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We derive an analytic expression for the phase of a quantum vortex in a dipolar Bose-Einstein condensate,
capturing anisotropic effects from long-range dipole-dipole interactions. This solution provides a foundation for
a dipolar point vortex model (DPVM), incorporating both phase-driven flow and dipolar forces. The DPVM
reproduces key features of vortex pair dynamics seen in full simulations, including anisotropic velocities,
deformed orbits, and directional motion, offering a minimal and accurate model for dipolar vortex dynamics.
Our results open the door to analytic studies of vortices in dipolar quantum matter and establish a platform for
exploring vortex dynamics and turbulence in these systems.
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Circulating flow structures, or vortices, are central to the
dynamics of both classical and quantum fluids. In systems
governed by quantum coherence, such as superfluids and su-
perconductors, vortices arise not as turbulent eddies but as
topological singularities in the phase of a complex order pa-
rameter. Around each vortex core, the phase winds by integer
multiples of 2π , enforcing quantized circulation and con-
straining the velocity field to be irrotational except at isolated
points [1]. These features make quantum vortices not only
signatures of superfluidity and superconductivity, but also es-
sential building blocks for understanding quantum turbulence
[2–4], lattice formation [5–7], and long-range coherence in
interacting many-body systems [8–10].

Quantum vortices have a fixed core size and quantized
circulation, meaning that they can be effectively described
as interacting point particles. The point vortex model (PVM)
offers a numerically efficient framework for capturing the dy-
namics of well-separated vortices in an ideal two-dimensional
(2D) fluid [11]. While originally developed for classical in-
compressible flows, the model proves remarkably accurate
for superfluid systems. The PVM has successfully described
vortex dynamics in superfluid He [12], superfluid Fermi
gases [13,14], and atomic Bose-Einstein condensates (BECs)
[15,16]. This has led to a number of profound results in
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superfluid dynamics—from vortex-sound interaction [13] and
vortex instabilities [14] to the enstrophy cascade [17] and
the prediction [18] and experimental realization of large-scale
flows [16] and Onsager vortex clustering [15]—as well as
important results in classical turbulence [19,20] and statistical
physics [21].

The key ingredient in the point vortex model is the phase
profile of a single vortex. For fluids that interact only through
isotropic short-range contact interactions, this phase has the
simple analytic form S(x, y) = arctan(y/x) [22]. However,
in certain classes of matter with anisotropic and long-range
interactions—such as superconductors with Lifshitz invari-
ants [23], polariton and coupled light-atom systems [24–26],
and molecular [27] and dipolar quantum fluids—the interac-
tion itself breaks radial symmetry. As such, despite extensive
theoretical and numerical work no closed-form expression
for the vortex phase exists to this day [28]. Without this,
reduced models of vortex dynamics—so powerful in isotropic
systems—have remained out of reach.

Vortices in dipolar BECs were observed only recently
[29], made possible by the development of magnetostirring
techniques that exploit the anisotropic dipolar interaction
[30,31]. This experiment revealed striking vortex stripe
lattices, a hallmark of anisotropic vortex-vortex interac-
tions [30,32,33]. Several other theoretical predictions remain
unconfirmed, including elliptically distorted vortex cores,
roton-induced density oscillations around the core [31,33–
40], and anisotropic vortex pair dynamics such as direction-
dependent motion and suppressed annihilation [33,37,39,41].

In this Letter, we derive for the first time the phase
profile of a quantum vortex in a dipolar condensate. Our
analytic solution matches the numerically obtained phase with
high accuracy and yields a self-consistent density ansatz for

2643-1564/2026/8(4)/L042014(7) L042014-1 Published by the American Physical Society

https://orcid.org/0000-0002-9467-1264
https://ror.org/01kj2bm70
https://ror.org/04f2nsd36
https://orcid.org/0000-0001-9852-0183
https://ror.org/012a77v79
https://crossmark.crossref.org/dialog/?doi=10.1103/299h-xjc4&domain=pdf&date_stamp=2026-10-30
https://doi.org/10.1103/299h-xjc4
https://creativecommons.org/licenses/by/4.0/


R. DORAN AND THOMAS BLAND PHYSICAL REVIEW RESEARCH 8, L042014 (2026)

the vortex core. With the analytic phase, we formulate the
dipolar point vortex model (DPVM), a minimal model that
incorporates anisotropic phase-driven flow and long-range
dipole-dipole interaction between vortices [42]. The DPVM
is rigorously benchmarked against mean-field simulations of
vortex pair dynamics, reproducing key features such as elliptic
vortex-vortex orbits and directionally dependent motion of
vortex-antivortex pairs [33,37,39,41]. Beyond dipolar conden-
sates, our approach provides a general framework for treating
vortices with anisotropic cores.

Deriving the dipolar vortex phase. In an infinite, homoge-
neous two-dimensional system, the phase S(ρ, ϑ ) of a vortex
with density n(ρ, ϑ ) in an irrotational BEC must satisfy the
continuity equation [22,43,44]

∂n

∂t
+ ∇ · (n ∇S) = 0. (1)

Assuming the phase is independent of radius, ρ =
√

x2 + y2,
and the density is independent of the azimuthal angle, ϑ =
arctan(y/x), Eq. (1) reduces trivially to ∂2S(ϑ )/∂ϑ2 = 0,
which has solution S(ϑ ) = qϑ , where q ∈ Z is the topological
charge of the vortex [22]. The second constant of integration
is a phase shift that can be set to zero. This procedure is
exact for any superfluid satisfying these assumptions, up to
the singularity at ρ = 0.

In dipolar systems, however, vortices are predicted to
develop elliptic cores [31,33–39], accompanied by lobes of in-
creased and depleted density extending away from the center,
invalidating the assumptions above. This anisotropic structure
arises when the polarization axis is tilted by an angle α relative
to the vortex line (normal to the xy plane), resulting in mag-
netostriction [45]—a stretching of the vortex core along the
direction of polarization. Exemplar dipolar vortex density and
phase profiles are shown in Fig. 1, obtained as stationary so-
lutions of the dipolar Gross-Pitaevskii equation (GPE), which
will be discussed in detail later. When the polarization axis is
normal to the plane (α = 0), the dipoles form an azimuthally
symmetric density ring around the core, and the phase is
unchanged from the nondipolar result [Fig. 1(b)]. However,
tilting the dipoles into the plane breaks the angular symmetry
of the density. In the strongly dipolar case with maximum tilt
angle α = π/2, as shown in Fig. 1(c), the core width broadens
along the polarization direction, while regions of high den-
sity are maintained perpendicular to it. Strikingly, the phase
profile responds to this deformation by concentrating phase
gradients—hence superfluid velocity—along the polarization
axis, with diminished gradients perpendicular to it. This is
seen clearly by examining the nonlinear phase at a fixed radius
away from the core, as shown in Fig. 1(a).

To find the dipolar vortex phase, it is natural to search
for solutions to Eq. (1) in a modified coordinate system.
By making the scale transformation y → λ−1y, we can de-
fine a shear-polar coordinate system (ρ ′, ϑ ′), where x =
ρ ′ cos ϑ ′ and y = λ−1ρ ′ sin ϑ ′. Circles in (ρ ′, ϑ ′) are el-
lipses in (ρ, ϑ); hence, λ > 1 parametrizes the ellipticity of
the vortex core. This transformation precisely recovers the
assumption S(ρ ′, ϑ ′) ≡ S(ϑ ′). We make a further approxi-
mation that in this coordinate system the vortex density is
independent of ϑ ′, which we expect to be true away from
the roton-induced density oscillations. Carefully defining the

FIG. 1. Analytic phase of an elliptic vortex. (a) Solid lines show
the vortex phase obtained from the dipolar GPE with interaction
strength εdd = 0.9 at fixed radius R = 10 µm; dashed lines indicate
the corresponding solution to Eq. (3), using only the ellipticity λFWMH

extracted from the full width at half maximum (FWHM) of the vortex
density. The polarization angle α increases in steps of π/6, and each
curve is vertically offset by π for clarity. (b), (c) Example solutions
for the normalized vortex density n(x, y) and phase at α = 0 and
α = π/2, respectively. The colored circle marks the location from
which the phase is extracted in panel (a). (d) Relative energy error:
GPE vs vortex ansatz [Eq. (4) using λopt, solid], and GPE vs isotropic
ansatz (λ = 1, dashed). Speed |∇S| with α = π/2 from (e) the GPE
and (f) the analytic solution, with contours at steps of 20 µm/s. For
reference, ξ (0.9, 0) = 0.1 µm and ξ (0.9, π/2) = 0.51 µm.

∇′ operator in this coordinate system (see the Supplemental
Material [46]), the stationary continuity equation is

(∇′)2S = ∂

∂ϑ ′

⎡
⎣

√
tan2 ϑ ′ + λ2

1 + λ2 tan2 ϑ ′
∂

∂ϑ ′

⎤
⎦S(ϑ ′) = 0, (2)

which is valid everywhere except at the origin. Remarkably,
this equation is solvable and leads us to a solution for the
phase. After integration and transformation back to Cartesian
coordinates, we obtain

S(x, y) = q


{
(λ2 − 1)F

[
arctan

(
y

x

) ∣∣∣∣1 − λ4

]

+ λ2�

[
1 − λ2 ; arctan

(
y

x

) ∣∣∣∣1 − λ4

]}
, (3)

where F (z|m) and �(n; z|m) are the incomplete elliptic in-
tegrals of the first and third kinds, respectively [47]. The
integration constant is 
 = π [4K (1 − λ−4) − 2λ−2�(1 −
λ−2|1 − λ−4)]−1, where K (m) ≡ F (π/2|m) and �(n|m) =
�(n; π/2 |m) denote the corresponding complete first and
third elliptic integrals. This choice ensures periodicity of the
solution, S|ϑ=π = S|ϑ=−π . We can use this phase profile to
approximate the form of the vortex density. We use our shear-
polar coordinate system (ρ ′, ϑ ′) to modify the core profile in
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Refs. [22,44], which leads to an ansatz profile for the vortex

ψv (x, y) = √
n0

√
x2 + λ2y2√

x2 + λ2y2 + a2
eiS(x,y), (4)

where n0 is the background density of the fluid and a is a
constant setting the core size.

To verify Eqs. (3) and (4), we introduce the governing
equations for ultracold, weakly interacting, dilute dipolar
quantum fluids. In a homogeneous magnetic field, interac-
tions are described by the two-body pseudopotential U (r) =
gδ(r) + 3gdd

4π
1−3 cos2 θ

|r|3 for particles of mass m, where θ is the
angle between r and the polarization axis. The contact inter-
action g = 4π h̄2as/m depends on the s-wave scattering length
as, tunable via Feshbach resonances [48], while the dipolar
term gdd = 4π h̄2add/m is set by the dipolar length add. We
define εdd = gdd/g, noting instability for εdd � 1 [49].

In two dimensions, the full three-dimensional (3D) system
is well approximated by the quasi-2D variational dipolar GPE
[50], which has been applied across a range of dipolar systems
[50–52]. In this model, the dynamics are governed by the
dimensionally reduced wave function ψ (ρ, t ), defined on the
infinite plane ρ = (x, y), and the dipolar GPE takes the form

ih̄
∂ψ

∂t
=

[
− h̄2∇2

2m
+

∫
d2ρ′ Uα,σ (ρ − ρ′)|ψ (ρ′)|2

]
ψ, (5)

where the modified interaction potential Uα,σ depends on
the polarization angle α—with α = π/2 corresponding to
polarization along the x axis—and on the variational width
σ in the tightly confined z direction (see the Supplemen-
tal Material [46]). Such a system has a chemical potential
μ(εdd, α) = gn2D[1 + εdd(3 cos2 α − 1)] [33,53,54] and heal-
ing length ξ (εdd, α) = h̄/

√
mμ, which determines the vortex

core size. We choose an areal number density n2D =
500 µm−2 and fix the transverse harmonic confinement ωz =
2π × 167 Hz, which are experimentally feasible parameters
for 164Dy where ξ (0.9, 0) = 0.1 µm, ξ (0.9, π/2) = 0.51 µm,
and ξ (εdd = 0) = 0.16 µm.

Figure 1 shows the results of the phase and total en-
ergy comparison. Solving Eq. (5) in imaginary time with
an initial phase S = arctan(y/x), we recover the expected
elliptic vortex cores for α �= 0 along with corresponding
modifications to the phase profile. We extract the elliptic-
ity directly from the density by measuring the square root
of the ratio of the full width at half maximum along the x
and y directions, obtaining λFWHM = [1, 1.27, 1.54, 1.76] for
α = π [0, 1/6, 1/3, 1/2]. Using these values of λ as the sole
input to Eq. (3), we compute the dashed lines shown in
Fig. 1(a), which show exceptional agreement with the nu-
merically obtained phase. The largest deviation occurs for
α = π/2, where the density is no longer uniform at
R = 10 µm, and the relative phase error reaches 2%. We have
chosen the FWHM-derived value of λ to highlight our model
as an experimentally accessible method for inferring the phase
profile. However, by fitting Eq. (3) to the GPE phase, we
obtain optimal values that reduce the error to below 1% for
all α, namely, λopt = [1, 1.28, 1.64, 1.98] for the parame-
ters considered. This is illustrated in Fig. 1(d), where using
the same λ in both the density and phase ansatz yields a

significantly lower relative error in the total vortex energy
(over our computational grid) compared to the standard
isotropic ansatz. Note that the error can be further reduced
by considering a smaller value of εdd. Finally, we compare the
velocity fields generated by both methods in Figs. 1(e) and
1(f). Close to the core, Eq. (3) overestimates the anisotropy,
which is also where the density modulations deviate most
from a simple ellipse. In the Supplemental Material [46], we
discuss the implications of taking λ(ρ).

The point vortex model. Having an analytic form that
closely matches the phase of an elliptic vortex unlocks the
ability to derive a point vortex model for this system. Typi-
cally, the point vortex model can be derived from the phase
of the system [55]; however, as this system is subject to
anisotropic long-range interactions, it is also necessary to
consider the vortex cores, which, as an absence of dipolar
fluid, act as dipoles themselves. Where the intervortex spacing
is greater than the healing length [56] and the fluid density
is uniform away from the vortex core [55], the velocity con-
tributions to the point vortex model can be decomposed as
ṙ j = v(P)

j + v(DD)
j , where ṙ j is the velocity of the jth vortex.

The typical point vortex velocity term is proportional to the
gradient of the phase, v(P)

j = h̄
m ∇S|r j

, while the contribution

from the dipole-dipole potential is v(DD)
j = q j (2π h̄n2D)−1ẑ ×

∇VDD|r j
, which is the perpendicular Peach-Koehler term aris-

ing from a force acting on the vortex [57]. For analytic
simplicity, we take the 3D dipolar potential and set z = 0,
giving

VDD(ρ) = h̄2

m

ξvεdd

ρ3

(
1 − 3 sin2 α

x2

ρ2

)
, (6)

where the core size ξv accounts for the atoms displaced from
the vortex core [58]. From the derivatives of Eqs. (3) and (6),
we can write the velocity contributions to the dipolar point
vortex model as

v(P)
j = h̄


m

Nv∑
k=1
k �= j

qk

r jk

λ4y2
jk + x2

jk (2λ2 − 1)(
x2

jk + λ2y2
jk

)√
x2

jk + λ4y2
jk

(−y jk

x jk

)
, (7)

v(DD)
j = 3h̄ξvεddq j

2πmn2D

Nv∑
k=1
k �= j

1

r7
jk

{[
5x2

jk sin2 α − r2
jk

](−y jk

x jk

)

− 2 sin2 α r2
jk

(
0

x jk

)}
, (8)

where x jk = x j − xk , y jk = y j − yk , and r2
jk = x2

jk + y2
jk .

These expressions clearly reduce to the standard PVM in the
nondipolar limit, λ = 1 and εdd = 0.

Vortex pair dynamics. With the model in hand, we investi-
gate whether it can capture vortex pair phenomena in dipolar
gases. Previous theoretical studies have predicted rich dy-
namics in such systems, including oval and dumbbell-shaped
orbits for vortex-vortex pairs, as well as directionally depen-
dent motion for vortex-antivortex pairs [28,33,37,39,41].

In Fig. 2, we present results for both models. We first focus
on well-separated vortices separated by 10 µm that follow
near-circular trajectories even in the presence of dipolar inter-
actions. Despite the apparent similarity to the nondipolar case,
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FIG. 2. Comparison of vortex pair dynamics. Vortex-vortex orbits with initial condition x j = 0 and y1 = −y2 = 5 µm in the DPVM (top
row) and GPE (bottom row) for εdd = 0.9 and (a) (α, λopt ) = (π/6, 1.08), (b) (π/3, 1.15), and (c) (π/2, 1.3). Color represents relative
deviation from the local speed to the average speed v, i.e., (|v(x, y)| − v)/v. (d) Same as panels (a)–(c) with y1 = −y2 = 0.6 µm, with fixed
α = π/2 and (εdd, λopt ) = (0.3, 1.03), (0.6,1.08), (0.9,1.15). Traveling vortex-antivortex pairs with the vector between them (e) perpendicular
and (f) parallel to the magnetic field and (εdd, α, λopt ) = (0.9, π/2, 1.3). The DPVM vortex (blue, q = 1) and antivortex (red, q = −1) are
shown with the corresponding GPE solutions (black dashed lines) overlaid, normalized to the same maximum traveled distance in panel (f). We
fix ξv = 20.3add throughout. For reference, ξ (0.9, π/6) = 0.11 µm, ξ (0.9, π/3) = 0.18 µm, ξ (0.9, π/2) = 0.51 µm, ξ (0.3, π/2) = 0.19 µm,
and ξ (0.6, π/6) = 0.25 µm.

the vortex motion is not uniform: The speed peaks when the
pair is aligned head-to-tail with the magnetic field direction,
and slows down when oriented perpendicular to it. To our
knowledge, this anisotropic speed variation for well-separated
dipolar vortices has not been discussed in detail beyond its
connection to the anisotropic speed of sound [28,33] and
provides a directly testable signature of anisotropic vortex
dynamics.

To quantify this effect, we plot the instantaneous speed of
one vortex along its orbit for increasing magnetic field tilt
angles [Figs. 2(a)–2(c)]. The input value, λopt, is obtained by
matching the total velocity field from the GPE ground state to
S(ρ − ρ1) + S(ρ − ρ2), with S given by Eq. (3). The DPVM
captures the angular variation in speed with striking accuracy,
exhibiting stronger modulation as the interaction anisotropy
increases. As such, our model correctly describes the domi-
nant anisotropic dynamics, while the minimal deviations from
the GPE can be attributed to vortex-sound coupling that is
absent in reduced models. We note that the velocity anisotropy
is dominated by the phase contribution [Eq. (7)].

Dipolar vortices also exhibit qualitatively distinct orbital
shapes. To explore this, we initialize the vortices in close
proximity at positions (0,±0.6) µm. Inspired by Fig. 3(a) of
Ref. [39], we fix the dipole tilt angle and instead vary the
scattering length, thereby tuning the relative dipolar interac-
tion strength εdd, as shown in Fig. 2(d). The DPVM again
closely reproduces the GPE trajectories, with noticeable devi-
ations appearing only at εdd = 0.9, where overlapping density
ripples around each vortex push the orbit back toward a cir-
cular shape away from head-to-tail configuration. The level of
agreement at this short-range scale is especially noteworthy:
Despite the highly inhomogeneous density in this regime, the
essential physics is still accurately captured by the model.
In contrast to the velocity modulation discussed above, this
orbital deformation is driven by the dipolar interaction term
[Eq. (8)], highlighting the necessity of its inclusion, as the
dipole-dipole interactions fundamentally reshapes the nature
of the vortex.

Finally, vortex-antivortex pairs are known to travel perpen-
dicular to their separation vector, and in dipolar condensates
this propagation speed additionally depends on the angle be-
tween the pair and the magnetic field axis [28]. In Figs. 2(e)
and 2(f), we show that the DPVM captures this anisotropic
propagation with high accuracy, matching the net traveled dis-
tance to within 1% of the GPE result. The agreement between
our DPVM and the GPE results confirms the validity of our
model.

Multivortex anisotropic orbits. An ideal application of the
DPVM is the prediction of entirely new classes of stable
orbits for N-vortex systems. In nondipolar superfluids, such
dynamics have intrigued physicists since Helmholtz’s seminal
work on vortex motion [11,59]. The canonical example is
that of three equally spaced vortices, which form a rigidly
rotating triangle—an elegant solution derived analytically by
Kirchhoff over two centuries ago [60]. In dipolar systems,
however, this symmetry is broken by anisotropic interactions.

Figure 3 illustrates a strikingly altered three-vortex orbit.
Each vortex now traces a bounded, quasiperiodic path, con-
fined to a torus in phase space. Over time, these paths densely
fill out a smooth oval envelope, shown in Fig. 3(a), with no
exact repetition. Remarkably, despite the finite core size and
density ripples in the full GPE dynamics, the DPVM repro-
duces the essential features of this motion with high fidelity, as
shown in Fig. 3(b). Deviations only arise in regions of strong
core-core interactions, where vortex-induced density ripples
begin to interfere.

Conclusions. We have derived, for the first time, an an-
alytic expression for the phase profile of a single vortex in
a dipolar Bose-Einstein condensate by solving the continuity
equation in a sheared polar coordinate system. This solution
closely matches the phase obtained from mean-field simula-
tions, even in the presence of anisotropy and roton-induced
modulations. With the analytic phase in hand, we formulated
the dipolar point vortex model (DPVM), which incorporates
both anisotropic phase gradients and long-range dipole-
dipole interactions, thereby providing a minimal predictive
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FIG. 3. Elliptic orbits of three vortices. Vortices are initially
placed at the vertices of an equilateral triangle with circumradius 1
and evolved using (a) the DPVM and (b) the GPE. Vortex trajectories
are color and line styled as follows: blue, solid; red, dashed; yellow,
dotted. Initial vortex positions are marked in panel (a), while the
background in panel (b) shows the initial condensate density. Param-
eters: α = π/2, εdd = 0.6, λopt = 1.16, and others match Fig. 1; for
reference, ξ (0.6, π/2) = 0.25 µm.

framework for anisotropic vortex motion. The DPVM accu-
rately captures vortex-vortex and vortex-antivortex dynamics
seen in full Gross-Pitaevskii simulations, including ellip-
tic orbits and direction-dependent motion. This reduced
order model reveals how anisotropic phase gradients and
dipole-dipole interactions independently reshape the govern-
ing vortex dynamics.

Our method is general and interaction-agnostic, providing
a transferrable analytic framework for systems featuring ellip-
tic vortex/fluxon cores [23–27]. The framework also extends
to any inhomogeneous quantum fluid, provided a coordi-
nate transformation renders the continuity equation solvable.
Our model enables the efficient simulation of large vortex
ensembles—beyond current computational limits [61–63]—
where the resulting turbulence is anisotropic, leading to
modifications in the vortex decay rate and energy cascade,
and enabling the exploration of new stable N-vortex config-
urations in dipolar condensates. More broadly, our research
demonstrates that quantized vortices can encode interaction
anisotropy, opening an avenue for analytic and numerical vor-
tex theory across a range of fluid systems.
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