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Quantum networks promise scalable distributed quantum information processing. Realizing this potential
depends critically on the efficient use of nonclassical resources. Sequential sharing of quantum nonlocality
provides a resource-efficient route for recycling entanglement across multiple observers. In network settings,
however, such recycling is typically constrained by a trade-off between the number of active branches and
the achievable sharing depth. Here, we investigate this problem in star networks using probabilistic projective
measurements. We establish an explicit entanglement threshold above which nonlocality can be shared across
all branches up to any target depth, and below which we determine the optimal trade-off between the number
of active branches and the achievable number of sequential rounds. We further analyze the protocol’s robustness
to noise and its experimental observability, clarifying its practical feasibility. These results establish quantitative
design principles and entanglement requirements for scalable nonlocality recycling in quantum networks.
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I. INTRODUCTION

Quantum networks are expected to serve as the phys-
ical platform for secure communication [1-7], distributed
quantum computation [8—13], and network-enhanced sensing
[14-16]. Considerable progress has been achieved in recent
years [17-22], including long-distance quantum key distri-
bution [23-26], metropolitan-scale entanglement distribution
[27-29], and the development of quantum repeater archi-
tectures. Yet the transition from proof-of-principle demon-
strations to scalable network operation remains limited by a
basic experimental bottleneck: High-quality quantum corre-
lations are costly to prepare, fragile under transmission and
measurement, and difficult to distribute across many users
simultaneously. For this reason, an important practical ques-
tion is not only how to generate nonlocal correlations [30—44]
but also how to reuse them efficiently once they have been
established.

Quantum nonlocality sharing provides a direct pathway to
recycling quantum resources [45-62]. In this setting, multiple
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observers can sequentially extract correlations from a single
entangled state, while preserving its ability to demon-
strate nonlocality for subsequent use. The central issue in
these protocols is balancing information extraction against
state disturbance. Traditionally, this balance has been
achieved through unsharp measurements. More recently,
probabilistic projective measurement (PPM) has emerged as a
powerful alternative, offering a more experimentally feasible
approach. Recent successful experimental demonstrations of
sequential sharing in tripartite systems have opened new tech-
nological pathways for the distributed utilization of quantum
nonlocality [63]. However, extending this capability to full
quantum networks introduces qualitatively new challenges. In
a network, early measurements affect not only later observers
on the same branch but also the nonlocal resources available
across different branches [64,65].

Ideally, one would like to realize sequential sharing across
all branches of a network for arbitrarily many rounds, cor-
responding to a full-depth, full-breadth regime. In practice,
however, this ideal scenario is generally constrained by the
finite available network entanglement and the difficulty of
tailoring measurement settings. Under such constraints, full-
network sharing is governed by an intrinsic depth-breadth
trade-off: Extending the sharing depth along certain branches
typically requires sacrificing the nonlocality on others, and
vice versa. Therefore, two fundamental questions arise for
full-network sequential sharing under limited resources:
whether there exists a minimum entanglement requirement for
sustaining full-network sequential sharing? When this regime
is unattainable, what trade-off fundamentally limits the simul-
taneously sharable network depth and breadth?

Published by the American Physical Society
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FIG. 1. The n-star network. The central party Bob shares a bipar-
tite entangled state with each of the n peripheral Alice!, Alice?, . . .,
Alice” via independent sources.

In this work, we identify an entanglement threshold that
supports ideal full-network nonlocality sharing by introduc-
ing a sharing protocol assisted with PPM. For entanglement
below this threshold, we characterize the achievable numbers
of sharable network branches and sequential sharing rounds,
and derive an explicit trade-off between sharing depth and net-
work breadth. From a practical perspective, we further present
two experimentally relevant theoretical analyses. First, we
extend the sharing scenario to noisy settings and characterize
the effect of noise on the admissible measurement strength,
thereby providing guidance for parameter selection under re-
alistic decoherence. Second, we compare the detectability of
the proposed PPM protocol with that of weak-measurement-
based protocols, showing improved detectability for the same
number of sharing rounds. Our results clarify the achievable
regimes of nonlocality recycling and establish a framework
for recycling nonlocal correlations in quantum networks.

II. NETWORK NONLOCALITY

Beyond Bell nonlocality in bipartite scenarios, recent re-
search has increasingly focused on understanding quantum
correlations in more complex networked structures. Among
these, star topology networks have proven to be a particu-
larly powerful framework, facilitating efficient management
of quantum correlations, optimized resource distribution, and
scalable quantum communication [35,38].

An n-star network, as depicted in Fig. 1, comprises a
central node, Bob, connected to n peripheral nodes, Alice’
(i € {l,...,n}), where Bob shares a bipartite entangled state
paip With each Alice’ via independent sources. Each party
performs local measurements: Alice’ and Bob choose inputs x;
and y from the set {0, 1}, yielding outcomes a;, b € {+1, —1},
respectively. The resulting joint probability distribution is
given by

P(ay, .. ey Xny YY)

=Tr[(4, ® - ®A} ®B))(pap ® -+ ® parp)]. (1)

.,(ln,b|)€1,..

where AL and B, denote the observables of the respective
parties. The network is said to be n local if the probability
distribution admits a hidden-variable model. In this case, it

takes the following form:

Plai---anb | x1-- - x,y)

zf(rHMMWWMAmMOHM%MPNJA

i=1
(2)

where 1;(1;) is the distribution of the hidden variable A;.
To derive testable constraints from this model, it is conve-
nient to introduce the correlation functions:

(A o AZ,, By)

1 .
X1
= Y (—DEP@ - ab | e xy). (3)
ap,..., a,,b

For n-local probability distributions, these correlations are
bounded by the following inequality [35]:

Sy =V +v Wl <2, (€]
where

L= Y (Al ---A!Bo),

..... X,

J, = Z (—I)Z/‘X"(A)lﬂ ...A;:nBl>,
X1 n

..... X

&)

A violation of this classical bound certifies that the n-star
network exhibits nonlocal correlations.
To characterize the entanglement of quantum systems, one
useful measure is the concurrence [66]. For an arbitrary two-
qubit pure state, the concurrence is given by

CU¥)an) = /2(1 = Tr (p3))- (6)

Here, we use C to denote the concurrence of the quantum state
|Y)ap = cos 8]00) + sinf|11), which is given by sin 26.

III. LIMITATIONS OF NETWORK
NONLOCALITY SHARING

Recycling quantum resources through nonlocality sharing
requires controlling the disturbance induced by sequential
measurements. As information is extracted sequentially, en-
tanglement degrades and may eventually destroy correlations
across the network branches. We therefore begin by asking
under what conditions the central node can share nonlocal
correlations with all n peripheral nodes simultaneously up to
an arbitrary depth k.

Answering this question reveals whether the trade-off be-
tween sharing depth and network breadth is fundamental and,
if not, what entanglement resource is required to sustain mul-
tiround operations across the network. In this section, we
establish the quantitative relationship among the target depth
k, the available entanglement resource C, and the maximum
number of branches m that can simultaneously sustain nonlo-
cal correlations.

PPM protocol in the star network. To establish the exis-
tence of a valid sharing strategy, we consider a PPM-based
sequential protocol to realize nonlocality sharing along m
branches of the network. Each observer Alice™/ on an ac-
tive branch is equipped with a biased classical coin, which
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FIG. 2. Sequential nonlocality-sharing protocol. The central node Bob shares an entangled state with each peripheral Alice’!
(i=1,...,n). On m branches, sequential observers (Alice’/) perform the PPM strategy: If the input is x;; = 0, Alice’/ measures o,. If the
input is x;; = 1, she flips a biased classical coin; on “heads” she measures o, while on “tails” she leaves the state unchanged. Each observer
then passes the postmeasurement state to the next observer in the same branch, repeating the PPM up to the final layer. The remaining n — m
branches are preserved until the final measurement to detect network nonlocality.

yields “heads” with probability «;; € (0, 1) and “tails” with
probability 1 — «;;. For a first-generation node Alice”', the
measurement process is determined by a classical input bit
x;1 € {0, 1}:

(D) if x;; =0, Alice”! performs the projective measure-
ment Agl =0y

(2) if x;; =1, Alice”! flips her coin: Upon obtaining
“heads,” she performs the projective measurement A’l’1 = o,
whereas upon obtaining “tails,” she leaves the subsystem un-
measured.

The postmeasurement state is then passed to the next
observer on the same branch. The same procedure is then
repeated sequentially: Each observer Alice™/ receives the
incoming state, performs the operation specified by x;;
and o;;, and forwards the resulting state to Alice™/*'. This
process continues up to the (k — 1)th generation on each
active branch.

Consequently, after k — 1 sequential rounds on the m active
branches, Bob remains correlated with the kth-generation
observers on those branches, while on the remaining n — m
branches he is still correlated with the first-generation
observers, as illustrated in Fig. 2. To test the resulting
correlations, all Alice nodes that remain correlated with
Bob perform a final PPM round, whereas Bob chooses his
measurement according to the input y € {0, 1}, corresponding
to the observables

By = (sin 8 o, + cos 8 0,)®",

B, = (—sind o, + cos§ 0,)®". )

Therefore, achieving network nonlocality sharing reduces
to finding, for a given initial entanglement resource, a compat-
ible choice of the bias sequence «;; and Bob’s measurement
parameter 8. The parameters «;; determine the measurement
strength of the PPM at each round and hence govern the
trade-off between information extraction and disturbance of
the residual state. Bob’s measurement setting also plays a
crucial role in the protocol performance, and its optimization
depends on the initial entangled resource. In what follows, we
impose a uniform bias along the m active branches at the jth
sharing round, namely, oj; = - - - = @y = ;.

To quantify the correlations produced at round j, we con-
sider the corresponding network nonlocality expression S,/ .

Lemma 1. When nonlocality is shared across m branches,
the network nonlocality expression in the jth round can be
written as

il = 20" (cos § + sin 8)" /", ®)

where

Q; = cosé sin 26 P; +sin5|:% + cos20(1 —aj)}, ©)

with P, = L and P; = []/_] 5.

The details of the derivation are provided in Appendix B.
In particular, for the' full-branch case m = n, the above expres-
sion reduces to S,/ =20 ;. Hence, full-network nonlocality
sharing up to round k is guaranteed once Q; > 1 holds for
every j =1,...,k. We now establish a sufficient condition
on the initial entanglement to satisfy this requirement.
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Theorem 1. For any given integer k, define C(k) =
21k /4k=1 _ 1 If each source distributes a pure entangled
state with concurrence C € (C(k), 1], then there exists a PPM
sequential sharing protocol with a bias sequence {Ot.,-}’j‘-=1 and a
state-dependent measurement parameter § for Bob such that,
for every round j € {1, ..., k},

st = |+ || > 2. 10

Hence, network nonlocality sharing along all n branches is
achievable up to the kth round.

Proof. We prove the theorem by explicitly constructing a
feasible bias sequence {« j}’;:l together with a suitable choice
of Bob’s measurement parameter 6. Let each source dis-
tribute the pure state |) 4115 = cos8]|00) + sin6|11), whose
concurrence is C = sin 26. By Lemma 1, successful k-round
nonlocality sharing across n branches is equivalent to the
condition

2/71(1 — cos § sin 20 P; — sin § cos 20)
sind(1 — 2/-1cos20)

o; > an
forl < j <k

We distinguish two cases based on the source entangle-
ment.

Case 1: 0 < 0 < /4 (nonmaximally entangled sources).
Choose Bob’s measurement parameter as

s=2_2
=2 -,

Then, Eq. (11) reduces to

277 cos? 8 (1 — P))
o > — — .
sind(1 — 2/-1sin§)

12)

Choose «; € (0, 1) sufficiently small so as to satisfy the
first-round violation condition. Then, for 2 < j < k, we re-
cursively define

2/71cos? 8 (1 — P;)

= A :
o =+ a2 Tsmes)

13)

where € > 0 is arbitrarily small, P, = 1, and P; = ]_[;;11 2_2"".

By construction, this sequence strictly satisfies the lower
bound in Eq. (12).

Case 2: 0 = 7 /4 (maximally entangled sources). This is
the limiting case of the choice § = 7 /2 — 26, which formally
gives 6 = 0. Since Eq. (11) involves sin é in the denominator,
we treat this case by taking § > O arbitrarily small and con-
sidering the limit § — 0. Using cos 20 = 0 and sin20 = 1,
Eq. (11) becomes

27711 — Pjcos §)
sin § '

Olj>

(14)

In particular, for the first round, &y > (1 — cos )/ sin §. Since
the right-hand side tends to 0 as § — 0", any fixed a; > 0
satisfies this condition for sufficiently small 6. For 2 < j <k,
we define

2/71(1 = Pjcos §)
sin 8 '

e (15)

Again, this choice strictly satisfies Eq. (14).

7=0.05
6=n/4d—-T1

—_— 7=0.1

FIG. 3. Achievable sharing rounds. The figure employs a semi-
circular coordinate system where the angular position directly
represents Bob’s measurement parameter §, ranging from § =0
at the right end point to § = 7 at the left end point. The con-
tours are labeled from 1 to 5, indicating the value of sharing
rounds. We map the nonlocality-sharing capability for quantum
states with different initial parameter 6. The pentagram markers in
the figure denote parameter configurations that satisfy the relation
8 = % — 20, which is constructed in the proof of Theorem 1. Adher-
ence to this relation guarantees, within our protocol, the achievement
of the target sequential sharing round k for a given entanglement

resource C > C(k).

As detailed in Appendix A, if the concurrence satisfies

C > C(k)=2""%/ak=1 1,

the above constructed sequence is strictly increasing and, as
o1 — 0, remains bounded within (0, 1), ensuring it consti-
tutes a valid probability sequence. Therefore, in both cases,
there exist a state-dependent measurement parameter § and a
valid bias sequence {« j}’;:, such that, for every C € (C(k), 1],
network nonlocality sharing along all n branches is achievable
up to the kth round. |

Theorem 1 establishes a sufficient entanglement condition
for k-round nonlocality sharing, together with the correspond-
ing measurement settings c; and §. This provides a concrete
basis for extending multipartite experimental schemes to net-
work nonlocality-sharing scenarios. In Fig. 3, we present
the sharing performance for initial states with concurrence
C = sin260. The numerical results corroborate the analytical
predictions: For fixed 6, the optimal choice is § = 7 /2 — 20,
and k-round nonlocality sharing is guaranteed whenever C €
(C(k), 1].

The scenario changes distinctively at the threshold
C = C(k). At this critical point, the sufficient condition of
Theorem 1 no longer guarantees full n-branch sharing. Sub-
stituting C = 2!'7%/4k=1 — [ into the nonlocality inequality
in Eq. (10) for the kth round yields

§™k = 2(cos® P, + sin? §) < 2, (16)

which implies that the sharing fails. This motivates the ques-
tion of how much of one dimension must be sacrificed to

033274-4



ENTANGLEMENT THRESHOLDS FOR SEQUENTIAL ...

PHYSICAL REVIEW RESEARCH 8, 033274 (2026)

preserve the other. The following theorem establishes an
achievable trade-off at C = C(k).

Theorem 2. For any given integer k, suppose each
source distributes an entangled pure state with concurrence
C = C(k). Then, there exists a protocol for which the achiev-
able sharing branches m and sharing rounds j satisfy the
relationm + j=n+k — 1.

Proof. We consider the same star-network scenario as
in Theorem 1, with Bob’s measurement parameter set to
§=7%-20.

We first consider the full-branch case m = n. Since the
fixed resource C(k) is strictly greater than the threshold
C(k — 1) required for k — 1 rounds, Theorem 1 guarantees the
existence of a valid probability sequence {«y, ..., o;—} that
satisfies

SM>2, j=1,...,k—1.
Hence, full-network nonlocality sharing is achievable up to
round k — 1.

We next turn to the case m = n — 1. By Lemma 1, the

=17 > 2 is equivalent to

condition S,
Q; > (cosé + sin §)~ V=D,

Since (cosd +sind)~/"D <1 for § € (0, 7/2), this re-
quirement is strictly weaker than the full-branch condition
Q; > 1. Consequently, the same choice of bias sequence that

realizes S,/ > 2for j=1,...,k — 1 also ensures
shs20 j=1,.. k- 1.

It remains to examine the kth round. At the threshold C =
C(k), the relation sin 20 = 2!7%\/4k=T _ 1 together with § =
7 — 26 implies

sin§ = 257! sin? 5.
Under this relation, the corresponding quantity in Lemma 1
simplifies to

O = cos’ 8 P+ sin? §.
By choosing «; sufficiently small, the recursively defined bias
sequence yields P, — 1. Hence,
O — cos’ 8 +sin’ 8 = 1.

Substituting this into Lemma 1, we find

lim S;’_”‘ = 2(cos§ 4 sin8)'/" > 2,

a;—0

5 € (0,7/2).

Therefore, by continuity, there exists a valid choice of suffi-
ciently small «; > O such that

A

This shows that nonlocality sharing across n — 1 branches is
achievable up to the kth round.

Combining the two parts, we conclude that at this thresh-
old, one can trade one branch for one additional round: Full
sharing across all n branches remains achievable up to round
k — 1, while reducing the breadth to n — 1 branches enables
sharing up to round k, which satisfy

m+j=n+k—1.
This establishes the claimed trade-off. [ |

IV. NETWORK NONLOCALITY SHARING UNDER NOISE

Until now, our analysis has assumed ideal pure entangled
states, a common but idealized setting in quantum informa-
tion processing. In realistic settings, however, environmental
coupling and imperfections in state preparation inevitably
introduce noise. For a given initial entanglement resource,
the protocol is specified by a compatible choice of the PPM
bias parameters «;; and Bob’s measurement parameter §. The
central question in the noisy setting is therefore how decoher-
ence modifies this compatibility. To address this question, we
derive the nonlocality-violation conditions in the presence of
noise and use them to characterize how noise constrains the
admissible measurement strengths, modifies the extractable
information at each round, and ultimately limits the achiev-
able sequential sharing depth.

In what follows, we focus on how noise modifies the ad-
missible PPM strengths, while keeping Bob’s measurement
parameter fixed at the noiseless benchmark value § = 7 /2 —
26. In the noiseless case, this choice maximizes the achievable
sharing depth (see Fig. 3). We first consider the case where
each initial bipartite entangled source is subjected to inde-
pendent depolarizing noise. The resulting mixed state shared
between Bob and the ith Alice becomes

pang == plY)¥l+pt. i=1....n. (A7)

with |¢) = cos8]00) + sin6|11). Assuming uniform noise
strength p across all branches, the violation condition
[Eq. (C5)] establishes a direct functional relationship be-
tween the required measurement probabilities and the noise
parameter. Specifically, for the protocol to sustain sequential
sharing up to the kth round, the probabilities {«;} can be
constructed as

2771((1 = p)~! — sin? 26P; — cos? 26)
cos26 — 2/~ cos? 26 '

As a second noise model, we consider amplitude damping.
In this setting, the entangled states initially shared between
Bob and the Alices are described by

pap =) _ARKNW)WIT @K', (19
J

aj=(1+¢€)

(18)

where the Kraus operators are

L S U e

Again assuming identical damping strength p across all
branches, the violation condition in Eq. (C11) directly relates
the damping parameter to the admissible PPM strengths. For
€ > 0, network nonlocality can be shared up to the kth round
provided that, for all 1 < j < k, the parameters {«;} are cho-
sen as

2/71(1 — /T = psin®20P; — cos?20)
(1 —2psin®0)cos26 — 2/=1cos? 20

a0 =(+e) @1

For consistency with the noiseless optimization discussed
above, we set € = 10719 in the following numerical simula-
tions. Figure 4 shows how the achievable number of sharing
rounds is affected by the noise strength. In contrast to the
noiseless case, we find that although pure states with higher

033274-5



LL LI, XU, ZHU, MA, ZHANG, AND ZHENG

PHYSICAL REVIEW RESEARCH 8, 033274 (2026)

(a)

—_— 7=0.1 7=0.05

6=n/4—-7

FIG. 4. Sharing capability under noises. The angular coordinate
represents the noise strength, with zero noise at the right end point
and increasing toward the left. Contour lines labeled from 1 to 5
indicate the maximum number of achievable sharing rounds k for
different initial states. Panel (a) covers depolarizing noise, with the
noise strength ranging from O to 0.1. Panel (b) corresponds to am-
plitude damping noise, with the damping parameter ranging from 0
to 0.3. The mapping illustrates how the noise level influences the
sharing robustness under varying initial entanglement.

initial entanglement yield a larger sharing depth in the absence
of noise, they are also more susceptible to decoherence. Con-
sequently, once noise is present, the admissible PPM strengths
and the extractable information per round are more strongly
restricted for highly entangled states, so that beyond a certain
noise level they can be outperformed by states with lower
initial entanglement.

V. COMPARISON WITH UNSHARP MEASUREMENT

Beyond noise robustness, another important practical as-
pect of any sequential sharing protocol is the detectability of
the generated nonlocal correlations. Even if many rounds of
sharing are theoretically possible, the protocol is of limited
experimental value when the resulting nonlocality violations
are too weak to be reliably observed. Stronger violations relax
the required measurement precision and improve tolerance
to imperfections. Weak measurements constitute a common
approach to sequentially recycling quantum correlations, as
the reduced interaction strength helps limit state distur-
bance for later observers [45-48]. We therefore assess the

detectability of the PPM protocol by taking the weak-
measurement protocol as a benchmark.

We consider the same star-network setting introduced
in the previous section where Bob serves as the central
node and simultaneously distributes to each Alice the
entangled state |Y)q1p = cos8|00) 4+ sinf|11). Each
node Alice’/ chooses an input x;j € {0, 1} and performs
either the projective measurement Aj’ = o, or the unsharp
measurement A}’ = y;;0,, with y;; quantifying the degree of
disturbance. All Alices within the same generation employ

the same unsharpness parameter y;; = --- = y,; = y;. Bob
chooses y € {0, 1} and performs the projective measurements
By = (sin wo, + cos wa,)®" and B, = (—sinwo, +

cos wo,)®".

Building on the criterion introduced in Ref. [48], the
function S/ can be expressed in terms of the two largest
singular values A; and A, (A > A;) of the state’s correlation
matrix [67]:

j-1
S = 22-J yj\/)TgSina)-i-\/)Tlcoswl_[(l +M)
I=1

(22)

For the quantum state |/),,, 5, we have A; = 1 and X, = sin
26. Substituting these values into Eq. (22) yields the following
condition for violation:

- i1
27 —cosw T2, (14,/1—¥2)
4/sin 26 sin w '

To ensure a rigorous comparison, we establish the violation
thresholds for both schemes using a unified auxiliary pa-
rameter € > 0. The measurement parameters for the unsharp
protocol are set as

2 —cosw [} (14+/1 -7
, 29
4/sin 20 sin w

while the corresponding probabilities for the PPM protocol
follow from Eq. (11):

(23)

Vi =

yi=0+e¢)

2/71(1 — sin? 20P; — cos® 20)
cos 20 — 21 cos? 20

With these analytical forms established, we compare the
detectability of the two protocols by evaluating the magnitude
of violation per round at the same maximal sharing depth. For
consistency, we fix the initial state parameter to 6 = /4 —
0.01 and the auxiliary constant to € = 1072 in both scenar-
ios. Specific measurement parameters are set to a; = 1071°
for PPM protocol, while for the weak-measurement protocol,
we adopt the setting w = (77 /4) x 1077 from Ref. [48]. As
illustrated in Fig. 5, although both approaches successfully
achieve a sharing depth of kK = 5, the PPM protocol delivers
a consistently stronger violation in each round. This stronger
signal enhances experimental visibility and therefore provides
a clear practical advantage for verifying network nonlocality.

We emphasize that the present comparison is limited to
existing unsharp-measurement-based network-sharing proto-
cols. Whether other weak-measurement variants can offer
improved detectability and operational advantages remains an

aj=(1+e) 25)
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FIG. 5. Comparison with unsharp measurements. The orange
line corresponds to the PPM protocol, while the gray line represents
the unsharp measurement protocol. For the same sharing depth,
the PPM protocol yields consistently stronger nonlocality violations
across all rounds, indicating superior experimental detectability.

interesting direction for future work. For example, postse-
lected weak measurement may provide additional advantages,
as recent studies suggest its potential for enhancing measure-
ment precision and amplifying weak signals [68,69].

VI. CONCLUSION

In this work, we studied sequential nonlocality sharing in
star quantum networks using a PPM protocol. For a target
sharing depth k, we identified the corresponding entangle-
ment threshold C(k) by explicitly constructing a feasible bias
sequence that realizes the protocol. Above this threshold,
nonlocality can be shared across all branches up to the de-
sired depth, showing that the usual trade-off between sharing
depth and network breadth is not fundamental when sufficient
entanglement is available. At the threshold, in contrast, the
two objectives can no longer be achieved simultaneously:
Retaining all n branches limits the protocol to round k — 1,
whereas reaching round k requires reducing the number of
active branches to n — 1. These results clarify how the avail-
able entanglement resource constrains sequential nonlocality
sharing in star networks.

We then extended our analysis to realistic settings by in-
corporating depolarizing and amplitude-damping noise. We
have provided a complete protocol that supports k-round
sharing under realistic noise. Our numerical results show
that, once realistic imperfections are taken into account, the
relation between entanglement and sequential sharing perfor-
mance becomes more subtle: Although more highly entangled
states support greater sharing depth in the ideal case, they
can become more fragile under noise and may be outper-
formed by less entangled states at finite noise strength. We
further compared PPM with existing unsharp-measurement-
based protocols and found that, for the same maximal sharing
depth, PPM yields stronger nonlocality violations at each
round, potentially improving experimental detectability.

Several theoretical and experimental directions follow
from these findings. On the theoretical side, an important
next step is to determine how these results extend beyond
star networks, where network topology may introduce new
scaling laws and resource trade-offs. Introducing the frame-
work of quantum resource theory into nonlocality sharing
could further clarify the limits of quantum correlation reuse.
More broadly, it will be interesting to explore whether other
quantum resources, such as coherence, quantum discord, and
magic states, can assist sequential nonlocality sharing in
distributed settings. On the experimental side, our results
provide useful guidance for future implementations, although
extending current tripartite sharing demonstrations to net-
work architectures will require improved control over photon
loss, accumulated imperfections, and the realization of biased
measurements.
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APPENDIX A: CONSTRUCTION OF SHARING PROTOCOL

In this Appendix, we present a detailed and rigorous construction of the probability sequences {«;}; employed in the PPM
protocol. These sequences are a central ingredient of our scheme, as they control the trade-off between information extraction
and disturbance in each measurement round, and hence determine whether network nonlocality can be shared sequentially over

multiple rounds.
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Lemma Al. For any integer k > 2, and pure entangled two-qubit states, characterized by the concurrence, 2! ¥/45=1 — 1 <

C =sin20 < 1, there exists an increasing sequence {o, &z, . . ., o} satisfying
271 cos? 8(1 — P)) ,
;>0 and 0 < — - - <aj <1, V2<j<k,
sin8(1 — 2/-1sin§)
where § = 7 — 20 and P; = l’ 1] 22“’
The proof of this lemma can be found in Ref. [58].
Lemma A2. For any integer k > 2, there exists a parameter § and an increasing sequence {«, 2, . .., o} satisfying
2/71(1 — cos§ - P}) )
;>0 and 0 < s <aj<l1, V2<j<k, (A1)
sin

20[1

where again P; = [/} 5L
Proof. We exphcltly construct such a sequence. Let € > 0 be an arbitrarily small constant and define

2/71(1 — cos § x Pj)
sin §

a; >0, a;=(+e¢€)

, 2<j <k (A2)

We first show that the sequence can be made arbitrarily small. Each «; can be expressed as a polynomial in ¢r;, whose constant

term is W This term vanishes in the limit § — 0, thus guaranteeing that

lim «; =0 forall j. (A3)

a;—07t

Next, we establish the monotonicity of the sequence. Choosing «; such that

1 —cosé 2(1 — cosé)
- . << —
sin § sin &
we obtain for j = 2,
cosé 2(1 —cosé cosé
L 4o 224 ( . ) >4+l + = > L.
o sin § o1 sind sin §
For the general case j > 3, we compute
; 1 —cos$, P; 1 —cosé, Pi_q(1 — 2=t 8, Pi_jai_ 2/-1p._
U oo —SBBT gy (Sl Gt o) NP LY/ T B S RV
aj_g 1 —cosé, Pi_ 1 —cosé, Pi_; 1 —cosé, Pi_; sin §

Finally, by taking the joint limit o, § — 07, we ensure that all «; lie in the interval (0, 1), while the strict inequalities o; > o
are preserved. This completes the proof. |

APPENDIX B: DERIVATION OF THE NETWORK NONLOCALITY INEQUALITY UNDER THE PPM PROTOCOL

In this Appendix, we present a complete derivation of the network nonlocality inequality associated with the PPM protocol in
the n-star network. We explicitly compute the average postmeasurement state after each sharing round and evaluate the resulting
correlators between the central node and the peripheral observers. This Appendix provides the full technical justification for the
expression of S,/ used in the main text.

Lemma Bl. Let p;j(j =2,3,...) denote the average state after all observers Alice’/~!, Alice®/~!, ..., Alice”™/~! have
performed their probabilistic prOJectlve' measurements and passed their respective postmeasurement states to the subsequent
observers Alice!/, Alice*/, .. ., Alice”™/, under the assumptions of uniform measurement bias o1; = - - - = @; = @}, p; has the
form

- af (3 —aj)nra ; ; . .
_ j—1 J BB g=1 gvivg.J—1 BiBp.i—1 gvi-vg.J—1
=22 2 7o APy AR AR
p+q=0 {Bi....Bp}C{L...om} {y1....ygdC{lomi\{Bi..... By}
B
where Ag""ﬁ”’Fl :Aglw.ifl Q- ®Ag”’j71 and Aifqu,j*l :A’]’"-"*l & ®A}]/q,j71.
Proof. For an n-star network state p = )}, paipi, Where Alice!, ..., Alice™ perform projective measurements Ait\x,- =

%(Il + Aij), i =1---m, adirect induction argument shows that averaging over all outcomes yields

m
p=3 D AV pALT (B2)
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where A}" = Al ®A? ®---®Aj . This is proved via mathematical induction: For k = 1, the statement holds because

o I4+AL 144, 1-A, 1-A4] 1( AL pal). E3)
p=—Fg Pt 5P +Ap

Assume that the statement holds for k = m — 1, Then, for k = m, we have

~ 1 ]1+A)’cnm 1 m—1_ 41 m—1 H+ATM 1-A 1 m—1_41 m—1 H—A)’ZT,,
’0=2m—1 2 A ..'Axm—lprl Axml 2 + 2 A ’ Aan’OA ’ Axm—l 2

1+A™ o 4Ar
_ m . -2 i Al [ T
+ < 2 ) Z A Ax’m ZIOAX’] AX’m72 < 2 )
C{

I-AY i i i I L+AYN < o a0 (1HAY
+<T) ) Do AL A pAY A(T)++<T) DA PAY (T)

i1=1

L=AZN N (LA 14+A7\ (1+A7 T—A"N\ (1—A"
A an’% 2 )T\ )P\ )Tl )

n=

1 2 ) . .
2m |:AX1AX2 Am ’OAXIAJCz Am + Z }All o A;Zn,ll ’OA?:] : A«lﬂmll + 2141] '0 X: }
Y h

Thus, by induction, Eq. (B2) is proved. Consequently, under PPM protocol the state p; shared by Alice'/, Alice*/
Alice™/, ..., Alice™ ! .. Alice™! and Bob has the form

m 9 (1 =—q, Yyrr-4a
pj=2im > > > > X ast 2Zl+qu)

P+G=0 (B, Bp}ClLuecm} (V1oV} Lo MBI, By} Xy €10,2) xy, 41,2}

XA/SI/ 1 Aﬂ[,] lAy]j 1. A,Jg/z;] 1,0/— Aﬂlj 1, Aﬁ/r} lA)/lj 1, A))C/Zq,j—l, (B4)

XB, XBp Xy X

where Alzy J = A§”j = 1. Based on our PPM protocol, we can assume that among the m systems, p systems perform measurement
Ap, g systems perform measurement A;, and the remaining systems undergo no measurement. By exhaustively considering
all possible measurement configurations, we obtain the first three summation symbols together with the probability a 1=
aj_1)" P74, Furthermore, according to the structure of the postmeasurement quantum state established in Eq. (B2), the remalnlng
two summation symbols naturally arise, accompanied by the normalization factor 5. Noting that each term in p; admits the
form

217+q

ji—1 psj—1 ,j—1 =1 ,j—1 =1 ,j—1 g J—1
Aoﬂl»J "'Aglj A)l/lj "'A)l/qj pj—lAglJ "'Agp] Allfl,j .”Ai’/] ,

we can determine the corresponding coefficient for each such term as

m—ZP—q m—p—gq m—p—q—u ]1(1—05 )m (p+u)—(g+v)
u v 2 (p+u)+(g+v)

u+v=0
1\’ fojo1\4 iy 1\ ot (B—aj)Pe
== : 1— - - = . B5
(2) ( 2 ) 2 T 2) 2o (B3)
Consequently, we recover the expression of p; given in Eq. (B1). ' ' ]
Lemma B2. Under our PPM protocol, the network composed of AlicelJ, ..., Alice™/, Alice™t!! ..., Alice™!, and Bob is

nonlocal if

n

j-1
nf ym, j al ym,j . 2 — . n—m
I =0+ " =2 cosé s1n291_[ —|—sm8 — +sindcos26(l —a;)| (cosd+sind)+ >2.  (BO)
=1

Proof. Under the PPM protocol, the quantum network comprised by Alice!, ..., Alice™, Alice” "1, .., Alice™!, and Bob

exhibits network nonlocality whenever
s = | |+ | > 2, (B7)
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where the correlators 1"/ and J™/ are defined as

=) 2 )

Xmi1s-X0€{0, 1} h+f=0 {&1,...& ) C{L,....m} {¢1,....¢p)CL,..m\{&1,....6)

—h— ¢
x o (1 — )" Te[ (AT A0 At Bg) p . (BS)
mj
=2 Z Z 2
X1 Xn €00, 1} h+f=0 {&1,....& {1, .., m} (&1, Ep L mi\ & )
x (—l)m_h’LZL’"*'""otf(l—otj)m_h_fTr[(Aé‘ S AT gty p ) (BY)

Equations (B8) and (B9) perform a summation over all possible configurations of the m systems, where each system undergoes
one of three options: an Ay measurement, an A; measurement, or no measurement. A weight of «; is assigned to the cases where
an A; measurement is performed, and a weight of 1 — «; is assigned to the cases with no measurement.
We now proceed to analyze each term in Egs. (B8) and (B9). To simplify notation, we introduce
M?i — Z (il)z;’:mHxiAgl"'Eh,jAfl Lfs JAm+1 -n,j

K17 Xn "
X150+, %0 €{0, 1}

In the case where, among the m systems, / systems undergo the Ap measurement and f systems undergo the A; measurement,
we have

. - th_ (3 —«a ._l)mfpfq
Tr[(M]{Bo)o;] = ) > 3 i 2rrf
o T (1 Bo) A A AT AL

m min{p, h+f} min{gq, h+f—w—u}

=2 D 2

p+9=0 w+u=max{0, p—(m—h—f)} v+z=max{0, g—(m—h—f—(p—w—u))}
w<h, uf v<h—w, z<f—u

e OOC )

m—h—f—(p—w-—u) a?,1(3—aj71)m_p_q hf
Tr{ (M’ By)pj—1|. B10
«(mh - ([ Bo)o; ] ®10)
Using the identities A3 = A? = 1 and ApA; = —A Ay, together with the cyclicity of the trace, the above expression can be

reorganized by grouping the m systems into three subsets (see Fig. 6):

(1) S : the h systems measured with Ay,

(2) S, : the f systems measured with A},

(3) S5 :the remaining m — h — f systems.

Among the p measurements of Ag acting on p;_;, suppose w are in Sy, u are in S5, and the remaining p — w — u are in S3.
Because each of the u measurements of Ay in S, anticommutes with the A; measurements in that same group, a factor (—1)*
arises. Summing over all such assignments yields the combinatorial factor

G

Proceeding analogously for the ¢ measurements of A produces an additional factor

( l)v(h—w)(f—u)(m—h—f—(p—w—u))
v z g—v—1z '
where the sign factor (—1)” originates from anticommutations with measurements in the respective subgroups.
Carrying out the summations explicitly and applying the binomial theorem, we find

Y- l)u<h w)(f )(m h—f— p_w_u)>aj.1(3—%_1)"1”:(3—20[,-l)h—wsm—h—w. B
v z 22m 22m

= g—v—1z2
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FIG. 6. Schematic explanation of the derivation of Eq. (B10). The n measurement systems are divided into three groups, as shown in the
central ellipses: h systems measured with Ay, f with Aj, and the remaining m — h — f with no measurement. The top and bottom ellipses
represent the p measurements of Ay and ¢ measurements of A; performed on the state p;_;, respectively. The arrows indicate how the
measurement choices at step j are correlated with the system positions from step j — 1.

Substituting this result back into Eq. (B10) and summing over p, w, u finally gives

(00 80) ] = S (01 o). ®12)
Iterating this relation back to the initial state p;, we obtain
Jj—1 h
Te[(M}Bo)p;] =[] (22_,1—2‘,’)@05 8 5in20)" (sin 8)/ (sin 8 cos 20)" "~/ (cos § + sin 8"~ (B13)
=1
and similarly,
L e-at e e -
Te[ (M7 B1)p;] = (—1)" " IH iy (cosdsin 20)"(sin 8)/ (sin 8 cos 26)" "~/ (cos § + sin §)" . (B14)

Substituting Eqs. (B13) and (B14) into Egs. (B8) and (B9), respectively, we finally obtain

m, j m, j . m m—h i m—h—
po=spi= 3 ()" et —ar

h+f=0
2w e , .
X 1_[ Zh—ﬂ,(cos 8 sin20)"(sin 8)' (sin 8 cos 20)""~f (cos § + sin §)" "
I=1

j-1
. 2—a . a; . . —m
= coerst@ﬂ > +51n52j_1 +sindcos260(l —a;) | (cosd +sind)" ™. (B15)

Therefore, the network is nonlocal whenever
il "
§mi=2 cosasinzel_[ﬂ+sin8i+sin5cos29(1 —a) | (coss +sins) T > 2 (B16)
o =1 2 2 ! '

APPENDIX C: NETWORK NONLOCALITY SHARING UNDER NOISES

In this Appendix, we extend the analysis of the PPM protocol to realistic scenarios in which the initially distributed entangled
states are affected by environmental noise. We focus on two paradigmatic noise models—depolarizing noise and amplitude
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damping noise—and investigate how they modify the conditions under which network nonlocality can be sequentially shared
across all branches of the network.
We first consider the case in which each initial bipartite state is independently subjected to a depolarizing channel, yielding

paig = (L= P +pg. i=1....n, (€D

where |1{) = cos0]00) +sinf|11) and p € [0, 1] denotes the noise strength. Throughout this Appendix, we assume that the
noise parameter p is identical for all shared states. Using Eqgs. (B13) and (B14), the expectation values entering the correlation
functions can be written as

Jj—1 h
. (2 —a) f
Tr{(M?,iBo)Pj} =11 2h+_fl Tr{(M;iBo)Pl}
=1

j—1 h
2 —
=1-pr[] (2,1—+i’)(cos 8sin20)"(sin 8)” (sin 8 cos 26)" "~/ (C2)
=1

and

Jj—1 h
. 2 —a) X
Te{ (M} Bo)o;} = [ ] 2h+fl ~Te{ (M Bo) o1
I=1

Jj—1 h

2 — . .

(1 -p'=1"]] (zh—f;l)(cos 5 5in 26 (sin 8)/ (sin § cos 20"~ . (C3)
=1

Consequently, the correlators take the form

L " (n\(n—h e
== 2 (e
h+f=0

2 —
X ]_[ ( S f (cos 8 sin 20)"(sin 8)/ (sin 8 cos 20)" "~/ (1 — p)"

n

)| (4 —=p). (e2))

= | cos § sin 26
=1

o
2i-1

In particular, for the choice § + 26 = 7 /2, network nonlocality can be shared up to the kth round under depolarizing noise if,
forall 1 < j <k,

271((1 = p)~! —sin? 20 [T/Z} 5% — cos? 20)
cos260(1 — 2i-1¢cos20) ’

We now turn to the amplitude damping noise model. Each initial state undergoes an amplitude damping channel, resulting in

o > (©3)

cos’ 6 0 0 cosfsinf/T—p
0 0 0 0
T .
g = I ®K; I®RK;) = , =1,...,n, C6
Pairp Ej (I  Kj) [y ) (vI(I @ K;) 0 0 psin26 0 i n, (C6)
cosfsinf/T—p 0O 0 (1 — p)sin®6
where
0 Jp 1 0
K, = K, = . 7
=lo W} ==l ) “

Assuming again identical noise parameters for all shared states, Eqs. (B13) and (B14) yield
-t
hf — % h.f
Te{ (M1 Bo)es} = [ | 7= Tr{ (M}:1Bo) e}
I=1

2
_l_[( 2/131) (/1 = pcos8sin20)"((1 — 2psin® @) sin §)/ (sin § cos 20)" "~/ (C8)
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and

J—1

Q2—a)
Te{ (4 Bo)oy) = [T Sortre] (2 Bo) o
=1

= (=" hl_[ th;l) (/1 — pcos8sin20)'((1 —

Accordingly, the correlatiors become

2psin® ) sin §)’ (sin § cos 260)" "/, (C9)

p=sr= 3 ()7 el -er

h+f=0

j 1
T Cl (T peosssin261 -

=1

j-1
. 2_051 ) . o .
=11 —pcosasmwnT + (1 —2psin Q)SIHSF +sindcos20(1 — ;)

=1

2psin® 0)sin §)/ (sin § cos 20)" "~/

(C10)

For § 4+ 20 = m /2, network nonlocality can therefore be shared up to the kth round under amplitude damping noise if, for all

1< j<k,

2711 - T=psin? 20 [/} 5%

— CosS 29)

Olj>

(1 —2psin?0)cos20 — 2/~ 1cos 20

(C11)
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