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Many important quantum systems are characterized by Hamiltonians expressible as a linear combination
of time-independent generators of a finite Lie algebra, Ĥ (t ) = ∑L

l=1 ηl (t )ĝl . The Wei-Norman framework
provides a powerful analytical method for computing the exact time-evolution operator in a factorized form,
Û (t ) = ∏L

l=1 e�l (t )ĝl . By exploiting the underlying algebraic structure, the method yields a system of differential
equations—the Wei-Norman equations—which determine the time-evolution operator coefficients �l (t ) from
the Hamiltonian ones ηl (t ). Although robust and formally extendable, applying the method by hand becomes
increasingly difficult or even intractable for high-order systems (L � 6). In this work, we introduce symdyn, a
Python library that automates the application of this method. Given the commutators between generators, the
library symbolically derives the Wei-Norman equations and efficiently computes nested commutators, similarity
transformations, and the differential equations that yield Baker-Campbell-Hausdorff-like relations. We validate
the library by recovering known results for quantum systems associated with the Lie algebras su(1, 1), su(2),
sl(2), and so(2, 1), and further demonstrate its capabilities by deriving the Wei-Norman equations for a system
of two coupled time-dependent harmonic oscillators involving 11 generators. Additionally, we specialize the
library to handle the Lie group SU(N ) using a generic Cartan-Weyl basis for its algebra, and demonstrate its
versatility by deriving the Wei-Norman equations for su(2), su(3), and su(4), including the explicit construction
of a set of quantum gates for universal quantum computation.
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I. INTRODUCTION

The time evolution of quantum systems governed by time-
dependent Hamiltonians is a fundamental problem in physics,
with applications ranging from quantum optics and control
theory to quantum thermodynamics and quantum computing.
The Wei-Norman framework stands as a powerful algebraic
method for obtaining exact solutions when the Hamiltonian
can be expressed as a linear combination of linearly inde-
pendent, time-independent generators {ĝl}L

l=1 of a finite Lie
algebra,

Ĥ (t ) =
L∑

l=1

ηl (t )ĝl , (1)

where L is the algebraic order and the coefficients ηl (t ) ∈ C
are time-dependent functions. Any such linear combination
defines a vector in the Lie algebra, which we refer to here as
a Lie vector. Since the algebra is closed under commutation,
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the commutator of any pair of generators yields a Lie vector

[ĝi, ĝ j] =
L∑

l=1

γ l
i j ĝl , (2)

where the scalars γ l
i j are the structure constants of the algebra.

The system’s state vector |ψ (t )〉 evolves according to
the Schrödinger equation, i d

dt |ψ (t )〉 = Ĥ (t )|ψ (t )〉 [1], with
h̄ = 1 assumed. The time-evolution operator (TEO) relates
the initial state vector |ψ (to)〉 to the state at any latter time
via |ψ (t )〉 = Û (t, to)|ψ (to)〉. It also fulfills the initial condi-
tion Û (t → to, to) = 1̂, where 1̂ is the identity operator, and
evolves according to the operator Schrödinger equation

i
d

dt
Û (t, to) = Ĥ (t )Û (t, to). (3)

Since Ĥ (t ) lies in a Lie algebra, the corresponding TEO
belongs to the associated Lie group and can be written in
one of two main forms. The first, due to Magnus [2,3], is the
unfactorized representation, in which the TEO is expressed as
a single exponential

Û (t ) = exp

(
L∑

l=1

λl (t )ĝl

)
, (4)

where λl (t ) ∈ C. To simplify the notation, we omit the initial
time argument from this point forward. The second is the
factorized representation, written as a product of exponentials

Û (t ) =
L∏

l=1

e�l (t )ĝl , (5)
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where �l (t ) ∈ C. The ordering of the exponentials in this
product affects the functional form of the coefficients �l (t ),
though not the operator itself. Note that the generators do not
need to be Hermitian, even if the Hamiltonian is required to
be Hermitian to guarantee a unitary evolution. This factor-
ized representation was developed by Wei and Norman in the
1960s [4,5] and has proven particularly useful for computing
the quantum state vector and for interpreting the action of each
exponential component of the TEO—associated with a given
generator—on specific states.

The procedure to derive the coefficients �l from the
Hamiltonian coefficients ηl is known as the Wei-Norman
method (WNM), yielding the Wei-Norman equations and the
exact TEO. Conversely, extracting �l from the coefficients λl

of the unfactorized representation is known as Wei-Norman
factorization, which leads to the so-called BCH-like relations
(BCH from Baker-Campbell-Hausdorff). For a given algebra,
both procedures result in structurally similar systems of non-
linear differential equations. Their solution depends on the
chosen basis for expressing the algebra—that is, the specific
set of generators—and their structure is influenced by the
ordering of the exponentials in the factorization. Notably, the
Wei-Norman framework is fully analytic, requiring no numer-
ical or perturbative approximations.

While the factorized representation is globally valid for
all solvable Lie algebras, there is no such guarantee for
semisimple Lie algebras, where finding an optimal basis to
simplify the problem is often nontrivial. Fortunately, for all
classical simple Lie algebras, which are relevant to this work,
a Cartan-Weyl basis provides a globally valid solution, in
which the Wei-Norman equations take the form of a hierarchy
of block-decoupled matrix Riccati equations [6,7]. Given the
wide range of physical and mathematical systems described
by such algebras, the WNM—also known as the decoupling
or disentangling method—has emerged as a paradigmatic ap-
proach for obtaining exact group dynamics under arbitrary
time-dependent modulation of the algebra vectors. Applica-
tions of this method span a wide range of fields, including
optimal control [8–10], quantum dynamics [11–16], and,
more recently, the study of open quantum systems [15]. A
comprehensive tutorial covering the phase-space formulation
and applications in quantum optics can be found in Ref. [17].

Despite these advantages, applying the WNM to high-
order quantum systems (L � 6 [18]) remains challenging,
mainly due to the rapid growth of the algebraic order as
the group dimension grows. For instance, the special unitary
group SU(N ) has L = N2 − 1 generators in its associated
algebra su(N ). Consequently, the number of Wei-Norman
equations required to determine the TEO grows substantially,
eventually rendering the derivation and manipulation of these
equations infeasible by hand. Furthermore, if one wishes to
compute the TEO using a different ordering of exponentials or
an alternative basis, the entire derivation must typically be re-
done from scratch [19]. When only an approximate evolution
is required, methods such as the Suzuki-Trotter decomposition
[20] or the Magnus expansion [3] are commonly employed.
However, these approaches generally fail to fully exploit the
underlying algebraic structure of the dynamics, limiting their
ability to reveal scaling laws or to obtain closed-form analyti-
cal solutions.

To overcome these and other limitations involving high-
dimensional applications, we introduce symdyn, a Python
library that automates the WNM. To the best of our knowl-
edge, no open-source tool currently offers this capability. In
addition to computing the Wei-Norman equations, the library
automates the evaluation of nested commutators and nested
similarity transformations, enabling the calculation of time
evolution of any smooth function of the generators in the
Heisenberg picture.

This paper is organized as follows: In Sec. II, we present
the WNM in detail, emphasizing key results relevant to its au-
tomation. We focus on the computation of the time derivative
of a Lie group element, which is central to the Wei-Norman
framework, and examine the impact of basis choice. Mean-
while, we analytically recover nontrivial results for quantum
systems associated with the low-order Lie algebras su(1, 1),
su(2), sl(2), and so(2, 1) [21,22], relevant to models including
the time-dependent harmonic oscillator and qubit dynamics.
We conclude with the derivation of two SU(2) gates essen-
tial in a configuration for universal quantum computing. In
Sec. III, we demonstrate symdyn’s power and versatility in
dealing with high-order quantum systems by deriving the
Wei-Norman equations for a system of two coupled time-
dependent harmonic oscillators with time-dependent coupling
[23]. This example also serves as a practical guide to using
symdyn. In Sec. IV we specialize our results to SU(N ) using a
generic Cartan-Weyl basis for its associated algebra, allowing
us to use the library for arbitrary N . We then apply our results
to SU(3) and SU(4), and complete the derivation of quantum
gates for universal quantum computation. We close with con-
clusions and perspectives in Sec. V.

To improve readability, we present below an explicit list of
the main results of our work.

Using the bases defined in Table I(a), we obtain
(i) Wei-Norman equations for the Lie algebras su(1, 1),

su(2), sl(2), and so(2, 1) [Eqs. (38)–(40)].
(ii) Explicit TEO for su(2) [Eq. (54)]. In the same subsec-

tion, we discuss why the Pauli basis cannot be used to obtain
a factorized TEO within the WNM.

(iii) BCH-like relations for the Lie algebras su(1, 1),
su(2), so(2, 1), and sl(2) [Eqs. (A12)–(A14)].

(iv) T gate derived from the explicit TEO of su(2)
[Eq. (58)].

(v) Hadamard gate derived from the explicit TEO of su(2)
[Eq. (60)].

For a system of two coupled time-dependent harmonic
oscillators with time-dependent coupling, we obtain

(i) Wei-Norman equations [Eqs. (64)–(74)].
Using the Cartan-Weyl basis defined in Sec. IV A, we

obtain
(i) Wei-Norman equations and explicit TEO for su(2)

[Eqs. (79)–(82)].
(ii) Wei-Norman equations and explicit TEO for su(3)

[Eqs. (91)–(99)]. In the same subsection, we discuss why the
Gell-Mann matrices cannot be used as a basis to obtain a
factorized TEO within the WNM.

(iii) Wei-Norman equations and explicit TEO for su(4)
[Eqs. (E3)–(E18)].

(iv) CNOT gate derived from the explicit TEO of su(4)
[Eq. (100)].
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II. WEI-NORMAN METHOD AS AN ALGORITHM

Here, we present a comprehensive and detailed treatment
of the WNM, highlighting key results that enable its au-
tomation. For simplicity, we refer to quantum systems whose
Hamiltonians are Lie vectors as quantum Lie systems (QLSs),
with the system’s order determined by the number of genera-
tors, i.e., the algebraic order L.

To make the calculation of the time derivative of Eq. (5)—a
central step in the Wei-Norman framework—more intuitive,
we introduce a graphical representation of the structure con-
stants arranged as a tensor. To illustrate the capabilities
of the WNM, we analytically obtain similarity transforma-
tions, BCH-like relations, and the Wei-Norman equations for
QLSs associated with the algebras su(1, 1), su(2), sl(2), and
so(2, 1). We then use su(2) as a case to study the usage
of the WNM in a suitably chosen basis. Further, we show
how the formalism can be used to construct the Hadamard
and T gates, fundamental components in a configuration for
universal quantum computing.

We emphasize that the objective of the WNM is to derive
the Wei-Norman equations for QLSs whose Hamiltonians
satisfy [Ĥ (t ), Ĥ (t ′)] �= 0 and involve at least two algebra
generators (L � 2). In the case L = 1, Eqs. (4) and (5) co-
incide, implying [Ĥ (t ), Ĥ (t ′)] = 0, and thus there is nothing
to factorize. More generally, when a Hamiltonian with L � 2
commutes with itself at different times, the TEO can be com-
puted straightforwardly as [1]

Û (t ) = exp

(
−i

∫ t

0
dt ′Ĥ (t ′)

)
, (6)

where we have set to = 0.

A. Derivative of a factorized Lie group element

At the heart of the WNM is the fact that the derivative of
an element of a Lie group in its factorized representation can
be written as a Lie vector multiplied by the element itself. We
show below that to obtain this vector it is necessary to com-
pute the set of all possible similarity transformations between
the generators. Furthermore, we show how these results can
be obtained systematically.

Without any loss of generality, let us consider for the prod-
uct in Eq. (5) the ordering

Û = e�1ĝ1 e�2 ĝ2 · · · e�LĝL , (7)

where we have omitted the temporal dependence in the argu-
ment of the coefficients for simplicity of notation. We shall
do that along the text whenever there is no risk of confusion.
Using the product rule, and that eθ Âe−θ Â = e−θ Âeθ Â = 1̂ for
arbitrary Â and θ ∈ C, it is straightforward to show that

d

dt
Û = (

�̇1e�0 ĝ0 ĝ1e−�0 ĝ0

+ �̇2e�0 ĝ0 e�1ĝ1 ĝ2e−�1ĝ1 e−�0 ĝ0 + · · ·
+ �̇Le�0 ĝ0 · · · e�L−1ĝL−1 ĝLe−�L−1ĝL−1 · · · e−�0 ĝ0

)
Û ,

(8)

where we defined �0 ≡ 1 and ĝ0 ≡ 1̂, and the overdot indi-
cates time derivative. Notice that, depending on the algebra,
one of the generators may be the identity again. We next show

that the above sum of nested similarity transformations, inside
the parentheses, is a Lie vector and calculate it explicitly.

1. Single similarity transformations

Initially, to calculate a single similarity transformation we
can use the well-known BCH lemma [24], which for two
arbitrary generators reads [1]

e�i ĝi ĝ j e−�i ĝi = ĝ j + �i[ĝi, ĝ j] + (�i )2

2!
[ĝi, [ĝi, ĝ j]]

+ (�i )3

3!
[ĝi, [ĝi, [ĝi, ĝ j]]] + · · ·. (9)

The nested commutators above correspond to derivatives of
the similarity transformation in Eq. (9) with respect to �i,
subsequently evaluated at �i = 0 [25]. More specifically, if
we introduce the linear operator adĝi as

(adĝi )
nĝ j ≡ dn

(
e�i ĝi ĝ j e−�i ĝi

)
d (�i )n

∣∣∣∣
�i=0

, (10)

with (adĝi )0ĝ j ≡ ĝ j , then we can write a single commutator
as

(adĝi )ĝ j = [ĝi, ĝ j], (11)

and the powers of this operator will indicate the number of
commutators that are nested. For instance,

(adĝi )
3ĝ j = [ĝi, [ĝi, [ĝi, ĝ j]]]. (12)

With this definition, the right-hand side of Eq. (9) is written
more compactly,

e�i ĝi ĝ j e−�i ĝi = (e�iadĝi )ĝ j . (13)

Using the definition in Eq. (2), nested commutators can be
written in terms of the structure constants as

(adĝi )ĝ j =
L∑

l=1

γ l
i j ĝl ,

(adĝi )
2ĝ j =

L∑
l=1

L∑
s1=1

γ
s1
i j γ l

is1
ĝl ,

(adĝi )
3ĝ j =

L∑
l=1

L∑
s1=1

L∑
s2=1

γ
s1
i j γ

s2
is1

γ l
is2

ĝl , (14)

and so on. Notice that the structure constants satisfy γ l
i j =

−γ l
ji, γ l

i j = 0 for i = j, and γ l
0 j = γ l

i0 = 0, as the identity
commutes with all the elements of the group. Also noticed
that nested commutators are also Lie vectors.

To help with the calculation of nested commutators, we
introduce the structure tensor γ , whose components are the
structure constants γ l

i j . The two covariant components identify
the generators involved in the commutator, and the contravari-
ant component indicates which generator of the resulting Lie
vector it is the coefficient of. This tensor can be viewed as
the ordered set of all Lie vectors resulting from the commu-
tators between all the generators of the algebra, and can be
represented as in Fig. 1, where each vertical layer is a skew-
symmetric matrix corresponding to l = 1, 2, . . . , L, with i
indexing its rows and j its columns.
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FIG. 1. Representation of the structure tensor γ and its top trans-
verse matrix ϒ1.

Thus, γ contains all the relevant information about the al-
gebra for a particular ordering of the exponential generators in
the factorized representation. Changing this ordering involves
reordering the entries of γ . Each value of i = 1, 2, . . . , L
determines an L×L (transverse) matrix in γ , formed by the set
of Lie vectors resulting from the commutator between the ith
generator and each of the generators of the algebra, including
itself. We define the set of these matrices as {ϒi}L

i=1, and
choose, for future convenience, to index their rows by j and
their columns by l . This is a slightly different but equivalent
definition to that in Ref. [26]. The jth row of ϒi contains the
coefficients of the Lie vector resulting from the commutator
between the ith and the jth generator of the algebra, and
therefore is null when j = i. For instance, the matrix corre-
sponding to ϒ1 is the one at the top of γ , as indicated in Fig. 1,
having its first row null. Using this definition it can be inferred
from Eqs. (14) that nested commutators are equivalent to the
powers of ϒi [27]. More specifically [28],

(adĝi )
mĝ j =

L∑
l=1

((ϒi )m) jl ĝl . (15)

This implies that we can write a similarity transformation as

(e�iadĝi )ĝ j =
L∑

l=1

bi
jl ĝl , (16)

where we defined

bi
jl ≡

∞∑
m=0

(�i )m

m!
((ϒi )m) jl = (e�iϒ

i

) jl , (17)

for i, j � 1. We also define b0
jl ≡ δ jl and (e�iadĝi )ĝ0 = ĝ0,

where δ is the Kronecker delta. It must be noted that bi
jl are the

components of a tensor made of all Lie vectors resulting from
all possible similarity transformations between the generators
of the algebra, with a coefficient multiplying the generator
in the exponential. We will refer to this tensor as b, with
component matrices {bi}L

i=1, so that

bi = e�iϒ
i

, (18)

with b0 the L×L identity matrix. The calculation of a partic-
ular similarity transformation is now reduced to selecting a
row ( j index) of a b matrix (i index), and identify its entries
(l index) with the components of the resulting Lie vector. We
shall call b as the BCH tensor, and bi as the BCH matrices.

Let us stress the importance of the BCH tensor by cal-
culating it for the Lie algebras su(1, 1), su(2), sl(2), and
so(2, 1). There are many prominent physical quantum sys-
tems associated with these algebras of order three. For
instance, a time-dependent qubit, belonging to the Lie algebra
su(2) [30], or a time-dependent quantum harmonic oscillator,
belonging to the Lie algebra su(1, 1) [31–33], being funda-
mental systems of great importance in many fields of physics
[14,15,34–45], allowing for the exploration of effects such
as squeezing [46,47] and spin inversion [48,49], both crucial
for advancing quantum technologies. Even some models for
coupled harmonic oscillators, coupled spins or coupled two-
photon lasers can also be associated with these algebras [50].
Moreover, they can be parameterized to be worked out within
an unified way, as we show in Table I. There, the commutators
between the algebra generators are given in Table I(a), while
parameters ε and υ allow to specify the algebra, as indicated
in Table I(b). Table I(a) is therefore a compact way of writing
the structure tensor, and will be called a structure table. Recall
that transverse matrices ϒi can be rapidly deduced from the
commutators between the generators. Using Table I(a), these
matrices are calculated directly to be

ϒ1 =
⎡
⎣ 0 0 0

−υ 0 0
0 −2ε 0

⎤
⎦, ϒ2 =

⎡
⎣υ 0 0

0 0 0
0 0 −υ

⎤
⎦,

ϒ3 =
⎡
⎣0 2ε 0

0 0 υ

0 0 0

⎤
⎦. (19)

It can be noted that matrices ϒ1 and ϒ3 are nilpotent of de-
gree 3, once (ϒ1)3 = (ϒ3)3 = 0. Thus, to calculate the BCH
matrices we only need to compute up to their squares

(ϒ1)2 =
⎡
⎣ 0 0 0

0 0 0
2ευ 0 0

⎤
⎦, (ϒ3)2 =

⎡
⎣0 0 2ευ

0 0 0
0 0 0

⎤
⎦.

(20)

TABLE I. (a) Structure table for the Lie algebras su(1, 1), su(2),
sl(2), and so(2, 1). Each entry of its inner 3×3 (structure) matrix
corresponds to the Lie vector resulting from the ordered commutator
between the generator at the left with the one at the top. Parameters
ε and υ allow to specify the algebra as indicated in part (b).

(a) (b)

ĝ1 ĝ2 ĝ3 Lie algebra ε υ

ĝ1 0 −υĝ1 −2εĝ2 su(1, 1) 1 1
ĝ2 υĝ1 0 −υĝ3 su(2) −1 1
ĝ3 2εĝ2 υĝ3 0 sl(2) −1/2 2

so(2, 1) i/2 i

013078-4
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On the other hand, ϒ2 is diagonal, and then is direct that

(ϒ2)m =
⎡
⎣(υ )m 0 0

0 0 0
0 0 (−υ )m

⎤
⎦. (21)

Finally, for any transverse matrix we have

(ϒi )0 =
⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦. (22)

Using the above results and Eq. (18), we can calculate the
BCH matrices as

b1 =
⎡
⎣ 1 0 0

−υ�1 1 0
ευ(�1)2 −2ε�1 1

⎤
⎦,

b2 =
⎡
⎣eυ�2 0 0

0 1 0
0 0 e−υ�2

⎤
⎦,

b3 =
⎡
⎣1 2ε�3 ευ(�3)2

0 1 υ�3

0 0 1

⎤
⎦. (23)

As mentioned before, any similarity transformation in the
algebra can be now easily calculated. For instance,

(e�1adĝ1 )ĝ2 =
L∑

l=1

b1
2l ĝl = −υ�1ĝ1 + ĝ2, (24)

corresponding with the second row of b1 in Eq. (23). It is
important to note that the BCH matrices must be explic-
itly computed to proceed with the subsequent steps of the
method, and their computation depends on the specific alge-
bra under consideration. Fortunately, there are many different
techniques and frameworks to calculate matrix exponentials
(see, for instance, Refs. [26,51–53]). For our numerical cal-
culations we use sympy [54]. Moreover, by using a suitable
basis [6,7], as we will show in Sec. II B 1, we can expect
transverse matrices to be nilpotent or diagonal, simplifying
the calculation of their powers as in the above example.

2. Nested similarity transformations

Now that we have shown how the set of single similarity
transformations can be computed, we can move on to com-
pute nested similarity transformations. Using Eq. (16), it is
straightforward to show that r ordered [as in Eq. (7)] nested
similarity transformations can be expressed as

r∏
i=0

(e�iadĝi )ĝ j =
L∑

l=1

βr
jl ĝl , (25)

for r ∈ {1, 2, . . . , L}, where we have defined

βr
jl ≡

L∑
s1=1

L∑
s2=1

· · ·
L∑

sr−1=1

br
js1

br−1
s1s2

· · · b2
sr−2sr−1

b1
sr−1l

= (brbr−1 · · · b1) jl . (26)

Additionally, any sequence of nested similarity transforma-
tions, not necessarily ordered, can be also computed by simply
multiplying specific BCH matrices.

Coming back to Eq. (8), using Eq. (13) it can be put in the
form

d

dt
Û =

L∑
n=1

�̇n

(
n−1∏
i=0

(e�iadĝi )ĝn

)
Û . (27)

The expression within the parentheses with the help of
Eq. (25) becomes

n−1∏
i=0

(e�iadĝi )ĝn =
L∑

l=1

ξnl ĝl , (28)

where we defined ξnl ≡ βn−1
nl as the elements of the matrix ξ,

namely,

ξnl = (bn−1bn−2 · · · b1)nl . (29)

Notice that the nth row of ξ equals the nth row of the resulting
ordered product of the first n − 1 BCH matrices. We shall call
ξ the coupling matrix, for reasons that will become clear later.
Using the above results, we can finally write Eq. (27) as

d

dt
Û =

(
L∑

l=1

L∑
n=1

�̇nξnl ĝl

)
Û , (30)

and thus we have shown that the derivative of a Lie element in
the factorized representation is given by an explicit Lie vector
(inside the parenthesis) times the element itself.

For clarity, let us calculate the coupling matrix for the low-
order Lie algebras we have been working with. From Eqs. (23)
and (29), the following results are straightforward: The first
row of ξ is the same as the first row of b0, that is, the first row
of the identity; the second row of ξ is the same as the second
row of b1; and the third row of ξ is the same as the third row
of the resulting matrix b2b1, a product that can be calculated
using Eqs. (23) as

b2b1 =

⎡
⎢⎢⎣

eυ�2 0 0

−υ�1 1 0

ευ (�1 )2

eυ�2
−2ε �1

eυ�2

1
eυ�2

⎤
⎥⎥⎦. (31)

Using the above results, we finally obtain

ξ =

⎡
⎢⎢⎣

1 0 0

−υ�1 1 0

ευ (�1 )2

eυ�2
−2ε �1

eυ�2

1
eυ�2

⎤
⎥⎥⎦. (32)

Notice that the determinant of the above coupling matrix is
det |ξ| = exp(−υ�2) , and it vanishes in the limit �2 → ∞.
Next, we will see the importance of calculating the determi-
nant of the coupling matrix and the role of the basis in the
usefulness of the method.

B. TEO coefficients and an appropriated basis

In the previous section, we calculated the specific Lie
vector that determines the ratio between the derivative of a
Lie element in the factorized representation and the element
itself. For QLSs, such a vector must be proportional to the
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Hamiltonian. More specifically, using Eqs. (1) and (30) in
Eq. (3), we obtain

L∑
l=1

ηl ĝl = i
L∑

l=1

L∑
n=1

�̇nξnl ĝl , (33)

and considering that the generators are linearly independent,
we must have

ηl = i
L∑

n=1

�̇nξnl , (34)

which is a set of time-dependent coupled differential equa-
tions with the initial conditions {�n = 0}L

n=1 at t = 0. It can
be written in matrix form as

η︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎣

η1(t )

η2(t )
...

ηL(t )

⎤
⎥⎥⎥⎥⎥⎦ = i

ξ
T︷ ︸︸ ︷⎡

⎢⎢⎢⎢⎢⎣
ξ11 ξ21 . . . ξL1

ξ12 ξ22 . . . ξL2

...
...

. . .
...

ξ1L ξ2L . . . ξLL

⎤
⎥⎥⎥⎥⎥⎦

�̇︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎣

�̇1

�̇2

...

�̇L

⎤
⎥⎥⎥⎥⎥⎦ , (35)

where T indicates the transpose and we recall that all the
explicit time-dependence is in η. Now, it is clear why we
called ξ the coupling matrix. The global validity of the above
equations is only possible when ξ is invertible for all time,
a condition verifiable by calculating its determinant det |ξ|.
Nevertheless, there is always a local solution, as there exist
at least a neighborhood of t = 0 where ξ is invertible. This is
consequence from det |ξ| be an analytic function of the TEO
coefficients and det |ξ(t → 0)| = 1 [5].

Considering det |ξ| �= 0, we can go ahead and multiply by
the inverse of ξT from the left in the above equation to obtain

(ξT )−1η = i�̇, (36)

which is a system of block-decoupled [55] nonlinear differ-
ential equations known as the Wei-Norman equations. On the
other hand, if there are singularities in the coupling matrix,
i.e., values of the TEO coefficients for which det |ξ| = 0, the
global validity of the solution is not guaranteed. In fact, as
mentioned by Wei and Norman, to find a global solution the
choice of basis is critical [5]. In the next subsection, we will
return to this important point related to the usefulness of the
method. For now, as an example with a global solution let
us obtain the Wei-Norman equations for the four algebras we
have been working on.

Using Eq. (32) together with Eq. (35), we obtain directly

⎡
⎢⎣

η1(t )

η2(t )

η3(t )

⎤
⎥⎦ = i

⎡
⎢⎢⎣

1 −υ�1 ευ (�1 )2

eυ�2

0 1 −2ε �1

eυ�2

0 0 1
eυ�2

⎤
⎥⎥⎦

⎡
⎢⎢⎣

�̇1

�̇2

�̇3

⎤
⎥⎥⎦. (37)

As det |ξT | = det |ξ| = exp(−υ�2) , one can invert ξT for all
times except when �2 → ∞. Multiplying by (ξT )−1 from the
left in the above equation and then performing the matrix

TABLE II. Structure table for the Lie algebra su(2) in the Pauli
basis.

ĝ
1

ĝ
2

ĝ
3

ĝ
1

0 −ĝ
3

ĝ
2

ĝ
2

ĝ
3

0 −ĝ
1

ĝ
3

−ĝ
2

ĝ
1

0

product, we obtain the Wei-Norman equations of the system

�̇1 + ευ(iη3)(�1)2 + υ(iη2)�1 + iη1 = 0, (38)

�̇2 + 2ε(iη3)�1 + iη2 = 0, (39)

�̇3 + (iη3)eυ�2 = 0. (40)

Equation (38) represents four families of time-dependent
complex Riccati equations, each associated with one of the
Lie algebras we are considering. The other two equations are
solved by quadrature after solving this previous one. The
above results are in agreement with the differential equa-
tions obtained for su(1, 1), su(2), and so(2, 1) QLSs in
Ref. [22] [see Eqs. (8)–(10) there, taking into account that
they considered ln �2 as the coefficient of ĝ2], and such for the
sl(2) QLS established in Ref. [21] [see Eqs. (54)–(56) there].

Although the general time-dependent complex Riccati
equation has no analytical solution for the general time-
dependent case [56], Eq. (38) can be solved recursively and
implemented numerically efficiently using the composition
property of the TEO and the analytical solution of the time-
independent case [22]. In Appendix A, we use this solution
of the time-independent case to obtain BCH-like relations
for the above algebras, while showing how the Wei-Norman
factorization is carried out. In particular, BCH-like relations of
su(2) will be used to calculate two important one-qubit gates
in Sec. II C as a confirmation of our results. Let us now explore
the issue of the choice of basis to obtain a global solution.

1. Decoupling in an appropriate basis

To illustrate the impact of choosing an appropriate basis
on the utility of the WNM, let us apply the method for su(2)
QLSs but this time using the Pauli matrices as a basis, which
is the usual basis for working with qubits. More specifically,
we consider the generators: ĝ

j
= i

2 σ̂ j ( j = 1, 2, 3), where

σ̂1 =
[

0 1
1 0

]
, σ̂2 =

[
0 −i
i 0

]
, σ̂3 =

[
1 0
0 −1

]
(41)

are the Pauli matrices. The idea is to obtain the Wei-Norman
equations for the coefficients of the TEO

Û = e�1ĝ
1 e�2 ĝ

2 e�3ĝ
3 , (42)

corresponding to a given Hamiltonian in this basis

Ĥ = ς1ĝ
1
+ ς2ĝ

2
+ ς3ĝ

3
. (43)

The well-known commutation relations for Pauli matrices
[σ j, σk] = 2i

∑3
l=1 ε jklσl , where ε jkl is the Levi-Civita sym-

bol, allow us to build the structure table of the system (see
Table II), and with it the structure tensor. From the latter, one
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can calculate the corresponding coupling matrix, which is

ξP =
⎡
⎣ 1 0 0

0 cos (�1) − sin (�1)
− sin (�2) sin (�1) cos (�2) cos (�1) cos (�2)

⎤
⎦.

(44)

Its determinant is given by det |ξP| = cos (�2) , so it has
singularities at �2 = π (n + 1/2) , with n ∈ Z. The coupling
matrix (as well as its transpose) is therefore noninvertible for
all times, and then this solution is not global. Although the
inverse of the coupling matrix can be computed as

ξ−1
P

=
⎡
⎣ 1 0 0

sin (�1) tan (�2) cos (�1) sin (�1) sec (�2)
cos (�1) tan (�2) − sin (�1) cos (�1) sec (�2)

⎤
⎦,

(45)

it does exist for all values of �l except in the mentioned peri-
odic singularities [57]. Besides, using the above equation and
Eq. (36) we can calculate the corresponding Wei-Norman
equations

�̇1 + i tan (�2)[ς2 sin (�1) + ς3 cos (�1)] + iς1 = 0, (46)

�̇2 + i[ς2 cos (�1) − ς3 sin (�1)] = 0, (47)

�̇3 + i sec (�2)[ς2 sin (�1) + ς3 cos (�1)] = 0, (48)

which remain coupled, and decoupling is not evident. Ac-
cordingly, we cannot obtain a global factorized version of the
TEO, as in Eq. (42), using the Pauli matrices as the generators
of su(2), either starting with an unfactorized version of the
TEO, or with a Hamiltonian in this basis. Nevertheless, a
simple change of basis, as anticipated by Wei and Norman,
can change everything. If we define ladder operators ĝ1 ≡
σ̂+ = 1

2 (σ̂1 + iσ̂2) and ĝ3 ≡ σ̂− = 1
2 (σ̂1 − iσ̂2), together with

ĝ2 = 1
2 σ̂3, then the algebra falls in the commutation relations

for su(2) given in Table I(a), and consequently the TEO can
be expressed as

Û = e�1ĝ1 e�2 ĝ2 e�3ĝ3 , (49)

where �1, �2, and �3 are given by Eqs. (38)–(40) with ε =
−1 and υ = 1. Further, we can calculate the TEO in terms
of the Pauli matrices as follows. From their definitions and
Eq. (41), it can be shown that ĝ1 and ĝ3 are nilpotent of degree
2, and therefore

e�1ĝ1 = 1̂ + �1

2
(σ̂1 + iσ̂2), e�3ĝ3 = 1̂ + �3

2
(σ̂1 − iσ̂2).

(50)

On the other hand,

e�2 ĝ2 =
∞∑

n=0

1

n!

(
�2

2

)n

(σ̂3)n

= cosh

(
�2

2

)
1̂ + sinh

(
�2

2

)
σ̂3, (51)

where we have used that σ̂ 2
i = 1̂ for i = 1, 2, 3. Substituting

Eqs. (50) and (51) in Eq. (49), it is straightforward to show

that

Û = e− �2
2

2
((e�2 + 1 + �1�3)1̂ + (�1 + �3)σ̂1

+ (�1 − �3)σ̂2 + (e�2 − 1 + �1�3)σ̂3), (52)

where we have used the well-known property of the Pauli
matrices σ̂ j σ̂k = δ jk 1̂ + i

∑3
l=1 ε jkl σ̂l .

Now, using Eq. (41) we can compute the TEO in its explicit
matrix form as

Û = e− �2
2

[
e�2 + �1�3 �1

�3 1

]
, (53)

which satisfies det |Û | = 1. Notice that we could have com-
puted the TEO in the above explicit form by directly
substituting the generators in their matrix form into Eq. (49),
then computing the matrix exponentials and finally doing their
products. This direct way of computing the TEO will be used
when working with higher-order algebras.

To guarantee the unitarity of the TEO in Eq. (53), we de-
duced the correspondent constraints in Appendix B. Writing
the TEO coefficients in its polar form �1 = |�1|eiϕ1 , �2 =
|�2|eiϕ2 , and �3 = |�3|eiϕ3 , the three constraints we ob-
tained are |�3| = |�1|, eRe(�2 ) = 1 + |�1|2, and eiIm(�2 ) =
−ei(ϕ1+ϕ3 ) . Using the above results, we can rewrite Eq. (53) as

Û = 1√
1 + |�1|2

[−ei(ϕ1+ϕ3 ) |�1|eiϕ1

|�1|eiϕ3 1

]
, (54)

where we have disregarded the global phase. Notice the de-
pendence on the three real parameters |�1|, ϕ1, and ϕ3.

We have shown that changing the basis of the Pauli ma-
trices to that of ladder operators yields an invertible coupling
matrix for all times in su(2) QLSs, allowing us to explicitly
calculate the TEO. This has been possible because the bases
we defined for the algebras in Table I(a) are Cartan-Weyl
bases, and they naturally align with the root structure of the
Lie algebra. Moreover, according to Wei and Norman (theo-
rem 5 in Ref. [5]), when working with semisimple algebras,
which have no nontrivial solvable ideals, this kind of decom-
position serves to guarantee an invertible coupling matrix.

To construct a Cartan-Weyl basis (CWB) for a semisimple
Lie algebra, one typically begins by selecting a Cartan sub-
algebra, which is a maximal abelian subalgebra. It is usual
to choose diagonal matrices as its generators. The next step
is to construct the associated root spaces, whose elements
(equivalent to raising and lowering operators) are Lie vectors
proportional to themselves when their commutators with the
elements of the Cartan subalgebra are calculated. The pro-
portionality constants are known as roots, and they come in
pairs with opposite sign. In our previous example for su(2), ĝ1

and ĝ3 can be identified with root vectors from different root
spaces, with roots +1 and −1, respectively, and ĝ2 is the only
element of the Cartan subalgebra. The above is not intended
to be a formal definition but rather a practical description of a
CWB. For an explicit definition we suggest Ref. [58], and for
a formal definition we suggest Refs. [59,60]. In Sec. III, we
build a generic CWB for the Lie algebra su(N ), going a bit
deeper into this practical description.

A CWB decomposition within the WNM provides both
theoretical and computational advantages for classical simple
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algebras [6,7]. From the theoretical side, the CWB extends the
familiar ladder-operator formalism of the harmonic oscillator
and spin-1/2 systems to arbitrary-dimensional classical Lie
algebras. It decomposes the algebra into commuting Cartan
generators and pairs of raising and lowering operators as-
sociated with each root, naturally organizing its structure in
terms of transitions between weight states. From the com-
putational side, all matrix exponentials required to compute
the BCH matrices [see Eq. (18)] reduce to polynomials,
which are straightforward to evaluate. This simplification oc-
curs because the matrices associated with each root subspace
are strictly upper or lower triangular, and thus nilpotent,
while the generators belonging to the Cartan subalgebra
are block diagonal. This behavior is clearly exhibited in
Eqs. (19)–(21), for instance. Furthermore, when the TEO is
expressed as the exponential of the positive (or negative)
root, followed by the exponential of the Cartan subalgebra,
and then the exponential of the negative (or positive) root,
the Wei-Norman equations acquire the form of a system of
block-decoupled nonlinear differential equations exhibiting
a hierarchical structure of coupled Riccati equations in the
case of high-order QLSs, or a single Riccati equation for
low-order QLSs as in Eq. (38). We will observe this struc-
ture clearly in the following sections, when working with
time-dependent coupled harmonic oscillators in Sec. III A and
su(N ) in Sec. IV.

Next, we will evaluate and use our solution of Eq. (54) in
the construction of two important one-qubit quantum gates.

C. H and T single-qubit gates

Universal quantum computation can be achieved using the
one-qubit Hadamard and T gates, along with the two-qubit
CNOT gate [61–63]. Here we test and use our solution in
Eq. (54) to demonstrate the construction of the one-qubit
mentioned gates.

We consider the time-independent Hamiltonian of a qubit
driven by a laser (or a microwave for nuclear magnetic reso-
nance) that has detuning � and intensity �

Ĥ = �

2
σ̂1 + �

σ̂3

2
. (55)

First, recalling that ĝ1 = 1
2 (σ̂1 + iσ̂2), ĝ3 = 1

2 (σ̂1 − iσ̂2), and
ĝ2 = 1

2 σ̂3, we can write σ̂1 = ĝ1 + ĝ3 and put the Hamilto-
nian in the CWB of the previous section, so we can identify
η1 = η3 = �/2 and η2 = �. The qubit state evolves with the
differential equation

d

dt
〈σ̂〉 = P × 〈σ̂〉, (56)

where P = (�, 0,�)T is a precession vector, and 〈σ̂〉 =
(〈σ̂1〉, 〈σ̂2〉, 〈σ̂3〉)T is the Bloch vector [64], with 〈σ̂i〉 indicat-
ing the expected value of operator σ̂i. The T gate is realized
by setting the precession vector pointing to the +z direction
in the Bloch sphere, and carrying out 1/8 of a revolution. This
is done by setting � = 0. Further, recalling that the Hamilto-
nian in Eq. (55) is time-independent, the TEO can directly
be calculated in the unfactorized representation of Eq. (4),
allowing us to identify λ j = −iη jt , with j = 1, 2, 3. Using the
BCH-like equations [Eqs. (A12)–(A14)], we get for the T gate

�1 = �3 = 0 and �2 = −it�, where t is the application time
of the Hamiltonian, which should be sufficient to carry out one
eighth of a revolution, i.e. t = π/(4�). Accordingly, using the
unitarity constraints we get |�1| = |�3| = Re(�2) = 0 and
Im(�2) = −π/4. Replacing these results in Eq. (54) shows
that

ÛT =
[

e−iπ/4 0
0 1

]
, (57)

or, multiplying by the global phase eiπ/4, we obtain the canon-
ical representation of the T gate:

ÛT =
[

1 0
0 eiπ/4

]
. (58)

The Hadamard gate H is realized by pointing the preces-
sion vector to the direction (1,0,1), i.e., by setting � = �.
This implies that λ1 = λ3 = λ2/2 := λ. Replacing this in
Eqs. (A12)–(A14) we obtain

�1 = sinh(
√

2λ)√
2 cosh(

√
2λ) − sinh(

√
2λ)

. (59)

The application time is t = π/(
√

2�), meaning that λ =
−iπ/(2

√
2), which implies that �1 = �3 = −1 and �2 =

ln 2 − iπ . Accordingly, using the unitarity constraints we get
|�1| = |�3| = 1 and eiϕ1 = eiϕ3 = −1. Replacing these re-
sults in Eq. (54) shows that

ÛH = 1√
2

[−1 −1
−1 1

]
, (60)

which is the Hadamard matrix up to a global phase of eiπ . The
obtainment of the above quantum gates can be understood as
a confirmation of our results.

Although recovering the σ̂3 gate using Eq. (54) is straight-
forward, we note that for the other two individual gates,
those proportional to σ̂1 and σ̂2, it requires considering the
limit in which the coupling matrix is singular �2 → ∞
[see Eq. (37)]. However, this limit can be carefully computed
and the mentioned gates can be recovered, as we show in the
Appendix C. Moreover, it is well-known that specific products
of the Hadamard and T gates give rise to these gates. Finally,
recall that the computation of time-dependent single gates is
direct using Eq. (6).

III. Symdyn

In this section, we demonstrate the power and flexibility
of our library in dealing with high-order QLSs, by get-
ting key results of the WNM for a quantum system of
two coupled time-dependent harmonic oscillators with time-
dependent coupling. This example also serves to illustrate the
practical use of symdyn. We point out that all analytical results
of the previous section were computationally recovered using
the library, validating it for low-order algebras. The reader
can find setting up instructions and examples, including those
contained in this work, in our repository at [65].

Let us begin by summarizing the key results of the WNM,
corresponding to the shadow boxes of the flowchart in Fig. 2.
The transparent ones indicate the interaction between the user
and symdyn. As it can be seen, sometimes the user must
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FIG. 2. Flowchart of the WNM.

specify the objects involved in the calculation to obtain the
desired information, and other times only needs to request the
information. Be aware that the last two steps of the flowchart
are only possible depending on the chosen basis of the Lie
Algebra with which you are working.
Symdyn’s main class is called Algebra, which can be im-
ported in Python as follows:

from symdyn.algebra import Algebra

To instantiate an Algebra, a structure tensor object must be
passed. The user will have two ways to define the structure
tensor. In case the generators are finite matrices, the user
can input them one by one, and ask symdyn to compute the
corresponding commutators to build γ for a specific ordering
of the basis. We will explore this option for SU(3) in Sec. IV.
The other option is to input the structure tensor γ directly, as
we show in the following example.

A. Two time-dependent coupled harmonic oscillators

The quantum harmonic oscillator is one of the most impor-
tant systems in quantum physics. As already mentioned, its
time-dependent version allows the study of squeezing, which
consists in reducing the uncertainty of one of the quadratures
of the oscillator below the value for coherent states (for the
other quadrature, the uncertainty increases accordingly) by
using the nonadiabatic variation of the oscillator parameters
(mass and frequency). This effect is relevant in many fields
of physics [46,66–86], and useful to enhancing the sensitiv-
ity of several systems [87,88], including telecommunications
[89–91] and the detection rate at LIGO [92–94].

Our first high-order QLS consist of two time-dependent
harmonic oscillators coupled with a time-dependent coupling.
The most general case involves a total of 15 generators and

all time-dependent physical parameters [95]. A simplified
version of this problem was recently solved using the WNM
together with a numerical approach by Ramos-Prieto et al.
[23], in the context of effective approaches to the dynamical
Casimir effect. The system consists of a one-dimensional cav-
ity with a moving mirror in one boundary and two coupled
modes of the electromagnetic field inside [96]. They reduced
the number of generators to 11 by ignoring terms proportional
to single ladder operators of each mode. In our development,
we hold this reduction for the simplicity of the expressions.
The effective Hamiltonian of the system can be written as

Ĥ (t ) =
11∑

l=1

ηl (t )ĝl , (61)

where the coefficients are functions of the physical parameters
of the system and the generators are bilinear products of
ladder operators of each mode (see Appendix D), forming a
CWB for the system.

Our first step is to calculate the structure tensor, which can
be deduced from the structure table of the system (Table III).
Notice that some commutators are proportional to a linear
combination of two or more generators, unlike in our previous
examples where they were proportional to a single generator.
To encode γ in symdyn, one must initially define the algebraic
order L to create a zero-filled L×L×L tensor. For our current
system L = 11, and the code to generate it is

import numpy as np
gamma = np.zeros((11, 11, 11))

We then proceed to indicate the nonzero entries of each
transverse matrix. For instance, the top transverse matrix, cor-
responding to the first row of the structure matrix in Table III,
is encoded as
gamma[0, 4, 2] = -1
gamma[0, 5, 0] = -2
gamma[0, 7, 5] = -4
gamma[0, 7, 10] = -2
gamma[0, 9, 3] = -2

where it must be noticed that Python counts elements of
collections from zero. In this way, the first line in the above
code indicates that the entry correspondent to the commutator
between ĝ1 and ĝ5 (first two indexes) is proportional to ĝ3

(third index), with coefficient of proportionality −1. In case a
commutator is proportional to more than one generator, lines
(with the same first two indexes) must be written specifying
each generator with its proportionality coefficient. For ex-
ample, in the above code the third and fourth lines indicate
that the commutator between ĝ1 and ĝ8 is given by the linear
combination of the generators ĝ6 and ĝ11, with coefficients of
proportionality −4 and −2, respectively. Importantly, we just
need to fill the terms above (or below) the diagonal of the
structure matrix. Symdyn automatically calculates the missing
terms using the antisymmetry of the commutator. It is worth
noting that we can incorporate symbolic entries in γ . As an
example, for the low-order algebras of the previous section,
using Table I(a) we can code γ including ε and υ as

import sympy
epsilon = sympy.Symbol(‘‘\\epsilon’’)
upsilon = sympy.Symbol(‘‘\\upsilon’’)
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gamma[0, 1, 0] = -upsilon
gamma[0, 2, 1] = -2*epsilon
gamma[1, 2, 2] = -upsilon

Once γ has been introduced, we can initialize the Algebra
class as
algebra = Algebra(gamma)

To continue benchmarking the library, a single similarity
transformation, for instance e�2 ĝ2 ĝ4 e−�2 ĝ2 , can be calculated
using the code

algebra.get_similarity_transform(2, 4)

from which symdynwill return a tuple with both an expression
in LATEX and the resulting Lie vector. In this case we get

−2�2ĝ3 + ĝ4, (62)

as expected. Other complex calculations, as nested similarity
transformations of Lie vectors

(e�kadĝk )(e� j adĝ j ) · · · (e�iadĝi )
L∑

l=1

χl ĝl , (63)

where i, j, k ∈ {1, 2, . . . , L}, can also be calculated with
the library [97]. See our GitLab repository for further
details on the usage of this routine, available under
algebra.get_nested_similarity_transform.

The next key result of the WNM are the BCH matrices,
which are obtained using the code

b_matrices = algebra.b_matrices

displaying all possible similarity transformations between the
generators. Due to the size of these matrices, we prefer not
to show them explicitly here, although the reader can find
them in our repository. The next key result of the WNM is
the coupling matrix ξ, which is obtained using the code

algebra.xi_matrix

Although we will not explicitly show this matrix here for
the same reason than for the BCH matrices, we calculated it
together with the coupled equations resulting from Eq. (35) in
our library, which are obtained using the code

algebra.get_coupled_differential_equations()

These coupled equations agree with those in Ref. [23], so we
validate our numerical implementation for high orders.

We can go further and calculate the determinant of the
coupling matrix to find out if the solution is global. This is
done with the code
sympy.det(algebra.xi_matrix)

For our current system we obtain det |ξ| =
exp (−3(�6 + �7)), which verifies to be nonsingular for

all times except in the limit (�6 + �7) → ∞. Accordingly,
we can continue with the WNM in symdyn to obtain the
Wei-Norman equations [Eq. (36)]. This is done using the
code
algebra.get_decoupled_differential_equations()

which, for our current example, returns

i�̇1 = 4�2
1η8 + 2�1�3η10 + 2�1η6 + �2

3η9 + �3η4 + η1,

(64)
i�̇2 = 4�2

2η9 + 2�2�3η10 + 2�2η7 + �2
3η8 + �3η5 + η2,

(65)

i�̇3 = �2
3η10 + 4�3(�1η8 + �2η9) + �3(η6 + η7)

+2�2(2�1η10 + η4) + 2�1η5 + η3, (66)

i�̇4 = −�2
4(2�3η8 + 2�2η10 + η5) − 4�4(�2η9 − �1η8)

+�4(η6 − η7) + 2�3η9 + 2�1η10 + η4, (67)

i�̇5 = 2�4�5(2�3η8+2�2η10+η5) + 4�5(�2η9−�1η8)

+�5(η7 − η6) + 2�3η8 + 2�2η10 + η5, (68)

i�̇6 = −�4(2�3η8 + 2�2η10 + η5) + 4�1η8 + �3η10 + η6,

(69)

i�̇7 = �4(2�3η8 + 2�2η10 + η5) + 4�2η9 + �3η10 + η7,

(70)

i�̇8 = �2
5(�2

4η8 + �4η10 + η9)e2�6

+�5(2�4η8 + η10)e2�6 + η8e2�6 , (71)

i�̇9 = (
�2

4η8 + �4η10 + η9
)
e2�7 , (72)

i�̇10 = 2�5(�2
4η8 + �4η10 + η9)e�6+�7

+2�4η8e�6+�7 + η10e�6+�7 , (73)

i�̇11 = 2�1η8 + 2�2η9 + �3η10 + η11. (74)

Note that the first three equations form a block of coupled Ric-
cati equations, which once solved, allows solving the fourth
equation, which is also a Riccati equation. Finally, the rest
can be solved by quadrature. As we previously mentioned,
this hierarchy of Riccati equations is expected, provided the
basis of the Lie algebra is a CWB [6,7]. Also note that the
determinant of the coupling matrix is given by the exponential
of a linear combination of coefficients �6 and �7, being the
ones related with the generators of the Cartan subalgebra. To
the authors’ best knowledge, this is the first time that the above
equations have been calculated in its final form.

Finally, as mentioned before, changing the order for the
exponential generators in the TEO involves recalculating γ .
For instance, let us consider the new configuration for the
TEO of our current example

Û = e�1ĝ5 e�2 ĝ1 e�3ĝ2 e�4ĝ7 e�5ĝ11 e�6ĝ3 e�7ĝ4 e�8ĝ9 e�9ĝ6 e�10 ĝ8 e�11ĝ10 . (75)

To calculate the γ it must be introduced the code

new_ord = (5, 1, 2, 7, 11, 3, 4, 9, 6, 8, 10)
new_alg = algebra.change_generators_order(new_ord)
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This code swaps the rows, columns and layers of the initial
γ accordingly, and thus a new Algebra object with the new
structure tensor is created. After this, the user can obtain key
results of the WNM from the new γ in the same way we did
before.

We end this section by remarking that, once the Cartan-
Weyl decomposition yields exponentiation of finite-nilpotent
or diagonal matrices, the derivation of the Wei-Norman
equations—as well as all intermediate steps—are carried out
symbolically in sympy. In the next section, we specialize
our library to the Lie group SU (N ) and present an example
illustrating the direct introduction of finite matrix generators
into the library to configure the structure tensor of the system.

IV. SU (N)

Without a doubt, SU (N ) is one of the most important
groups in physics, playing a special role in quantum mechan-
ics, quantum field theory, and the standard model of particle
physics [98]. In particular, SU (2) and SU (3) describe key
aspects of particle interactions as isospin symmetry [1] and
the strong force among quarks and gluons [99], respectively.
Larger groups like SU (5) have been used to extend these
symmetries in attempts to unify all fundamental interactions
in grand unified theories [100].

In quantum computation, the role of SU (N ) is founda-
tional, as a mathematical framework for describing quantum
gates and transformations, and providing tools for error
correction and algorithms optimization [63,101,102]. For
qubit-based quantum computing, the special case where the
group dimension is a power of two (N = 2n) is considered,
with n indicating the number of qubits in the system. Indeed,
and as we showed in Sec. II C, the case n = 1 is the usual
algebra to describe a time-dependent qubit. On the other hand,
SU (3) has also been used to describe quantum computing but
with qutrits, which allow more efficient encoding of infor-
mation and computations [103–105]. Higher-order computing
with qudits, described by SU (d ), is also possible [106].

In this section, we present a generic CWB for su(N ) and
show how it can be leveraged in symdyn using su(2) as an
example (Sec. IV A). We then use the library to obtain some
key results of the method for SU (3) and SU (4), including the
TEO in its explicit matrix form. We use SU (3) to exemplify
the introduction of finite matrix generators into the library
(Sec. IV B), and finish by computing the CNOT gate, com-
pleting the gates needed for universal quantum computation
(Sec. IV C).

A. Generic CWB for su(N)

Here, we define a generic CWB for su(N ), allowing us
to apply the WNM in symdyn for an arbitrary N . Recall
that this algebra comprises L = N2 − 1 generators, which are
N×N traceless matrices. To establish a CWB, we start by
constructing a Cartan subalgebra H, which is composed of the
maximum number of diagonalizable N×N matrices, forming
a maximal commutative (Abelian) algebra [6,7]. By the trace-
less condition, the number of generators in H is N − 1, defined
as the rank of the algebra. Let us identify these generators

by ĥ j , so that j = 1, 2, . . . , N − 1. One simple option, is to
define them as diagonal matrices with two nonzero entries
forming blocks of 1 and −1, namely,

ĥ j ≡ diag(0, . . . , 0, 1︸︷︷︸
j

, −1︸︷︷︸
j+1

, 0, . . . , 0). (76)

On the other hand, the generators of the root spaces corre-
spond to the off-diagonal N×N matrices r̂nk , with all zero
elements except a single 1 in entry (n, k), representing raising
(n < k) and lowering (n > k) operators. The number of gener-
ators of each root space is given by half the difference between
the algebraic order and its rank, namely, N (N−1)

2 . Finally, we
choose the ordering of the generators to be the following:

ĝl =

⎧⎪⎨
⎪⎩

r̂nk, for l = f1(n, k), with n < k,

ĥ j, for l = N (N−1)
2 + j,

r̂nk, for l = N2+N−2
2 + f2(n, k), with n > k,

(77)

where f1(n, k) = k + N (n − 1) − n
2 (n + 1) and f2(n, k) =

k + 1
2 (n − 1)(n − 2), with n, k = 1, 2, . . . , N . Notice that we

generically ordered the basis such that positive roots genera-
tors are first, second are the Cartan subalgebra generators, and
the negative roots generators are third.

The above results provide a way to systematically construct
this CWB for any N of su(N ). In symdyn, these generators can
be built as follows:
from symdyn.sun.utils import get_sun_generators
generators = get_sun_generators(N)

with N specified by the user. Then, the structure tensor of the
system is built as

from symdyn.utils import get_gamma
gamma = get_gamma(generators)

and the TEO in its explicit form can be obtained with the code

from symdyn import get_TEO
get_TEO(generators)

As an example, but also for the sake of completeness, let
us obtain from symdyn the generators and the Wei-Norman
equations for su(2) with the above defined CWB. First, we
use the code
algebra.get_sun_generators(2)

to load the basis. The generators can be printed, and they are

ĝ1 =
[

0 1
0 0

]
, ĝ2 =

[
1 0
0 −1

]
, ĝ3 =

[
0 0
1 0

]
. (78)

Using this basis, it can be built the structure tensor, and
from it the coupling matrix, which determinant is det |ξ| =
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exp(−2�2), and consequently we can obtain the Wei-Norman
equations

i�̇1 = −η3�
2
1 + 2η2�1 + η1, (79)

i�̇2 = −η3�1 + η2, (80)

i�̇3 = η3e2�2 . (81)

The first equation is a Riccati equation, which once solved,
allows solving the rest by quadrature. This is the expected
structure of the differential equations provided the basis of
the Lie algebra is a CWB. Note that the determinant of the
coupling matrix only depends on the generator of the Cartan
subalgebra. Finally, the explicit TEO is given by

Û = e−�2

[
e2�2 + �1�3 �1

�3 1

]
. (82)

Note that the basis in Eq. (78) differs from that in Table I
for su(2) only by a constant in the generator of the Cartan
subalgebra ĝ2. Consequently, the determinant of the coupling
matrices and the explicit TEOs are slightly different in these
bases.

B. su(3)

As mentioned before, su(3) is a relevant algebra to describe
many important physical systems. Further, it is usual to use
the Gell-Mann matrices as its basis. However, by its cyclic
structure (this basis can be considered as a generalization of
the Pauli basis), we will need to change it to a CWB to get a
factorized version of the correspondent TEO.

The Gell-Mann matrices are as follows:

ĝ
1

=
⎡
⎣0 1 0

1 0 0
0 0 0

⎤
⎦, ĝ

2
=

⎡
⎣0 −i 0

i 0 0
0 0 0

⎤
⎦, ĝ

3
=

⎡
⎣1 0 0

0 −1 0
0 0 0

⎤
⎦, ĝ

4
=

⎡
⎣0 0 1

0 0 0
1 0 0

⎤
⎦, ĝ

5
=

⎡
⎣0 0 −i

0 0 0
i 0 0

⎤
⎦,

ĝ
6

=
⎡
⎣0 0 0

0 0 1
0 1 0

⎤
⎦, ĝ

7
=

⎡
⎣0 0 0

0 0 −i
0 i 0

⎤
⎦, ĝ

8
= 1√

3

⎡
⎣1 0 0

0 1 0
0 0 −2

⎤
⎦, (83)

satisfying the commutators

[ĝ
j
, ĝ

k
] = 2i

8∑
l=1

f jkl ĝl
, (84)

with γ jkl = 2i f jkl the structure constants. Of the latter, the
only ones that have a value different from zero are

f123 = 1, f458 = f678 =
√

3

2
, (85)

f147 = f165 = f246 = f257 = f345 = f376 = 1
2 , (86)

being completely antisymmetric in all three indices. Accord-
ingly, the Hamiltonian can be written as

Ĥ (t ) =
8∑

l=1

ςl (t )ĝ
l
, (87)

and the correspondent TEO as

Û (t ) =
8∏

l=1

e�l (t )ĝ
l . (88)

To introduce the generators in Eqs. (83) in the library, L
zero-filled matrices of dimension N are created with the code

generators = np.zeros((L, N, N))

In our case, L= 8 and N= 3. Then, the entries that are different
from zero in each generator must be informed. For instance,
generators ĝ1 and ĝ8 in Eq. (83) are introduced as

# First generator:
generators[0, 0, 1] = 1
generators[0, 1, 0] = 1
# Eight generator:
generators[7, 0, 0] = 1 / np.sqrt(3)
generators[7, 1, 1] = 1 / np.sqrt(3)
generators[7, 2, 2] = -2 / np.sqrt(3)

Once all the generators has been introduced, symdyn
automatically calculates their commutators [107], and with
them the correspondent structure tensor. When working with
higher-order Lie algebras with generators satisfying cyclic
commutators, such as Gell-Mann matrices, this property can
be used to automate the construction of the basis, as we show
in our repository.

We can proceed with calculating the system’s coupling
matrix and its determinant. Similar to the Pauli basis for su(2),
the Gell-Mann basis produces a coupling matrix with periodic
singularities that prevents the solution to be global. Owing
to the size of this matrix, we have chosen not to display
it explicitly here; however, it is available in our repository.
As a consequence, a factorized version of the TEO cannot
be obtained using this basis. Nevertheless, using a CWB the
situation changes. For example, in one of the pioneering ap-
plications of the WNM for this algebra [108], the authors
considered the group SU (2)×SU (2)×SU (2) instead of SU (3)
directly, once the latter can be obtained from the former
through a transformation, and used a CWB for the underlying
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algebra of each SU (2) subgroup, effectively simplifying the
problem.

Taking N = 3 in Eq. (77), we obtain the following CWB
for su(3):

ĝ1 =
⎡
⎣0 1 0

0 0 0
0 0 0

⎤
⎦, ĝ2 =

⎡
⎣0 0 1

0 0 0
0 0 0

⎤
⎦, ĝ3 =

⎡
⎣0 0 0

0 0 1
0 0 0

⎤
⎦, ĝ4 =

⎡
⎣1 0 0

0 −1 0
0 0 0

⎤
⎦, ĝ5 =

⎡
⎣0 0 0

0 1 0
0 0 −1

⎤
⎦,

ĝ6 =
⎡
⎣0 0 0

1 0 0
0 0 0

⎤
⎦, ĝ7 =

⎡
⎣0 0 0

0 0 0
1 0 0

⎤
⎦, ĝ8 =

⎡
⎣0 0 0

0 0 0
0 1 0

⎤
⎦, (89)

which can be loaded in symdyn with generators =
get_sun_generators(3). The TEO now reads

Û (t ) =
8∏

l=1

e�l (t )ĝl . (90)

We can continue to ask symdyn for the coupling matrix of
the system (not shown here) and its determinant, the latter
resulting in det |ξ| = exp (−2(�4 + �5)), involving the coef-
ficients of the generators belonging to the Cartan subalgebra.
Accordingly, we can ask symdyn for the Wei-Norman equa-
tions, which returns

i�̇1 = −�2
1η6 − �1�2η7 + �1(2η4 − η5) − �2η8 + η1,

(91)

i�̇2 = −�2
2η7 − �1�2η6 + �2(η4 + η5) − �1η3 + η2,

(92)

i�̇3 = −�2
3(η8 − �1η7) + �3(�1η6 − �2η7)

+�3(2η5 − η4) + �2η6 + η3, (93)

i�̇4 = −�1η6 − �2η7 + η4, (94)

i�̇5 = −�1�3η7 − �2η7 − �3η8 + η5, (95)

i�̇6 = (η6 − �3η7)e(2�4−�5 ), (96)

i�̇7 = �6(�1η7 + η8)e(−�4+2�5 ) + η7e(�4+�5 ), (97)

i�̇8 = (�1η7 + η8)e(−�4+2�5 ). (98)

Note that the first two equations (the same number that the
rank of this algebra) form a block of coupled Riccati equa-
tions, which once solved, allows solving the third equation,
which is also a Riccati equation. Then, the rest can be solved
by quadrature. As mentioned, this hierarchy of Riccati equa-
tions is expected. Finally, the explicit TEO is obtained

Û = e−�5

×
⎡
⎣�1�6�1 + �7�2 + e�4�5 �1�1 + �8�2 �2

�3�7 +�6�1 �3�8 + �1 �3

�7 �8 1

⎤
⎦,

(99)

where �1 = e−�4+2�5 and �2 = �1�3 + �2. To the authors’
best knowledge, this is the first time that the above equa-
tions and explicit TEO for this algebra have been calculated
using the WNM directly.

C. su(4) and beyond

Here, we concentrate in the derivation of the CNOT gate
from the explicit TEO of su(4) given in Eq. (E18), and to dis-
cuss the behavior of symdyn for high-order quantum systems.
The Wei-Norman equations and other key results of the WNM
for this algebra can be found in Appendix E.

The CNOT gate is given by the 4×4 matrix

ÛCNOT =

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎦. (100)

In Appendix E, we determine the constraints that the
TEO coefficients {�i}15

i=1 must meet for the TEO of
Eq. (E18) works as a CNOT gate. There, we introduce
a global phase φn to work directly with the TEO co-
efficients without applying the unitary condition. This
phase is shown to be φn = (2n+1)π

4 with n ∈ Z. At cer-
tain application time, the TEO coefficients must satisfy
the constraints �6 = �15 = e�9+iφn , �7 = iφn, �8 = iπ ( 1

2 −
n), �11 = �13e(−iφn−�9 ), �12 = �14e(−iφn−�9 ), �1 = �2 =
�3 = �4 = �5 = �10 = 0, �13 and �14 are free complex
parameters, and �9 → ∞ . In such limit, the TEO matches
the CNOT gate up to the global phase φn. We anticipate
that, due to the complexity of the Wei-Norman equations for
su(4), Eqs. (E3)–(E17), a more in-depth study for designing
a Hamiltonian that realizes the CNOT gate will be needed
(see, for instance, Ref. [109]). This and other kind of problems
will be subject of future work.

The CNOT gate, together with the H and T gates obtained in
Sec. II C, completes a set of gates for universal computation.
Their derivation from explicit TEOs demonstrates that apply-
ing the WNM to su(N ) endorsed with a CWB, handles matrix
exponentiation very-well.

We conclude this section by examining the scaling behav-
ior and practical limitations of the WNM. For this purpose, we
measure the computation time τ required by symdyn to gener-
ate the Wei-Norman equations for su(N ) on a standard laptop
[110], as N increases. Recall that the number of generators
grows with the group (or algebra) dimension as L = N2 − 1,
and that this algebra describes a system of n-coupled qubits
whenever N = 2n. Figure 3 shows the measured values of
τ as a function of N , along with a fitted curve, revealing
that the computation time grows exponentially with the alge-
bra dimension. Finally, we recall that the maximum number
of coupled Riccati equations appearing in the Wei-Norman
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FIG. 3. Computation time of the Wei-Norman equations in
Symdyn as a function of the dimension of su(N ). The fit of τ (N )
only includes the last five points.

system is N − 1. Assessing the complexity and numerical sta-
bility of the solution of these equations is left for future work.

V. CONCLUSIONS AND PERSPECTIVES

In this work, we have introduced symdyn, a Python library
designed to automate the WNM, overcoming challenges as-
sociated with high-dimensional quantum systems. Our library
facilitates the computation of the factorized TEO, regardless
of the ordering of exponentials in the factorization, and en-
ables the calculation of simple and nested commutators, as
well as similarity transformations. We have emphasized the
crucial role of selecting an appropriate basis to maximize
the method’s utility and have analytically recovered nontrivial
results for low-order QLSs as examples.

Furthermore, we have demonstrated symdyn’s power and
flexibility in the treatment of high-order QLSs by deriv-
ing the Wei-Norman equations for a system of two coupled
time-dependent harmonic oscillators with time-dependent
coupling. We have specialized our library for the specially
unitary group SU(N ) by providing a generic CWB for its
associated algebra, making it applicable for arbitrary N . We
applied this framework to SU(2), SU(3), and SU(4), and
used our results to obtain the Hadamard, T , and CNOT gates,
completing the necessary gates for universal quantum compu-
tation.

There is a growing interest in understanding the interplay
between increasing the dimension of Lie algebras, linked to
the number of components in a quantum system, and the abil-
ity to compute their time evolution [17,102,111]. We expect
our results for SU(N ) to contribute to tackling these scaling
challenges. Moreover, we expect symdyn to become a power-

ful tool for studying high-dimensional quantum systems and
exploring frontiers in quantum dynamics, optimal control, and
quantum computation.

Currently, we are developing a method which leverages the
composition property of Lie groups to provide explicit solu-
tions for the TEO of QLSs. This extension aims to enhance
the efficient resolution of the Wei-Norman equations, also
addressing their stability [112,113]. Additionally, we plan to
expand our repository by incorporating QLSs and analyzing
their respective differential equations.

In the near future, we aim to extend the WNM to the
algebras of pseudo-orthogonal groups, which play a funda-
mental role in high-energy physics and interacting dynamical
systems. These groups offer a symmetry-based approach to
understanding quantum and classical correlations. In par-
ticular, the Lorentz group has widespread applications in
high-energy physics, where quantum computation frame-
works are being actively explored [114].
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APPENDIX A: WEI-NORMAN FACTORIZATION

Here, we show that an arbitrary element of a Lie group
given in the unfactorized representation of Eq. (4), can equiv-
alently be expressed in the factorized representation of Eq. (5)
if ξ is invertible for all times. Recall that the functions relating
the �l and λl coefficients are known as BCH-like relations
[25], and that we are considering the ordering given in Eq. (7).
Following standard algebraic techniques, we redefine the op-
erators in Eqs. (4) and (5), as the special case θ = 1 of

F̂ (θ ) = exp

(
L∑

l=1

θλl ĝl

)
(A1)

and

F̂ (θ ) =
L∏

l=1

e�l (θ )ĝl , (A2)

respectively. Notice that we have suppressed the explicit time-
dependence in the coefficients of the above equations once
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our results relating both representations are valid for the same
arbitrary instant of time. The idea is to differentiate the above
representations of F̂ with respect to θ , rewrite them propor-
tional to F̂ , and then impose their derivatives to be equal,
establishing the set of differential equations that relates the
set of coefficients in both representations.

The derivative of Eq. (A1) is direct, and given by

F̂ ′ =
L∑

l=1

λl ĝl F̂ , (A3)

where the prime indicates derivative with respect to θ . On the
other hand, the derivative of a factorized element with respect
to any parameter is equivalent to the calculated in Eq. (30).
Therefore, for Eq. (A2) we have

F̂ ′ =
L∑

l=1

L∑
n=1

�′
nξnl ĝl F̂ . (A4)

Using the linear independence of the generators, equaling
Eqs. (A3) and (A4) is obtained

λl =
L∑

n=1

�′
nξnl , (A5)

which is a set of coupled differential equations with the initial
condition �n = 0 for θ = 0, and can be written in matrix
notation as

λ︷ ︸︸ ︷⎡
⎢⎢⎣

λ1

λ2
...

λL

⎤
⎥⎥⎦ =

ξ
T︷ ︸︸ ︷⎡

⎢⎢⎣
ξ11 ξ21 . . . ξL1

ξ12 ξ22 . . . ξL2
...

...
. . .

...

ξ1L ξ2L . . . ξLL

⎤
⎥⎥⎦

�′︷ ︸︸ ︷⎡
⎢⎢⎣

�′
1

�′
2

...

�′
L

⎤
⎥⎥⎦ . (A6)

The above system of differential equations is almost identical
to such in Eq. (35) with the following differences: first and
more important, there is not explicit dependence of λl on the
parameter θ . Second, there is no imaginary unit at the right-
hand side of the equation. Accordingly, for a coupling matrix
that is all time invertible we have

(ξT )−1λ = �′, (A7)

which are the Wei-Norman equations for the factorization
procedure. Recall that once the system is solved, then it must
be evaluated at θ = 1 to obtain the desired BCH-like relations.

To illustrate the above results, we next calculate the BCH-
like relations for su(1, 1), su(2), sl(2) and so(2, 1) QLSs with
the commutators given in Table I(a). Using Eqs. (32) and (A6),
we get ⎡

⎢⎣
λ1

λ2

λ3

⎤
⎥⎦ =

⎡
⎢⎢⎣

1 −υ�1 ευ (�1 )2

eυ�2

0 1 −2ε �1

eυ�2

0 0 1
eυ�2

⎤
⎥⎥⎦

⎡
⎢⎣

�′
1

�′
2

�′
3

⎤
⎥⎦. (A8)

As mentioned in Sec. II B, once det |ξ| = exp(−υ�2) one can
invert ξT for all times, except for the limiting case �2 → ∞
which nonetheless is tractable, as shown in Appendix C. Then,

multiplying by (ξT )−1 from the left in the above equation, we
obtain the Wei-Norman equations:

�′
1 − ευλ3(�1)2 − υλ2�1 − λ1 = 0, (A9)

�′
2 − 2ελ3�1 − λ2 = 0, (A10)

�′
3 − λ3eυ�2 = 0. (A11)

The first equation above represents four families of parameter-
independent Riccati equations, each associated with one of
the Lie algebras we are considering. Once this Riccati equa-
tion is solved, the other two equations can be integrated by
quadrature using the initial conditions. The analytical solution
of Eq. (A9) is well-known (see, for instance, the Appendix of
Ref. [115]). Moreover, the solution of the above equations is
equivalent to the one in Refs. [22,116] for the Lie algebras
su(1, 1), su(2), and so(2, 1), but now we are including the
Lie algebra sl(2). This solution is given as

�1 = 2λ1 sinh(ν)

2ν cosh(ν) − υλ2 sinh(ν)
, (A12)

�3 = 2λ3 sinh(ν)

2ν cosh(ν) − υλ2 sinh(ν)
, (A13)

and

�2 = − 2

υ
ln

(
cosh(ν) − υλ2

2ν
sinh(ν)

)
, (A14)

with

ν2 =
(

υλ2

2

)2

− ευλ1λ3. (A15)

The above equations are BCH-like relations for the Lie alge-
bras su(1, 1), su(2), so(2, 1), and sl(2). Recall that a different
choice for the order of the generators, which means reordering
the elements of the structure tensor in Table I(a), will lead to
a different set of functions for the above coefficients.

APPENDIX B: UNITARITY CONSTRAINTS
FOR THE SU(2) TEO

Here, we deduce the constraints to guarantee the unitarity
of the TEO in Eq. (53). From that equation, it follows directly
that

Û † = e− �∗
2

2

[
e�∗

2 + �∗
1�

∗
3 �∗

3
�∗

1 1

]
, (B1)

where † represents the Hermitian conjugate and ∗ the complex
conjugate. The unitarity condition implies Û †Û = ÛÛ † = 1̂.
Accordingly, using Eqs. (53) and (B1), it must be satisfied[

1 0
0 1

]
= e−Re(�2 )

[|κ|2 + |�1|2 κ�∗
3 + �1

κ∗�3 + �∗
1 1 + |�3|2

]
, (B2)

where κ = e�2 + �1�3, Re(z) and Im(z) represent the real
and imaginary part of the complex number z, and the TEO
coefficients are written in their polar form as �1 = |�1|eiϕ1 ,
�2 = |�2|eiϕ2 and �3 = |�3|eiϕ3 . Once e−Re(�2 ) �= 0, then
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Eq. (B2) implies the system of equations

e−Re(�2 )(|κ|2 + |�1|2) = 1, (B3)

e−Re(�2 )(1 + |�3|2) = 1, (B4)

κ|�3|e−iϕ3 + |�1|eiϕ1 = 0. (B5)

Using Eq. (B5) and its complex conjugated we first calculate
|κ| = |�1|

|�3| , and then substituting in Eq. (B3) we obtain

e−Re(�2 )(1 + |�3|2) = |�3|2
|�1|2 . (B6)

From Eq. (B4) and the above equation it is clear that |�3| =
|�1|, which is the first constraint. Equation (B4) can be now
rewritten as eRe(�2 ) = (1 + |�1|2), which is the second con-
straint. Now, substituting κ explicitly in Eq. (B5) and using
the first constraint we obtain

e�2 + (1 + |�1|2)ei(ϕ1+ϕ3 ) = 0. (B7)

Finally, multiplying the above equation by e−Re(�2 ) and using
the second constraint we get

eiIm(�2 ) + ei(ϕ1+ϕ3 ) = 0, (B8)

which is the third constraint, and can be written as Im(�2) =
ϕ1 + ϕ3 + (2n + 1)π , with n ∈ Z. They are partially in
agreement with those of Ref. [22] recalling that they con-
sidered ln �2 as the coefficient of ĝ2 and our third constraint
coincides with Eq. (14) of that reference for n = 1.

APPENDIX C: X GATE IN THE CARTAN-WEYL BASIS

Here we consider a different approach than such in
Sec. II C to obtain the X gate

Ûx =
[

0 1
1 0

]
. (C1)

The idea is to start from Eq. (54), ask for the values that
parameters |�1|, ϕ1 and ϕ3 should take to get the mentioned
gate, and obtain the Hamiltonian coefficients that produces
them using the WNM. This is a kind of an inverse problem.
Initially, to get a null diagonal, the only option is to have
|�1| → ∞. Notice that this limit must also be taken as a
step to obtain the Y gate, which is proportional to σ̂2. The

X gate is obtained, up to a global phase, if it is satisfied
ϕ1 = ϕ3 ≡ ϕ, while to obtain the Y gate it must be satisfied
ϕ1 = (2n + 3/2)π , with n ∈ Z, and ϕ3 = (2m + 1/2)π , with
m ∈ Z. From the first two unitarity constraints we have that
|�3| → ∞ and eRe(�2 ) → ∞, so it is evident that to obtain-
ing such a gates it is necessary to take the limit �2 → ∞, in
which the coupling matrix cannot be inverted (see Eq. (37)).
Notice that the third unitarity constraint implies for the X gate
that eiIm(�2 ) = −eiϕ .

It is well known that the X gate can be obtained from
a Hamiltonian proportional to σ̂1. Once our Hamiltonian in
Eq. (55) is transformed to the CWB, the above implies to put
η2 = 0. We also define η1 = η3 ≡ η. This yields

Ĥ = η(ĝ1 + ĝ3). (C2)

As the above Hamiltonian is time-independent, it follows di-
rectly that

Û = exp (λ(ĝ1 + ĝ3)), (C3)

where λ = iηt . Accordingly, the problem has been reduced to
a factorization problem, for which we can use Eqs. (A12)–
(A15) with ε = −1 and υ = 1, λ2 = 0 and λ1 = λ3 = λ,
yielding �1 = �3 = tanh (λ) and �2 = −2 ln cosh (λ). In
terms of the Hamiltonian coefficient, we obtain �1 = �3 =
−i tan (ηt ) and �2 = −2 ln cos (ηt ). With these solutions, the
TEO is explicitly

Û (t ) =
[

cos(ηt ) −i sin(ηt )
−i sin(ηt ) cos(ηt )

]
. (C4)

At t = t� := (n + 1/2)π/η , with n ∈ Z, the TEO Û (t�) is the
X gate up to a global phase of i(2n−1).

APPENDIX D: TIME-DEPENDENT
COUPLED OSCILLATORS

In this Appendix, we provide some details for the problem
of two time-dependent harmonic oscillators coupled with a
time-dependent coupling of Sec. III A. As we mentioned,
the effective Hamiltonian of the system can be written as in
Eq. (61), where the generators are bilinear products of ladder
operators of each mode, and the coefficients are functions of
the physical parameters of the system, i.e., the mirror position
and its derivative, the frequency of the modes, and the cou-

TABLE III. Structure table for a system of two coupled time-dependent harmonic oscillators. Symbol ∗ is used here to indicate that such
entries are known once this table is antisymmetric.

ĝ1 ĝ2 ĝ3 ĝ4 ĝ5 ĝ6 ĝ7 ĝ8 ĝ9 ĝ10 ĝ11

ĝ1 0 0 0 0 −2ĝ3 −2ĝ1 0 −4ĝ6 − 2ĝ11 0 −2ĝ4 0
ĝ2 * 0 0 −2ĝ3 0 0 −2ĝ2 0 −4ĝ7 − 2ĝ11 −2ĝ5 0
ĝ3 * * 0 −ĝ1 −ĝ2 −ĝ3 −ĝ3 −2ĝ5 −2ĝ4 −ĝ6 − ĝ7 − ĝ11 0
ĝ4 * * * 0 ĝ6 − ĝ7 −ĝ4 ĝ4 −2ĝ10 0 −ĝ9 0
ĝ5 * * * * 0 ĝ5 −ĝ5 0 −2ĝ10 −ĝ8 0
ĝ6 * * * * * 0 0 −2ĝ8 0 −ĝ10 0
ĝ7 * * * * * * 0 0 −2ĝ9 −ĝ10 0
ĝ8 * * * * * * * 0 0 0 0
ĝ9 * * * * * * * * 0 0 0
ĝ10 * * * * * * * * * 0 0
ĝ11 * * * * * * * * * * 0
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pling parameters being elements of a tensor representing all
the intermode interactions [23]. Note that other types of inter-
action between modes can give rise to underlying nonclosed
Lie algebras [117]. To construct the structure tensor, we shall
write explicitly the generators of the system. Let â j and â†

j be
ladder operators of the mode j, with j = 1, 2. Accordingly,
they satisfy

[â j, âk] = 0 and [â j, â†
k] = δ jk 1̂. (D1)

The eleven generators are defined as

ĝ1 = â†
1

2
, ĝ2 = â†

2
2
, ĝ3 = â†

1â†
2, ĝ4 = â†

1â2,

ĝ5 = â1â†
2, ĝ6 = â†

1â1, ĝ7 = â†
2â2, ĝ8 = â2

1,

ĝ9 = â2
2, ĝ10 = â1â2, ĝ11 = 1̂. (D2)

using Eqs. (D1), we calculate the commutators between the
above generators and build the correspondent structure table
of the system (Table III), displayed at the end of this Ap-
pendix. From it can be noted that ĝ6 and ĝ7 are members of the
Cartan subalgebra, and with exception of ĝ11, all other gener-
ators belong to the root spaces. Recall that the determinant of
the correspondent coupling matrix involves the exponential of
ĝ6 and ĝ7.

APPENDIX E: KEY RESULTS OF THE WNM FOR su(4)
AND DERIVATION OF THE CNOT GATE

Here, we use symdyn to calculate some key results of
the WNM for su(4). Initially, taking N = 4 in Eq. (77), we
obtainthe generic CWB for su(3)

ĝ1 =

⎡
⎢⎢⎣

0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦, . . . , ĝ6 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦, ĝ7 =

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦, . . . ,

ĝ9 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

⎤
⎥⎥⎦, ĝ10 =

⎡
⎢⎢⎣

0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦, . . . , ĝ15 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

⎤
⎥⎥⎦. (E1)

The TEO now reads

Û (t ) =
15∏

l=1

e�l (t )ĝl . (E2)

We can continue to ask symdyn for the determinant of the coupling matrix of the system, which results to be det |ξ| =
exp (−2(�7 + �8 + �9)), involving the coefficients of the generators belonging to the Cartan subalgebra. Accordingly, we
can ask symdyn for the Wei-Norman equations, which returns

i�̇1 = −�2
1η10 − �1(�2η11 + �3η12) + �1(2η7 − η8) − �2η13 − �3η14 + η1, (E3)

i�̇2 = −�2
2η11 − �2(�1η10 + �3η12) + �2(η7 + η8 − η9) − �3η15 − �1η4 + η2, (E4)

i�̇3 = −�2
3η12 − �3(�1η10 + �2η11) + �3(η7 + η9) − �1η5 − �2η6 + η3, (E5)

i�̇4 = −�2
4(�1η11 + η13) − �4�5(�1η12 + η14) + �4(�1η10 − �2η11 − η7 + 2η8 − η9) − �5(�2η12 + η15) + �2η10 + η4,

(E6)

i�̇5 = −�2
5(�1η12 + η14) − �4�5(�1η11 + η13) + �5(�1η10 − �3η12 − η7 + η8 + η9) − �4(�3η11 + η6) + �3η10 + η5,

(E7)

i�̇6 = −�2
6(�2η12 + η15 + �4(�1η12 + η14)) − �5�6(�1η12 + η14) + �6(�2η11 + �4(�1η11 + η13) − �3η12 − η8 + 2η9)

+�3η11 + �5(�1η11 + η13) + η6, (E8)

i�̇7 = −�1η10 − �2η11 − �3η12 + η7, (E9)

i�̇8 = −�2η11 − �3η12 − �4(�1η11 + η13) − �5(�1η12 + η14) + η8, (E10)

i�̇9 = −�3η12 − �5(�1η12 + η14) − �6(�2η12 + η15 + �4(�1η12 + η14)) + η9, (E11)

i�̇10 = (η10 − �4η11 − �5η12)e(2�7−�8 ), (E12)

i�̇11 = �10(�1η11 + η13 − �6(�1η12 + η14))e(−�7+2�8−�9 ) + (η11 − �6η12)e(�7+�8−�9 ), (E13)

i�̇12 = �10(�1η12 + η14)e(−�7+�8+�9 ) + �11(�2η12 + η15 + �4(�1η12 + η14))e(−�8+2�9 ) + η12e(�7+�9 ), (E14)

i�̇13 = (�1η11 + η13 − �6(�1η12 + η14))e(−�7+2�8−�9 ), (E15)

i�̇14 = �13(�2η12 + η15 + �4(�1η12 + η14))e(−�8+2�9 ) + (�1η12 + η14)e(−�7+�8+�9 ), (E16)

i�̇15 = (�2η12 + η15 + �4(�1η12 + η14))e−�8+2�9 . (E17)
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As can it be seen, the first three equations (the same number as the rank of this algebra) form a block of coupled Riccati equations,
which, once solved, allow us to solve the fourth and fifth equations, which are themselves coupled Riccati equations. Then, we
can move on to solve the sixth equation, which is a Riccati equation, and the rest can be solved by quadrature. As mentioned,
this hierarchy of Riccati equations is expected.

The explicit form of the TEO for this algebra is given as

Û =

⎡
⎢⎢⎢⎢⎣

�1�10�3 + �11�4 + �13�6e−�9 + e�7 �12�4 + �14�6e−�9 + �1�3 �15�6e−�9 + �4 �6e−�9

�10�3 + �11�4�5 + �13�7e−�9 �12�4�5 + �14�7e−�9 + �3 �15�7e−�9 + �4�5 �7e−�9

�11�5 + �13�6e−�9 �12�5 + �14�6e−�9 �15�6e−�9 + �5 �6e−�9

�13e−�9 �14e−�9 �15e−�9 e−�9

⎤
⎥⎥⎥⎥⎦, (E18)

where �3 = e(�8−�7 ), �4 = (�1�4 + �2)�5 with �5 = e(−�8+�9 ), �6 = �1�5 + �3 + �6(�1�4 + �2), and �7 = �4�6 + �5.
To the authors’ best knowledge, this is the first time that the Wei-Norman equations and explicit form of the TEO for this algebra
have been calculated.

To obtain the CNOT gate in Eq. (100) from the above explicit TEO some constraints on the components of Û must be satisfied.
From Û44, it is evident that obtaining the CNOT gate requires taking the limit �9 → ∞. To achieve the desired values for Û34 and
Û43 in this limit, the conditions �6 = e�9 and �15 = e�9 appear necessary. However, recalling that the unitarity constraints has
not yet been applied to the TEO—and that the number of real variables currently exceeds the required 16—we introduce a phase
φn through the definitions �6 = e�9 eiφn and �15 = e�9 eiφn , allowing for an additional flexibility and that will be determined later.
To ensure the necessary zeros in the last row and column of the TEO as �9 → ∞, it suffices for the complex functions �13, �14,
�6, and �7, to remain bounded. Additionally, achieving eiφn as a global phase requires Û11 = eiφn and Û22 = eiφn . Accordingly,
we now derive the equations that arise from equating Û and ÛCNOT using the definitions �6 = e�9 eiφn and �15 = e�9 eiφn , and
expressing the results in terms of �6, and �7

�10�1e(−�7+�8 ) + �11(�1�4 + �2)e(−�8+�9 ) + �13�6e−�9 + e�7 = eiφn , (E19)

�12(�1�4 + �2)e(−�8+�9 ) + �14�6e−�9 + �1e(−�7+�8 ) = 0, (E20)

�6eiφn + (�1�4 + �2)e(−�8+�9 ) = 0, (E21)

�6 = �1�5 + �3 + (e�9 eiφn )(�1�4 + �2), and equivalently: �6 = �2(e�9 eiφn ) + �3 + �1�7, (E22)

�10e(−�7+�8 ) + �11�4e(−�8+�9 ) + �13�7e−�9 = 0, (E23)

�12�4e(−�8+�9 ) + �14�7e−�9 + e(−�7+�8 ) = eiφn , (E24)

�7eiφn + �4e(−�8+�9 ) = 0, (E25)

�7 = �4(e�9 eiφn ) + �5, (E26)

�11e(−�8+�9 ) + �13eiφn = 0, (E27)

�12e(−�8+�9 ) + �14eiφn = 0, (E28)

e�9 e2iφn + e(−�8+�9 ) = 0, (E29)

�6 = e�9 eiφn , (E30)

�13e−�9 = 0, (E31)

�14e−�9 = 0, (E32)

�15 = e�9 eiφn , (E33)

where we used Eqs. (E22), (E26), (E30), and (E33), to explic-
itly express the definitions of �6, �7, �6, and �15, respectively.
The equation for Û44 has been suppressed, as it becomes
equivalent to taking the limit �9 → ∞ at the end of the
calculations. From Eq. (E29) we have that �8 = −2iφn + iπ .
Accordingly, the equations involving this term, Eqs. (E19),

(E20), (E21), (E23), (E24), (E25), (E27), and (E28), are mod-
ified to

− �10�1e(−�7−2iφn ) − �11(�1�4 + �2)e(2iφn+�9 )

+ �13�6e−�9 + e�7 = eiφn , (E34)
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− �12(�1�4 + �2)e(2iφn+�9 ) + �14�6e−�9

− �1e(−�7−2iφn ) = 0, (E35)

�6eiφn − (�1�4 + �2)e(2iφn+�9 ) = 0, (E36)

− �10e(−�7−2iφn ) − �11�4e(2iφn+�9 ) + �13�7e−�9 = 0,

(E37)
− �12�4e(2iφn+�9 ) + �14�7e−�9 − e(−�7−2iφn ) = eiφn ,

(E38)
�7eiφn − �4e(2iφn+�9 ) = 0, (E39)

− �11e(2iφn+�9 ) + �13eiφn = 0, (E40)

− �12e(2iφn+�9 ) + �14eiφn = 0, (E41)

�8 = −2iφn + iπ, (E42)

where we wrote in Eq. (E42) the definition of �8. Multiplying
Eqs. (E40) and (E41) by e(−2iφn+�9 ), and recalling that we are
considering �13 and �14 as free parameters, we obtain

�11 = �13e(−iφn−�9 ), (E43)

�12 = �14e(−iφn−�9 ). (E44)

From Eqs. (E39) and (E26) it is clear that �5 = 0. From
Eqs. (E36) and (E22) we have that �1�5 + �3 = 0, so

�3 = 0. Using explicitly �6 and �7, together with the above
results, we can rewrite equations (E34)–(E39) as

− �10�1e(−�7−2iφn ) + e�7 = eiφn , (E45)

− �1e(−�7−2iφn ) = 0, (E46)

�6 = (e�9 eiφn )(�1�4 + �2), (E47)

− �10e(−�7−2iφn ) = 0, (E48)

− e(−�7−2iφn ) = eiφn , (E49)

�7 = �4(e�9 eiφn ), (E50)

�3 = 0, (E51)

�5 = 0, (E52)

where we used the last two equations to explicitly write the
previous findings. From Eqs. (E46) and (E48), we find that
�1 = 0 and �10 = 0. Substituting these results, Eq. (E45)
yields e�7 = eiφn , while Eq. (E49) gives e�7 = e−3iφn+i(2n+1)π ,
where n ∈ Z. By equating these expressions, we obtain φn =
(2n+1)π

4 . Furthermore, to ensure Û14 = 0 and Û24 = 0 in the
limit �9 → ∞, conditions �2 = �4 = 0 must be met. In
summary, �6 = �15 = e�9+iφn , �7 = iφn, �8 = iπ ( 1

2 − n),
�9 → ∞, �11 = �13e(−iφn−�9 ), �12 = �14e(−iφn−�9 ), with
φn = (2n+1)π

4 , while �1 = �2 = �3 = �4 = �5 = �10 = 0.
�13 and �14 remain as free bounded complex parameters.
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