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End-to-end protocol for high-quality quantum approximate optimization
algorithm parameters with few shots
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The quantum approximate optimization algorithm (QAOA) is a quantum heuristic for combinatorial opti-
mization that has been demonstrated to scale better than state-of-the-art classical solvers for some problems.
For a given problem instance, QAOA performance depends crucially on the choice of the parameters. While
average-case optimal parameters are available in many cases, meaningful performance gains can be obtained by
fine-tuning these parameters for a given instance. This task is especially challenging, however, when the number
of circuit executions (shots) is limited. In this work, we develop an end-to-end protocol that combines multiple
parameter settings and fine-tuning techniques. We use large-scale numerical experiments to optimize the protocol
for the shot-limited setting and observe that optimizers with the simplest internal model (linear) perform best. We
implement the optimized pipeline on a trapped-ion processor using up to 32 qubits and 5 QAOA layers, and we
demonstrate that the pipeline is robust to small amounts of hardware noise. To the best of our knowledge, these
are the largest demonstrations of QAOA parameter fine-tuning on a trapped-ion processor in terms of two-qubit
gate count.
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I. INTRODUCTION

Quantum computing has shown great promise in tackling
computational problems that are difficult for classical com-
puters. Among such problems, combinatorial optimization
problems are of particular interest due to their ubiquity in
fields including finance, logistics, and operations research
and due to the existence of quantum algorithms offering
speedups [1–5]. The quantum approximate optimization al-
gorithm (QAOA) [6–8] is a prominent quantum heuristic that
has been demonstrated to achieve better scaling than state-of-
the-art classical solvers for certain combinatorial optimization
problems, including maximum 8-satisfiability [9] and low au-
tocorrelation binary sequence [10] problems. QAOA solves an
optimization problem by preparing a parameterized quantum
state such that upon measuring it, a high-quality solution is
obtained with high probability. To apply QAOA to a given
problem, QAOA parameters must be set.

The performance of QAOA is highly sensitive to the choice
of these parameters, and its parameter optimization has been
widely studied in the community [11,12]. For many prob-
lem classes, optimal parameters have been derived in the
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infinite-size limit and empirically demonstrated to achieve
good performance for finite-sized instances [9,13–16]. Even
when rigorous theoretical analysis is out of reach, one fixed
set of empirically obtained QAOA parameters can work well
for most instances [10]. Nonetheless, there is still nontrivial
variation in the optimal parameters between instances, which
is often amplified by adding weights to the problem. Thus,
fine-tuning the average-case or infinite-size parameters for a
given instance is necessary to fully exploit the algorithm’s po-
tential [17–19]. Fine-tuning these parameters is challenging,
however, especially when the number of circuit executions
(shots) is limited, as is often the case with current quantum
hardware.

Shots are the fundamental currency of near-term quantum
computation. One “shot” represents an execution of a quan-
tum circuit followed by a measurement. Each optimization
iteration in QAOA requires hundreds or thousands of shots
to minimize the sampling error of an expectation value eval-
uation [20]. The limitations of near-term quantum devices,
such as their scarcity, frequent and time-consuming recali-
bration, and slow operation time, constrain quantum resource
availability and, thus, the total number of shots available for
an algorithm run. This constraint is particularly pronounced
in atomic platforms such as trapped-ion and neutral atom
quantum processors, where measurement time is on the same
order of magnitude as gate time [21–23].

The optimization of QAOA parameters presents a sig-
nificant challenge if the number of shots is limited. This
challenge is exacerbated by the fundamental limits that quan-
tum mechanics imposes on the cost of computing gradients of
quantum circuits [24]. The high cost of computing the gradi-
ent motivates the use of derivative-free optimization (DFO),

2643-1564/2025/7(3)/033179(13) 033179-1 Published by the American Physical Society

https://orcid.org/0000-0003-4074-4971
https://orcid.org/0000-0002-1723-6568
https://orcid.org/0000-0001-9924-2082
https://ror.org/01x3kkr08
https://ror.org/05gvnxz63
https://crossmark.crossref.org/dialog/?doi=10.1103/24gg-7p8z&domain=pdf&date_stamp=2025-08-21
https://doi.org/10.1103/24gg-7p8z
https://creativecommons.org/licenses/by/4.0/


HAO, HE, SHAYDULIN, LARSON, AND PISTOIA PHYSICAL REVIEW RESEARCH 7, 033179 (2025)

FIG. 1. Overview of our protocol. Given a problem instance, we first follow Ref. [13] to rescale the weights and then set parameters
to known good initial points [14,15], based on the parameter concentration property of QAOA [17,41]. We then set the hyperparameters of
optimizers and allocate the shot budget. Both hyperparameter choice and the shot budget allocation are informed by extensive numerical
investigation detailed in this paper.

which typically either assumes a deterministic objective [25]
or requires a high number of shots to converge [26–29]. As
a consequence of these challenges and despite the recent
progress [30–40], the problem of optimizing parameterized
quantum circuits with a small number of shots remains open.

In this work, we propose and implement an end-to-end
protocol for obtaining high-quality QAOA parameters with
a small number of shots. Our protocol integrates multiple
techniques to reduce the cost of parameter optimization, as
shown in Fig. 1. These techniques include previously stud-
ied ones such as initialization with instance-independent or
“fixed” parameters [9,13,14,16,17] and rescaling of weighted
problems [13,17], as well as new components to carry out
parameter fine-tuning in the shot-frugal setting, including
optimizer selection, hyperparameter tuning, and shot budget
allocation. We use extensive numerical experiments to opti-
mize all aspects of our pipeline. In doing so, we demonstrate
that the optimizer with the simplest internal model is the
best option in shot-frugal scenarios. Our protocol performs
well without further classical configuring when given a new
problem instance.

We demonstrate the effectiveness of our protocol by de-
ploying it on trapped-ion quantum devices applied to QAOA
circuits with up to 32 qubits. Our protocol is optimized in
noiseless simulation but is robust to small amounts of noise
and achieves good performance on hardware. For example, in
one instance of 20-qubit 3-regular MaxCut with five QAOA
layers, the parameter setting protocol achieves up to 56.61%
relative approximation ratio (AR) improvement in noiseless
simulation while it holds 46.88% relative AR improvement
under hardware noise. We observe that as the circuit size
grows, the noise becomes too strong, and the performance of
the protocol deteriorates.

II. BACKGROUND

The QAOA [6–8] solves combinatorial optimization prob-
lems by preparing a parameterized quantum circuit such that
upon measuring it, high-quality solutions are obtained with
high probability. The circuit is defined by two operators,
problem Hamiltonian HP and mixer Hamiltonian HM , a hy-

perparameter p, and an initial state |ψ0〉:
|ψ(γ,β)〉 = e−iβpHM e−iγpHP , . . . , e−iβ1HM e−iγ1HP |ψ0〉, (1)

where γ = [γ0, . . . , γp] and β = [β0, . . . , βp] are free pa-
rameters. As the number of layers p approaches infinity,
the QAOA circuit with appropriate parameters |ψ(γ,β)〉 ap-
proaches the ground state of the problem Hamiltonian HP, and
the corresponding energy approaches the optimal value of the
problem’s objective function. The parameters γ and β are typ-
ically obtained by using a classical optimizer that iteratively
updates them based on the measurement outcomes:

min
γ,β

〈ψ(γ,β)|HP|ψ(γ,β)〉, (2)

where 〈ψ(γ,β)|HP|ψ(γ,β)〉 is the expectation value of the
energy.

The optimization of variational parameters within the
QAOA framework presents a significant challenge. On the one
hand, the objective function in practical implementations is
inherently stochastic. In each QAOA iteration, the expectation
value 〈ψ(γ,β)|HP|ψ(γ,β)〉 is estimated and given to the op-
timizer as the objective by sampling numerous measurement
results from the QAOA state:

〈ψ(γ,β)|HP|ψ(γ,β)〉 ≈ 1

M

M∑
i

f (xi ),

with xi ∼ |ψ(γ,β)|2, (3)

where f (x) is the associated problem value of a measure-
ment x.

Each measurement represents an execution of the entire
circuit and the number of circuit executions used to estimate a
state is referred to as the number of shots. The most interesting
and promising use cases involve limited shots of the stochastic
objective. Based on the central limit theorem [42], with M
shots, the standard deviation of estimated energy becomes
σ0/

√
M, where

σ0 = (〈ψ(γ,β)|H2
P|ψ(γ,β)〉 − 〈ψ(γ,β)|HP|ψ(γ,β)〉2)1/2

.

(4)

This uncertainty in the estimated energy caused by finite sam-
pling becomes significant when the number of shots is small,

033179-2



END-TO-END PROTOCOL FOR HIGH-QUALITY QUANTUM … PHYSICAL REVIEW RESEARCH 7, 033179 (2025)

such as below 1000, which renders the parameter optimization
challenging.

On the other hand, there is limited access to gradients of the
QAOA objective, which means practical QAOA experiments
have to rely on optimization techniques that do not utilize
derivative information, a task that is naturally more complex
than gradient-based optimization [25]. In the absence of gra-
dients, quantum computing researchers have turned to DFO
techniques as the classical optimization approaches in their
QAOA work. DFO approaches can coarsely be categorized
into direct-search and model-based methods. Direct-search
methods evaluate the objective at a geometric pattern of points
around a candidate point. If a better point is observed, the
best point is updated; otherwise, the displacement is decreased
in the geometric pattern. Model-based methods also evaluate
points near a candidate point and use these evaluations to
build various local or global models of the objective being
optimized.

Applying DFO methods that are designed for deterministic
objectives to stochastic objectives often leads to suboptimal
performance. Rigorous convergence guarantees for stochas-
tic DFO methods typically demand a substantial number of
samples to accurately construct or adjust optimization models
[26–28]; applying them to quantum optimization tasks will
likely be difficult. There is ongoing research aimed at adapting
deterministic DFO methods to better accommodate the inher-
ent noise within stochastic objectives, striving for a balance
between robustness and sample efficiency [43].

In this paper, we apply QAOA to weighted maximum cut
(MaxCut) and portfolio optimization (PO) problems. We now
briefly discuss how QAOA is instantiated to be applied to
these problems.

MaxCut Given an undirected graph G = (V, E ) with an
edge weight wuv associated with each edge (u, v) ∈ E , find
s ∈ {−1, 1}|V | that will

maximize f (s) =
∑

(u,v)∈E

wuv

2
(1 − susv ).

Mapping spin variables si onto the spectrum of Pauli Z
matrices, we obtain the Hamiltonian that encodes the MaxCut
problem on qubits:

HP =
∑

(u,v)∈E

wuv

2
(I − ZuZv ). (5)

We use the Pauli X mixer Hamiltonian when applying
QAOA to the MaxCut problem:

HM =
∑

i

X i. (6)

The initial state |ψ0〉 is set to be the ground state of the
mixer Hamiltonian, which for HM in Eq. (6) is

|ψ0〉 = |+〉⊗n. (7)

Portfolio Optimization Given assets with expected returns
μ ∈ Rn and covariance � ∈ Rn×n, a risk factor q ∈ R, and a
budget K ∈ N, find x ∈ {0, 1}n that will

minimize f (x) = qxT �x − μT x

subject to 1T x = K.

Mapping binary variables xi to the Pauli Z matrices as xi →
(I − Zi )/2, we get the Hamiltonian

HP = 1

2
q

∑
i< j

Wi jZiZ j − 1

2

∑
i

(
q

∑
j

�i j − μi

)
Zi + c (8)

encoding PO on qubits, where c = (1/2)
∑

i(q
∑

j=iWi j − μi )
is a constant. To preserve the Hamming weight of the state,
we use an XY mixer with a one-dimensional ring connectivity
defined as

HM =
∑

i

∑
j=i+1

X iX j + Y iY j . (9)

The initial state is prepared as a Dicke state [44], which
is a superposition of all feasible (i.e., Hamming weight K)
bitstrings with an equal probability.

Given a solution s or x to the problem, we use AR
to quantify the quality of the solution. For MaxCut, it is
defined as

AR(s) = f (s) − fmin

fmax − fmin
, (10)

where fmin and fmax are the minimum and maximum value of
f (s), respectively; that is,

fmin = min
s

f (s), fmax = max
s

f (s). (11)

For PO, we need to take constraints into consideration:

AR(x) =
{

f (x)− fmax

fmin− fmax
,

∑
i xi = K,

0,
∑

i xi 
= K,
(12)

where fmin and fmax are

fmin = min∑
i xi=K

f (x), fmax = max∑
i xi=K

f (x). (13)

We also use the metric of relative AR improvement, de-
fined as

AR(x) − ARini

ARopt − ARini
, (14)

where ARini and ARopt are the approximation ratios corre-
sponding to the collection of solutions produced by QAOA
circuits with initial parameters γ ini,βini and optimal parame-
ters γopt,βopt:

ARini = Ex∼|ψ(γ ini,βini )〉[AR(x)],

ARopt = Ex∼|ψ(γopt,βopt )〉[AR(x)]. (15)

From a practical perspective, the optimal parameters refer to
the set of parameters we can empirically find that lead to the
best objective function value. In our evaluations, we obtain
the optimal parameters by performing noiseless optimizations
with unlimited shots.

III. RESULTS

We now present our results. We begin by summarizing
our protocol in Sec. III A and briefly introducing existing
techniques our protocol uses. We proceed by describing the
rest of its components, with optimizer selection in Sec. III B,
hyperparameter study in Sec. III C, and budget allocation in
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Sec. III D. We then present the performance of the protocol
on trapped-ion hardware in Sec. III E.

A. End-to-end protocol for QAOA parameter optimization

Figure 1 shows an overview of our protocol. Given a prob-
lem instance, we first follow Ref. [13] to rescale the weights.
We divide the objective function√√√√ 1

|E2|
∑
i, j

w2
i j + 1

|E1|
∑

i

w2
i , (16)

where |E2| is the number of quadratic terms in the objective
function and |E1| is the number of first-order terms. This
rescaling rule can also be extended for problems with higher-
degree terms.

The difficulty of optimizing the parameters in QAOA
heavily depends on the initial point selection. It has been
shown for several problem settings that the optimized pa-
rameters for different problem instances are approximately
equal [9,10,13,14,16,17]. Consequently, the averaged opti-
mized parameters from several problem instances serve as a
high-quality initial point. Thus, we use the parameters given in
Ref. [15] for unweighted MaxCut with 3-regular graphs as our
initial points for MaxCut and follow the empirical observation
in Ref. [13] to use the averaged optimized parameters for the
Sherrington-Kirkpatrick model [14] for PO. The values of γ

and β are further rescaled so that they are on the same scale
for the optimizer.

The rest of the components concern optimizer selection,
hyperparameter tuning, and shot budget allocation, which we
describe in detail in the following subsections.

B. Optimizer choice

We conduct an evaluation of various optimization meth-
ods under the shot-frugal setting. Specifically, we ex-
amine the performance of COBYLA [45], BOBYQA
[46], NELDER_MEAD [47], ESCH [48], DIRECT_L [49],
CRS2_LM [50], SPSA [51], GSLS [52], and IMFIL [53].
These methods have been considered in the quantum opti-
mization context and are available in optimization packages
NLOPT [54], PY-BOBYQA [55], SCIPY [56], PDFO [57],
and SCIKIT-QUANT [58]. Some other methods we also
tested but either work very similarly to one of the above
methods or perform undesirably include UOBYQA [59],
NEWUOA [60], LINCOA [61], and SNOBFIT [62]. We com-
pute the energy landscapes of 60 random p=1 PO instances
and efficiently test the optimization quality of each method.

Some of the tested methods have dozens of hyperparame-
ters that can be adjusted before running; other methods have
only one or two. A complete study of the performance of each
method as its hyperparameters change is far beyond the scope
of this manuscript. Instead, we focus our numerical studies on
the allocation of the total budget, an additional hyperparame-
ter they all share that is crucial to our restricted setting. This
is particularly important if the optimization method needs a
few initial function evaluations before being able to make
a prediction since more function evaluations lead to fewer
shots per evaluation. In addition, the “initial step size” of

FIG. 2. Performance comparison of common derivative-free op-
timizers optimizing p=1 QAOA circuits for 60 random PO instances.
Each optimizer is evaluated under different budget allocation strate-
gies with a total budget of 10 000 shots, and model-based optimizers
also have their initial step size grid searched. The best-performed
hyperparameter combination is then used to plot this figure. The
metric is the mean relative AR improvement with standard error
over instances. The optimizers are arranged in descending order
of mean AR. BYBOQA, COBYLA, and NELDER_MEAD achieve
very comparable performance. The mean relative AR improvement
optimized by SPSA is 0.385, which is too low to be included in the
figure.

model-based methods, which determines the spread of the ini-
tial pattern of points, is a crucial hyperparameter that impacts
the performance significantly. We also vary it and choose the
best-performing one for these methods in our benchmarking.
We test a total of 1460 optimization configurations, and each
configuration is evaluated 5 times with different sampling
seeds on each of the instances. Please refer to Sec. V B for
the details of the efficient performance evaluation.

Figure 2 shows the performance comparison of the tested
methods using mean relative AR improvement [Eq. (14)]
as the metric. We see that BOBYQA, COBYLA, and
NELDER_MEAD perform the best in this setting among all
tested methods. We choose COBYLA over NELDER_MEAD
since the former is considered an improved version of the
latter [45]. Between BOBYQA and COBYLA, we choose the
latter, attributing to the fact that a simple model minimizes
the number of initial function evaluations and maximizes the
number of shots per evaluation. COBYLA assumes a lin-
ear model and needs only 2p + 1 initial function evaluations
to build the model for 2p parameters in a p-layer QAOA.
BOBYQA follows almost the same strategy as COBYLA
except that it assumes a quadratic model, which requires up
to (1/2)(2p + 1)(2p + 2) initial function evaluations to fully
determine the model. We adopt the default setting of 4p + 1
initial evaluations, which is still almost twice as many as
COBYLA requires in the large p limit. In the small p regions,
the performance of BOBYQA and COBYLA is comparable
(see more details in Appendix). However, the number of
shots per evaluation for BOBYQA approaches half of that
for COBYLA as we increase the number of QAOA layers
(p). The substantial uncertainty due to shotted evaluations out-
weighs the benefits of fitting a more refined model. Similarly,
other methods generally have more complicated assumptions
and are thus more demanding in terms of the number of
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FIG. 3. Mean relative AR improvement (with standard error over instances) of COBYLA on p = 5 QAOA instances as a function of
initial step size, assuming an infinite shot budget. The label of each line represents the number of function evaluations allowed after the initial
evaluations. We observe that MaxCut, having a more accurate initialization strategy, requires a smaller initial step size than does PO. With a
given problem and initialization strategy, COBYLA is generally not sensitive to the initial step size.

evaluations. The improved accuracy in the predictions does
not compensate for the loss resulting from the significant
decrease in the number of shots per evaluation.

C. Hyperparameter selection

We now fix COBYLA as our optimization method and
investigate its hyperparameter choice. COBYLA only has one
hyperparameter to tune besides the budget allocation strategy,
which is the initial step size (“rhobeg”). As previously men-
tioned, this hyperparameter determines the distance between
the initial point and other initial evaluations, which is crucial
for establishing an accurate linear model while using few
evaluations. We run exact simulations of 100 random 12-qubit
MaxCut instances and 60 random 12-qubit PO instances for
p ∈ {1, . . . , 5} and plot the optimization results under varying
initial step sizes.

In Fig. 3, we plot the mean relative AR improvement with
standard error over instances as a function of initial step size,
where each curve represents the performance at the given
number of function evaluations after the initial evaluations.
The performance converges toward the maximum possible
relative improvement as we increase the function evaluations,
as expected. We observe that MaxCut, having a more accurate
initialization strategy, requires a smaller initial step size than
does PO. With a given problem and initialization strategy, we
notice that COBYLA is generally not sensitive to the initial
step size, even when the number of evaluations is very low.
The same trend can be observed across different numbers of
QAOA layers (p), which we show in Fig. 12 in Appendix. For
subsequent experiments, we use an initial step size of 0.1 for
MaxCut and 0.5 for PO.

D. Budget allocation

We now study the budget allocation strategy. We primarily
focus on a per-instance total budget of 10 000 shots. This
value of total budget was chosen to match the constraints of
trapped-ion hardware. Prior QAOA experiments on the device

used in this work used 2000, 5200, and 7800 shots and p � 2
[21,63]. For comparison, previous hardware demonstration on
a superconducting processor used 25 000 shots per evaluation
and six evaluations per optimizer iteration [64]. The number
of shots per evaluation is inversely proportional to the number
of total function evaluations:

#shots/evaluation =
⌊

shot budget = 10 000

#evaluations allowed

⌋
. (17)

We perform hyperparameter grid searches on the number of
shots per function evaluation versus the maximum number
of function evaluations on 1000 random 12-qubit MaxCut
instances for p ∈ {2, 3, 4, 5}.

Figure 4 shows the mean relative AR improvement with
standard error over instances as a function of the maximum
number of function evaluations given to the optimizer, starting
from the required number of initial function evaluations for
building the linear model in COBYLA. We observe that in
exchange for more function evaluations, the rapidly reduced

FIG. 4. Mean relative AR improvement (with standard error over
instances) of optimizing 1000 p = 5 n = 12 MaxCut instances as a
function of the number of additional evaluations after the first 2p +
1 initial evaluations. The number of shots per evaluation is divided
evenly from a total budget of 10 000 shots. Empirically, we observe
that two iterations after the initial evaluations work the best on the
average case.
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FIG. 5. Contour plot of optimizing 1000 p = 5 n = 12 MaxCut
instances spanned by the number of additional evaluations and the
number of shots per evaluation. The color represents mean relative
AR improvement and the three lines correspond to a total budget of
10k, 20k, and 30k, respectively.

number of shots per evaluation significantly impacts the mea-
surement accuracy and optimizer behavior. With a good initial
point, the optimizer can get close to the optimal point in a few
iterations after the initial evaluations. Thus, the best strategy
is to maximize the number of shots per evaluation so that
the optimizer can rely on the initial evaluations to accurately
predict candidate points. Empirically, we observe that two
iterations after the initial evaluations work the best on the
average case.

Figure 5 shows a contour plot spanned by the number of
additional evaluations and the number of shots per evaluation.
The color represents mean relative AR improvement and the
three lines correspond to a total budget of 10k, 20k, and
30k, respectively. Focusing on the 10k budget line, we make
the same observation as in Fig. 4: Smaller number of steps
and higher per-evaluation shot budget give the best results.
Following the contours, we see that increasing the number of
evaluations has little return in contrast to the steady gain in
increasing the number of shots per evaluation. If the number
of shots is as low as 200, the optimizer will even find lower-
quality parameters than the initial ones due to the extreme
variance in sampling the objective function values. We expect
the budget allocation strategy to be the same for similar bud-
gets, whereas a substantially higher budget can allow more
evaluations. We show additional results for p ∈ {2, 3, 4} in
Figs. 13 and 14 in Appendix. We can also derive the minimum
shot budget requirement from these contour figures, where
the budget results in approximately zero improvement in the
relative AR.

E. Hardware demonstrations

We demonstrate the effectiveness of our parameter setting
protocol with Quantinuum’s noisy emulator of H1-1 (denoted
as H1-1E), as well as the H1-1 [65] and H2-1 [66] quantum
processors. Each optimization has a total budget of 10k shots
across all evaluations for one problem instance.

We first validate the protocol on MaxCut problems. In
Fig. 6, we report the average performance over five n = 12
graphs with QAOA depth up to 5. The Noiseless (∞) line
optimizes the QAOA parameter under the noiseless backend

FIG. 6. Optimizing QAOA parameters with p ∈ {1, . . . , 5} for
n = 12 weighted graphs. Error bars represent the standard error of
the mean AR over five instances. The Noiseless (∞) line opti-
mizes the QAOA parameter under the noiseless backend and with
an unlimited number of iterations. In other words, it represents the
performance of the best achievable parameters. The Noiseless (2)
line optimizes the QAOA parameter under the noiseless backend and
with two additional iterations, representing the results of the protocol
in noiseless simulation. The H1-1E (2) line optimizes with two
additional iterations under an emulator backend, which mimics the
H1-1 quantum device, representing the deployment of the protocol in
a practical scenario. The Initial line presents the performance under
the fixed initial parameter.

and with an unlimited number of iterations. In other words, it
represents the performance of the best achievable parameters.
The Noiseless (2) line optimizes the QAOA parameter under
the noiseless backend and with two additional iterations after
the first 2p + 1 initial evaluations, representing the results
of the protocol in noiseless simulation. The H1-1E (2) line
optimizes with two additional iterations with an emulator
backend, which mimics the H1-1 quantum device, represent-
ing the deployment of the protocol in a practical scenario. The
Initial line presents the performance under the fixed initial pa-
rameter. The results validate the effectiveness of the protocol,
showing that under different p the protocol can improve the
parameter quality nontrivially. At p = 1, all the fine-tuning
results are close to the initial since the initial parameters are of
very high quality. The gap between Noiseless (2) and H1-1E
(2) quantifies the impact of the hardware noise.

In Fig. 7, we utilize all the qubits in the H1-1 processor and
validate the protocol on three n = 20 instances. The hardware
results are shown on the H1-1 line. The proposed protocol
performs well on quantum hardware, confirming the emulator
results. In these selected instances, the initial ARs of p = 5
are close to p = 3 because the quality of initial parameters
is relatively poor for these instances, highlighting the signifi-
cance of the instance-level fine-tuning. The proposed protocol
achieves up to 56.61% relative AR improvement in noiseless
simulation while obtaining 46.88% relative AR improvement
under hardware noise.

We use our protocol to optimize one n = 32 MaxCut in-
stance on the H2-1 processor. The ARs with the standard error
over shots are shown in Table I. The “Hardware evaluation”
column shows the results directly reported by the hardware
optimization. The “Exact evaluation” column shows the re-
sults evaluated with a noiseless state vector simulator using
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FIG. 7. Optimizing QAOA parameters with p ∈ {1, 3, 5} for three n = 20 MaxCut instances. Error bars represent the standard error of the
mean AR over limited shots. An error bar is estimated as σ/

√
M, where σ is the standard deviation of the approximation ratio associated with

the exact QAOA state vector and M is the number of shots. The added H1-1 (2) line optimizes for two additional iterations after the first 2p + 1
initial evaluations. For the description of other labels, please refer to the caption of Fig. 6.

the parameters found by the hardware optimization. Since the
circuit size is larger than in the previous experiments, the gap
between the hardware and noiseless simulation also becomes
larger. Nonetheless, for p = 5, n = 32, and a QAOA circuit
with 240 two-qubit gates, the protocol is still able to optimize
the parameter beyond the high-quality initial parameters. We
plot the observed distributions with initial and optimized pa-
rameters in Fig. 8.

We also use PO to verify our findings and numerically
demonstrate the protocol’s general applicability. PO is a
harder problem setting because the initial parameter quality is
generally poorer than MaxCut’s. In addition, the constraint-
preserving mixer has a larger overhead in the circuit. We
validate the protocol with H1-1E for five n = 10 PO instances
with p up to 7, as shown in Fig. 9. The QAOA circuit has
97 two-qubit gates for initial state preparation and 65 two-
qubit gates for one QAOA layer. We consistently observe the
improved AR over the initial parameter setting. Meanwhile,
as p becomes larger, the circuit encounters an increasingly
greater amount of noise, and the AR performance gap between
the noisy and noiseless simulation becomes larger. For the
p = 7 experiments with 552 two-qubit gates, the relative AR
improvement in the noisy simulation is 11.02% while it is
43.52% in the noiseless simulation. Parameter optimization
in a highly noisy environment is challenging even under the

TABLE I. Numerical simulation and hardware demonstration
results of p = 5 QAOA on an n = 32 MaxCut instance. Values in
parentheses are the standard error of the mean AR over limited
shots. “2 iter” denotes the results, including two iterations after the
first 2p + 1 initial evaluations. The “Hardware evaluation” column
shows the results directly reported by the hardware optimization.
The “Exact evaluation” column shows the results evaluated with a
noiseless state vector simulator using the parameters found by the
hardware optimization.

Parameter Hardware evaluation Exact evaluation

Initial 0.7963 (0.1367) 0.8084
H2-1 + 2 iter 0.8137 (0.1335) 0.8197
Noiseless + 2 iter N/A 0.8654

fine-tuning setup, suggesting the necessity of deploying error
suppression strategies and developing error correction tech-
niques in larger-scale hardware experiments.

IV. DISCUSSION

QAOA has shown algorithmic speedup over the classical
state of the art for some problems. High-quality parame-
ters are necessary to realize its quantum speedup. However,
although optimal parameters in the average cases are usu-
ally available, instance-level fine-tuning is necessary for
maximizing the QAOA performance. In this work, we con-
firm that such fine-tunings can reliably improve the QAOA
performance beyond the high-quality initialization with opti-
mization steps linear in the QAOA layer p.

We propose an end-to-end protocol for QAOA parame-
ter setting. Focusing on weighted combinatorial optimization
problems within the same family, we assume we have a fixed
parameter initialization schedule for the unweighted problems
from the same family. We first rescale the weighted problem
instance such that the parameters for unweighted problems
can be applicable. Then, we need to tune the hyperparame-
ters of the classical optimizer. Under the shot-limited cases,

FIG. 8. Shot frequency of solving the n = 32 MaxCut with p =
5 QAOA in H2-1. The initial bins represent 769 samples from the
p = 5 QAOA state with initial parameters. The optimized bins rep-
resent 769 samples with fine-tuned parameters.
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FIG. 9. Optimizing QAOA parameters with p ∈ {1, . . . , 7} for
n = 10 PO instances. Error bars represent the standard error of the
mean AR over five instances. For a description of labels, please refer
to the caption of Fig. 6.

we benchmark 12 optimization algorithms and found that
COBYLA and BOBYQA perform the best. Considering a
realistic shot budget of 10k per problem instance, we use
the simplest method, COBYLA. To tune the hyperparameters
of COBYLA, we observe that a fixed initial step size works
stably in QAOA with different layers for problems of different
sizes. Then, we determine the maximum number of iterations
of COBYLA to optimize the budget allocation. Under the
setting of 10k shots, we assume an equally allocated budget
and perform a grid search on the number of shots for one
sample. We set the number of steps to be 2 and observe that it
consistently works well.

Our protocol and shot budget assumption work for differ-
ent problem sizes. Figure 10(a) shows the normalized standard
deviation of the estimated energy induced by finite sampling
for MaxCut of varying problem sizes. Each data point is aver-
aged over 1000 instances. We observe that as the problem size
increases, the standard deviation decreases, indicating that
fewer shots are needed to maintain the same level of sampling
error. We further show the relative AR improvement of our

protocol as a function of the problem size in Fig. 10(b), which
confirms that our protocol stays effective at larger problem
sizes.

Our protocol can be applied to different problems. We test
the protocol with MaxCut and PO instances. For MaxCut, we
solve a 32-qubit problem with up to five layers of QAOA
and perform hardware demonstrations with both H2-1 and
H1-1 devices. For PO, we solve 10-qubit problems with up
to seven layers of QAOA and demonstrate in the emulator of
the H1-1 device. The protocol is effective and robust to noise.
For example, in one instance of 20-qubit MaxCut with p = 5,
the fine-tuning strategy achieves up to 56.61% relative AR
improvement in noiseless simulation while it holds 46.88%
relative AR improvement under hardware noise.

This protocol provides an end-to-end solution for QAOA
parameter settings on a quantum device. The protocol is also
generally applicable when we have many more shots, allowing
for more fine-tuning iterations. In such scenarios, several open
and interesting directions remain. For example, we can dy-
namically allocate the shots, allowing each iteration to have a
different number of shots. Additionally, we can assign the shot
budget to problem instances that perform relatively poorly
under the fixed initial parameters. Finally, we remark that our
techniques can be combined with other qubit-reuse compila-
tion techniques (e.g., Ref. [63]) to dramatically increase the
size of the problem that can be tackled.

V. METHODS

We now present our approach to test our protocol through
both numerical simulations and quantum demonstrations. We
detail our methods for noiseless and noisy simulations, hard-
ware experiments, and the specific combinatorial optimization
problems we considered.

A. Evaluation and data generation

We perform both numerical simulations and quantum
demonstrations to derive, tune, and validate our protocol. For

FIG. 10. (a) Normalized standard deviation of the estimated energy (single shot) and (b) relative AR improvement of our protocol (10
000 shots) as a function of problem size n averaged over 1000 p = 5 MaxCut instances. Error bars denote the standard error. Considering the
absolute change is not substantial, we believe the dip at n = 20 in panel (b) is just a normal deviation.
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FIG. 11. (a) Energy mean landscape of a p = 1 PO instance with a resolution (points along each dimension) of 128 by 128 over the π/4
by π/4 region, where the center is the initial point we use in our experiments. (b) Energy standard deviation landscape of the same instance.
(c) Sampled landscape showing the effect of 5000 shots per evaluation. An optimization trajectory by COBYLA is overlaid for demonstration.
The red to yellow marks represent COBYLA’s queries (function evaluations), where the lower left point is the start and the yellow mark is the
end. They are connected by a red line (“optimizer trace”) to indicate the order. (d) Sampled landscape with 500 shots per evaluation. We see
that finite sampling noise has a serious impact on the optimization quality.

noiseless simulations, we employ an optimized MPI-enabled
QAOA simulation package, QOKit [67], to simulate up to 32
qubits on two Nvidia A100-80GB GPUs. For noisy simula-
tions, we use the Quantinuum H1 emulator [65]. For hardware
experiments, we obtain the results on the Quantinuum H1-1
and H2-1 quantum processors. H1-1 and H2-1 are trapped-ion
devices that have full connectivity and high gate fidelity. For
detailed specifications of H1-1 and H2-1, please refer to Refs.
[65,66]. Whenever the experiment setting is not exact (by
exact, we mean noiseless with unlimited shots), we first obtain
optimized parameters under the experiment settings and then
report the results by exactly evaluating these parameters. This
measure is to present the quality of the optimized parameters
truthfully and fairly.

We consider two combinatorial optimization prob-
lems: weighted maximum cut (MaxCut) and portfo-
lio optimization (PO). For MaxCut, we generate ran-
dom 3-regular graphs with random edge weights sam-
pled from a mixture of three Gaussian distributions
{(N (0, 1), 0.5), (N (5, 2), 0.3), (N (10, 1), 0.2)}, where 0.5,
0.3, and 0.2 are the probabilities of sampling from the cor-
responding Gaussian distribution. For PO, we use historical
stock market data from Yahoo! Finance as the source for
generating the expected return vectors and the covariance
matrices. The 60 instances we use for each n are from the
first 28 days of each month from January 2015 to December
2019 with n selected stocks from S&P 500 companies that
have complete data during that period.

For the optimizer performance comparison, we assume a
total budget of 10 000 shots, vary the number of function
evaluations from 2p + 2 to 20 and allocate the shot budget
evenly to each evaluation. We also grid search the initial
step size for supported optimizers from 0.05 to 0.5 with an
increment of 0.05. Further details are described in the next
subsection. For initial step size studies, we assume an infinite
shot budget. We grid search the initial step size from 0.01 to
0.2 with an increment of 0.01 for MaxCut and from 0.01 to 1
with an increment of approximately 0.05 for PO. For budget
allocation studies, we set the number of function evaluations
from 2p + 2 to 50 with an increment of 1 between 2p + 2 and
20 and an increment of 5 between 20 and 50. The number of
shots per evaluation is set using Eq. (17).

B. Low-cost optimizer benchmarking

We employ the quantum optimization helper package
OSCAR [12,68] to conduct a computationally tractable
evaluation of the various optimizers under different bud-
get allocation strategies. For each QAOA instance, OSCAR
computes a discrete energy landscape and then interpolates
discrete points on the landscape to answer subsequent func-
tion evaluations without actually simulating the circuit. This
enables us to quickly evaluate numerous optimization config-
urations with manageable costs.

Nonetheless, the discrete landscape computation is a grid
search, which means its complexity is exponential in the
number of points along each dimension. Although OSCAR
supports reconstructing a landscape with a small number of
sampled points, we choose to evaluate each point on the
landscape with exact simulation to avoid approximations.
Thus, this approach is viable only for low-depth QAOA land-
scapes. For our optimizer benchmark experiments, we use
p = 1 instances and a resolution of 128 by 128 over the
π/4 by π/4 region where the center is the initial point we
use in our experiments. Figure 11(a) shows an example en-
ergy landscape we use. Notice that the local optimum (white
star in the figure) is very close to the initial point (center
of the figure), showing the effectiveness of our initialization
strategy.

To simulate the energy with finite sampling errors, in ad-
dition to the energy landscapes, we compute the standard
deviation landscapes to realize fast energy evaluation with an
arbitrary shot.

Figure 11(b) shows an example standard deviation land-
scape we use. Figures 11(c) and 11(d) show two landscapes
sampled from the energy and the standard deviation land-
scapes with 5000 and 500 shots per evaluation, respectively.
We see that the finite sampling adds a noticeable saltlike
noise to the landscapes, and fewer shots lead to heavier
noise. To demonstrate the impact on optimization, we overlay
COBYLA’s evaluations on top of the landscape. Note that
for demonstration purposes, we start from a lower left point
instead of the center, which is the initial point we use in
our experiments. We observe that the optimized point (yellow
mark in the figure) is seriously affected by the sampling noise.
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APPENDIX: ADDITIONAL RESULTS

Here, we show additional results we have obtained, includ-
ing the initial step size study for p ∈ {1, 2, 3, 4} (Fig. 12) and
the budget allocation study for p ∈ {2, 3, 4, 5} (Figs. 13 and
14).

In Fig. 13, following the similar setup as Fig. 4, we did
an additional comparison between COBYLA implemented in
NLopt [54] and PY-BOBYQA [55]. The contours of their
performance under different budgets are shown in Fig. 14. PY-
BOBYQA is an improved version of BOBYQA implemented
in Python. In our numerical experiments, we found that
the performance of PY-BOBYQA is similar to the standard
BOBYQA implemented in NLopt [54]. We did not enable the
objfun_has_noise flag in PY-BOBYQA due to its effect
of defaulting to (1/2)(2p + 1)(2p + 2) initial function eval-
uations (instead of 4p + 1) and using multirestarts, both of
which contradicted our shot-frugal setting. We also wanted to
be consistent with the 4p + 1 initial function evaluations we
used for BOBYQA in our optimizer comparison experiment
(Fig. 2).

Note that for p = 1, the initial points are of very high qual-
ity and the maximum achievable AR is relatively low due to
the shallow QAOA depth. Consequently, the improvable AR is
very small, and the optimizer struggles to improve beyond the
quality of the initial point, especially with a highly stochastic
objective resulting from the low shot budget. Therefore, we do

FIG. 12. Mean relative AR improvement (with standard error over instances) of COBYLA on p ∈ {1, 2, 3, 4} MaxCut and PO instances
as a function of initial step size. The label of each line represents the number of function evaluations allowed after the initial evaluations. We
observe that with a given problem and initialization strategy, COBYLA is generally not sensitive to the initial step size or QAOA depth.
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FIG. 13. Mean relative AR improvement (with standard error over instances) of optimizing 1000 p ∈ {2, 3, 4, 5} n = 12 MaxCut instances
as a function of the number of additional evaluations after the first 2p + 1/4p + 1 initial evaluations for COBYLA/PY-BOBYQA.

not show p = 1 figures or use p = 1 MaxCut in the optimizer
benchmarking experiments.

For a small p, the difference in the number of initial eval-
uations does not result in a huge disparity in the number of

shots per evaluation. At p = 2, PY-BOBYQA outperforms
COBYLA with its quadratic model. For p ∈ {3, 4, 5}, their
performances are comparable and COBYLA shows a progres-
sive momentum.

FIG. 14. Contour plot of optimizing 1000 p ∈ {2, 3, 4, 5} n = 12 MaxCut instances spanned by the number of additional evaluations and
the number of shots per evaluation. The color represents mean relative AR improvement and the three lines correspond to a total budget of
10k, 20k, and 30k, respectively.
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