphasizing coarse-grained dynamics
and stochastic parametrizations, while using neural networks
as powerful tools within this framework.

We emphasize that the focus on a simplified dynamical
system is not a limitation in this context. In fact, the goal is
not to demonstrate the success of a method, but to illustrate, by
analogy, fundamental issues of data-driven modeling that are
already evident in low dimensions and are likely to become
more pronounced in higher-dimensional settings [59]. The
first part of this paper is pedagogical in nature, aiming to
bridge perspectives across researchers in statistical physics,
climate science, and machine learning, while also providing
practical methodological tools for the design and evaluation
of data-driven models.

Building on these ideas, we conclude this study by con-
sidering a real-world example. Throughout this paper, we em-
phasize, when possible, the distinction between “real-world
examples/systems” and merely high-dimensional dynamics.
By real-world examples, we refer to situations where (1) we
observe only the temporal evolution of a subset of variables
without access to the full state vector (i.e., a projection of
the full dynamics) or (2) when even in the presence of all
variables, the system encompasses a huge number of spatial
and temporal scales. Both cases (1) and (2) lead to the need
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to formulate effective rather than primitive equations for both
practical and conceptual reasons [57]. For an early instance of
case (2), see the work of Charney [60], Charney et al. [61],
and the discussion in Dalmedico [58]. The example we con-
sider is the “pattern effect” introduced above, which requires
Green’s function experiments to quantify the response of
top-of-atmosphere (TOA) radiative fluxes to perturbations in
the SST field. To this end, we develop a simplified stochastic
neural model that emphasizes a large-scale representation of
SST and global-mean net radiative flux, rather than attempting
to resolve all spatial and temporal scales of variability as
in current emulators. We discuss the coarse-graining choices
relevant for model construction, as well as a practical and
efficient way to fit multiplicative noise from data. The model
largely reproduces stationary statistics, especially the most
energetic SST mode, corresponding to the El Niño Southern
Oscillation (ENSO) [62], and it enables Green’s functionlike
experiments to infer direct causal relations between SST and
TOA radiative flux. The discussion also addresses the model’s
limitations and potential methodological developments.

The paper is organized as follows: In Sec. II, we introduce
the theoretical ideas underpinning this work. In Sec. III, we
discuss key conceptual limitations in data-driven modeling
of real-world dynamical systems. In Sec. IV, we present a
real-world application. A summary of the main findings and
proposals follow in Secs. V and VI.

II. THEORETICAL FRAMEWORK: DATA-DRIVEN
STOCHASTIC CLIMATE MODELING

AND RESPONSE THEORY

We begin by outlining the main theoretical concepts that
underpin this work. First, we briefly introduce general ideas
for reduced-order stochastic modeling relevant for climate
dynamics. We then review key aspects of response theory,
which offers a rigorous framework to move beyond the eval-
uation of stationary dynamics, probe causal mechanisms, and
ultimately guide model design.

A. Reduced-order stochastic climate models: theoretical
and practical considerations

A general dynamical system can be represented in the form

du/dt = F + Lu + n(u), (1)

where F is an external forcing, and L and n(u) represent
linear and nonlinear operators, respectively. u is not nec-
essarily finite dimensional, and in the context of coupled
atmosphere-ocean variability, it could in principle represent
the deviation of all fields, at all scales, from their clima-
tology [4]. However, for obvious practical reasons, Eq. (1)
needs to be simulated on finite spatial and temporal reso-
lutions. In contrast to numerical weather prediction, which
demands high spatial and temporal resolution, low-frequency
climate variability is governed by a few dominant large-scale
modes [4,7,21,54,55,63]. The goal of reduced-order stochastic
climate models is to capture the evolution of these modes
and their interactions. This modeling choice allows us to
move away from a grid-based representation of the system,
emphasizing resolution-independent modes as fundamental

components of the system. The cumulative effect of unre-
solved fast variables, present at smaller spatial scales, is
parametrized as stochastic terms. More formally, we decom-
pose u into slow and fast components, u = (x, y), leading to
an effective Langevin equation of the form

dx = feff(x)dt + �(x)dW, (2)

where feff represents the deterministic “drift” dynamics, x
are the slow variables, and W is the standard Wiener pro-
cess. The noise covariance matrix � can be independent of
x, corresponding to additive noise, or state-dependent �(x),
corresponding to multiplicative noise. In the latter case, the
equation is here interpreted in the Itô sense. Equation (2)
is mathematically justified in the limit of infinite timescale
separation between fast and slow modes [1]. In the most
general (and often intractable) setting, the effective dynamics
of the slow variables also involve memory effects induced
by the fast degrees of freedom, leading to non-Markovian
dynamics. Kondrashov et al. [7] addressed this problem in
a practical and efficient way by introducing the framework
of multilevel stochastic models. Nonetheless, appropriate
coarse-graining procedures have been shown to effectively
average out non-Markovian contributions in many climate
applications, yielding useful Markovian approximations [3,4].
We refer the reader to Ref. [2] for a review on the role of non-
Markovian contributions in effective climate equations and to
Refs. [64,65] for specific examples.

Reduced-order stochastic climate models, as in Eq. (2),
provide an efficient alternative to state-of-the-art climate mod-
els for studying low-frequency climate variability. They are
much more computationally efficient and allow us for mech-
anistic understanding of climate dynamics by isolating core
processes and examining their qualitative behavior. This helps
bridging the gap between simulations and understanding [66].
This has fueled the development of low-dimensional stochas-
tic models learned either from data [2–4,7,10,18,67,68] or
from known equations [53,69–72], as well as inference-based
techniques to infer interactions across modes of variability
[21,73–75].

In practice, given a phenomenon of interest, we typically
begin with spatiotemporal data consisting of N time series of
length T . We then often proceed as follows.

1. Coarse-grained dynamics

In spatiotemporal dynamical systems like climate, coarse
graining involves: (1) choosing a limited set of climate fields
(e.g., temperature, velocities, etc.), (2) retaining a few relevant
modes or large-scale averages, and (3) restricting the range
of temporal scales. Throughout the paper, we will often refer
to the so-called proper variables as the coarse-grained repre-
sentation obtained via (1)–(3). The relevant modes are often
identified through empirical orthogonal functions (EOFs)
[8,76], by retaining the first n < N of such bases. The cor-
respondent principal components serve as the reduced time
series for model training. Although EOFs are convenient, they
may not be always optimal, and alternatives such as principal
interaction patterns [77], community detection [21], and au-
toencoders [17,78] may be more suitable depending on the
application. The performance of the final model is sensitive
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to all coarse-graining choices [(1)–(3)]; see, e.g., [79,80]. In
climate dynamics, there is no clear space- and time-scale sepa-
ration. In this case, identifying the appropriate coarse-grained
representation depends on the specific goals of the researcher
and remains one of the most difficult challenges in data-driven
modeling [20,49].

2. Inferring a stochastic model

Given the coarse-grained data x, the goal is to infer a
stochastic Markovian model as in Eq. (2). We summarize
several traditional approaches that motivated our work, while
acknowledging that many other methods exist beyond those
discussed here. The simplest example is the Linear Inverse
Model (LIM) proposed by Penland [3], where the drift is
linear and the noise is additive, both estimated directly from
data. LIMs have shown forecasting skill for sea surface tem-
perature anomalies comparable to climate models [4,5,81,82].
Recent developments extended the LIM framework to include
colored noise [83] and nonlinearities [84]. Kravtsov et al. and
Kondrashov et al. [6,7] generalized this framework through
multilevel regression, incorporating quadratic drift terms and
non-Markovian effects. These models perform well for sta-
tionary statistics [8] and forecasting [85]. The work of Majda
and Harlim extended the multilevel regression framework by
proposing stability constraints [11]. A theoretically grounded
alternative is the approach of Majda, Timofeyev, and Vanden-
Eijnden (MTV) [69–72], dubbed MTV by the authors in [72],
which derives effective equations for the coarse-grained vari-
ables x rather than assuming them. MTV has been successful
for simplified models, though less so for complex climate
systems, likely due to choices of coarse-graining steps (1)–(3)
shown above rather than intrinsic limitations; see also discus-
sion in Ref. [8]. We will expand on this approach in Sec. III
and Appendix B.

Overall, these works demonstrated that robust reduced-
order stochastic climate models can be built through relatively
simple regression strategies. In this paper, we build on these
insights and investigate how simple neural architectures can
infer both the drift and state-dependent noise in Eq. (2) with
minimal assumptions. Our neural models retain a decompo-
sition into linear and nonlinear terms, L and n(x), as in the
general representation of dynamical systems in Eq. (1).

B. Response theory: A (very) brief overview

In this paper, we argue that data-driven models should
be tested on their ability to capture both stationary statistics
and responses to external perturbations. Assessing responses
to arbitrary forcings is ill-posed, as the space of possible
perturbations is essentially infinite. A way forward is to con-
sider small impulse perturbations, which allow us to define
a response operator and derive general conclusions about
causality and forced responses within the linear response
regime.

Impulse response operator

Given a n-dimensional coarse-grained state vector x(t ) =
[x1, x2, . . . , xn](t ), we perturb a degree of freedom x j with

a small, impulse perturbation δx j (0), x j (0) → x j (0) + δx j (0)
[20,86]. We then consider a general observable A(xk (t )) (i.e.,
a general functional of the system) and quantify its response,
in terms of ensemble average, as

δ〈A(xk (t ))〉 = 〈A(xk (t ))〉p − 〈A(xk (t ))〉, (3)

where 〈·〉 refers to ensemble average and the subscript “p”
refers to the perturbed system. In this paper, we are go-
ing to focus on two observables: (1) A(xk (t )) = xk (t ) and
(2) A(xk (t )) = (xk (t ) − μk (t ))2, with μ(t ) representing the
time-dependent mean of the distribution. The two observables
allow us to capture time-dependent responses in the mean
and variance of the perturbed distribution, respectively. The
impulse response operator R(t ) ∈ Rn,n is then defined as

Rk, j (t ) = lim
δx j (0)→0

δ〈A(xk (t ))〉
δx j (0)

. (4)

We refer to Appendix A for details on how to infer Rk, j (t ) in
practice. The utility of the inferred impulse response operator
is two-fold:

(1) Causal inference: Understanding causal relations
across degrees of freedoms in physical systems requires to
study the effect of interventions on the system [87]. The
inferred response operator quantifies time-dependent cause-
effect interactions across degrees of freedom x j and xk

[20,21,88–90]. We refer to Appendix A for details on the
relation between the response operator and causality.

(2) Response to generic time-dependent forcing: The re-
sponse operator R(t ) can be used to predict the response of the
system to small, but general, time-dependent external forcing
f (t ) ∈ Rn as

δ〈A(xk (t ))〉 =
∑

j

∫ t

0
Rk, j (τ ) f j (t − τ )dτ. (5)

Importantly, while we assume linearity in the system’s re-
sponse, the formulas above are valid for both linear and
nonlinear systems.

A data-driven model capable of accurately capturing
the impulse response operator will also capture the time-
dependent causal interactions across degrees of freedom.
Response theory can then be used to assess the skills of
emulators by going beyond purely statistical metrics such as
r-squared, assessing the causal sensitivity of the system to
external perturbation [21]. Thus, this approach opens rigor-
ous avenues for evaluating and studying data-driven models.
Moreover, recovering the impulse response operator ensures
a faithful approximation of the system’s linear response to
small general forcings. For this reason, we view the impulse
response operator as a fundamental building block that a
data-driven model must reproduce to capture the responses
to general perturbations. Importantly, the response operator
can be inferred from data alone through the fluctuation-
dissipation theorem (FDT) [56], as discussed in Sec. V and in
Appendix A.
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III. LIMITATIONS OF DATA-DRIVEN MODELING BY
ANALOGY: THE CASE OF PARTIAL OBSERVATIONS

A fundamental limitation of purely data-driven mod-
eling of real-world, multiscale climate systems is that
many degrees of freedom remain unobserved. Even when
the governing equations are known, as in meteorol-
ogy, climate fields are only sampled at finite temporal
and spatial resolutions leading to unresolved fast and
small-scale processes. The challenge is even greater in
settings where governing equations are unknown and provide
no guidance for emulator design. In both cases, data-driven
approaches can reproduce the variability of the retained
variables, including their probability distributions, autocor-
relation functions, and short-term forecasts. However, the
response of probability distributions to perturbations, partic-
ularly the mean and variance in realistic climate applications,
can uncover structural deficiencies stemming from unresolved
dynamics that would otherwise remain hidden from stationary
statistics alone. The goal of this section is to illustrate such
limitations within a controlled mathematical setting, where
they can be made explicit and unambiguous.

A. A triad model as a simplified prototype for coarse-grained,
stochastic climate modeling

We focus on a simplified yet relevant dynamical system
that retains essential features of high-dimensional geophysical
flows, making the conclusions of this section meaningful for
climate applications. The model was introduced by Majda
et al. [53] and later used in Ref. [54] in the context of climate
dynamics. In what follows, we present the model and refer to
Appendix B for an in-depth discussion on its relevance as a
building block for complex turbulent flows. The triad model
considered in this study takes the following form:

dx1 = (L11x1 + L12x2 + L13x3 + Ix1x2)dt,

dx2 = ( − L12x1 − Ix2
1 − γ2ε

−1x2
)
dt + σ2ε

−1/2dW2,

dx3 = (−L13x1 − γ3ε
−1x3)dt + σ3ε

−1/2dW3. (6)

This idealized system mimics the functional structure
of turbulent geophysical flows, featuring linear couplings
L11, L12, L13 and energy-conserving quadratic nonlinearities.
The parameter I controls the strength of the nonlinearity:
When I = 0, the model reduces to purely linear dynamics
and Gaussian statistics. The quadratic interactions typically
arise when geophysical turbulent flows are expressed in terms
of orthogonal bases such as EOFs [18]. The parameter ε

sets the timescale separation between the slow mode x1 and
the fast modes (x2, x3), allowing exploration of multiscale
dynamics in a controlled setting. The terms W2 and W3 rep-
resent independent Wiener processes. The model generates
smooth, unimodal distributions with relatively small (but sig-
nificant) deviations from Gaussianity, and it exhibits fast
decay of correlations. Both features are relevant in the study
of low-frequency climate variability [91] and found in both
general circulation models and observational data (see, e.g.,
Refs. [92–94]).

B. The case of unknown equations
but a fully observed state vector

We consider the relatively simple case of a low-
dimensional dynamical system with only one characteristic
timescale (i.e., ε = 1). The parameters chosen for this first
test are L11 = −2, L12 = 1, L13 = 1, γ2 = 0.6, γ3 = 0.4, σ2 =
1.2, σ3 = 0.8, I = 1, and ε = 1. We now integrate the system
in Eq. (6) with an Euler-Maruyama scheme for a period of
length T = 107 with time step dt = 0.01 (i.e., 105 model time
units). Given the system’s decorrelation timescale (shown
later), the resulting time series can be effectively treated as
infinitely long. Given this long trajectory of the full state vec-
tor x(t ) = [x1, x2, x3](t ), we learn data-driven models directly
from the time series. We construct both linear and nonlinear
stochastic models. We specify the functional forms of these
models and assess their ability to reproduce both the stationary
and perturbed statistics of the original triad system.

1. Functional form of the data-driven models considered

We consider two data-driven models. To keep the main
text focused, we leave the technical details of the fitting
procedures, along with details of the neural networks, in
Appendix C.

(1) Linear model: We consider the following linear model:

dx = Lxdt + �dW, (7)

where L is a linear operator, ��T is the noise covariance
matrix, and W is the standard Wiener process.

(2) Nonlinear model: The nonlinear model takes the fol-
lowing form:

dx = (Lx + n(x))dt + �dW. (8)

L is a linear operator and n(x) is parametrized by a multilayer
perceptron (MLP). Crucially, the term (L + n(x)) is fitted
jointly. In what follows, we are going to often refer to this
model as “neural model” or “neural emulator.”

The two models above are trained on a long simulation of
the triad system in Eq. (6).

Note that this is the only section in this work where we
compare linear and nonlinear autoregressive models. The lin-
ear method is considered for two reasons. First, we show that
linear inverse modeling, as originally proposed in Ref. [3],
serves as a strong baseline for neural autoregressive models,
successfully capturing both the mean and variance of the
system’s stationary distribution, the autocorrelation functions,
and the ensemble mean response to external perturbations.
Second, and consistent with theoretical expectations [54], we
demonstrate that linear models are fundamentally limited in
capturing changes in the full probability distribution: For in-
stance, they cannot represent any response in the variance to
external forcings. This limitation restricts their usefulness for
studying forced changes in distributions beyond the mean.

2. Stationary statistics

We integrate the two data-driven models in Eqs. (7) and (8)
for T = 107, yielding time series of the same length as those
obtained from the original triad system. We then compare the
modeled and original probability density functions (PDFs)
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FIG. 1. First row: stationary distributions of the variables x1(t ), x2(t ), and x3(t ) as modeled by the original triad system in Eq. (6), the linear
emulator in Eq. (7), and the neural emulator in Eq. (8). Stationary distributions are obtained after running the three systems for 105 model time
units. Second row: same as the first row but for the autocorrelation functions.

and autocorrelation functions (ACFs), as shown in Fig. 1.
The neural model described in Eq. (8) successfully captures
the stationary distribution of the triad system. In particular, it
outperforms the linear model by accurately reproducing the
non-Gaussian features of x1. Both models also reproduce the
autocorrelation functions well, as seen in the second row of
Fig. 1. In summary, the neural emulator is capable of capturing
both the PDF and autocorrelations of the full state vector x(t ).
At the same time, the linear model serves as a strong baseline
for evaluating more sophisticated data-driven approaches.

3. Response of probability distributions to external perturbations

a. Impulse response functions. We now examine the im-
pulse response of the original triad model [Eq. (6)], the linear
model [Eq. (7)], and the nonlinear neural model [Eq. (8)].
Specifically, we analyze the time-dependent response of
observables A(xk (t )), with k = 1, 2, 3, to an impulse perturba-
tion imposed on x1(0) at time t = 0. We choose as observables
the mean and variance of the distribution. The results, shown
in Fig. 2, reveal that the nonlinear neural model captures the
mean response of the distribution quantitatively, while the lin-
ear model captures it only qualitatively. The most significant
differences arise in the response of the variance: The linear
model yields exactly zero variance response, as expected [54].
In contrast, the neural model captures the variance response
with relatively high fidelity. We therefore consider the neural
model presented here as a skillful model both in terms of
reproducing the stationary distribution as well as the response
operator.

b. Responses to a specific logarithmic forcing. We now
consider a more targeted test and introduce a logarithmic
forcing term to the right-hand side of both the original and
data-driven triad model. The forcing is applied only to x1

and takes the form (0.01log(1 + t ), 0, 0) per time step. Each
model is integrated for 2500 time steps (25 model time units),
and we compute the difference between the forced and un-
forced simulations in terms of ensemble mean and variance
responses. Results are presented in Fig. 3. The neural model
[Eq. (8)] accurately reproduces the forced responses across

all three components. The linear model [Eq. (7)] performs
qualitatively well but exhibits significant deviations in the
ensemble mean response of the second mode x2 as shown
in Fig. 3(b). This is consistent with the earlier section: The
largest error in the linear model’s impulse response also oc-
curred in x2 [see Fig. 2(b)]. This supports the interpretation
that accurately capturing the impulse response operator is crit-
ical for a model’s reliability in predicting responses to general,
time-dependent forcings. As expected, the linear model is not
able to capture the response in ensemble variance. The neural
model shows skillful response, capturing the time-dependent
changes in ensemble variance relatively well, with the largest
error in x2. In general, considering that the changes in variance
are very small, we conclude that the neural emulator is skillful
in responding to the imposed logarithmic forcing.

4. Main takeaways

Given a (practically) infinitely long trajectory of a stochas-
tic dynamical system, and assuming the ideal condition where
the full state vector is observed, it is possible to construct a
neural stochastic model that is stable, reproduces the station-
ary statistics, and responds accurately to small but general
external perturbations. The analysis does not rule out that
other systems may struggle to capture responses even with
full observations. These issues, while important, are consid-
ered here as technical, rather than fundamental, and point
to the need for more sophisticated architectures, improved
algorithms, or the inclusion of additional physical constraints
within existing frameworks.

While the results shown in this Section are encouraging,
they remain far from real-world scenarios. Emulators of cli-
mate models would require full access to all climate fields at
all temporal and spatial scales, which is often impractical due
to the enormous data demands However, if that requirement
were met, then the main challenge would reduce to the need
for very long time series for model training [49]. More funda-
mentally, emulators built from observational data and aimed
at capturing “real-world” dynamics typically have access only
to partial observations of a complex, interconnected system.
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FIG. 2. Impulse response functions as modeled by the original triad system in Eq. (6), the linear emulator in Eq. (7), and the neural emulator
in Eq. (8). First row: response of the ensemble mean to impulse perturbations imposed on x1(0) at time t = 0. Second row: response of the
ensemble variance to impulse perturbations imposed on x1(0) at time t = 0. Impulse response functions are computed using an ensemble size
of Ne = 105 members.

C. The case of unknown equations and a partially
observed state vector

We now return to the triad model defined in Eq. (6) and
consider the more realistic scenario of model inference under
partial observations and multiple timescales. The parameters
chosen for this test are L11 = −2, L12 = 0.2, L13 = 0.1, γ2 =
0.6, γ3 = 0.4, σ2 = 1.2, σ3 = 0.8, I = 1, and ε = 0.01. In this

setting, the variable x1 clearly is the slow mode, forcing the
much faster modes x2 and x3. We again integrate the system in
Eq. (6) with an Euler-Maruyama scheme for a period of length
T = 107 with time step dt = 0.01 (i.e., 105 model time units).

Unlike the case considered in the previous section, where
the entire state vector x(t ) = [x1, x2, x3](t ) was available,
we now consider a more challenging scenario: Only one

FIG. 3. Response to a small logarithmic forcing F = (0.01log(1 + t ), 0, 0) imposed on the right-hand side in Eq. (6), the linear emulator
in Eq. (7), and the neural emulator in Eq. (8). First row: response of the ensemble mean to external forcing. Second row: response of the
ensemble variance to external forcing. Responses are computed using an ensemble of Ne = 105 members.
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component of the system is observed (or available or chosen),
either x1, x2, or x3. The modeling task is thus reduced to
constructing a scalar stochastic model for the observed com-
ponent alone. We require the scalar stochastic model to satisfy
two criteria:

(1) It must reproduce the stationary statistics of the ob-
served component.

(2) It must correctly capture the mean and variance re-
sponse to perturbations as in the original triad system.

Both criteria are nontrivial, with the second posing the
greater difficulty. Together they mirror core challenges in
data-driven modeling built from partial observations. Satisfy-
ing these criteria leads to two central challenges:

(1) Choice of variable to model: The reduced-order model
depends critically on the choice of the modeled variable. Not
all components can be selected to satisfy criteria (1) and (2)
discussed above. The only viable option is to model the slow
mode x1, since the cumulative effect of the much faster x2

and x3 can be represented stochastically. Identifying such a
proper variable is a necessary prerequisite for constructing a
meaningful model under partial observations [49,55,95,96]. In
realistic spatiotemporal climate dynamics, such choice trans-
lates into selecting appropriate climate fields together with a
narrow range of spatiotemporal scales. We will give a practical
example in Sec. IV.

(2) The need for suitable parametrizations: Having iden-
tified the proper variable x1 to model, the next challenge
is to appropriately parametrize the cumulative effects of the
unresolved components x2 or x3 onto the slow mode x1. This
leads to the classic problem of stochastic parametrization
[1,2,76,97–99]. As we will show, the success of the resulting
model, particularly in capturing forced responses in the vari-
ance, hinges critically on the quality of this parametrization.

Two brief remarks. (1) In partially observed settings, one
might be tempted to appeal to Takens’ embedding theorem
[153]. This is often not a practical option in real-world sys-
tems: the theorem does not extend to stochastic systems, and it
becomes infeasible in high-dimensional settings [20,100,135].
(2) For the specific case of the triad model in Eq. (6), Majda
and collaborators showed that an analytical reduced-order
equation for the slow variable x1 can be rigorously derived
in the limit ε → 0 [53,54]; see discussion in Appendix B.
Our aim here is not to test such analytical strategies, which
require full knowledge of the governing equations and are
often limited in real-world settings [8]. Rather, we use the
triad model as a simple conceptual tool to highlight key
challenges of data-driven modeling of multiscale systems. In
realistic settings, both the governing equations and the full set
of relevant variables are typically unknown [100]: even before
specifying a model structure, identifying the slow variables is
nontrivial, non-unique and highly problem-dependent.

In what follows, we assume that the proper slow variable,
x1, has been correctly identified. Given this, we examine how
the choice of stochastic parametrization and temporal coarse
graining influences the ability of neural models to emulate
both stationary statistics and responses to perturbations. This
discussion serves as a precursor to the more challenging
real-world application in Sec. IV, where identifying the rel-
evant variables requires a series of nontrivial coarse-graining
decisions.

1. Functional form of the reduced-order models considered

Given the correct choice of variable x1 to model, we now
proceed in proposing two data-driven scalar models. Techni-
cal details of the fitting procedures are left to Appendix C. We
consider two neural models:

(1) Neural model with additive noise: We consider the fol-
lowing neural model fitted using an artificial neural network,
i.e., a multilayer perceptron. The model takes the following
form:

dx = (Lx + n(x))dt + σdW, (9)

whereL is a linear operator (here just a scalar), n(x) is a
nonlinear operator, and σ 2 is the noise variance. W is the
standard Wiener process.

(2) Neural model with multiplicative noise: We consider a
neural model with multiplicative

dx = (Lx + n(x))dt + σ (x)dW. (10)

We use the same drift (Lx + n(x)) fitted for the addi-
tive model in Eq. (9), so that differences can only arise
from the stochastic parametrization. The multiplicative (state-
dependent) noise σ (x) is fitted with an additional neural
network; see Appendix C.

To train the two models above, we consider a long simula-
tion of the triad system in Eq. (6) using the set of parameters
reported in Sec. III C. We then extract only the time series of
x1 and train the models above on this long, scalar time series
x1(t ).

2. Stationary and perturbed statistics of the scalar model

We integrate the two data-driven scalar models in Eqs. (9)
and (10) for T = 107 time steps, yielding time series of the
same length as the time series of x1(t ) used for training. To
evaluate the models’ ability to capture both stationary and
perturbed statistics, we examine the stationary probability dis-
tribution and the impulse response operator in ensemble mean
and variance.

The neural model with additive noise [Fig. 4(a)] fails to
accurately capture the stationary statistics in a quantitative
way. Moreover, the ensemble mean response to an impulse
perturbation decays too slowly, and notably, the model fails
to reproduce significant responses in the ensemble variance.
In contrast, incorporating multiplicative noise [Eq. (10)] leads
to a substantially improved representation of the stationary
distribution [Fig. 4(d)] and the model now captures a quali-
tatively correct signal in the ensemble variance, albeit with a
similarly slow decay.

These results indicate that the inclusion of multiplicative
noise improves the reduced-order model’s ability to represent
both stationary statistics and variance responses to pertur-
bations. Moreover, as discussed in Appendix B, the use
of multiplicative noise in reduced-order modeling is not an
ad hoc addition but is theoretically justified and explicitly
predicted by rigorous mode reduction strategies [69]. We em-
phasize two key points:

(1) The analysis in Fig. 4 highlights the importance
of evaluating a model’s ability in predicting responses in
higher-order moments, such as the variance. In the simple ex-
ample discussed here, focusing solely on the ensemble mean
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FIG. 4. First row: stationary probability distribution [panel (a)]; ensemble mean response to an impulse perturbation [panel (b)]; and
ensemble variance response to an impulse perturbation [panel (c)] for the variable x1 in the triad system in Eq. (6) and the variable x in the
neural scalar emulator with additive noise in Eq. (9). Second row: same as the first row but we are now considering the neural scalar emulator
with multiplicative noise in Eq. (10). Impulse response functions are computed using an ensemble of Ne = 106 members.

response, which is captured by the deterministic drift, would
lead to the incorrect conclusion that the two models respond
to perturbations in the same way [see panels (b) and (e) in
Fig. 4].

(2) Matching the stationary distribution quantitatively
does not guarantee equally accurate responses to perturba-
tions, as shown in Figs. 4(d)–4(f).

The presence of slowly decaying responses in the ensemble
mean and variance to perturbations is indicative of a system
that is no longer Markovian. The reduced-order stochastic
scalar model is trained solely on the time series of x1(t ).
However, the time series x1(t ) is generated by the full triad
system in Eq. (6) and implicitly reflects the influence of the
unobserved variables x2 and x3 on it. The variability of the
unobserved variables x2 and x3 manifests as memory effects
in the reduced-order scalar model for x1. One strategy for
addressing such memory effects is the multilevel regression
approach first introduced by Kratsov et al. [6] and later gen-
eralized by Kondrashov et al. [7]. The multilevel regression
strategy augments the reduced-order model with a hierar-
chy of linear equations solving for the residuals from the
deterministic dynamics and it can be thought as a practical
implementation of the Mori-Zwanzig formalism in statisti-
cal mechanics [2,7]. An alternative, pragmatic approach for
handling non-Markovian effects is to coarse-grain the data
in the temporal dimension, for instance, by averaging over
a time window. This suppresses fast fluctuations within that
window leading to an effective “Markovianization” of the
dynamics. Due to its simplicity and practicality, this method
is commonly used in the literature (see, e.g., Ref. [4]) and is
also adopted in the present study.

We consider again the time series x1(t ) from the long simu-
lation of the triad system in Eq. (6). As an additional step, we
average x1(t ) over a short temporal window of ten time steps
(equivalent to 0.1 model time units). This averaging smooths
out fast variability and effectively defines a coarse-grained
system that is “more Markovian.” We then retrain the neural
models with additive and multiplicative noise on the coarse-

grained data. Results are shown in Fig. 5. Now, the model
with multiplicative noise not only reproduces the stationary
distribution but also closely matches the variance response,
capturing its peak magnitude and deviating only slightly in
its temporal decay. One could, in principle, tune the averaging
window to match the autocorrelation of the emulated x(t ) with
that of the original x1(t ), thereby ensuring closer agreement
in the decay of responses. Furthermore, training on multiple
time steps should also result in a more accurate model. We
view these as methodological refinements for future work, and
leave it outside the scope of this study.

3. Main takeaways

Even with access to very long time series, modeling
real-world dynamical systems from data alone remains fun-
damentally constrained by observing only a subset of the full
state vector. The most severe limitation arises from the choice
of variables: (1) the model’s skill depends critically on which
variables are observed and included. Once these variables are
fixed, (2) the influence of unobserved degrees of freedom must
be adequately parametrized to capture responses in probabil-
ity distributions. Although these issues can be illustrated with
low-dimensional examples, they become much more severe
in realistic spatiotemporal climate systems, where there is
little or no scale separation and variable selection involves
nontrivial, non-unique decisions about which fields to include
and which spatial and temporal scales to retain—that is, how
to construct an appropriate coarse-grained representation of
the system.

These considerations highlight intrinsic limitations of
general-purpose emulators of coupled climate systems in cap-
turing responses in mean and variance of the distribution
to external perturbations. In contrast, reduced-order neural
models are often tailored to specific problems, allowing one
to leverage prior literature, insights, and results to guide
variables and coarse-graining choices. Such prior knowledge
can be essential for constructing data-driven models and for
clearly delineating their domains of validity.
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FIG. 5. Same as in Fig. 4; however, here the scalar emulators in Eqs. (9) and (10) have been trained on a long trajectory of x1(t ) after
coarse graining by averaging every ten time steps. No additional preprocessing was performed for the original triad system in Eq. (6); i.e., the
blue curves in this figure and in Fig. 4 are the same.

IV. A REAL-WORLD EXAMPLE: RADIATIVE RESPONSES
TO TEMPERATURE PERTURBATIONS

IN A CLIMATE MODEL

Building on the insights discussed above, we present a
stochastic reduced-order model tailored to a specific real-
world, high-dimensional test case. We introduce the scientific
problem at hand and the proposed emulator to tackle this
specific question. We then highlight the coarse-graining
choices defining the proper variables to model. Finally,
we showcase the skill of this emulator in studying causal
mechanisms in large-scale climate dynamics, as well as its
limitations and future work.

A. Scientific problem at hand

1. The “pattern effect” problem

Radiative forcing (e.g., from changes in CO2) drives sur-
face warming, which alters sea surface temperatures and
associated radiative feedbacks. Recent studies show that even
for the same global-mean warming, different SST warming
patterns can yield different feedbacks. For example, eastern
Pacific warming tends to amplify warming through positive
feedbacks, while western Pacific warming has a stabilizing
effect [44,45]. This sensitivity of Earth’s energy imbalance
to spatial SST patterns is known as the “pattern effect.” The
pattern effect describes the fast response of TOA radiative
fluxes to spatial temperature variations and can be formalized
in energy balance models via a Taylor expansion around the
steady-state temperature [101].

A common approach to study the pattern effect is to
relate SST patterns to TOA radiative fluxes using Green’s
function experiments [102], where the radiative response to
localized SST perturbations is quantified with atmosphere-
only models [45,103–106]. These experiments are valuable
for testing model sensitivities but are computationally costly
and typically require large SST perturbations (1–4 K) to ob-
tain a measurable response within short simulations. Such
large perturbations can trigger nonlinear behavior, under-
mining the linearity assumptions of the Green’s function

framework [107]. This motivates the need for fast, inter-
pretable data-driven models that can simulate responses of
large ensembles at low cost and with small perturbation am-
plitudes. Furthermore, since climate models are known to
be biased, data-driven emulators offer, in principle, a com-
plementary way to learn climate dynamics directly from
observations.

2. Possible emulator strategies

Two broad strategies exist for building emulators. One is
to construct a general-purpose emulator of the climate system
and then apply it to specific problems. However, as shown
by Van Loon et al. [43] in the context of the ACE2 emulator
and the pattern effect, this strategy may not always succeed.
A second approach for large-scale climate dynamics is to
design an emulator tailored to a given problem; see, e.g.,
Ref. [5]. While this sacrifices generality, it can also offer key
advantages by clarifying the choice of variables and scales to
model, grounding the design on prior literature, and isolating
only the processes most relevant to the problem.

B. A reduced-order stochastic model of surface temperature
and radiative fluxes

Goals and model formulation: Our goal is to develop a
skillful emulator of large-scale sea surface temperature and
radiative fluxes that captures both stationary variability and
responses to perturbations, enabling the study of their causal
interactions. In this work, we focus on ensemble-mean re-
sponses, which allows for direct comparison with previous
studies. We adopt the following functional form for the neural
model:

dx = (Lx + n(x))dt + �(x)dW, (11)

where W is the standard Wiener process. In Appendix C, we
propose a practical algorithm to fit the multivariate multiplica-
tive noise �(x). Differences with the case of additive noise
mainly arise in the reconstruction of the stationary density as
further discussed in Appendix D.
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As outlined throughout the paper, a central challenge in
data-driven modeling lies in selecting preprocessing steps to
define the coarse-grained dynamics x to be modeled. These
choices, guided by the study’s objectives, are critical for iden-
tifying the proper variables, since the climate system involves
not only SST and radiative fluxes but also many other inter-
acting variables. This is thus a practical instance of a partially
observed state vector. Below, we describe the dataset and
preprocessing procedure, which largely follows Ref. [108],
with further details provided in that work.

1. Data, preprocessing, and the choice of proper variables

a. Data. We consider outputs from the state-of-the-art
coupled climate model GFDL-CM4 (the Geophysical Fluid
Dynamics Laboratorys CM4 model [5]) [109], which provides
a 600-year preindustrial control run with constant CO2. The
ocean component is MOM6 [110] with 0.25◦ horizontal res-
olution and 75 vertical layers, and the atmosphere is AM4
[111,112] with 100-km resolution and 33 vertical layers. The
model in Eq. (11) is trained on this control run. We consider
two climate fields: sea surface temperature and the global-
mean net radiative flux at the top of the atmosphere. The SST
field is restricted to latitudes [−45◦, 45◦], following earlier
studies that highlight the importance of radiative feedbacks
in the tropics and subtropics [45,104].

b. A possible choice of proper variables. We coarse-grain
the GFDL-CM4 control run in space and time, averaging daily
data to monthly means and removing the seasonal cycle to
focus on anomalies rather than periodic signals. Considering
1 month averages in TOA fluxes is not arbitrary: The imme-
diate response of TOA fluxes to perturbations in SST is fast
(e.g., ∼20 days in tropical large-scale convective overturning
motion in the GFDL-CM4 model) [108]. This averaging fil-
ters out higher-frequency processes that mediate surface-TOA
coupling, leading to a “more Markovian” system. Given so,
direct causal links between TOA fluxes at SST patterns can be
detected as one time step responses; see Appendix A. We then
high-pass filter the data with a cutoff of 10−1 yr, removing (1)
low-frequency (multidecadal) oscillations, which are poorly
sampled even in 600-yr runs, and (2) slow drifts from incom-
plete ocean equilibration. This choice sacrifices the ability to
capture multidecadal variability but ensures robust sampling
of subdecadal statistics, yielding a larger effective sample
size. Implicitly, the choice assumes that the response of the
net radiative flux to SST perturbations occurs within a 10-yrr
window. Next, we project the SST field X(t ) ∈ RN onto an
EOF basis:

X(t ) =
n∑

i=1

xi(t )ei +
N∑

j=n+1

y j (t )e j, (12)

and retain the first n = 20 modes. The combined steps of
monthly averaging, high-pass filtering, and projection over
EOF bases define a coarse-grained representation of the SST
variability. This choice follows earlier work showing the skill
of linear Markov models for SST built on similar preprocess-
ing [4,5]. For radiative fluxes, we focus on the global-mean
TOA net flux, as the TOA flux exhibits little spatial structure
and we are mainly interested in its average value. The state
vector is then defined as x(t ) ∈ Rn+1, consisting of the n

SST principal components concatenated with the global-mean
TOA flux.

Crucially, these choices yield an imperfect model that
is skillful in some respects—such as capturing probability
distributions and ensemble-mean responses to temperature
perturbations—but inadequate in others, including autocor-
relation structure and responses in ensemble variance. We
discuss these successes and limitations in the following sec-
tions.

c. Forced simulations. We will test the model’s ability to
reconstruct changes in global-mean TOA radiative flux given
prescribed SST trajectories from two 150-yr-long forced runs:
1pctCO2 and 4 × CO2. The 1pctCO2 experiment imposes a
1% CO2 increase per year starting from preindustrial condi-
tions, while the 4 × CO2 experiment abruptly quadruples CO2

at t = 0. A complication is that TOA fluxes respond directly to
rising CO2, whereas our reduced-order model only uses SST
and fluxes and does not explicitly include CO2. To address
this, we remove the portion of change of the net TOA radiative
flux that is attributable solely to rising CO2. This allows us to
isolate and study the component of radiative feedback that is
driven by changes in SST alone. This correction exploits the
logarithmic dependence of global-mean forcing on CO2 con-
centration [113,114]. As is standard, we subtract 8 W m−2 in
the 4 × CO2 run [115], and apply a time-dependent correction
α log(Ct/C0) in the 1pctCO2 run, where Ct and C0 denote CO2

concentrations in the forced and control simulations.

2. Stationary statistics and forced responses

a. Stationary statistics. Given the (n + 1)-dimensional
state vector x(t ) ∈ Rn+1 defined above, we train the emulator
in Eq. (11) on the long control run of GFDL-CM4. The trained
model is then used to simulate a trajectory of equal length
(i.e., 600 yr at monthly time step). The stationary probability
distributions of the most energetic SST mode, corresponding
to the El Niño Southern Oscillation [62], and the net radiative
TOA flux are well reproduced [Figs. 6(a) and 6(b)]. Statistics
and comparisons with the case of additive noise are reported
in Appendix D. The main discrepancies arise in the autocor-
relation functions, shown for the first SST mode and the TOA
flux in Figs. 6(c) and 6(d). This limitation is further discussed
in section “Limitations” below.

b. Forced responses. The pattern-effect problem
(Sec. IV A) concerns identifying causal links between
SST warming patterns and TOA flux changes. Before using
our emulator for Green’s functionlike studies to investigate
the pattern effect, we first assess its skill as a reconstruction
tool. Specifically, we reconstruct the global-mean TOA
flux from two prescribed, forced SST trajectories, i.e.,
from the 1pctCO2 and 4 × CO2 simulations. Forced SSTs
are projected onto the first n = 20 EOFs from the control
run, yielding coarse-grained trajectories x f

SST(t ), f denotes
“forced.” Given x f

SST(t ), the emulator returns the TOA
variable xTOA(t + 1) at the next time step, initialized with
xTOA(0) = 0. Results [Figs. 6(e) and 6(f)] show that the
emulator largely reproduces TOA flux changes in both
scenarios. This reconstruction is possible because of the
focus on 1-month averages, reducing the time-dependent
TOA response, driven by an atmospheric reorganization
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FIG. 6. (a) Stationary distributions obtained for the first principal component of the SST field as in the original GFDL-CM4 climate
model and as emulated by the neural emulator with multiplicative noise in Eq. (11). Units: nondimensional. (b) Same as panel (a) but for
the global-mean radiative flux at the top of the atmosphere. Units: W m−2. The stationary distributions have been obtained after simulating
the neural emulator for 600 yr. Second row: same as the first row but for the autocorrelation functions. Third row: reconstruction of the net
radiative flux at the TOA by the neural emulator in Eq. (11) after constraining the SST degrees of freedom to follow a precomputed trajectory
in two forced experiments in the GFDL-CM4 model. The forced experiments considered are the 1pctCO2 and 4 × CO2; see Sec. IV B 1 for
details. Note: the net flux at the TOA variable is negative upward (i.e., leaving the planet).

at submonthly scales, into a one-step prediction. For the
1pctCO2 experiment, the linear trend in net TOA flux is
−0.043 W m−2 yr−1 in GFDL-CM4 and −0.034 W m−2 yr−1

in the emulator. We then compute correlations between the
reconstructed and simulated radiative flux at the TOA, after
removing a linear trend in 1pctCO2 and an initial 50-yr
transient in 4 × CO2. At monthly resolution, correlations
are r = 0.37 (1pctCO2) and r = 0.43 (4 x CO2). If yearly
averages are considered (as in the current literature, see,
e.g., Ref. [44]), these increase to r = 0.70 (1pctCO2) and
r = 0.74 (4 × CO2). All correlations are significant at the 5σ

level under a null hypothesis of zero correlation, tested via
bootstrap resampling with replacement.

3. Interpretability and causal understanding
through ensemble mean responses

In the previous section, we showed that the reduced-order
neural emulator can reconstruct the net radiative flux at the top
of the atmosphere from prescribed changes in the SST field.
This amounts to the mapping xf

SST(t ) → xTOA(t + 1), where
xf

SST(t ) ∈ Rn, xTOA(t ) ∈ R, and xTOA(0) = 0. We now ask the
following question: What are the SST patterns that contribute
the most to this skillfull prediction? Addressing this question
requires moving beyond prediction tasks and identifying the
causal influence of individual SST components on radiative
fluxes. We frame the problem in terms of linear response

theory, focusing on the direct link x j,SST(t ) → xTOA(t + 1),
where x j,SST(t ) denotes the jth SST component. We refer the
reader to Appendix A for details on the causal interpretation
of the response operator.

We apply an impulse to the jth SST component at t = 0
and compute the ensemble-mean response of the net TOA
flux at t = 1, denoted δ〈xTOA(1)〉 (see Appendix A for de-
tails). This quantity, referred to as RTOA, j (1), represents the
one-step ensemble-mean response and is estimated using 106

initial conditions to ensure robust statistics. By focusing on
the one-step response, we isolate fast atmospheric adjustments
while neglecting the slower oceanic feedbacks (see Sec. 7 in
Ref. [108] for details). This setup is thus conceptually closer
to atmospheric-only Green’s function experiments, where the
ocean acts as a prescribed boundary condition rather than a
dynamically coupled component of the system.

The vector RTOA(1) ∈ Rn is projected back to the full N-
dimensional SST field using the EOFs, e ∈ Rn,N :

S = RTOA(1) · e =
n∑
j

RTOA, j (1) e j . (13)

At each ocean grid point i, the sensitivity map S ∈ RN approx-
imates the sensitivity ∂xTOA

∂xSST,i
, where xTOA is the global-mean

radiative flux at the TOA and xSST,i is the SST at location i.
The sensitivity map S is shown in Fig. 7. The obtained

sensitivity map S is in qualitative agreement with previous
results in response theory (Fig. 2(a) in Ref. [108]), with other
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FIG. 7. Sensitivity map obtained using the neural emulator in
Eq. (11). At each SST grid point i, we show the one-time-step re-
sponse in the ensemble mean (S) of the global-mean net radiative flux
at the TOA following an impulse perturbation in SST at that location.
The computation is carried out in a 21-dimensional reduced space
spanned by empirical orthogonal functions, and the maps represent
the projection of these low-dimensional results back to the full grid.

data-driven approaches (see Fig. 7(b) in Ref. [116] and Fig. 2
in Ref. [117]), and with the one obtained by directly perturb-
ing the SST boundary condition of atmosphere-only climate
models (see third row of Fig. 2 in Ref. [44] and Fig. 5(a)
in Ref. [45]). In the latter case, the maps exhibit fewer spa-
tial features due to the coarse resolution of the perturbation
patches (spanning tens of degrees) in numerical models exper-
iments. For additional statistical reconstruction approaches to
the pattern effect that yield structures similar to those in Fig. 7,
see the recent analysis by Fredericks et al. [118].

The dominant feature of S is a dipole in the tropical Pacific:
negative sensitivity in the west and positive sensitivity in the
east [45]. This implies that eastern Pacific warming produces
a positive radiative feedback, while western Pacific warming
produces the opposite. The mechanisms are well established
[107,119]: In the east, high climatological low-level cloud
cover decreases under warming, reducing reflected shortwave
radiation and yielding positive sensitivity. In the west, deep
convection transports surface warming vertically and then
horizontally via gravity waves, strengthening the inversion
over the eastern Pacific and other stratocumulus regions,
increasing low-level cloud fraction and reflected shortwave
radiation, thus producing a negative feedback. This analy-
sis confirms that the accurate reconstructions in the forced
regime [Figs. 6(e) and 6(f)] arise from physically consistent
mechanisms.

4. Limitations and a few ways forward

Our coarse-grained representation enabled the develop-
ment of a data-driven model to study the direct causal
interaction xSST → xTOA through perturbation experiments,
while also capturing the stationary distribution well. However,
these coarse-graining choices also introduce some draw-
backs. We discuss these limitations below, further delineating
the model’s domain of validity and outlining possible ways
forward:

(1) The model does not fully capture the decay of auto-
correlations. For example, the first SST mode in Fig. 6(a)
suggests residual non-Markovian behavior. This is not an
issue for our focus on direct causal links (responses at the
shortest time step), but it would matter for responses over
longer time horizons. Remedies include: (a) expanding the

state vector by including slower oceanic variables and more
EOF components, (b) incorporating memory terms in the
stochastic parametrization [7], or (c) further coarse grain-
ing the temporal resolution (e.g., 3-month averaging). Such
choices will depend on the intended scientific application.

(2) We found that responses in ensemble variance are sen-
sitive to retraining the multiplicative noise term, so we do
not present these results. The fitting algorithm in Appendix C
requires far more data than available here (only 7200 sam-
ples for training and validation), to achieve high accuracy.
In this data-scarce setting, exploring simple analytical forms
for the multiplicative noise may be beneficial and it is left
for future work. Importantly, data-driven approaches, such as
the fluctuation-dissipation theorem [55,56], can provide an
approximate benchmark for responses. This allows calibra-
tion of models with different stochastic terms, particularly
to test variance responses where direct benchmarks are often
unavailable. This strategy aligns with recent proposals such as
Ref. [18] and will be explored in future work.

(3) While our emulators are empirically stable, stability is
not guaranteed, which may matter if tested against large per-
turbations. Future work could impose additional constraints
on the neural architectures, similar to previous approaches for
physically constrained regression models as in Refs. [7,11].

5. Main takeaways

In this section, we developed a stochastic neural emulator
that captures the joint evolution of the sea surface temperature
field and the global-mean net radiative flux at the top of the
atmosphere in the GFDL-CM4 climate model. Addressing a
specific, well-posed problem, proved crucial in guiding the
construction of the model: It enabled us to build on previous
literature, restrict attention to just two variables and a limited
range of spatial and temporal scales. These simplifications
led to a stable and computationally efficient emulator that
responds to external forcing and can be used to investigate
causal relationships via perturbation experiments. Such ex-
periments focused on very large ensembles (106 trajectories),
currently impossible to perform with climate models.

V. DISCUSSION

In summary, the first part of this work discussed im-
portant limitations of purely data-driven models of complex
climate systems. We highlighted the potential of combin-
ing traditional reduced-order modeling approaches, including
state-dependent (multiplicative) stochastic parametrizations,
with recent advances in neural networks to study large-scale,
low-frequency climate dynamics. We emphasized the need to
evaluate such models against both stationary and perturbed
statistics. In this context, we discussed how response the-
ory provides rigorous guidance to move beyond stationary
evaluation and probe causal mechanisms. These ideas were
then illustrated through a climate-dynamics problem focus-
ing on inferring causal relations between surface warming
and changes in net radiative fluxes. Given careful variable
selection, reduced-order neural stochastic models can capture
both stationary and perturbed statistics in a computationally
efficient way. Below, we expand on these points and outline
directions for future work.
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A. Limits of data-driven-only climate emulators
and the role of stochastic approaches

In the first part of this paper, we distinguished two possible
scenarios in data-driven modeling:

(1) Unknown equations, fully observed state vector: In
this idealized setting, it is possible to infer a model from data
alone that reproduces the system’s stationary statistics and
responds accurately to small external perturbations.

(2) Unknown equations, partially observed state vector:
This more realistic case presents fundamental difficulties,
even with access to high-quality data and powerful neural
model architectures. The most critical limitation is (a) identi-
fying an appropriate coarse-grained representation; once this
is determined, (b) the cumulative effect of unobserved degrees
of freedom needs to be accurately parametrized. Learning
such parametrizations from data remains a central challenge,
and we showed that multiplicative noise can be advantageous
over additive noise, though it requires a larger dataset for
reliable training.

These results highlight intrinsic limitations of purely
data-driven modeling of high-dimensional, multiscale cli-
mate systems, where the full set of relevant variables is
unobserved or even unknown. This is especially true for emu-
lators built to capture real-world dynamics from observational
data, where observations are inherently partial. In this con-
text, the “correct” choice of variables, scales, and stochastic
parametrizations depends ultimately on the specific scientific
goals [120]. This perspective helps explain the continued suc-
cess of linear inverse models proposed by Penland [3], which
rely on careful selection of climate fields and preprocessing
choices to capture targeted aspects of climate variability; see,
for example, Refs. [4,5,121] among others.

We emphasize that the analysis presented here applies to
data-driven models of turbulent geophysical systems that must
capture both stationary statistics and responses to external
perturbations, as in (causal) Green’s function experiments
[44]. For Earth system models, these issues mainly con-
cern autoregressive climate emulators, particularly coupled
atmosphere-ocean systems, and should not be confused with
short-term weather forecasting using neural networks (e.g.,
Refs. [26,122]), where long-term stability and forced re-
sponses are less relevant. Our study also does not address
statistics-based emulators for climate change projections,
which have proven effective for investigating responses of key
climate variables to CO2 forcing [123–125].

Future work: The discussion above suggests two possible
directions for future research in autoregressive emulators of
climate. First, a stochastic formulation of neural autoregres-
sive climate emulators is preferable to a purely deterministic
one. Probabilistic formulations align more closely with the in-
herently stochastic and uncertain nature of climate dynamics
[126]. Recent advances in weather emulation already point
in this direction such as FourecastNet3 [26], GenCast [26],
and the work of Alet et al. [127]. Interesting directions also
include probabilistic emulation in the framework of stochastic
interpolants [128–130]. Second, the ability of climate emu-
lators in capturing forced responses in the full probability
distribution, akin to Green’s function experiments, remains
largely unexplored, especially for responses in higher-order

moments. A promising way forward is to evaluate archi-
tectures on their ability to capture the mean and variance
response to external perturbations in a hierarchy of simplified
models relevant for large scale climate variability, such as
the two-scale Lorenz ’96 system [131]. These controlled test
beds enable rigorous quantification of forced responses and
could inform the design of future architectures for data-driven
climate modeling.

B. Response theory as a theoretical framework
for model evaluation

We argued that the impulse response operator is a building
block that a model should capture in order to reproduce causal
interactions across degrees of freedom and to accurately re-
spond to external perturbations (Sec. II B and Appendix A).
This perspective enables us to move beyond evaluation met-
rics based solely on stationary statistics and instead consider
the effect of external interventions. Assessing impulse re-
sponses is straightforward in the case of data-driven emulators
built from simple numerical models, i.e., models that allow us
to simulate thousands of ensemble members, as in the first
part of this study. In such cases, one can actively perturb the
reference model to generate a ground truth for the response
operator. However, for models constructed from observational
data, such direct perturbations are not possible. In this con-
text, one can leverage the fluctuation-dissipation theorem to
predict the response operator from data alone [20,91]. Tra-
ditionally, the quasi-Gaussian (qG) approximation have yield
reliable estimates of impulse responses in the ensemble mean
[54,132]. Recent advances in score-based generative models
have shown the potential to extend these predictions to re-
sponses in higher-order moments [133].

Future work: In the absence of direct perturbation exper-
iments, FDT provides a rigorous bridge between stationary
and forced dynamics [55,56]. With sufficiently long integra-
tions of current climate emulators, one can readily focus on
representative large-scale modes and estimate their impulse
responses from the stationary record, thereby extending eval-
uation beyond stationary statistics at minimal computational
cost. A recent example illustrating this approach in the climate
context can be found in Ref. [21]. Importantly, the analysis
reveals the need to test emulators in their ability to respond
to higher-order moments. Authors of Ref. [133] have shown
that coupling the FDT with generative models provides a flex-
ible framework to estimate responses in the full probability
distribution. Moreover, the response operator at the shortest
time step encodes direct causal links, i.e., the input-output
relationships across variables in a reduced-order emulator (see
Appendix A). Future work will leverage this information to
suppress spurious, noncausal input-output dependencies dur-
ing training, similarly to the recent work of Chen and Liu [68],
leading to causally constrained, sparse reduced-order models.

C. A realistic application: Radiative responses
to temperature perturbations

Building on the theoretical insights introduced in the first
part, the second part of the paper presented a stochastic neu-
ral emulator for the coarse-grained dynamics of sea surface
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temperature and net radiative flux at the top of atmosphere.
The model was trained on a long unforced simulations of a
coupled climate model and designed with a specific physical
task in mind: capturing radiative feedbacks to SST anoma-
lies. The emulator focuses on the evolution of 20 principal
components of the SST field and on the scalar global-
mean, net radiative flux; unobserved degrees of freedom are
parametrized as multiplicative noise through an additional
neural network. The emulator largely reproduces the station-
ary statistics of the system and allows us to reconstruct TOA
radiative fluxes in two forced simulations. We inferred the di-
rect causal links between temperature modes and TOA fluxes
through a perturbation approach, akin to Green’s functionlike
experiments with climate models [44], targeting the so-called
“pattern effect” [45]. Such responses are then projected back
onto the EOFs to obtain maps of sensitivity in mean and vari-
ance change of the radiative flux at the TOA to SST warming
perturbations. We discussed similarities of the sensitivity map
for the ensemble mean with recent studies, indicating that
the emulator’s skill in reconstructing TOA fluxes under forc-
ing arises from physically meaningful mechanisms. We also
identified limitations. In particular, the variance response is
sensitive to the training of the multiplicative noise component,
restricting the emulator’s reliability in perturbation experi-
ments beyond those targeting the ensemble mean. We outline
possible paths forward to resolve this issue. These findings
highlight the potential of reduced-order neural emulators to
perform thousands of perturbation experiments, eventually
shifting the focus of climate feedback analysis from mean
responses to the responses of probability distributions.

VI. CONCLUSION

Modeling the climate system from data alone is con-
strained by observing only a subset of variables of a
multiscale, high-dimensional dynamical system. This raises
the fundamental challenge of identifying the proper vari-
ables (both fields and spatiotemporal scales), a fundamental
problem in physics emphasized in classical work [134] and
revisited in recent studies [135]. Such choices are inherently
non-unique, especially because the climate system lacks clear
space- and time-scale separation, and are therefore largely
determined by the study’s scientific goal rather than by the
pursuit of an unattainable perfect model [120]. In contrast
to numerical weather prediction, which demands high spa-
tial and temporal resolution, low-frequency climate variability
is dominated by a few recurrent spatiotemporal patterns, or
modes of variability, and their interactions. Thus, at least for
certain tasks, the multiscale structure of the climate system
can be an advantage, allowing us to focus on the coarse-
grained dynamics while treating unresolved, fast processes
stochastically. Traditional reduced-order models stand out
from general-purpose emulators by targeting specific climate
problems from the outset, guided by prior literature, physical
insight, and a clear understanding of the relevant variables
and scales at play. Such data-driven modeling approach has
a long history in climate science [2], though most efforts have
emphasized reproducing stationary statistics or short-term
forecasting [3,4,85] rather than forced responses. A promising
perspective is to build on such established reduced-order ap-

proaches, including those developed by Majda and Qi [18,19],
while leveraging flexible neural networks architectures to dis-
cover low-dimensional latent representations [17,78] and fit
deterministic and stochastic components. Furthermore, tools
from response theory such as the FDT [21,133,136] can be
used to guide model development and eventually lead to
reduced-order models that efficiently capture responses in the
mean and variance to external perturbations, advancing causal
inference and attribution analyses in climate science.
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APPENDIX A: RESPONSE OPERATOR: PRACTICAL
ESTIMATION AND CAUSAL INTERPRETATION

1. Inferring the response operator in practice

Given a model dx = f (x)dt + �(x)dW, we build the im-
pulse response operator as follows:

(1) We simulate a very long trajectory of the model start-
ing from a random initial condition and remove an initial
transient. We, then, sample Ne random points from the sim-
ulation to define an ensemble of Ne initial conditions on the
model’s attractor. Ne should be very large (i.e., Ne � 1) in
order to sample the whole attractor and approximate averages
over the invariant distribution.

(2) For each one of the Ne initial conditions, we im-
pose an impulse perturbation 	 j to the degree of free-
dom x j at time t = 0. The amplitude of the perturbation
should be theoretically infinitesimally small, ensuring linear-
ity of the response even in nonlinear systems. In practice
we do as follows: we consider the long time series of
x j (t ) from the long control integration above and define
	 j = 10−2σ j , where σ j is the standard deviation of time
series x j (t ).
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(3) Therefore, for a given initial condition x(0), we simu-
late two trajectories: a control trajectory without perturbation
and a perturbed one, where an impulse perturbation 	 j has
been imposed on the jth degree of freedom at time t = 0.
This procedure is repeated in parallel for all initial conditions,
resulting in an ensemble of Ne paired of control and perturbed
trajectories.

(4) At each time t , we then estimate the time-dependent
ensemble average 〈A(xk (t ))〉 of an observable A(xk (t )) for
both the perturbed and unperturbed run. We refer to the
perturbed and control ensemble average, respectively, as
〈A(xk (t ))〉p and 〈A(xk (t ))〉. The observables considered in this
study are going to be (a) A(xk (t )) = xk (t ) and (b) A(xk (t )) =
(xk (t ) − μk (t ))2, with μ(t ) representing the time-dependent
mean of the distribution, therefore quantifying the response in
ensemble mean and variance.

(5) We define the impulse response operator for observ-
able A(xk (t )) as

Rk, j (t ) = 〈A(xk (t ))〉p − 〈A(xk (t ))〉
	 j

.

2. Causal interpretation of the response operator

Causality in natural systems is inferred through external in-
terventions: An agent perturbs the system and the response is
measured [87,88]. Climate modeling follows the same princi-
ple through Green’s function experiments, where one variable
is perturbed and the response of another is evaluated [44,90].
Linear response theory formalizes this principle, providing a
rigorous framework for causal analysis both in models and
directly from data [20,21,133].

Because responses are inherently time dependent, causal
links through responses can be distinguished in three forms,
all encoded in the time-dependent response operator: (1) di-
rect links, (2) indirect links, and (3) cumulative links (or
causal sensitivity). In what follows, we use the triad system
in Eq. (6) as a simple example to illustrate these ideas in a
clear and unambiguous way. Finally, we summarize recent
approaches for estimating responses directly from data and
refer to Baldovin et al. [20] for details on the theoretical
foundations of this approach.

Consider a high-dimensional, stochastic dynamical system
of the kind

dxi

dt
= fi(x1, x2, . . . , xN ) + stochastic forcing;

with i = 1, 2, . . . , N. (A1)

In this setting, the existence of a direct causal link x j → xk

is determined by whether x j appears in the arguments of fk .
More formally, the absence of a direct causal link x j → xk,

j 	= k is expressed by 〈
∂ fk (x)

∂x j

〉
= 0.

We adopt the view that causal estimates in real-world, high-
dimensional stochastic systems are most naturally, and most
practically, formulated as ensemble averages, making the
ensemble-averaged Jacobian the appropriate structural object
for direct causal links. As a concrete example, we return

FIG. 8. (a) Functional form of the triad system in Eq. (6).
(b) Graph structure of the triad system. Note from panel (b) that
causality in dynamical systems can involve cycles, in contrast with
the acyclic structures often assumed in applications outside physics;
see, e.g., Ref. [137].

to the triad system in Eq. (6), for which the underlying di-
rect causal links are known exactly. This example provides
a straightforward, intuitive illustration of how perturbation
experiments reveal causal interactions. Figure 8 reports both
[panel (a)] its functional form and [panel (b)] its causal graph,
which encode the same information. Causal relations can then
be probed by adding independent impulse perturbations to
each degree of freedom and record the system’s response.
Responses are computed up to a long time horizon τmax, with
discrete times t = 0, dt, 2dt, . . . , τmax. Since we are inter-
ested in causal relations, it suffices to consider the identity
observable A(xk (t )) = xk (t ), i.e., the response of the ensemble
mean [20]. We now clarify the three different types of causal
links mentioned at the start of this Appendix.

a. Direct causal links

The direct causal links are encoded in the response operator
R(dt ) evaluated at the shortest time step t = dt . The intuition
follows directly from the graph representation in Fig. 8(b) and
is rather straightforward.

(1) Any perturbation applied to x2 will affect, on average,
x2 itself and x1 after one time step, but not x3. Hence, we infer
〈∂ f3(x)/∂x2〉 = 0.

(2) A perturbation applied to x3 will affect, on average, x3

and x1, but not x2, so 〈∂ f2(x)/∂x3〉 = 0.
(3) By contrast, a perturbation to x1 propagates to all three

variables within a single step, indicating direct causal links
from x1 to both x2 and x3.

b. Indirect causal links

Causal relations in physical systems extend beyond di-
rect interactions. A variable x j may affect another variable
xk indirectly through an intermediate variable xi, forming a
path x j → xi → xk . Such indirect links are central in climate
dynamics [138] and in complex systems more broadly [139].
Within the response framework, these paths are revealed by
the time-dependent operator Rk, j (t ): The first nonzero re-
sponse identifies the shortest causal path in the graph connect-
ing x j to xk . Crucially, if Rk, j (t ) = 0 for all time t , then no ex-
ternal intervention on x j can ever influence the behavior of xk .
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c. Cumulative causal links or causal sensitivity

Finally, Baldovin et al. [20] introduced a cumulative (in
time) measure of causation between two variables, defined
as Dk, j = ∫ τmax

0 Rk, j (t )dt . Such cumulative link can be also
referred to as “causal sensitivity.” Such a measure is espe-
cially relevant in practical experiments with high-dimensional
models where interactions unfold across multiple spatial and
temporal scales. A concrete example using climate models is
provided by the approach of Bloch-Johnson et al. [44], where
causal links are inferred between patterns of surface warm-
ing and the net radiative flux at the top of the atmosphere.
Their method reconstructs responses to perturbations by (1)
applying surface warming perturbations, (2) integrating an
atmospheric-only model with and without the perturbation,
and (3) computing the average (in time) difference between
the two runs after removing an initial transient. In this case,
the causal link emerges precisely as a cumulative (in time)
atmospheric response to the surface perturbations.

We emphasize the crucial role of ensemble averages in
establishing the general validity of response theory. Evaluat-
ing responses along single trajectories of nonlinear systems
is strongly affected by chaos, restricting the applicability of
these ideas to short times and very small perturbations. In
contrast, focusing on observables, i.e., quantities averaged
over the invariant density, ensures the robustness of the theory
and largely removes the dependence on chaos. For a detailed
discussion of this point, we refer the reader to Ref. [140].
Future efforts to estimate responses in climate science, which
often rely on perturbing single trajectories, would therefore
benefit from focusing on ensemble-averaged observables.

d. Response operator from data alone

Given the assumption of Markovianity it is possible to
infer the system’s response operator from a long station-
ary trajectory using the fluctuation-dissipation theorem [20].
The FDT formula provides a link between stationary and
perturbed dynamics by predicting forced responses from sta-
tionary statistics alone [141]. Specifically,

Rk, j (t ) = −
〈
A(xk (t ))

∂ ln ρ(x)

∂x j

∣∣∣∣
x(0)

〉
, (A2)

where A(xk (t )) is a general observable and ρ(x) is the station-
ary distribution. 〈·〉 refers to ensemble average, approximated

through temporal averages. ∂ ln ρ(x)
∂x j

|x(0) represents the so-
called “score function” evaluated at the initial state, i.e., on the
attractor. Therefore, in principle the response operator can be
computed from data if the score ∇ ln ρ(x) is available. In prac-
tice, the score is often inaccessible, and most applications rely
on the qG approximation, by replacing ρ(x) with a Gaussian
distribution ρG(x) with same mean and covariances [55,142].
For responses in the ensemble mean, the qG approximation
achieves high skill even for nonlinear systems [20,132,133].
Recent work [133] has demonstrated that generative model-
ing techniques can be used to efficiently estimate the score
directly from data, leading to high skill in computation of
higher-order responses in strongly nonlinear regimes. Other
interesting proposals have been recently formulated in the

context of Koopman theory and can be used for future ex-
ploration of forced responses from data alone [136,143,144].

It is worth emphasizing that the central limitation discussed
in the main text, i.e., the need to choose the proper variables
for the system to be Markovian, remains relevant for the infer-
ence of response operators via FDT as well (and for any causal
inference methodology); see the discussion in Ref. [20].

APPENDIX B: RELEVANCE OF THE TRIAD SYSTEM
FOR GEOPHYSICAL TURBULENCE

Here, we motivate the choice of the triad model analyzed
in Sec. III as a building block for geophysical turbulent
flows. We further present and test the associated analyti-
cal stochastic model for the slow variable x1 (as discussed
in Sec. III C 1). For detailed mathematical derivations and
additional examples, we refer to the original work by Majda
et al. [18,53,55,69,70].

1. Link to geophysical turbulence

Projecting many geophysical turbulent flows, such as
quasigeostrophic models, onto a complete set of orthogonal
basis functions (spectral or empirical modes such as EOFs),
gives rise to the following generic form for the modes’ ampli-
tudes:

du/dt = F + Lu + B(u, u), (B1)

where F is an external forcing, L is a linear operator, and
B(u, u) is a nonlinear, quadratic operator. The linear oper-
ator L = L′ + D, is formed by a skew-symmetric operator
L′ and by a diagonal dissipation matrix D with negative real
entries. The quadratic nonlinearity should be energy conserv-
ing, satisfying u · B(u, u) = 0 [55,69,145]. Eq. (B1) is the
typical abstract form of dry cores of atmospheric models [76].
Galerkin truncations of turbulent systems often reduce to this
structure, as in the Lorenz ’63 and Charney-DeVore models
[77,145,146]. u ∈ RN represents the full turbulent geophysi-
cal system, with N infinite in principle and finite but very large
in applications (N � 1). The state u is then decomposed into
slow and fast components, u = (x, y), i.e., x represents the
first n components of u and y the next N − n.

We consider the simple case of N = 3: one large-scale
resolved mode x1 and two fast modes y = (x2, x3). We then
project the three modes onto the dynamics in Eq. (B1). This
gives rise to three equations, defined by a forcing term, linear
and quadratic self- and crossinteraction across slow and fast
timescales. The triad model in Eq. (6) is then obtained by ap-
proximating the quadratic self-interactions of the fast modes
as a damping and stochastic forcing, as −γiε

−1xi + σiε
−1/2ξi,

with i = 2, 3. ξi is a standard Gaussian white noise process.
ε sets the timescale separation between the slow and fast
modes. The key assumption is that the detailed nonlinear self-
interactions among fast modes are not important if the goal
is to capture the coarse-grained slow dynamics. This approx-
imation transforms the original deterministic equations into
a stochastic system. The specific version used in Eq. (6) is
further simplified by setting to zero a few interactions, such as
the linear cross and self-interactions of the fast modes as well
as the external forcing terms.
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Therefore, the relevance of the triad system [Eq. (6)] to
this study is that it provides a minimal multiscale setting with
linear and quadratic nonlinear interaction of the kind that
naturally arise when geophysical turbulent flows are expressed
in terms of orthogonal bases such as EOFs. Furthermore,
the model is characterized by fast decays of correlations and
generates PDFs that are regular and quasi-Gaussian, as often
seen in the analysis of large-scale modes of climate variabil-
ity [91]. For additional details, see Ref. [53] and Sec. 4 of
Ref. [18].

2. Analytical stochastic model for the slow variable x1

Starting from the triad model in Eq. (6), Majda et al. [69]
showed that an analytical reduced-order equation for the slow
variable x1 can be rigorously derived in the limit ε → 0 using
standard projection techniques [53–55]. The mode reduc-
tion predicts the functional form of the dynamics governing
the resolved, slow variable [69–72]. The resulting stochastic
equation is

dx = (F̃ + ax + bx2 − cx3) dt + (A − Bx) dW2 + σ dW3,

(B2)

where the coefficients are expressed in terms of parameters of

the triad system in Eq. (6) as a = L11 + ε( I2σ 2
2

2γ 2
2

− L2
12

γ2
− L2

13
γ3

),

b = −2ε L12I
γ2

, c = ε I2

γ2
, B = −Iε1/2 σ2

γ2
, L = −B L12

I , F̃ = −AB
2 ,

σ = ε1/2L13
σ3
γ3

. W2 and W3 are independent Wiener processes.
Interestingly, the equation for the coarse-grained variable x1

displays a structure richer than that of the full triad system
in Eq. (6). In addition to the original linear and quadratic in-
teractions, the reduced equation includes following terms: an
effective forcing F̃ , a cubic nonlinearity, and both additive and
multiplicative noise. The additive noise results from the linear
interactions across fast modes, while the multiplicative noise
reflects the advection of the slow mode by the fast modes [76].
Thus, Eq. (B2) demonstrates that multiplicative noise arises
from theoretical considerations, rather than being introduced
ad hoc, providing a firm basis for its use in reduced-order
stochastic climate models. The scalar model above has been
used to test the fluctuation-dissipation theorem in climate
dynamics [91,133] as well as for inverse modeling of the
leading principal component of a quasigeostrophic model and
the observed variability associated with the North Atlantic
Oscillation, demonstrating its relevance for theoretical studies
in climate dynamics.

We evaluate the model in Eq. (B2) as done in Sec. III,
so to reproduce the stationary statistics of the slow variable
x1 as well as its response to perturbations as in the original
triad system in Eq. (6). The results are reported in Fig. 9. The
analysis shows that, given ε � 1, it is indeed possible to build
a Markovian model of the slow variable x1 reproducing both
stationary and perturbed statistics as in the original system.

Finally, as shown in this Appendix, rigorous model reduc-
tion frameworks, such as those developed by Majda et al.
[70] and by Roberts [147,148], among others [2], provide
invaluable theoretical guidance for multiscale climate mod-
eling. While these strategies were traditionally developed for
systems with known equations of motion, they may also in-

FIG. 9. In each panel: “x1 Triad” represents statistics of x1 in the
original triad model in Eq. (6); “x1 scalar” represent statistics of x1

in the scalar reduced model in Eq. (B2). (a) Stationary probability
distribution. (b) Response in ensemble mean. (c) Response in en-
semble variance. Impulse response functions are computed using an
ensemble of Ne = 107 members.

spire future work aimed at incorporating such principles into
data-driven-only emulators.

APPENDIX C: TECHNICAL AND PRACTICAL DETAILS
ON THE MODEL FORMULATIONS

1. Multivariate data-driven stochastic models

Consider an N-dimensional dynamical system described
by a stochastic differential equation dx = f (x)dt + �(x)dW.
This equation can be discretized by the forward Euler method
as follows:

	x = x(t + 	t ) − x(t ) = f (x(t ))	t + �(x)
√

	tξ(t ),
(C1)

where ξ(t ) is a Gaussian white noise with zero mean, unit
variance, and

√
	tξ(t ) is the increment of the Wiener pro-

cess 	W = W(t + 	t ) − W(t ). Without loss of generality,
we rescale time units by the time sampling interval such that
a nondimensional time increment is 	t = 1 [6–8,149]. The
strategy is then to fit a rescaled version of Eq. (C1) from
observational data alone. Such rescaled equation takes the
following form:

	x = x(t + 1) − x(t ) = f (x(t )) + �(x)ξ(t ). (C2)

We proceed in two steps:
(1) Fitting the drift: We compute 	x = x(t + 1) − x(t )

and fit the deterministic dynamics such that 	x ≈ f (x(t )). In
the main paper, we considered two cases:

(a) Linear drift: In this case, given a trajectory x(t ) ∈
RN , we need to fit a matrix L ∈ RN,N such that 	x ≈ Lx(t )
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as close as possible. In practice, this is solved as a linear
regression problem by minimizing the mean squared er-
ror (MSE). We use the linear regression module from the
scikit-learn library [150].

(b) Nonlinear drift: We consider the following form:
	x ≈ f (x(t )) = Lx(t ) + n(x(t )), where L ∈ RN,N is the
linear operator and n(x(t )) is the nonlinear operator
parametrized by a multilayer perceptron. Both operators
are fitted jointly by minimizing the mean squared error
using a version of the gradient descent algorithm (Adam,
[151]) with weight decay. The MLP considered here al-
ways consisted of one hidden layer. The number of neurons
in the hidden layer depended on the application: we con-
sidered 30 neurons in the experiments with the triad model
in Sec. III B 1 and 1000 neurons in the real-world appli-
cation in Sec. IV. We played with more hidden layers
but found a comparable performance, and sometimes a
larger network also led to instabilities. The activation func-
tion used is the swish function (SiLU), which we found
yields smoother responses to external perturbations. In
contrast, the commonly used ReLU activation produced
noisier responses. Furthermore, to ensure high accuracy in
perturbation-response experiments, all data were processed
using double-precision floating-point format.
(2) Fitting the stochastic term: Having fitted the deter-

ministic dynamics f , we compute the residuals r(t ) ∈ RN as
r(t ) = 	x − f (x(t )). We then construct a suitable stochastic
parametrization for this residual term. In the paper, we focus
on two cases: additive and multiplicative noise.

(a) Additive noise: Given the residuals r(t ), we proceed
by computing their covariance matrix C ∈ RN,N as C =
〈rrT〉, where brackets denote time averaging. We then con-
sider the Cholesky decomposition of C to derive a lower
triangular matrix � ∈ RN,N such that C = ��T. The full
fitted equation solved by the emulator can then be written
as

x(t + 1) = x(t ) + f (x(t )) + �ξ(t ), (C3)

and we remind the reader that ξ(t ) ∈ RN is a Gaussian
white noise with zero mean, unit variance.

(b) Multiplicative noise: Here, we consider state-
dependent noise. To approximate it in a computationally
efficient manner, we proceed as follows:

(i) Given the residuals r(t ) at each time t , we com-
pute their outer product C(t ) = r(t )r(t )T, which is a
matrix of rank one.

(ii) We train a neural network predicting a lower
triangular matrix �(x(t )) with positive diagonal, which
can be interpreted as a Cholesky factor, such that C(t ) ≈
�(x(t ))�(x(t ))T as close as possible.

In practice, the loss function minimizes the mean squared
error between C(t ) and �(x(t ))�(x(t ))T at each batch. A
minimizer of the MSE loss approximates the conditional
mathematical expectation E[C(t )|x(t )], that is the covariance
matrix averaged over all residuals corresponding to the same
state vector, as a function of this state vector, and can be
seen as a generalization of a method presented in Ref. [152]
to multiple dimensions. The positivity of the diagonal terms
of the lower triangular matrix �(x(t )) is enforced through a

softplus activation function. Note that this (high-dimensional)
multiplicative noise parametrization is only applied in the
real-world-like case, where data are scarce: To prevent over-
fitting, we use early stopping during training, halting after
only five epochs. The final fitted equation solved by the
emulator is

x(t + 1) = x(t ) + f (x(t )) + �(x(t ))ξ(t ), (C4)

where again ξ(t ) ∈ RN is a Gaussian white noise with zero
mean, unit variance.

Furthermore, even in the real-world case of sea surface
temperature fields and radiative fluxes, reducing the dimen-
sionality to a few, N = 21, components led to a simplified
computational problem where all neural networks could be
trained on CPUs and on a personal computer.

2. Scalar data-driven stochastic models

Consider a trajectory of length T of a 1-dimensional dy-
namical system. As in the Appendix above, we assume that
this scalar time series can be modeled as a discrete stochastic
process with time stepping 	t = 1, therefore rescaling our
time stepping by the sampling interval. The scalar equation we
aim to fit is therefore

	x = x(t + 1) − x(t ) = f (x(t )) + σ (x)ξ (t ). (C5)

The training of the deterministic (i.e., drift) dynamics follows
exactly the same procedure of the multivariate case. Even the
network considered are the same, with one hidden layer and
30 neurons. So we refer the reader to the Appendix above re-
garding the fitting of the deterministic dynamics and proceed
in focusing on the stochastic case.

Fitting the stochastic term

(1) Additive noise: We compute the residual time series
r(t ) = 	x − f (x(t )) from the drift term. We then proceed
in computing the standard deviation σ of such residual time
series. The full fitted equation solved by the emulator can then
be written as

x(t + 1) = x(t ) + f (x(t )) + σξ (t ), (C6)

and we remind the reader that ξ (t ) is a scalar Gaussian white
noise with zero mean, unit variance.

(2) Multiplicative noise: We again consider the residual
time series r(t ) from the drift term. We then compute at each
time step t the square of the residual at that time step, i.e.,
r(t )2. We then train a neural network to have g(x(t )) ≈ r(t )2

by minimizing the mean squared error [152]. The neural net-
work is again an MLP with one hidden layer with 30 neurons.
Differently, from the neural networks considered for the drift,
here we added a softplus activation function after the last
layer of the network to ensure that the variance estimates are
nonnegative. The final fitted equation solved by the emulator
is

x(t + 1) = x(t ) + f (x(t )) +
√

g(x(t ))ξ (t ). (C7)
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FIG. 10. (a)–(t) Stationary distributions obtained the first 20 principal components of the SST field as in the original GFDL-CM4 climate
model and emulated by the neural emulator with multiplicative [Eq. (11)] and additive [Eq. (D1)] noise. Units: nondimensional. (u) Same as
panels (a)–(t) but for the global-mean radiative flux at the top of the atmosphere. Units: W m−2. The stationary distributions have been obtained
after simulating the neural emulators for 600 yr. Note that the system was trained on only 7200 time steps, which limits the accuracy of the
learned multiplicative noise term.

APPENDIX D: EMULATOR OF THE SST FIELD AND NET
RADIATIVE FLUX: ADDITIVE VERSUS

MULTIPLICATIVE NOISE

In the main text, we considered the model defined in
Eq. (11) to emulate the joint variability of SST and net ra-
diative flux at the TOA. Here, we examine a simpler variant
with additive noise:

dx = (Lx + n(x))dt + �dW. (D1)

The drift term Lx + n(x) is identical to the one used in the
multiplicative noise model in the main text. We performed a
600-yr-long emulation following the same protocol as in the
main text.

The resulting autocorrelation functions, the reconstruction
of net radiative flux, and the ensemble-mean response are
all nearly indistinguishable from those obtained with multi-
plicative noise [Eq. (11)], as shown in Figs. 6(c)–6(f) and 7.

This demonstrates that the deterministic component (shared
by both emulators) is responsible for setting these features.

The main difference arises in the reconstruction of proba-
bility distributions. Figure 10 shows the PDFs for all 20 SST
modes, as well as for the global-mean net radiative flux at the
TOA. The PDF of the leading mode, associated with ENSO
variability, is accurately reproduced by the emulator with mul-
tiplicative noise. Table I reports the first four moments of the

TABLE I. Mean, standard deviation, skewness, and kurtosis of
SST Mode 1 (ENSO variability) for 600-yr-long runs.

Mode 1 (ENSO) Mean St. dev. Skewness Kurtosis

CM4 climate model 0. 28.27 −0.10 3.16
Eq. (11) (multiplicative noise) 2.83 29.07 −0.08 2.88
Eq. (D1) (additive noise) −0.65 42.31 −0.13 3.33
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distributions of this first mode for the climate model and for
the two emulators. The most pronounced discrepancy appears
in the standard deviation, where the multiplicative noise emu-
lator shows substantially closer agreement. The multiplicative
formulation also succeeds in capturing the PDF of the second
mode.

Interestingly, for higher modes, each explaining a much
smaller fraction of the variance, the emulator with additive

noise performs slightly better. These differences, while vis-
ible, are modest if comparing the scale with the values of
the first mode. We suspect that the very limited dataset (only
7200 samples in total for training and validation) is the main
factor preventing the network from learning the multiplicative
noise structure with higher accuracy. With a larger dataset, we
expect the performance of the multiplicative noise emulator to
achieve more accurate reconstructions.
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Correction: The first sentence of the second paragraph of
Sec. II B entitled “Impulse response operator” contained an
error in wording and has been fixed.

Second Correction: The first sentence of the second paragraph
of Sec. II B has been further modified. The first sentence of the
paragraph numbered (2) in Appendix A 1 has been modified.

043314-25

https://doi.org/10.1142/S0219525908001465
https://doi.org/10.1016/0378-4371(94)00277-Z
https://doi.org/10.1016/0375-9601(90)90137-D
https://doi.org/10.1175/1520-0469(1975)032<2022:CRAFD>2.0.CO;2
https://arxiv.org/abs/2502.07908
https://doi.org/10.1103/vjvt-gdn1
https://doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
https://doi.org/10.1175/1520-0469(1979)036<1205:MFEITA>2.0.CO;2
https://doi.org/10.1112/S146115700000125X
https://doi.org/10.1016/j.physa.2007.08.023
http://jmlr.org/papers/v12/pedregosa11a.html
https://arxiv.org/abs/1412.6980

