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Quasicrystalline analog of the Haldane model
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We present a model for a topological quasicrystalline system that is suitable for realization in cold atom
experiments. We define the model in terms of complex momentum-space couplings that break time-reversal
symmetry (TRS) and detail how it may be experimentally realized using two-photon Raman couplings. In the
weak-potential limit, we study the model analytically by calculating the band structure over a “quasi-Brillouin
zone” (QBZ). We find symmetry-protected Dirac cones, which are gapped by a TRS-breaking term, resulting
in a Chern number C = 1. This provides a direct analogy to the Haldane model, but now in a quasicrystalline
setting. We also infer the number of states below the topological gap from the QBZ area. We verify our analysis
with numerical calculations of periodic approximants to our system, constructing a phase diagram in parameter
space that shows a topological region extending beyond the weak-potential regime. We also find examples of
narrow Chern bands with the potential for hosting strongly correlated physics. Our work raises questions about
the nature of localization and strongly correlated states in Chern bands in quasiperiodic systems.
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I. INTRODUCTION

Quasicrystals are spatially ordered but not periodic [1,2],
making them a middle ground between disordered and crys-
talline systems. In recent years, quasicrystals have been of
particular interest in their unconventional localization proper-
ties of quantum particles, which differ from those of randomly
disordered systems. Although all single-particle states are
Anderson localized by random disorder in spatial dimension
d < 2 [3-5], many-body localization (MBL) of interacting
particles is theorized to be impossible in d = 2 due to rare
ergodic regions that trigger an “avalanche of thermalization”
[6-12]. Quasicrystals provide a form of “deterministic disor-
der” with no rare regions, and are therefore widely researched
with the goal of realizing MBL in d = 2 [13-18]. Quasicrys-
tals in d = 1 also display interesting properties such as mixed
spectra where extended and localized states coexist [13,19—
26] or intermediate “critical” states [27,28].

When the energy states of a quasicrystal can also be charac-
terized by some topological invariant, even richer effects can
occur due to the interplay between the quasiperiodicity and
the topology [29,30]. Recently, such topological quasicrystals
have been widely investigated through the numerical analysis
of real-space tight-binding models on quasiperiodic lattices
such as the Penrose or Ammann-Beenker tilings. A wide
range of phenomena have been reported, including unconven-
tional “bulk-localized transport” states [31-33], higher-order
topological insulators [34-40], topological pumping and
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protected transport [41-51], and topological superconductiv-
ity [52-58]. In contrast, experimental research into topolog-
ical quasicrystals is limited to a small number of photonic
experiments [45,59-61], which are well suited to implement-
ing such tight-binding models.

Ultracold atoms in optical lattices provide an alternative
and appealing experimental setting for investigating topo-
logical quasicrystals. These systems have emerged as a
leading platform for quantum simulation due to their ex-
ceptional degree of tunability [62—64]. Previous cold atom
experiments have studied quasicrystalline [17,65—69] and
topological [70-74] systems independently, raising the natu-
ral question of whether they can be employed to study both
together. However, to the best of our knowledge, no proposals
exist for realizing tight-binding models of the type studied
in Refs. [31-58] with cold atoms: Engineering the required
complex hopping parameters on a quasiperiodic optical lattice
is an open problem.

In this work, we instead present a continuum model for a
topological quasicrystal, which is formulated directly in re-
ciprocal space and naturally suited to cold atom experiments.
Specifically, we construct a quasiperiodic version of the “opti-
cal flux lattice” (OFL) scheme for generating topological band
structures [74-78]. We will show that the model possesses
distinctive symmetry and topological properties, with close
parallels to the Haldane model [79] despite the absence of spa-
tial periodicity. Although motivated by cold atoms, we note
that our model may also be realizable in two-dimensional (2D)
layered materials, where quasicrystalline systems [80—84] and
(periodic) OFL Hamiltonians [85,86] are known to emerge.
However, we stress that the model stands independently of
any specific implementation and is of theoretical interest in
its own right, being distinct from the real-space tight-binding
models that have dominated previous works.

The remainder of the paper is structured as follows. We
motivate our model Hamiltonian with reference to previous
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work on OFLs in Sec. II; we then detail exactly how it may
be experimentally realized in Sec. III. Next, we analyze the
model in Secs. IV and V: We demonstrate that it is topologi-
cally nontrivial, construct the phase diagram of the system in
parameter space, and investigate the particle density required
to fill all states below the topological energy gap. We summa-
rize our work in Sec. VL.

II. MODEL
A. Optical flux lattices

We first briefly introduce OFLs in general terms to explain
how these give rise to topological band structures. For more
detailed discussions and derivations of the results quoted here,
we direct the reader to the reviews of Refs. [74,75]. We con-
sider a particle with N internal “spin” states moving in 2D,
with Hamiltonian

P
H=_—@®I1y+V(), ey
2m
where V(r) is an N x N matrix coupling different spin states.
In the adiabatic limit of large potential energy, the particle
follows the same local spinor eigenstate |n(r)) of V(r). As
it moves through space, it acquires a Berry phase due to
the changing of |n(r)) with position. By projecting H onto
the spinor texture |n(r)), one finds an effective Hamiltonian
which is that of a scalar particle moving in the background of
a gauge potential [76]:

A(r) =i (n(r)[Ven(r)), @
with associated “effective magnetic field”:
Bei(r) = Vi x [i (n(r)|Ven(r))] - 2. 3

(We set I = 1). These are, respectively, the (real-space) Berry
potential and Berry curvature of |n(r)). This emergent mag-
netic field explains why OFLs acquire nontrivial topological
properties for a suitable form of V (r).

It is also instructive to consider a reciprocal-space descrip-
tion of OFLs [78]. The potential energy term has Fourier
components:

V.00 = (g +G,0'IV()lq, 0), “

where q is the particle momentum and o indexes the spin
states. Again working in the limit of zero kinetic energy, the
Hamiltonian takes the form of a tight-binding model, where
V. 0o are the “hopping” matrix elements between “sites” in
momentum space (allowed states |q, o)). For a set of matrix
elements that give a net complex phase upon hopping around
a closed set of transfers in momentum space, time-reversal
symmetry (TRS) is broken, and the resulting OFL can be
topologically nontrivial. This is analogous to the Haldane
model [79], except that here it is hoppings in momentum
space, rather than real space, that are responsible for breaking
TRS. It is important to note that TRS remains broken even for
nonvanishing kinetic energy; the strong-coupling limit is not
required to realize a topological band structure. In fact, we
will more often work in the opposite weak-coupling limit in
the remainder of this work.

We note again that while OFLs were first developed in
the context of cold atoms, the same Hamiltonians arise in

FIG. 1. Couplings in momentum space for (a) the “dual Haldane
model” and (b) our quasiperiodic model. Upon hopping anticlock-
wise around a triangular plaquette, the atom acquires a phase ®
from the complex coupling elements. The quasi-Brillouin zone (see
Sec. IV) is shown dotted in black.

the study of twisted Moiré materials [85], although with less
experimental flexibility in the choice of parameters of the
potential [86].

B. Reciprocal-space construction

We now construct the specific model that we will con-
sider for the remainder of the paper. This is an adaptation
of the “dual Haldane model” presented in Ref. [77], in
which the couplings of the potential in momentum space
[Fig. 1(a)] take the form of the Haldane model, with |0 = 1)
and |0 = | ) states occupying the two inequivalent sites of the
honeycomb lattice. There, each |1) site is coupled to three
nearest-neighbor || ) sites with threefold rotational symmetry,
in addition to next-nearest-neighbor coupling between like
spins. Here, we make a quasiperiodic potential by coupling the
|1) site to eight neighboring || ) sites with eightfold rotational
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symmetry, as well as retaining the couplings between like
spins [Fig. 1(b)]. Our Hamiltonian takes the form

2

H:;)_m@]]-Z"‘HU"‘HVa (5a)
7

Hy =) Ue “"®0, +Hc., (5b)
=0
7

Hy =) Vie ™" ®o. +H.c, (5¢)

=0

where oy = (0x +1i0,)/2 and o, are the Pauli matrices.
Hy generates the coupling between opposite spins, while Hy
couples like spins. The Fourier components of the potential
have the desired eightfold rotational symmetry:

G; = |G| (cos(rl/4), sin(nl/4))T, (6a)
g =G — Gy, (6b)

with / € [0, 7]. (We have also analyzed an analogous system
with fivefold rotational symmetry, which shows qualitatively
similar results; see Appendix A). The wavelength A = 277 /|G|
provides the natural length scale of the system. Since these
G; are incommensurate with one another, the minimal rank
of the basis set spanning the potential (4) exceeds the spatial
dimension (2), and the system is quasicrystalline by definition
[2]. Note that since we also include the kinetic energy term,
our Hamiltonian is not simply a tight-binding model in mo-
mentum space, but rather a continuum model of the form of
Eq. (1).

Analogous to the Haldane model, we wish to choose cou-
plings that break TRS due to the nonzero complex phase &
acquired upon hopping around any closed set of momentum
transfers. For quasicrystals, there is an additional complica-
tion that combinations of basis vectors G = Zl n; Gy, with
n; € Z, fill reciprocal space densely, instead of forming the
sparse reciprocal lattice of a periodic system as in Fig. 1(a).
For simplicity, we only show the “first-order” couplings in
Fig. 1(b); nevertheless, these are sufficient to enable us to
choose U; and V; elements for which TRS is broken.

We choose constant V; =V V[ for simplicity. Since g; =
—g+4, the effective matrix element for a transfer by momen-
tum g is

(a+g, o'lHylq, o) = (V" + Vi) (o' o; |o)
=2Re[V](0o'|0;|0), (N

so we may pick V € R without loss of generality. To retain
the rotational symmetry and ensure that the phase is the same

for each triangular plaquette in Fig. 1(b), we choose
Ul — _l]e—iﬂRl/47 (8)

with R € Z. When starting from a |1) state, this results in a
total acquired phase:

R
@ = arglU}(—2V)Uip1] = mod(—”T, 2n) )

with the modulus operation ensuring that —7 < @4 < 7. Al-
ternatively, we could consider starting from a || ) state [not

depicted in Fig. 1(b)], in which case the acquired phase would
be

R
@, = arg[U; VU] = mod(”T +7, 271) — 7. (10)

Throughout this work, we take R =5, giving &, = —n /4
and & = —3m/4; we will find that this leads to a Chern
number C = +1. We emphasize that it is really Hy that breaks
TRS due to its o, coupling; without this, the phases from
Hy would cancel out as &, = —® . The associated magnetic
field Begr(r) of the model inherits the quasiperiodic octagonal
symmetry of the Hamiltonian [87].

III. IMPLEMENTATION FOR COLD ATOMS

We interrupt the analysis of our model to detail how it
may be realized in a cold atom setting. This section is self-
contained, and not required for understanding the model,;
readers not interested in this experimental implementation
may skip to Sec. IV. We emphasize again that other experi-
mental realizations, for example, in twisted Moiré materials,
may be possible.

Our strategy will be to use two-photon Raman transitions
to generate the required momentum shifts and couplings be-
tween spin states, which in general may be any two angular
momentum states. (In the 2D materials setting [85], the role of
spin is provided by the layer index.) For simplicity of presen-
tation, we consider an atomic species with a ground level with
angular momentum 1/2, with states denoted by {|g, 1), |g, |
)}, and an excited level also of angular momentum 1/2, with
states {|e, 1), |e, {)}. Possible atomic species include 1Yb or
199Hg [77]. We imagine that the spin degeneracy is lifted, for
example, due to the Zeeman shift from an applied magnetic
field, resulting in splitting of both the ground and excited
levels by an energy §.

We characterize our lasers by complex electric field ampli-
tudes € € C3, such that the physical electric field is E(r, 1) =
Re[e el®T=“D]_ For a two-photon process involving absorption
from laser i and emission into laser j, the “vector light shift”
gives a potential energy term:

V(r) « <% -a)eiAk'r, (11)

where Ak =k; —k; is the momentum kick acquired from
the two photons, o = (o, 0y, O'Z)T is the vector of Pauli spin
matrices, and A is the detuning of the transition energy from
the excited state (taken to be large enough that any population
of the excited state can be neglected). We refer the reader to
Refs. [74,88] for the derivation of Eq. (11). We build up our
desired potential [Eq. (5)] term by term by adding pairs of
lasers to our setup.

The full diagram of lasers and the corresponding atomic
energy transitions are shown in Fig. 2. To generate the Hy
terms, we couple lasers with wave vectors G; and elG linearly
polarized along z, to lasers propagating along z with €/ circu-
larly polarized in the xy plane. We take the z momentum kick
to be suppressed by an external trapping potential, so the net
momentum transfer takes the desired form e '6!T; likewise,
the choices of electric field polarizations pick out the desired
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FIG. 2. (a) Laser wave vectors and electric field directions. The el” (light blue) and €] (yellow) lasers propagate in the z direction, out
of the plane. The circularly polarized €] " electric fields (not depicted) rotate in the xy plane; all other lasers are linearly polarized along the
directions indicated. (b) Illustration of the energy levels and transitions contributing to the Hamiltonian. The colored arrows indicate absorption
or emission of a photon from the corresponding laser in panel (a). The €/ /e’ (light/dark blue) process generates the Hy terms, and the €] /e?

(yellow/red) process generates the Hy terms.

o coupling in spin space. The associated amplitude is

) <e "
fifc QLA A
AP
Similarly for the Hy terms, we couple between in-plane lasers
with wave vectors g;, and out-of-plane z-propagating lasers.
We pick the respective electric fields e}”’ and €/ both to be
linearly polarized in the xy plane, but orthogonal to each other.
This gives the required momentum components e '# " and o,
spin coupling, with amplitudes:
[(ef)" x €|
Vi ot ———. (13)
Af
This scheme allows us to choose any U;, V; € C by adjusting
the laser amplitudes, detunings, and relative phases.

We imagine choosing different detunings Af/ &, so all
lasers are incoherent except for the 16 pairs generating the
matrix elements U; and V;. This realizes exactly our Hamil-
tonian [Eq. (5)], but may be challenging experimentally. An
alternative scheme is outlined in Appendix B, which requires
only five lasers, all of which are coherent. This comes at
the cost of making U; and V; dependent on one another and
introducing additional momentum couplings into the Hamilto-
nian. We have analyzed both cases and find similar qualitative
behavior, but we will focus on the first scheme for maximum
clarity.

IV. PLANE-WAVE ANALYSIS
A. Quasi-Brillouin zone

We now analyze our model to demonstrate that it does pos-
sess the desired nontrivial topological properties. To provide
analytic insight, we first consider the system in the “nearly
free” limit of weak potential applied in Refs. [89,90]. We shall

later show that the (topological) features derived within this
analytic approach also survive to deeper lattice depths.

For U =V = 0, the energy eigenstates of the system are
simply the plane-wave states |q, o), with o € {1, |} as be-
fore. The energy levels form the (spin-degenerate) parabola
E(q) = |q|?/2m. We first introduce Hy only, with a small
U < Eg, where Eg = |G|?/2m is the recoil energy that sets
the kinetic energy scale of the system. This couples each
state |q, o) to other states |q — Gy, o’) (with o’ opposite to
o). This opens gaps in the parabola at first order in U when
the states have equal kinetic energy. Such states lie along the
perpendicular bisectors of the G; vectors. In a periodic system
where G; are reciprocal lattice vectors, these gaps define the
boundary of the Brillouin zone; here, gaps define an octagonal
region of reciprocal space, depicted in Fig. 1(b), that we term
the “quasi-Brillouin zone” (QBZ) as it does not tile the plane.
The low-energy states with momenta inside the QBZ therefore
form a band separated from the rest of the spectrum, which,
as we show below, can be made topological.

Just as the Brillouin zone area (in reciprocal space) deter-
mines the number of states in a band in a periodic system, the
QBZ area determines the number of states in our band here.
Imposing periodic boundary conditions over an arbitrary area
L?, allowed states occupy an area (277 /L)? in reciprocal space,
so the required atomic density to fill all the states is calculated
geometrically to be

240z 4(vV2—1)  1.6568---
n—= = ~
Qn)? 22 22

; (14)

with the extra factor of 2 due to spin. We further verify this
result in Sec. VC.

‘We pause to note that this momentum-space approach gives
a useful alternative perspective on the model of Ref. [26].
That work studies a similar eightfold rotationally symmetric
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(a) a2, 1) lqu, 1)
las, ) a0, 1)
a4, 1) laz, 1)

las, T) g6, 1)

(b) laz, 1) lai, 1)

/] ><\

|Q3,T> |QO,i>
s, ) laz, 1)

las, 1) g6, 1)

FIG. 3. Couplings of corners in the QBZ. The Hy and Hy cou-
plings are shown on different panels (a) and (b) for clarity. The set of
eight states with opposite spin to those indicated here are coupled by
different U, and V; terms; there is no coupling between the two sets.

quasicrystal with a real-space methodology, numerically
finding a (nontopological) isolated lowest band. With our
methodology, we can physically understand the emergence
of this isolated band due to the opening of gaps along the
QBZ boundary of that system. After accounting for spin and
inserting the appropriate units of lengths, our expression for
the atomic density to fill the band [Eq. (14)] agrees with that
calculated by an alternative method in Ref. [26].

B. Symmetry and topological properties

Having identified this isolated set of states, it is natural to
investigate whether the band that they form can be topologi-
cally nontrivial. To do so, we compute the band structure over
the QBZ in the minimal basis of plane-wave states, which
captures all first-order couplings of the Hamiltonian. This
requires 16 basis states, which are degenerate and coupled
together at the QBZ corners. Explicitly, the required states
|q;, o) are related by Q43 mod 8y = q; — Gi. The couplings are
illustrated in Fig. 3. Diagonalizing the 16 x 16 Hamiltonian,
we find the band structure in Fig. 4. The relevant bands to
focus on are those [highlighted in yellow in Fig. 4(a)] that
tend to the free-particle parabolic dispersion in the limit of

015 —0.10 —0.05 0.0 0.05 010 0.15
—1
|q—QK|/>\

FIG. 4. (a) Band structure across the QBZ, calculated in the
basis of the 16 plane-wave states degenerate at the K point, for
U/Er =0.03, V =W = 0. The path in the QBZ is shown in the
inset. All bands here are doubly degenerate. The relevant states are
those highlighted in yellow, which tend to the free-particle dispersion
(black dotted curve) as U — 0. (b) Band structure in the vicinity of
the K point, along the line 'K. The bands are calculated for Hy only
(dark blue), Hy + Hy with V/Eg = 0.002 (red), and H, + Hy with
W/Egr = 0.002 (light blue).

U — 0. These are where the spectral density (see Sec. IV C)
is concentrated in this weak-coupling regime, since the bare
free-particle states |q, o) remain good eigenstates away from
points of degeneracy with other basis states (i.e., away from
the QBZ boundary).

As expected, along the QBZ boundary, we generally find
a gap between the relevant bands. The exception is at the
corners K, where the symmetry of Hy under various opera-
tions involving spatial rotations and reflections combined with
spin transformations enforces a fourfold degeneracy of states.
We direct the reader to Appendix C for a detailed presenta-
tion of this symmetry analysis. In the vicinity of the corners
[Fig. 4(b)], the dispersion is linear; in other words, we have
two coincident Dirac cones in the band structure. Thus, the
potential Hy leads to a semimetallic quasicrystalline system,
with a density of states that vanishes linearly in energy, at least
within this weak-potential limit.

This semimetallic quasicrystalline state is analogous to the
graphene band structure on which the Haldane model is built.
(We summarize the relevant details of the Haldane model in
Appendix C 1). Like in that system, we can consider adding
terms to our Hamiltonian that break symmetries and open a
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gap at the Dirac point of this quasicrystalline lattice. A gapped
Dirac cone is generically associated with a Berry flux of £;
the topological character of the states below the gap therefore
depends on whether we have the same or opposite sign of
flux for each Dirac cone, corresponding to Chern number
IC] =1 or 0, respectively. This, in turn, depends on whether
the perturbation breaks or preserves TRS.

One possible perturbation is Hy [Eq. (5¢)], which breaks
TRS by design (analogous to the next-nearest-neighbor hop-
ping in the Haldane model). For our choice R =5 and V > O,
both bands below the gap contribute a Berry flux of 4+,
resulting in C = 1. This demonstrates that our model Hamilto-
nian [Eq. (5)] does indeed describe a topological quasicrystal.
To illustrate that TRS-preserving perturbations (analogous to
the Semenoff mass) are also possible, we consider

7
Hy =W (-1)e " @1, + He., (15)
=0

with W € R. This introduces new couplings between basis
states (breaking the symmetry S defined in Appendix C) and
gaps the Dirac points, but does not break TRS, so the bands
below the gap have opposite signs of Berry curvature and the
system is topologically trivial. See Appendix C for further
details of the exact symmetries that are broken by Hy and
Hy to gap out the Dirac points, and comparisons to their
counterparts in the Haldane model. When projecting to the
degenerate subspace at the Dirac point, we find an effective
coupling strength of 2V for Hy, and /2W for Hy, giving rise
to the different gaps in Fig. 4(b). In general, when both V and
W are nonzero, the Chern number is simply determined by
whichever term dominates:

1

C=47

{O’

It is important to note that since C is a topological invariant,
it cannot change as long as the relevant energy gap does not
close. As such, although we have used the weak-coupling
limit to derive the value C = 1, the topological behavior can

be expected to persist as U and V increase to stronger coupling
strengths.

V2V > W,

W > V2V (16)

C. Extended plane-wave basis

We now calculate the energy spectrum of the quasicrystal
using an extended basis of plane waves {|q — b;, o)}, where

b= G, (17)
!

with n;; € Z. We truncate the basis by imposing a maximum
N =", Inj|, ensuring that our calculations are converged
with respect to this cutoff. This captures higher-order cou-
plings of the Hamiltonian, allowing us to investigate the range
of validity of the weak-coupling (first-order) approximation
made in the previous section.

Having diagonalized the Hamiltonian in this basis to obtain
eigenstates |n) with eigenvalues E,, we calculate the spectral

A(q,w) (arb. units)

A(q,w) (arb. units)

FIG. 5. Spectral function calculated with the extended plane-
wave basis, for (a) U/Eg = 0.03 and (b) U/Er = 0.25;V =W =0
in both plots. The path in momentum space is the same as in Fig. 4(a).
Blue lines show the band structure calculated for the same values of
U using the reduced basis of Sec. IV B. This agrees well with A(q, w)
in panel (a); in panel (b), the Dirac point is visibly gapped, and its
energy is shifted, as indicated by the white arrow. Insets show the
vicinity of the K point; the color scales of the insets are not the same
as the main plots.

function (summed over spin states):

A(g, w)=Z[8(w—En) Y la.oln) |2]. (18)
n o=t}

(In practice, we use a narrow Gaussian in place of the delta
function, resulting in nonzero linewidths.) Two examples with
different values of U are plotted in Fig. 5, with V. =W =0
in both cases. For U/Eg = 0.03 [Fig. 5(a)], within the weak-
coupling limit, we find excellent agreement with the band
structure calculated as in the previous section; in particular,
we see the degenerate crossing of bands at the Dirac point. We
find similarly good agreement in calculations with small but
nonzero V, W < Eg (not plotted here); the Dirac point gaps
out as expected.

For larger U/Egr = 0.25 [Fig. 5(b)], we see substantial
departures from the reduced-basis band structure: The Dirac
point is shifted in energy, and also becomes gapped. This
is expected since the fourfold degeneracy is only symmetry
protected within the weak-coupling limit. However, it is inter-
esting to note that although the energy of the Dirac point is
substantially shifted, the four states remain near degenerate,
even at the moderate value of U/Er = 0.25. Therefore, in
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FIG. 6. Illustration of the construction of the approximant vec-
tors, for N, = 3. The exact quasicrystal G; are shown in yellow, and
the approximant G; and g; in dark blue and red, respectively. The
approximant BZ is the black square centered on the origin; the ap-
proximant QBZ is the blue (irregular) octagon; and the quasicrystal
QBZ is the yellow (regular) octagon. The high-symmetry points I',
M, and K of the quasicrystal QBZ are labeled with black crosses.

practice, we may expect topological behavior to persist be-
yond the strict limit of U < Ep, with the same physical origin
of Dirac points being gapped by a TRS-breaking perturbation.

V. APPROXIMANT ANALYSIS
A. Methodology

To confirm our analytical plane-wave results and move
beyond the weak-coupling limit, we numerically analyze ap-
proximant systems. These approximate the quasicrystalline
geometry, but are in fact periodic over long length scales, and
can therefore be investigated using standard techniques. We
define a square lattice in reciprocal space with spacing |G|/N;,
with N, € N. The approximant vectors G; are then found by
“rounding” the quasicrystalline G; to the nearest lattice point,
thereby becoming commensurate with each other (see Fig. 6).
Explicitly,

~ NG
G = AH
N,

, 19)

where | v] denotes rounding of each component of the vector v
to the nearest integer. The approximant g; are given by G,y —
G; as before. The approximant Hamiltonian H has identical
form to Eq. (5), but with G; and g substituted for G; and
g;. As all basis vectors are commensurate, H is periodic. The
Brillouin zone of the ap%roximant model is the square region
(in reciprocal space) —% < gy, qy < %, and the real space
lattice constant is a = NyA. The quasicrystal corresponds to

the limit N, — oo where the unit cell diverges.

A(q,w) (arb. units)

A(q,w) (arb. units)

FIG. 7. Spectral function calculated by unfolding the band struc-
ture of approximant systems with (a) N, = 3 and (b) N, = 7. In both
cases, U/Egr = 0.03andV = W = 0. Blue lines show the band struc-
ture calculated in the reduced basis of plane waves as in Sec. IV B.
The path in momentum space is the same as in Fig. 4(a); that is, the
points I', M, and K refer to the quasicrystal QBZ. Insets show the
vicinity of the K point; the color scales of the insets are not the same
as the main plots.

B. Numerical results

We first calculate the spectral function [Eq. (18)] of the
approximant to enable a direct comparison with the results
of the previous section. The eigenspectrum is calculated by
diagonalizing the Bloch Hamiltonian Hy = gik‘rH e kT using
a plane-wave basis {|k + G, o)}, where {G} are reciprocal
lattice vectors of the approximant. We choose the basis to
be large enough that our calculated quantities are converged.
Here, k is the crystal momentum that lies inside the BZ; the
calculation of A(q, w) requires unfolding of energy bands over
k to bands over the physical momentum q.

A(q, w) is plotted in Fig. 7 for N, =3 and N, = 7. For
N, = 3, the Dirac point is shifted not only in energy relative
to the plane-wave band structure of Sec. IV B, but also in
momentum. This is because the Dirac point forms at the mo-
mentum where 16 basis states have degenerate kinetic energy;
for the approximant with its G; vectors, this occurs at the
corner of the “approximant QBZ” depicted in Fig. 6 (and
also discussed in Sec. V C). As seen in Fig. 6, this point lies
partway along the MK line of the quasicrystal QBZ, explain-
ing its position in Fig. 7(a). For N, = 7, the approximant G;
vectors are closer to the exact quasicrystal G; vectors, so the
approximant Dirac point is closer to the quasicrystal K point.
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In fact, in this case the approximant Dirac point lies along
the MK line of the quasicrystal but beyond the K point, so
the apparent gap in the spectral function in Fig. 7(b) is much
larger than the true gap at the Dirac point.

For both approximants, the degeneracy at the Dirac point
is not quite exact [although this appears to be the case with
the energy resolution of Fig. 7(a)]. This is because, as with
Hy, the approximant Hamiltonian weakly couples between
states that are uncoupled in the quasicrystalline system; see
Appendix C 5 for further details. This opens gaps of ~107Eg
and ~1077Eg, respectively, for N, =3 and N, = 7.

Having established that the approximant systems give en-
ergy spectra consistent with our quasicrystalline results, we
proceed to investigate the topology of our model by analyzing
approximants throughout the parameter space of U and V.
Setting N, = 3, at each value of U and V we obtain the
approximant band structure for a mesh of 31 x 31 points k
in the BZ (our results are converged with respect to increasing
the density of the mesh). An example band structure is plotted
in Fig. 8(a). We generally find an energy gap AE in the density
of states, as predicted from the QBZ analysis. We compute
the Berry curvature and Chern number summed over all the
bands below the energy gap following the methodology of
Ref. [91]. (Due to crossings and touchings of bands, the Chern
numbers of the bands individually are not well defined.) We
find the phase diagram depicted in Fig. 8(b). This displays
a large topological region with C = 1, confirming our anal-
ysis in Sec. IV, and also demonstrating that the topological
properties persist beyond the weak-coupling limit. We note
that although our calculations here and in Sec. IV are for
edgeless geometries, one may naturally expect to find local-
ized boundary modes if the model is implemented in a finite
geometry, as with any topological system. In Appendix D,
by investigating the variation of AE and the extent of the
topological region in parameter space for increasingly accu-
rate approximants (larger ,), we show that these topological
properties will be preserved in the quasicrystalline limit
N, — o0.

As Fig. 8(b) shows, for certain coupling strengths the set
of bands can attain Chern numbers other than 1 or 0. Un-
like the emergence of C = 1 in the weak-coupling limit, we
do not have a straightforward physical explanation for this
behavior; it may result from higher-order couplings between
bands with C # 0. Additionally, at these coupling strengths,
the energy gap is generally small in magnitude (AE/Egr <
0.01), so we cannot be confident that these features will per-
sist from the approximant system to the exact quasicrystal.
We stress that this uncertainty relates to the approximation
of the quasicrystalline system by the approximant, not a
lack of convergence of our calculations for the approximant
itself.

C. Filling density

In this section, we calculate the particle density required
to fill all states below the band gap in various approximant
systems. We expect this to tend to the value obtained from
the QBZ area [Eq. (14)] in the limit N, — oo, confirming our
analysis in Sec. IV that the isolated band in the quasicrystal is
formed by the opening of gaps around the QBZ.

(a) 04 M

0.2 |AFE

I X M I' p (arb. units)
b) 0.20
( ) +2
0.15 +1
& C
= 0.10
= B
0.05 2
AE =0

0.0 0.1 0.2 0.3 0.4
U/Er

FIG. 8. (a) Example calculated band structure and density of
states for the N, = 3 approximant system, for U/Ez = 0.06 and
V/Eg = 0.02. The path in the BZ is shown in the inset, and the energy
gap AE is labeled. The set of bands below the gap together has Chern
number C = 1. (b) Phase diagram showing the Chern number of the
bands below the energy gap, for different coupling magnitudes. At
gray points, the band gap vanishes and the Chern number is not well
defined.

The approximant densities can be inferred from the numer-
ically calculated band structures using

_ NpAgpz

where Agz = (|G|/N,)? is the BZ area for the approximant N,
and N is the number of bands below the gap (which is specific
to each approximant). The values are plotted in Fig. 9, and do
tend toward the quasicrystalline value as N, increases.

We can further demonstrate the validity of our QBZ analy-
sis by considering the QBZ not of the quasicrystalline system,
but of each approximant individually. By the same reasoning
as in the quasicrystalline case, energy gaps in the approximant
systems will first open along the perpendicular bisectors of the
vectors G;. This defines the QBZ of the approximant (depicted
in Fig. 6), which is an irregular octagon, unlike the regular
octagon of the exact quasicrystal. The area Agpz of this re-
gion determines the number of states below the gap through
Eq. (14). We expect the densities calculated using this method
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----- uasicrystal QBZ
1.0/ Quasicrystal Q
0 5 10 15 20

Na

FIG. 9. Filling density for increasingly accurate approximants.
The quasicrystal value calculated from the QBZ area in Eq. (14) is
shown dashed in red. Dark blue points are calculated from Eq. (20)
using the numerically obtained values of Ng, while light blue points
are calculated from Eq. (14) using the approximant QBZ areas, and
agree exactly where numerical results are available. For N, > 10, the
full numerical calculations were too expensive to perform; however,
our QBZ method can still be applied, and gives results approaching
the quasicrystal value as N, increases further.

to agree exactly with those of Eq. (20) for each approximant
N, individually, not just in the limit of N, — oco. This agree-
ment is evident in Fig. 9, confirming that the gap we find in the
approximant band structures is really the same gap that opens
on the QBZ boundary. The two (spin-degenerate) free-particle
bands over the QBZ are backfolded into Ng bands over the
BZ, preserving the total number of states below the gap.

D. Narrow Chern bands

Our numerical calculations also reveal the potential for re-
alizing narrow Chern bands, whose bandwidth 6 is much less
than their gap to other topological bands AE. (Nontopological
bands can be filled and mixed with the topological band with-
out affecting the net properties, so they can be ignored). This
could enable strongly correlated phenomena to be realized
in these systems, since interaction effects will dominate over
kinetic energy, but not close the band gap. One such example
is shown in Fig. 10, with a ratio § /AE =~ 0.089.

The ratio §/AE could be further decreased by thoroughly
searching for optimal values of U and V in parameter space,
or adding scalar potential terms with the aim of reducing
the Hamiltonian to Aharonov-Casher (AC) form following
Ref. [86]. We have not yet performed any investigations along
these lines, but simply note here these possible avenues for
future work.

We have attempted to generalize the “dark-state” model
discussed in Refs. [86,92] to a quasicrystalline geometry. (See
Refs. [75,93] for reviews of previous research into dark-state
systems with synthetic gauge fields, and Ref. [94] for other
dark state topological lattices.) As this model exactly takes
on AC form for a suitable choice of laser phases and in the
infinite-potential limit [86], it seems to be a promising can-
didate for realizing narrow topological bands in a quasicrys-
talline system. However, without commensurate basis vectors,

p (arb. units)

—0.60 —0.55 —0.50

E/Eg

—0.65

FIG. 10. Density of states for an approximant system with
U/Egr =0.3,V/Eg = 0.12. The band with width § is topological
with C = 1. The nearest topologically nontrivial band (with C = —1)
is separated by the indicated energy AE. The inset shows the density
of states over a wider range of E; the main plot is the region within
the red box. The bands at lower energies are all topologically trivial
and irrelevant for our considerations here.

we find that the magnetic field B.g(r) averages to zero, so the
AC description is not applicable.

VI. SUMMARY AND OUTLOOK

We have presented a model for a topological quasicrys-
talline system that is defined in terms of its momentum-space
structure. We have shown how this model could be realized in
a cold atom experiment using two-photon Raman couplings,
though similar models may arise in layered 2D electronic ma-
terials. Our model is naturally analyzed in reciprocal space by
considering couplings between plane-wave states. Following
this methodology, in the weak-coupling limit we have shown
analytically on symmetry grounds that the states within the
QBZ form an isolated low-energy band with Chern number
C = 1. This analysis is closely analogous to that of the Hal-
dane model—a semimetallic state converting to a topological
band under the breaking of time-reversal symmetry—but now
in a quasicrystalline system. We have confirmed our analysis
with numerical calculations of periodic approximants to the
quasicrystal, finding a topological phase with C = 1, which
persists over a large region in parameter space, and veri-
fying that the number of states below the topological gap
corresponds to the QBZ area. We have also found relatively
narrow Chern bands for certain choices of parameters, raising
the possibility of realizing strongly correlated phases in these
systems, if these bands could be flattened further.

Our work raises questions about the nature of Chern
bands in quasicrystalline systems. One such question relates
to the localization of states. As detailed in Sec. I, localiza-
tion phenomena in nontopological quasicrystals are already
the subject of considerable interest; similarly, the behavior
of a (topological) Landau level in the presence of random
disorder has been extensively studied [95] and continues to
attract attention [96-99]. The case here of localization in a
topological quasicrystalline system may display even richer
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physics, due to the interplay between topologically protected
extended states and localized quasicrystalline states. A second
question relates to the nature of strongly correlated phases
when particles within a (nearly) flat band interact. Here, due
to the quasicrystalline Hamiltonian, we expect a nonuniform
and quasicrystalline particle density, which in turn controls the
interactions in the system. This could result in fundamentally
different behavior to the familiar fractional quantum Hall or
fractional Chern insulator states, which have uniform and
periodic particle densities, respectively. Investigating these
questions in detail is beyond the scope of this paper, but we
note them as potential avenues for future work.
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APPENDIX A: PENTAGONAL SYSTEM

We have performed the same analysis for an analogous sys-
tem with fivefold rotational symmetry. Here, the basis vectors
are given by

G, = |G| (cos(2r1/5), sin(2rl/5))T,
g =G -Gy,

(Ala)
(A1b)

with [ € [0, 4]. We take V; =V € R as before, and U cou-
plings:

U, = —Ue 2miRIS, (A2)
now with R = 3. Unlike the previous eightfold symmetric sys-
tem, this fivefold system does not possess symmetry-protected
Dirac points at the corners of its (pentagonal) QBZ for V = 0;
instead, it is gapped everywhere along the QBZ boundary
by the U couplings. Additionally, the required U to achieve
a full spectral gap across the QBZ is larger than for the
eightfold system (due to the larger kinetic energy difference
between the M and K points here). These factors mean that our
plane-wave methodology cannot reliably be applied, since we
will violate the requirement U, V < E. Instead, we simply
analyze the system using periodic approximants. The phase
diagram (Fig. 11) shows that the system becomes topological
for V.~ U, which is as expected; V must increase until it can
close and reopen the nontopological U-coupling gap. These
calculations also confirm the inapplicability of the plane-wave
methodology by explicitly showing that the system is gapless
when U, V < Eg. However, interestingly, we have found that
the QBZ still accurately predicts the number of states below
the gap in the topological phase.

0.4
+2
]
0.3 +1
] 0
= 0.2 ¢
0.
SN -1
0.1 9
AE =0
0.0

0.2 03 0.4
U/Egr

FIG. 11. Phase diagram of the fivefold rotationally symmetric
system, calculated for the N, = 4 approximant.

APPENDIX B: COHERENT SCHEME

As discussed in the main text, achieving 16 pairs of coher-
ent lasers will pose a significant experimental challenge. Here,
we present an alternative scheme requiring only five coherent
lasers, which may be more realistic in practice. In this alter-
native scheme, we will choose all lasers to be coherent with
each other. As before, we require in-plane lasers with wave
vectors Gy, although using reflections means that only four
separate lasers are required. Two-photon processes coupling
between these lasers will generate all required Hy terms at
momenta g;, provided the electric field vectors eIG are chosen
not directly along z, but with some component in the xy plane.
Then, we introduce one additional laser with o, polarization
propagating in the z direction. Two-photon processes between
this laser and the in-plane lasers generate the Hy terms.

As indicated in the main text, this scheme comes with
two additional complexities: The matrix elements U; and
V; become dependent on each other, and we get additional
couplings between different momentum states, namely, at
momentum transfers G;;» — G; and G35 — G;. We have an-
alyzed this scheme for approximant systems and still find
the same qualitative conclusions: For an extended region of
parameter space, the system is a Chern insulator with C = 1.

APPENDIX C: SYMMETRY ANALYSIS

1. Symmetries of the Haldane model

We briefly summarize the symmetries of graphene and the
Haldane model [79] to facilitate comparisons to our model.
We first consider graphene. This contains two sites A and B
in each unit cell of the hexagonal lattice (see Fig. 12), so the
Hamiltonian in reciprocal space at crystal momentum k can
be written as a 2 x 2 matrix in this sublattice basis:

Hy(k) = 3 = ; (ChH
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FIG. 12. Couplings of the Haldane model. Sublattice sites A and
B lie on a hexagonal lattice, with on-site energies M. Particles
hop between neighboring sites with amplitude #; and next-nearest
neighbors with amplitude #,.

where ¢, is the hopping amplitude between nearest neighbors,
separated by displacements §;. The off-diagonal structure of
Hy(k) is enforced by the presence of both inversion symmetry
and TRS. Additionally, C; rotational symmetry between the
BZ corners K forces the off-diagonal terms to vanish, resulting
in twofold degenerate Dirac points in the band structure.

In the Haldane model, two different symmetry-breaking
terms are added to Eq. (C1), which gap out the system. The
first is the “Semenoff mass” term:

Hy (k) = Mo, (€2)

which breaks inversion symmetry by adding an energy offset
2M € R between the two sublattices. The second is next-
nearest-neighbor hopping with amplitude 7, € C, giving terms

3
H,, (k) =2|t2| cos(¢) Z cos(k -b;)1,

i=1

3
— 2|ta] sin(rp)ZSin(k -by)o,, (C3)

i=1

where ¢ = arg(#,) and b; are the lattice vectors between sites
on the same sublattice. This breaks TRS when sin(¢) # 0.
Both of these symmetry-breaking terms open a gap at the
Dirac point due to their o, coupling. For M > 3/31, sin(¢),
the TRS-preserving Hy; dominates and the model is a trivial
insulator with Chern number C = 0; for M < 3+/3 1 sin(¢),
the TRS-breaking H;, dominates, resulting in C = 1.

2. Symmetries of Hy

Analysis using group theory of the symmetry operations
that commute with the Hamiltonian enable the degenera-
cies of eigenvalues at different points in the QBZ to be
determined. As in Sec. IV B, we work in the weak-coupling
limit U,V,W « Er and restrict our basis to the 16 states
whose kinetic energies are degenerate at the K point. We
set this degenerate kinetic energy to be zero without loss of

FIG. 13. Spatial symmetry operations in the QBZ: An eightfold
rotation axis (blue) and mirror planes (dashed red). The mirror oper-
ations can be expressed as combinations of a single mirror plane o,
with powers of the rotation Cs.

generality and determine the degeneracies of the eigenspec-
trum purely by analyzing Hy, Hy, and Hy. We emphasize
that the following analysis is only valid in this weak-coupling
limit, where one may neglect coupling to states with different
kinetic energies.

We first analyze Hy, which plays the role of Hy in the
Haldane model, giving rise to the Dirac points at the QBZ
corners K. One symmetry of Hy is the unitary operation:

Cy = Gy @ exp(i Ap 0,/2), (C4)

where Cg is an eightfold spatial rotation in the 2D plane about
the origin (see Fig. 13) and A¢ = arg(U;1,/U;) = —27R/8
is the phase shift between successive U; matrix elements. A
second unitary symmetry is

04 = 04 ® 0y, (€5)

where oy is the mirror plane indicated in Fig. 13. Combina-
tions of these operations Cf and Cy 6, are also symmetries. A
final symmetry is the antiunitary time-reversal symmetry:

Ti =1 Q oxK, (Co)

where K denotes complex conjugation. Note that 72 = +1,
which means we do not get any Kramers-type doubling of
degeneracies.

We aim to demonstrate that the fourfold degeneracy at
the Dirac point is symmetry protected, rather than accidental.
First, we note that the full set of 16 basis states separates
into two independent sets of eight basis states that are not
coupled together. The Hamiltonian can therefore be written
in block-diagonal form

_(Hi 0
HU - (0 H2>7
with H; and H, 8 x 8 matrices in bases {|qo, 1), |qi, 4}, .- .}
and {|qo, {), |q1, 1), ...}, respectively. This can be viewed

(€N
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as block diagonalizing the Hamiltonian into sectors of the
symmetry operator:

S=E-1)" o, (C8)

where N is the number G, vectors needed to scatter the given
momentum state q; to qo. Explicitly, if q; = qo + >, mGy,
N =", Im|. We first consider H; on its own. [5;; S1#0
for odd n, since 53 takes q; — q;+1, which have opposite
signs of (—1), but leaves spin unchanged. As such, within
this sector of S, only even powers Cé” = Cj remain rotational
symmetries. [0, §] = 0 as 6, interchanges momentum states
with opposite signs of (—1D)" but also flips the spin.
C4 and 6 obey the relations

54Cady = (C)7", (CYa)
Ci=1, (C9b)
=1, (C9¢)

and are therefore generators of Dg, the group of symmetries
of an octagon. [Note that since R is odd, we have 4A¢ =
7 (mod 2r), and therefore C4 —1, not simply 1 as might
naively be expected.] We can explicitly construct a repre-
sentation for the symmetry operations as 8 x 8 matrices that
commute with H,. This representation decomposes into ir-
reducible representations 2E; @ 2E5. Since these are all two
dimensional, all eigenvalues of H; are doubly degenerate.

We now show that H; and H, have identical eigenspectra,
and therefore all eigenvalues of Hy are fourfold degenerate
at the K point. First, we note that {Hy, P} = 0, where P
represents spatial inversion, which relies on having R odd
so that U;.4 = —U,;. This means that the spectrum of Hy is
symmetric about 0; if v is an eigenvector with eigenvalue
A, then Pv is an eigenvector with eigenvalue —A. Second,
since H; is Hermitian, all eigenvalues are real, so taking the
complex conjugate of the equation H;v = Av gives that v*
is an eigenvector of H{* with eigenvalue A. By construction
(that is, the choice of bases), H, = —H/, and so the two
prior results imply that Pv* is an eigenvector of —H|" = H,
with eigenvalue A. Therefore, all eigenvalues of H; have a
degenerate partner in H,, doubling the degeneracy of the H,
eigenvalues. This proves that the coincident Dirac point we
find in the band structure of Hy is truly protected by the sym-
metries of the system, rather than being accidental. We note
that similar symmetry-protected Dirac points are also found
in quasicrystalline 30° twisted bilayer graphene [80-83].

3. Symmetries of Hy

Hy plays the role of the next-nearest-neighbor hopping
H,, in the Haldane model, opening a gap at the Dirac point
and breaking TRS. When Hy is included, we still do not
introduce any coupling between the blocks H; and H,; that is,
[Hy,S] = 0. Hy also commutes with all of the rotational Cg
symmetries, but breaks the mirror 6; symmetries. This means
that the group of symmetry operations of H; is reduced from
Dg down to Cg, the cyclic group of order 8. Since the cyclic
group is Abelian, it only has one-dimensional irreducible rep-
resentations, and therefore H; has nondegenerate eigenvalues
in general. As before, H; and H, have identical spectra; the
proof of this is almost identical to that in the previous section,

except that here one must use {Hy + Hy, Po,} = 0 in place
of simply {Hy, P} = 0. Therefore, eigenvalues of the full H
are doubly degenerate; however, the fourfold degeneracy at
the Dirac point is lifted, creating a gap. As Hy also breaks
TRS (does not commute with 7), so the bands below the gap
can acquire a nonzero Chern number. Note, however, that TRS
was not responsible for protecting the Dirac point, unlike in
the Haldane model.

4. Symmetries of Hy

Hy is analogous to the Semenoff mass Hy, in the Haldane
model. Hy commutes with all the symmetries of Hj, CZ, and
C4 oy4; it breaks Cg and its odd powers. Also, importantly,
[Hw, S1 # 0; Hy couples between basis states in the two
sectors, so we need to treat all 16 basis states together. We
therefore form a representation of Dg in 16 x 16 matrices,
which decomposes as 4E; @ 4E5. These two-dimensional ir-
reducible representations imply all eigenvalues are doubly
degenerate, but the fourfold degeneracy at the Dirac point
is now lifted. Note that since the D¢ group, like Dg, has
only one- and two-dimensional irreducible representations,
the coupling between S sectors is sufficient to gap the Dirac
point regardless of whether Hy, breaks Cs. Since Hy preserves
TRS, the bands below the gap must have total C = 0.

5. Approximant symmetries

The approximant Hamiltonians are formed from commen-
surate G; vectors. We first consider the case V = 0. As is
evident from Fig. 6, these G, vectors have alternating lengths,
and so the Cg symmetry of the quasicrystalline Hamiltonian is
broken down to Cy4. Additionally, because the G; are commen-
surate with each other, the approximant Hamiltonian cannot
be block diagonalized into sectors of S; all basis states can
be coupled together by a suitable sequence of scatterings. As
with Hy, this therefore gaps the Dirac points even for V = 0.
However, because these sequences may require many scatter-
ings, the coupling between the basis states in different sectors
is extremely weak; the S symmetry is only weakly broken.
The resulting gap at the Dirac points is therefore extremely
small (for example, ~10~°E for the N, = 3 approximant
with U/Eg = 0.03).

APPENDIX D: TRENDS WITH N,

Having established that one approximant system with N, =
3 is topological over a wide region in parameter space, we
wish to demonstrate that this behavior will be preserved in
the quasicrystalline limit N, — oo. To do so, we fix the cou-
pling strengths at U/Eg = 0.15, V/Eg = 0.075 (in the center
of the topological region), and calculate the energy gap AE
for increasing values of N,. Changing N, is simply equiva-
lent to tuning different parameters of the Hamiltonian (the
G vectors); provided the energy gap does not close under
this tuning, the topological index of the bands below the gap
cannot change. The results are shown in Fig. 14(a). Although
there is some variation due to the accuracy of different approx-
imants to the quasicrystal (which does not necessarily improve
with every step in N,), AE shows no sign of vanishing.
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FIG. 14. (a) Energy gap for different approximant systems, for fixed U/Eg = 0.15, V/Eg = 0.075. The quasicrystalline limit is 1/N, — 0,
that is, the y axis. (b) Upper and lower boundaries of the topological phase for different approximants, for U/Eg = 0.15. Error bars indicate

the confidence interval on each value, generally +0.005.

This is evidence that the quasicrystal will be topologi-
cal at this single point in parameter space. To go further,
we investigate the extent of the topological region in pa-
rameter space for different approximants by fixing U/Eg =
0.15, and calculating the positions Vi, and Vi, of the

lower and upper boundaries of the topological region. The
results are plotted in Fig. 14(b). Again, there is some vari-
ation in the plot, but we can safely conclude that there
will be a wide topological region in the quasicrystalline
limit.
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