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Hidden nonreciprocity as a stabilizing effective potential in active matter
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Nonreciprocal interactions are known to produce distinctive dynamics in active matter. To shed light on
how the stationary state of such systems is affected by breaking reciprocity, we consider interacting particles
propelled by persistent noise, where reciprocity is broken by a transverse force perpendicular to the gradient
of the interaction energy. Focusing on the steady-state distribution of positions, we show that the nonreciprocal
coupling helps keep the system at its stable configurations. Specifically, we demonstrate this effect for a variety
of active systems whose stable configurations are energy minima, finding that the nonreciprocal coupling stiffens
springs, aligns spins, and improves associative memory. In contrast, the transverse force does not change
the stationary distribution of positions at all when the noise is thermal. Preliminary simulations suggest that
this nonreciprocal coupling plays a similar stabilizing role in other active systems, such as those exhibiting
motility-induced phase separation, whose stable configurations are not energy minima.
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I. INTRODUCTION

Active matter is a broad class of physical systems driven
out of equilibrium by energy-consuming autonomous agents
[1-4], leading to a diversity of single-particle and collective
phenomena. It is known that the self-propulsion of active
agents such as bacteria can lead to phase separation [5].
More recently, it was shown that nonreciprocal interactions,
for example, chemophoretic couplings that violate Netwon’s
third law in nonidentical colloidal particles [6,7], can lead to
distinctive dynamics, including oscillatory collective motion
[8—13] and unidirectional energy propagation [10,14].

The effect of nonreciprocity on the stationary state of active
systems is less clear. A possible outcome is that nonreciprocal
interactions induce divergence-free phase space flows, which,
similar to the chiral diffusion of noninteracting particles [15],
do not affect the macroscopic distribution of particles. Yet,
there are also examples where breaking the reciprocity of
interactions can alter the steady-state distribution of parti-
cle positions [16-22] and velocities [23]. Furthermore, the
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stationary state could also be influenced by an inter-
play between nonreciprocal interactions and self-propulsion
[19,20,24].

To shed light on these phenomena, we study nonrecip-
rocally interacting active particles where the reciprocity is
broken by a transverse force, which is perpendicular to the
potential gradient representing the reciprocal part of the in-
teractions. Analytical calculations, together with simulations,
paint a picture where nonreciprocity stabilizes self-propelling
matter around its most likely configurations. For a variety
of examples, we find an effective steepening of the en-
ergy basins containing potential minima [Fig. 1(b)]. We also
present simulations suggesting that a similar stabilization
might occur in systems whose stable configurations are not
energy minima, e.g., particles undergoing motility-induced
phase separation (MIPS) [5]. The stabilizing effect disappears
in the limit of vanishing persistence time [25] [Fig. 1(a)].
These key results have direct implications for the inference
of nonreciprocal interactions in active matter [26-28] and
the engineering of such couplings to produce properties of
interest [14,29].

II. MODEL

We demonstrate our results in the context of a prototypical
model of active matter, namely, active Ornstein-Uhlenbeck
particles (AOUPs) [30-34]. For a system of N AOUPs, the
collective spatial coordinates r = (ry, ..., ry) follow the
overdamped Langevin equation

r=F(r)+ ). ey

The persistent Gaussian noise 7 has zero mean, (1;(¢)) = 0,
and covariance (n;(t)n;(t")) = L8;;e71"~"l/" featuring the per-
sistence time 7 and noise strength 7 to represent particle
self-propulsion and fluctuations of the bath. We decompose
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FIG. 1. Illustration of the steady-state distribution P(r) of ac-
tive Ornstein-Uhlenbeck particles. The persistence in the noise 3
(black jagged arrows) captures the propulsion of the particles. The
potential force —VV (blue arrow; the blue paraboloid shows the po-
tential V') models reciprocal interactions, while the transverse force
F, L —VV (red arrow) models nonreciprocal interactions. (a) In
the limit of vanishing persistence, the noise is thermal, and P(r)
is the Boltzmann distribution determined by V and independently
of F, . (b) With persistence in the noise, F, appears in P(r) as an
effective energy correction that helps keep the system at its stable
configurations.

the particle-particle interactions,
F=-VV+F,, 2)

into the conservative force —VV associated with the poten-
tial V(r) and the nonconservative force F, (r) that breaks
reciprocity. Following Ref. [25], we consider the normal de-
composition

—VV-F, =0, 3

V.F, =0, 4)

so that F, is transverse to —VV and has zero divergence,
respectively. This partitioning has the physical interpretation
that the quasipotential V is a good measure of global stability
but may not always be possible for general forces [25]. Nev-
ertheless, we will discuss below a simple way to construct,
for any V, a F, satisfying Egs. (3) and (4). Nonreciprocity is
characterized here by

oF,;  OoF
a 7 :
rj ari

. LFE &)

where i, j run over all particles and their respective spatial
coordinates. As a control, we also consider the limit T — 0,
where  reduces to thermal noise, which has zero mean and
no temporal correlations, (n;(t)n;(t")) = 2T8;;6(t —t'). For
any F of the form (2)-(4), it is known that the steady-state
distribution of positions under thermal noise is the Boltzmann
distribution P(r) o exp(—V/T) [25]. Thus, nonreciprocity in
the form of F; has no effect on the distribution in the thermal
limit [Fig. 1(a)]. To intuitively understand why, we consider

k+ «
N O @@
— < < <
k—a
° persistent, a # 0 ® thermal, o # 0 persistent thermal (K5 = K)
e persistent, « =0 * thermal, a =0 ==K, o # 0 =K a#(
— theory —Kga=0 K a=0
O T @ S
= ! \ /
3 "\ \ /
QL
-5 0 5 - 0 s
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FIG. 2. Nonreciprocal spring-mass chain with periodic boundary
conditions. (a) Schematic diagram. For each pair of neighboring
masses, the left (right) mass acts on the right (left) mass with force
constant k + « (k — «). (b) Steady-state distribution P(Al) of spring
displacements Al for various noise types and o = 0, 2. Simulations
(circles) match theoretical predictions (lines) for different conditions
(color code). (c) Eigenvalues 1,, for each wave number ¢, of the
effective force constant matrix K. governing P(r) for various noise
types and values of o = 0, 2. In panels (b) and (c), the other param-
etersare N =100,k =1,T =1,and t = 2.

the dynamics if driven by F alone, r = F . Using its trans-
verse nature [Eq. (3)] and the chain rule, we find that the
potential energy of the system is conserved, V = 0. Since F |
has zero divergence [Eq. (4)], then trajectories in general do
not terminate (at a fixed point) [35]. Hence, F; on its own
leads to indefinite switching among configurations that have
equal potential energy, which all have the same thermal prob-
ability, providing intuition for why this nonreciprocal force
does not alter P(r) under thermal noise.

Throughout the remainder of this work, we focus on spe-
cific systems of AOUPs, each defined by a different choice
of interparticle force F [Eq. (1)], in which the nonreciprocity
is controlled by a single parameter «. That is,  # 0 breaks
reciprocity (F, # 0) while « = 0 does not (F;, = 0). Details
related to the simulation of each system can be found in
Appendix A.

III. NONRECIPROCAL HARMONIC OSCILLATORS

We begin with the simple example of a periodic spring-
mass chain where the springs nonreciprocally couple neigh-
boring masses [Fig. 2(a)]. Previously, this system has been
studied in the underdamped limit [14].

Mass i acts on mass i + 1 with spring constant k + « and
reacts with a different spring constant k — «, thereby vio-
lating Newton’s third law. The force experienced by mass
i=1,...,Nis

Fi=—"(k—sa)(r; = ris), 6)

s==%1

where r; is the displacement of mass i from its rest position,
and periodic boundary conditions are imposed as ryy; = ri
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and ro = ry. The force F satisfies the normal decomposition
[Egs. (2)—~(4)]

N
1
V= _k i — 2’ 7
; Sk(i = rig) 7
Fli=a ) sti—ri), ®)
s==+1

which shows that the nonreciprocity arises from the trans-
verse force F, . In the continuum limit and multiple spatial
dimensions, the nonreciprocal system converges to an active
ring polymer whose monomers self-propel tangentially to the
backbone with force o o [36,37]. Specifically, in dimensions
d > 2, the tensile force due to the curvature of the polymer
is perpendicular to the tangent along its backbone. Hence,
the active force is transverse to the potential force at every
point in the body of the chain. This transversality is broken
in the case of open chains, because the potential forces and
the tangential forces are parallel at the chain tips, and by
interactions between non-neighboring monomers.

To gain intuition for the nonreciprocal coupling, we con-
sider the dynamics driven by only the nonreciprocal transverse
force, r = F, . We analytically solve for the state at time ¢,

0, N odd
rz(0)v,, N even

+ Y rg(0){cos [2a(sin g)t]v,

r(t) = ro(0)vo + {

q7#0,7
+ sin [2a(sin @)t 1v_g}, ©)
where
u,, q=0,m,
vo=1750W—u,), O0<g<m, (10)
ﬁi(u‘q‘ —V_g), —mT<q<0,

are real-valued normal modes of the reciprocal system (r =
—-VV), r(0) = Zq 74(0)v, is the initial state in this basis,

uy; = €% /5/N are complex-valued normal modes of the re-
ciprocal system, and the wave numbers g € (—m, ] take the
N values for which ¢V is an Nth root of unity. We see that
the nonreciprocal coupling forces the system to oscillate at
frequency o |a| between degenerate normal modes v, of the
reciprocal system.

Figure 2(b) shows the stationary state as determined from
simulations. As expected from the normal decomposition of
the interparticle force, under thermal noise, nonreciprocal and
reciprocal springs have the same steady-state distribution of
displacements from rest length. Under persistent noise, how-
ever, the nonreciprocal springs have smaller displacements
than the reciprocal springs. Thus, persistent noise enables
nonreciprocity to stabilize the springs at their minimal-energy

configurations.
To understand this stabilizing effect, we consider a general
harmonic oscillator, where F = —Cr is the interparticle force,

C is the force constant matrix, r indicates the displacement of
each particle from its rest position, and the nonreciprocity (5)
corresponds to an asymmetry C # C”. The normal decom-
position [Egs. (2)—(4)] exists and is given by [38-40] V =
%rTKr and F; = —Ar, where K is symmetric, A is traceless,

and KA is antisymmetric. Following standard approaches of
solving linear stochastic differential equations [41,42], we
derive (see Appendix B) the exact steady-state distribution of
positions under persistent noise, P(r) o exp(—Vei/T ), where
Vege(r) = %rT K.gr is a harmonic potential with effective force
constant matrix

Ker = K+ tK'K + tAT[I - I+ 1K) 1A. (11)

The first term of Ks corresponds to the potential V, whose
minima satisfy V(r) = 0. These minima are stabilized by
persistent noise as shown in the second term [33,42,43], inde-
pendently of the transverse force. The third term arises from
a synergy between this nonreciprocal coupling and persistent
noise, and scales as O(t2).

We will now prove that the third, nonreciprocal term of K
[Eq. (11)] provides additional stabilization to the minima of V.
Summarized below, we present the full proof in Appendix C.
Considering that the system is stable under thermal noise,
K is positive semidefinite. Hence, the nonreciprocal term is
also positive semidefinite and, if we assume the generally
true condition KA # 0, nonzero. So, this term increases at
least one eigenvalue of the effective force constant matrix Keg
while leaving the remaining eigenvalues unchanged. Using
this result (along with others), we can also show that the
nonreciprocal term preserves the set of zero modes of K,
which are exactly the zero modes of K. Thus, the trans-
verse force that nonreciprocally couples the particles increases
the likelihood of finding the system at the minima of V
[Fig. 1(b)].

We can make more precise statements about how the eigen-
values of K [Eq. (11)] are affected by its nonreciprocal
term [third term of Eq. (11)] if the force constant matrix C
is normal. In this special case, K and A are the symmetric and
antisymmetric parts of C [40], respectively, and therefore they
satisfy [K, A] = 0 due to C being normal. This commutation
relation implies that K, A, and thus K. [see Eq. (11)] are
simultaneously diagonalizable, allowing the eigenvalues of
K. to be expressed in terms of those of K and A,

M (Kefr) = 1,(K) + 7[2,(K)]?
+ AP =1+ 2,(K)] 7, (12)

where 1, (M) denotes the eigenvalue of M € {K, A, K} as-
sociated with the nth simultaneous eigenvector, and the index
n can be based on any ordering of the eigenvectors. The
third term of Eq. (12) is the contribution of the nonreciprocal
term to the eigenvalues of K.g. We see that the nonreciprocal
term increases the nth eigenvalue of K if the corresponding
eigenvalues of K and A are both nonzero. Otherwise, the
nonreciprocal term has no effect on 1, (Ke¢). In Appendix D,
we additionally demonstrate, by studying the dynamics of
the noise-averaged potential energy for normal force con-
stant matrices C, that the nonreciprocal force concomitantly
reduces the energy injected into the system by persistent
noise.

We will now apply the above theory for general har-
monic oscillators to analytically calculate the steady-state
properties of the nonreciprocal spring-mass chain [Fig. 2(a)].
Expressing the total force [Eq. (6)] in the form F = —Cr
and noticing that C is a normal matrix, we straightforwardly
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determine the matrices that satisfy the normal decomposition
as K= (C+C7")/2 and A = (C — C7)/2. Using Eq. (11)
for the effective force constant matrix K that governs P(r)

J

under persistent noise, we calculate the steady-state distri-
bution of spring displacements to have zero mean and a
variance of

1

T
Var(Al) = >
q#0

As shown in Fig. 2(b), this analytical distribution reproduces
exactly the simulated distribution under persistent noise (t #
0) for different values of nonreciprocity «, and it reduces to
the correct distribution under thermal noise (t — 0). Contin-
uing the theoretical analysis, we calculate the eigenvalues of
K.t using Eq. (12) for normal force constant matrix C,

Ag(Kegr) = 2k(1 — cos q) + 4tk*(1 — cos g)*

+4ra?sin® g{1 — [1 4+ 2tk(1 — cos )]},
(14)

which are plotted in Fig. 2(c). As shown above for general
harmonic oscillators, at most wave numbers, persistent noise
raises the associated eigenvalue for the reciprocal springs and
even more for the nonreciprocal springs, while, at the other
wave numbers, the eigenvalues are unchanged.

To highlight the generality of our results, we show in
Appendix E that the nonreciprocity-driven stabilization of the
one-dimensional nonreciprocal spring-mass chain [Fig. 2(b)]
is robust to disorder and open boundary conditions. Also,
in Appendix G, we further validate the general harmonic-
oscillator theory, i.e., Eq. (11), using a spring-mass model of
dusty plasma [44], where reciprocity is broken by a force not
transverse to the interaction potential gradient.

IV. NONRECIPROCAL SPHERICAL MODELS

Next, we demonstrate the stabilizing nature of transverse
forces for nonlinear F. We consider a nonreciprocal version
of the spherical model [45] with continuous spins of species
A and B [Fig. 3(a)]. This extends the discrete Ising model
of Ref. [46] and can be readily adapted to represent polar
alignment in flocks [22,47—49].

Spini =1, ..., N of species S € {A, B} feels a force

Fai=—p(lo]> = 2N)oa; +J Y onirs +aopi, (152)
s==%1

Fp; = —p(lo|> — 2N)og,; +J Z 0B,its — @04, (15b)
s==+1

respectively, where oy ; is the value of the ith spin of species S,
periodic boundary conditions are defined by o y+1 = 05,1 and
05,0 = Os.nN, 0 s the vector of all spins, and p is the hardness
of the soft constraint that imposes the condition |o|> = 2N.
Within species, the nearest neighbors are coupled reciprocally
with strength J. Between species, the interaction is fully non-
reciprocal with magnitude |«¢|. If o > 0, for example, each
A spin aligns with its corresponding B spin, whereas the B

k4 2tk2(1 — cos q) + 2ta2(1 + cos g){1 — [1 + 27k(1 — cos¢)]" '}

13)

(

spin antialigns with the A spin. The normal decomposition
[Eq. (2)—(4)] of F in Eq. (15) is given by

1
V= Zu(mz —2N)* — ;Jos,ias,w, (16)
opi,  S=A,
Flsi=ax {—B(;Ai S=BR a7

(a-)--:f >4 j A—=A—=A< - Species 4
At )
.—_>*4 * J * *4 *:---SpeciesB

thermal persistent
a=0 « 7é 0 a=0 « 7é 0
Ly by (e)r d) |~

r@ e

‘

-0 1 -1 0 1
ma ma
persistent, & # 0 (j
== e persistent, a = 0 (J)
o thermal, a # 0

A » thermal, o = 0
L 1

-1 -0.9 -0.8 -0.7
V/(2NJ)

FIG. 3. Nonreciprocal spherical model with two species of spins.
(a) Schematic diagram. Spins of species A and B are reciprocally
coupled to neighboring spins of the same species with strength J.
In contrast, A spins align with B spins with strength «, whereas B
spins (anti)align with A spins with strength —c«. (b)—(g) Steady-state
dynamics [panels (b)—(e)] and distribution P(my4, mp) [panels (f)—(i)]
of the magnetizations m, and mp of A and B spins, respectively,
under thermal [panels (b), (c), (f), and (g)] and persistent [panels
(d), (e), (h), and (i)] noise and for o = O [panels (b), (d), (f), and
(h)] and @ = 2 [panels (c), (e), (g), and (i)]. In panels (b)—(e), the
results shown are from the final 100 time points # at which the spin
values are stored during the long-time simulations used to compute
steady-state properties (Appendix A). (j) Steady-state distribution
of potential energy, P(V), for various noise types and values of
a =0, 2. In panels (b)-(j), the other parameters are N = 100,J = 1,
u=2,T=05andt = 2.
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revealing that the nonreciprocal coupling can be associated
with the transverse force.

The nonreciprocal coupling [Eq. (17)] induces time-
periodic swapping of magnetization between the two species,
as in the nonreciprocal Ising model [46]. We can un-
derstand this effect analytically by considering the dy-
namics of the system driven only by the reciprocity-
breaking transverse force, ¢ = F,. Consider the initial
state 0(0) = (04.1(0), ..., 0an(0),051(0), ..., opn(0)) =
(04(0), 05(0)). Taking advantage of the linearity of F,
[Eqg. (17)], we obtain the state at time ¢ as

[ cosat sinat \ [04(0)
o) = < cosat) <03(0)>' (18)

—sin ot
We see that the nonreciprocal coupling drives the two species
of spins to periodically swap configurations at frequency
||, in a way that conserves the potential energy V [Eq. (16)].
This oscillatory dynamics manifests as a periodic swapping of
magnetization mg = N~! Zi\;l os,; between species S = A, B,

(mA(t)> _ ( cosat  sin o:t) (mA(O)) (19)
mg()) — \—sinat cosat)\mg(0))"

Returning to the system with reciprocal coupling and noise,
we find that the nonreciprocal coupling also produces swap-
ping of magnetization between A and B spins under both
thermal [Fig. 3, cf. panels (b) and (c)] and persistent noise
[Fig. 3, cf. panels (d) and (e)]. In contrast, nonreciprocity has
no effect on the overall magnetization of all spins, |(m4, mp)|,
under thermal noise [Fig. 3, cf. panels (b) and (c)], but it
causes |(m4, mp)| to have a higher value and less fluctuations
under persistent noise [Fig. 3, cf. panels (d) and (e)]. In the
language of the nonreciprocal Ising model [46], our nonrecip-
rocal system under persistent noise [Fig. 3(e)] but not thermal
noise [Fig. 3(c)] is in the “swap phase,” where (my4, mp) ro-
tates about (0, 0) and maintains a norm % 0. While it would
be interesting to see whether the “swap phase” survives for
larger system size N, we defer this question, which has been
explored for the nonreciprocal Ising model [46], to future
studies.

How nonreciprocity affects the stationary state reflects its
effect on the dynamics. Indeed, we find that nonreciproc-
ity does not modify the stationary properties under thermal
noise [Fig. 3, cf. panels (f) and (g)], as expected from the
normal decomposition of F, whereas, under persistent noise,
nonreciprocity simultaneously increases the magnetization of
both species [Fig. 3, cf. panels (h) and (i)] and lowers the
total potential energy [Fig. 3(j)]. Therefore, persistent noise
enables nonreciprocity to stabilize the maximally aligned con-
figurations, i.e., global energy minima. For completeness, we
show in Appendix H that this principle is corroborated for
spins of a single species with nonreciprocal interactions, even
in presence of a magnetic field or antiferromagnetic coupling.

V. A GENERAL CONSTRUCTION OF TRANSVERSE
NONRECIPROCAL FORCES

Thus far, we have focused on essentially one-dimensional
systems where simple modifications to local interactions can
produce a reciprocity-violating transverse force. However,
it is unclear if this outcome extends to arbitrarily complex

(a) corrupted

stored  (b) Aij = —Aj; ~ N(0,0%/N)
patterns f

patterns

persistent, a # 0 © thermal, o # 0 —theory (linear stability)
e persistent, « =0 ¢ thermal, « =0
c d
© . d,,
1.5 F™
S, no -
..' .
retrieval
~ 1F % =02
%, St o, N
ST N =
0.5 F ™%, | %
"-».-.\ 0.2
retrieval "o,
( 1

FIG. 4. Nonreciprocal spherical Hopfield model of associative
memory. (a), (b) Schematic diagram. (a) Associative memory. Stored
patterns can be retrieved from corrupted versions. (b) In the Hopfield
model, the coupling among N spins encodes p random patterns.
For small pattern loading p/N, the patterns are stored as minima
of the potential V (purple curve) and can be retrieved by gradient
descent (purple arrow). We introduce nonreciprocity via a transverse
force, A(—VV) (magenta arrow), with A;; = —A; ~ N(0, a’/N)a
random antisymmetric matrix. (c), (d) We compare various quantities
for thermal vs persistent noise and different values of o =0, 4.
(c) Phase diagram of pattern retrieval in simulations, as a function
of T and p/N. Points of the same color form a transition line, below
which the stored patterns can be retrieved and above which they
cannot. (d) MSD from the energy minimum corresponding to the
target pattern. Circles show values from retrieval simulations after
an initial relaxation of the system, while lines are calculated from a
linear stability analysis based on Eq. (11). The other parameters are
N=200,A=2,up=1,and r = 1.

systems. To apply our findings more broadly, we consider a
transverse force of the form

F, =A(-VYV), (20)

where A is an antisymmetric matrix. Equation (20) automat-
ically satisfies properties (3)—(5) of a transverse force that
nonreciprocally couples different degrees of freedom. Similar
approaches have been used for faster sampling of steady-state
distributions [50]. If one knows —VV, then an antisymmetric
linear transformation provides a straightforward (in principle)
and general way to construct F .

VI. NONRECIPROCAL SPHERICAL HOPFIELD MODEL

To assess whether breaking reciprocity with transverse
force [Eq. (20)] can enhance stability, we first apply this
nonreciprocal coupling to a spherical [51] Hopfield model of
associative memory [52] [Fig. 4, panels (a) and (b)]. In this
biologically inspired disordered network, information is re-
trieved via convergence toward stable configurations—stored
patterns realized as energy minima—making it a natural
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testbed for exploring stabilization through nonreciprocity.
Previously, the Hopfield model has been studied with nonre-
ciprocal interactions [29,52-60] and persistent noise [61,62]
separately but not together.

A fully connected network of N spins encodes p ran-
dom patterns through their disordered (reciprocal) couplings,
which we describe with the potential of Ref. [51] except that
we use a soft spherical constraint:

A 1 A
V = Z(|0’|2 —N)2 — 5 Z.]ijO'iO'j — Z Z']ijklgiajakal-
ij ijkl
(21

The first term softly constrains the continuous spin vector
o = (oy, ..., oy) to the sphere |o|> = N. The second and
third terms are the couplings that encode p patterns {&* }i: | as
(approximate) potential minima, where the pattern elements
gl ~ N(0, 1) are independent and identically distributed ran-
dom variables. In analogy to the standard Hopfield model
[52], the second term describes two-body interactions whose
strengths are given by the connectivity matrix
1 p Mot . .
Jij = {g 2um 878 1A, (22)
. L=].
The third term—introduced by Ref. [51] to address the issue
that the second term is not enough to stabilize continuous
spins at the pattern configurations—describes four-body in-
teractions with the connectivity tensor

1 P
Ty =5 D EENEE (23)
n=1

If the pattern loading p/N is small enough [51,52], then the
patterns will be stored as minima of the interaction potential V
[Fig. 4(b)]. A stored pattern can then be retrieved from a cor-
rupted version of it [Fig. 4(a)] by gradient descent [Fig. 4(b)].

For the transverse force [Eq. (20)] that nonreciprocally
couples the spins [Fig. 4(b)], we randomly choose the off-
diagonal elements of A as A;; ~ N(0, o*/N) [57,60]. As
shown in Fig. 4(c) and expected from our above findings,
the transverse force does not significantly affect the ability to
retrieve patterns under thermal noise, but it enables retrieval
at higher noise strengths under persistent noise.

To shed light on the enhanced retrieval, we carry out a
linear stability analysis. We first linearize the force about
the energy minimum ¢ = o, corresponding to the target
pattern: F ~ —C(0 — on). We then calculate the steady-
state distribution of spin values under persistent noise using
the corresponding quantity presented above for nonrecip-
rocal harmonic oscillators (Sec. III): P(o) o exp[—(o —
Gmin)TKeff(a — omin)/(2T)], where K is given by Eq. (11).
We compute K. from the K and A obtained by numerical
normal decomposition of F (Appendix F). Assuming that oy,
is a stable fixed point and thus K is positive definite, then K
is also positive definite, which can be proved in analogy to
Appendix C 1. Accordingly, we compute the mean squared
displacement (MSD) from the energy minimum at steady
state as (|0 — ominl?) = T Y, A, ' (Kerr), where {A, (Kefr)} are
the eigenvalues of K. For low values of T, which keep
the system near the energy minimum at steady state and thus

(a) , (b)
No nonreciprocal coupling Nonreciprocal coupling
— —

Farther from energy minimum  Closer to energy minimum

FIG. 5. Schematic illustrating the physical intuition for why non-
reciprocal coupling via a transverse force stabilizes active systems
whose stable configurations minimize the (reciprocal) interaction
energy. (a) In the absence of nonreciprocal coupling, the system
settles at a steady-state position rg such that the potential force —VV
exactly balances the constant force Fy. (b) When a transverse force
F, nonreciprocally couples the particles, a smaller —VV is required
to counteract Fy. As a result, ry lies closer to the energy minimum.

the force approximately linear, our stability analysis recapit-
ulates measurements in simulations after the system has been
allowed some time to relax to the target pattern [Fig. 4(d)].
The agreement between theory and simulation suggests that
nonreciprocity [Eq. (20)] enhances pattern retrieval by stabi-
lizing the energy minimum associated with the target pattern.
As the number of stored patterns increases, the agreement is
quickly lost, presumably due to a concomitant increase in the
role of nonlinearity in the interactions.

VII. INTUITION FOR STABILIZATION
BY NONRECIPROCAL COUPLING

So far, we have shown that nonreciprocal coupling via a
transverse force enhances stability in a diverse set of active
systems, whose stable configurations coincide with minima
of their (reciprocal) interaction energy. To provide physical
intuition for this effect, we consider a two-dimensional nonre-
ciprocal harmonic oscillator subjected to a constant force F,
which represents the persistent noise in the limit of infinite
persistence time T — 00. The dynamics is given by

F = —kr — Ar + Fy, (24)

where the first term is the gradient —VV of the potential
V = k|r|>/2, and the second term is the transverse force F |
determined by the antisymmetric force constant matrix

0 a
A= (_a 0). (25)

The system converges to a steady-state position rg = r(t —
00) satisfying
2
, Il

P =2y (26)
As the strength of the nonreciprocal coupling a increases, the
steady-state position moves closer to the energy minimum
r = 0. This behavior can be understood through a simple
force-balance argument: A smaller potential force is required
to counteract the constant force when the transverse force is
present (Fig. 5).
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a) follow oppose
( ) ViaV) f(y( V.V)
-,V 7HV

—o-thermal, « #0 7 =25 a#0 7=100, 0 #0 -7 =400, #0
we-thermal, a =0 —+—7=25a=0 -7=100,0a =0 —27=400, =0

(e)

thermal

0 05 po 1 0 05 po 1 0 05 po 1 0 05 pp 1
p p p p

FIG. 6. Nonreciprocal active swimmers. (a) Schematic diagram of the interparticle forces. In addition to short-range repulsion (purple
arrows) mediated by the WCA potential (V), the particles experience nonreciprocal interactions with strength «. Illustrated is the case of
o > 0, in which the nonreciprocity drives particle i to follow the motion of particle i 4+ 1 (blue arrow) and particle i + 1 to do the opposite of
particle 7 (red arrow). (b) Steady-state distribution of potential energy, P(V'). (c) Steady-state pair correlation function, g(r), enlarged around
the cutoff distance beyond which the pairwise repulsion vanishes (7., dashed line). In panels (b) and (c), results are shown for various noise
types and values of the nonreciprocity parameter « = 0, 4. Steady-state properties related to density [subpanels (i)—(iii)] for persistence times
of t = 0 (thermal noise) [panel (d)], T = 25 [panel (e)], T = 100 [panel (f)], and T = 400 [panel (g)]. Representative particle configurations
for @ = 0 [subpanel (i)] and @ = 4 [subpanel (ii)]. The colors indicate the local density (p) in each region formed by discretizing the simulation
box into a 10 x 10 square grid. (iii) Distribution of local density, P(p). The total number density (po) is indicated by the dashed line. In panels
(b), (c), and subpanels (iii), error bars (vertical solid lines) are shown but, for most of the data, are too small to be seen. In panels (b)—(g), the
other parameters are N = 522,060 =1, =0.025,L =60,and T = 1.

VIII. NONRECIPROCAL ACTIVE SWIMMERS The particles repel each other within the cutoff distance of
et = 2"/%0 but move freely otherwise. For sufficiently large
persistence time t, the particles undergo MIPS [Fig. 6, panels
(d—(2)].

For the nonreciprocal coupling, we apply a transverse force
[Eq. (20)] with antisymmetric matrix

In general, the stable configurations of active systems need
not be energy minima but can arise from the persistent motion
of the particles. To preview the effects of nonreciprocity on ac-
tive systems with such nonequilibrium stable configurations,
we apply a transverse force of the form given by Eq. (20) to
active (i.e., persistently migrating) swimmers with purely re- Ay, = 8, v(Siy1,j — 8i-1,), 29)
pulsive (reciprocal) interactions. This paradigmatic model of
active matter exhibits the classic nonequilibrium phenomenon
of MIPS [5], in which particles separate into regions of low
density and high density due to their persistent motion.

We consider N particles interacting (reciprocally) ac-
cording to the Weeks-Chandler-Andersen (WCA) pairwise
potential [63] [Fig. 6(a)],

for spatial coordinates u, v € {x, y} and particle indices i, j €
{1, ..., N} with periodic boundary conditions N 4+ 1 = 1 and
0 = N. This choice of F; has strength o and causes each
pair of particles i and i 4+ 1 to nonreciprocally “follow” one
another. For example, if « > 0 [Fig. 6(a)], then particle i tries
to move along the direction of the potential force experienced
by particle i 4+ 1, while particle i + 1 tries to move counter the
direction of the potential force experienced by particle i.

V= Z Vwcea(7ij), 27 At steady state, we observe that the nonreciprocity reduces

i<j the total potential energy [Fig. 6(b)] by separating particles,

which are close enough to repel each other [Fig. 6(c)], con-

wherer = (x1, y1, ..., Xy, yny) denotes the particle positions, sistent with what we have seen for other systems. Although
and r;; = |(x;, ¥;) — (x;, y;)| is the distance between particles this effect holds over a wide range of persistence times t, the
iand j, and resulting density profiles are highly dependent on t [Fig. 6,
panels (d)—(g)]. At relatively low t, nonreciprocity breaks up

4 6[(1)12 _ (1)6] < r regions of high density, thereby favoring mixing [Fig. 6(e)].

Vwea(rij) = 0 Tij rg/ o TS Teut (28) At intermediate 7, for which the system is stuck at the on-

’ Fij = Teut: set of MIPS if all interactions are reciprocal, nonreciprocity
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enables MIPS to go to completion [Fig. 6(f)]. When t is high
enough for MIPS to be stable, nonreciprocity enhances the
phase separation, converting some of the remaining regions
of intermediate density into regions of low and high density
[Fig. 6(2)].

Taken together, these results suggest that nonreciprocity
might play a stabilizing role for active swimmers, though in
a more nuanced sense than in systems whose stable configu-
rations correspond to energy minima. Because MIPS emerges
only beyond a critical persistence time t, we may regard
the uniform-density and phase-separated states as the relevant
stable configurations of the system at low and high 7, re-
spectively. In both regimes, the nonreciprocal coupling drives
the system toward these respective steady states—suppressing
clustering when 7 is low and enhancing phase separation
when t is high—and thus acts as an effective stabilizing
mechanism. Further work will be needed to fully establish this
mechanism.

IX. CONCLUSIONS

We have revealed how breaking the reciprocity of inter-
actions by a transverse force shapes the stationary properties
of active particles. The transverse force, which is orthogonal
to the gradient of the interaction potential, helps the system
stay at its stable configurations. This is caused by an interplay
between the nonreciprocal couplings and the persistent noise
that propels the particles. In contrast, under thermal noise the
transverse force has no impact on the steady-state distribu-
tion of particle positions, indicating that previously reported
[10,16,17,22] changes to the thermal distribution arise from
nonreciprocal forces, which have finite overlap with the po-
tential gradient.

We have demonstrated that nonreciprocity can protect a
variety of active systems—whose stable configurations min-
imize their potential energy—against noise, by stiffening
springs, aligning spins, and improving associative memory.
We have also presented preliminary evidence that nonre-
ciprocity may play a similar stabilizing role in systems whose
stable configurations are genuinely nonequilibrium in origin,
in particular, active swimmers exhibiting MIPS at high per-
sistence times. Future work should further test this effect, as
well as clarify its generality by exploring, for example, attrac-
tive reciprocal interactions between swimmers, other systems
whose nonlinear interactions can generate nonequilibrium sta-
ble configurations (e.g., nonlinear oscillators with a quartic
interaction potential [34]), and transverse forces of the form
given by Eq. (20) with different choices of A.

Broadly, our findings suggest that the consumption of en-
ergy by individual particles influences how, if at all, breaking
reciprocity in their couplings appears in the stationary states
of active matter. Although we have focused on AOUPs, we
expect this work to be relevant to other models of active
particles. For example, we show in Appendix I that our results
on active swimmers (Fig. 6) remain qualitatively unchanged
for active Brownian particles [64] (Fig. 12).

For experimental realization, we propose implementing
transverse nonreciprocal forces through feedback control [65].
Specifically, the applied field would be dynamically up-
dated using a force-inference scheme that determines the

instantaneous interaction forces from measured particle posi-
tions. The feedback loop must operate on timescales shorter
than the characteristic dynamical timescales of the system
to ensure that the applied field remains transverse. For ex-
ample, the force-inference model could be learned from
experimental data [28], while the transverse force could be
implemented optically in Janus particles [66] or biological
microswimmers [67,68].
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APPENDIX A: NUMERICAL SIMULATIONS

For each system studied in this work, we simulate steady-
state properties by numerically integrating Eq. (1). Unless
otherwise noted, the simulations are run with a time step of
At = 0.002 for a total time of 108A¢, where the positions of
the particles are stored at every 200A¢ starting from the initial
time. The steady-state properties are obtained as an average
over the stored positions. In the following subsections, we
describe the system-specific details.

1. Nonreciprocal harmonic oscillators

For harmonic oscillators (Sec. III and Appendixes E
and G), the system is initialized at r = 0.

2. Nonreciprocal spherical models

For the spherical models with one species of spins
(Appendix H), the spin values are stored only after 500A¢
of equilibration time following initialization of each spin at
o; = sign(h). For the spherical model with two species of
spins (Sec. IV), the storage of spin values employs the same
equilibration time, and the initial condition is ¢ = 0.

3. Nonreciprocal spherical Hopfield model
In simulations of pattern retrieval, we initialize the system
such that the overlap m = 1o - £ with the target pattern

£9"¢! starts approximately at my = 0.7; without loss of gener-
ality, we choose the target pattern to be pattern 1, £ = g',
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Specifically, we randomly choose the initial state using a
modified version of the “warm” initialization in Ref. [69],

VN

0 | Starget I

0(0)=m N 4y, (Al)
where all z; ~ (0, 1) are independent and identically dis-
tributed random variables, and r is determined as a solution
to |6(0)|?> = N. Averaging over all possible z, the mean initial
overlap with the target pattern would be m if |£“"*'|> = N.
To account for the fact that the target pattern does not actu-
ally satisfy this normalization condition while the spin vector
(approximately) does [due to the soft spherical constraint (see
Sec. VI)], we have included the factor /N /|£“"€%| in the first
term. Following initialization, we evolve the system with a
time step of At = 0.001 for a total time of (2 x 10°)At. After
allowing the system to relax to the target pattern in the first
half of the simulation, we store the spin values (o) at every
100A¢ during the second half. We use the stored spin values
to calculate the steady-state MSD from the energy minimum
corresponding to the target pattern (see below). The MSD is
then used to compare simulations with linear stability theory
(Sec. VI). We also use the spin values at the final time to
calculate the final overlap with the target pattern.

To obtain the energy minimum corresponding to a target
pattern, we run gradient descent on V [Eq. (1) with F, =
0 and T = 0] starting from the normalized target pattern,
0(0) = (V/N/|E¥)Ee We run the calculation using a
time step of At = 0.001 (same as the pattern retrieval sim-
ulations; see above) for a total time of (1 x 107)Ar.

The results shown in Fig. 4 for each set of parameters
are an average over 25 pattern sets and 10 initial states per
pattern set. In Fig. 4(c), retrieval is deemed possible for a set
of parameters if the mean final overlap with the target pattern
exceeds 0.5.

4. Nonreciprocal active swimmers

The following numerical details are used for simulating
active swimmers consisting of AOUPs (Sec. VIII) and ABPs
(Appendix I). Simulations are run with a time step At that
depends on the noise persistence time 7, which determines the
time scale of the dynamics. We use At =5 x 107 ¢ fort = 0
(thermal noise) and At = (5 x 107%)7 for r > 0. The system
is initialized in a hexagonal lattice that completely fills the
L x L square simulation box (periodic boundaries). After an
equilibration time of (2 x 107)At, the system is evolved for
another (2 x 107)A¢, during which the particle positions are
stored at every 8000A¢ for subsequent use in the calculation
of steady-state properties. The results shown in Figs. 6 and
12 reflect data from five different simulations for each set of
parameters.

APPENDIX B: DERIVATION OF P(r) FOR
NONRECIPROCAL HARMONIC OSCILLATORS

In this Appendix, we derive the probability distribution
P(r) for a set of harmonic oscillators that move according to
Eq‘ (] )3

r=F(r)+ (), ey

where the force F(r) = —Cr has a nonreciprocal compo-
nent (i.e., C is asymmetric) and 3(¢) is persistent noise with
zero mean and covariance (n;(1)n;(t')) = %(Sije"”’/'/’. In
Appendix B 1, we present the derivation, which yields P(r) o
exp[—Vere(r)/T], where Veg(r) = %rT Kgr is an effective har-
monic potential and K is the effective force constant matrix
in Eq. (11). In Appendix B 2, we present an alternative deriva-
tion of K. for cases where C is positive definite (i.e., the
system is stable, with all eigenmodes having positive eigen-
value) and normal (i.e., commutes with its transpose).

1. Derivation of P(r)

Here, we derive the probability distribution P(r) using
an approach that is almost identical to that in Ref. [42]. As
described below, a seemingly small difference in the ansatz for
P(r) will be important for determining the correct dependence
of P(r) on F,. To gain some physical insights midway into
the derivation, only at the very end do we plug in the explicit
forms of the potential, V = %rTKr, and transverse force,
F, = —Ar, obtained by the normal decomposition [38,40] of
F (see main text).

The derivation begins by recasting the equation of motion
(1), which describes overdamped dynamics, as an under-
damped Langevin equation. To do this, we write down the
equation of motion for the noise variable, an Ornstein-
Uhlenbeck process given by

= —n+ (@), (B1)

where ¢ is thermal noise with temperature 7',
(1)) =0, (B2a)
(Ci()g; (")) =2T8;;8(t —1"). (B2b)

Taking the time derivative of Eq. (1) and plugging in

Eq. (B1) for 5 yields the underdamped Langevin equation,
p=F—-I—-1Jpp + @), (B3)

where Jr is the Jacobian of F, with elements (Jy);; = 0F;/0r;,
I is the identity matrix, and p = r are the velocities.

After rescaling time as 7 = t/4/7 and accordingly the ve-
locities as p = /Tp, we convert the Langevin equation to a
Fokker-Planck equation [70],

. 5 B 1 B 5
P(r,p) = [—pTVr —F'V; + pr (P — ©JrP)
+ Lv2 | p (B4)
—=V5 |P(r, p),
Vot
where P(r,P) is the distribution of positions and rescaled
velocities. At steady state, the stationary distribution satisfies
Eq. (B4) with the left-hand side set to zero.
To solve for the stationary distribution, consider the ansatz

_ BV oy s
P(r,p) « - - = "o, ) B5
(r. p) exp[ o7 T+;r VP | (BS)
which is similar to that of Ref. [42], except that the summation
starts at n = 1 instead of n = 2, and t can be arbitrarily large.
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The equation describing the stationary steady-state becomes

> haldl =0, (B6)
m=0
where ¥ = {,,(r, P)}°2, and
1
gol¥] = —B'FL — ' Vpun + TVyn, (B
1
oi[¥l = —p' Ve — F' Vpyy — TrJp + ;pTJﬁfa

— D Vo + T(Vpy)) Vpy + TV,  (BY)

¢m[¢] = - f)Term - FTVf)Wm - f)TJ%:Vf)wm—l

— D V¥

+T >

n+n'=m+1; n,n'>1

+TVa¥mir, m=2,3, ... (B9)

(Voun) (Vi)

Using the defining properties of F; [Egs. (3) and (4)], we
recursively solve the equations ¢,,[¥] = 0 for the functions
¥, which results in

p—TF > V
P(nf))ocexp(——'p ikl D

— v
2T r )

as the steady-state distribution of positions and rescaled ve-
locities. Our result, which is exact for harmonic forces (i.e.,
linear in r), can be seen as an approximation for generic forces
if the persistence time 7 is small. Indeed, if F is nonlinear,
the corrections will be O(t"/?) where n > 3, though solving
for them is highly nontrivial in general, even if one chooses
a different ansatz for P(r, p) [33,34]. Importantly, we would
like to point out that F, appears at O(/7) (to lowest order
in 7), a finding that would not have been obtainable had the
summation in Eq. (BS) started instead at n = 2 as in Ref. [42].
In particular, F shifts the velocities [Eq. (B10), first term in
parentheses] and thus acts analogously to a (magnetic) vector
potential.

Since the velocities are also coupled by V [Eq. (B10),
third term in parentheses], the influence of F, persists in
the marginal distribution P(r). Indeed, integrating P(r, p)
[Eq. (B10)] over all p and using the integral identity
[Ref. [71], p. 15, Eq. (22)]

o0 1
/ dx exp (——XTMx—i—VTx)
- 2
27 )N 1
= ,/( ) exp —vIM™ v,
detM 2

for matrix M € RV*N and vector v € RY, we arrive at

(B10)

(B11)

P(r) = [det (I + tHy)] " Y T wvp
= —[de T exp| — = — —|Vs
Z v Pl=7 7 or

+ %Fi((l +oHy) ' — I)FL], (B12)

which can also be written as

P(r) = Y T vvp
r)=—exp| - = — —
zP T T orttr

T

57 FI(@+tHy)™' = DF,

+

—%trln(I+THv)i|~ (B13)

Here, we have absorbed the constant (27 T)Y/? from the
Gaussian integration into the factor Z, which normalizes the
probability distribution. For sufficiently small 7, one can ex-
pand

1 1%
P(r)~ — -
(r) ZCXP(

T )
— |V, V]2 = =V
T 2T

2
©ETH,F (B14)
o7 V)

We note that for general F, there is a correction to Egs. (B12)—
(B14) at O(t?), which is characterized by the anharmonic part
of the potential, i.e., the part with a nonvanishing contribution

to V3V,
To arrive at a more explicit solution for P(r), we substitute
V= %rTKr and F; = —Ar, as obtained by normal decom-

position [38,40] of F (see main text), into Eq. (B13). This
yields P(r) oc exp(—Verr/T ), where Vegr(r) = Sr7Kegr is an
effective harmonic potential and K is the effective force
constant matrix in Eq. (11).

For one choice of nonreciprocal forces presented in the
main text,

F, =A(-V,V), (20)

the last term in the square brackets in Eq. (B14) can
be written as . F HyF, = Z.(V,V)  ATHyA(V,V). Thus,
nonreciprocity has an effect similar to increasing the persis-
tence time of the noise by a configuration dependent At, with

A tr(ATHy A
r min A(ATHyA) < =% < r%
T

where A refers to the set of eigenvalues of its argument.

, (B15)

2. Alternative derivation of K

Next, we present an alternative derivation of the effective
force constant matrix Keg [Eq. (11)] for cases where the force
constant matrix C is positive definite (i.e., the system is stable,
with all eigenmodes having positive eigenvalue) and normal
(i.e., commutes with its transpose). We note that the first part
of the derivation holds for all positive definite C. Only in the
second part of the derivation do we additionally assume that
C is normal.

Since F = —Cr is linear in r, we can use standard tools
from linear stochastic calculus [41] to analytically solve
Eq. (1) for any driving force 5(¢):

t
r(t) = / di’ e~ ="y,

—00

(B16)

where we have assumed that the last explicitly known con-
figuration lies infinitely far in the past. Thus, the average
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displacement from the rest configuration vanishes, (r(z)) = 0,
and the covariance matrix describing the fluctuations around
the rest configuration is

r@r’ (1)) = f dr’ f dt” [e= €D (e " @)

_CT (T—l”)] .

X e (B17)

Substituting the exponentially correlated noise, and changing
the integration variables, leads to

/ dt' / dt" e —Ct’ —CT " —\t —t”\/z

(B18)

(e’ (1) =

Splitting the integral into the two cases t' > t” and t' < ¢,
followed by another change of variables, leads to

T o ’ " Y
_/ d[,€(7C7I/I)t / dt" e —Cr 7C
T Jo 0
+ (Z fwdt// e—Ct”efcrt”
T Jo
00
X/ dl‘/e(_CT_I/t)t,>.
0

Assuming that C is positive definite, one can carry out two of
the integrals to find

r@x’ @) =
(B19)

(O (1)) = T+ 7C)~! / i oG = CT1"
0

o0
+T / dt" e " e~ (1 4+ tCT)!. (B20)
0

So far, the only assumption we have made about C is that
it is positive semidefinite. Hereafter, we assume that C is a
normal matrix and thus commutes with its transpose. This
leads to
(rr’ (1)) = T[A+ 7€)~ (C+C")™!
+(C+CHTA+CH

Now, we will determine the effective stiffness matrix of this
system by using

(B21)

(r@r’ (1)) == TK. (B22)

Using the decomposition C = K + A, where K is symmetric
and A is antisymmetric, and exploiting that C commutes with
its transpose and that K commutes with A, one has

Ko = KA+ 7K) + tAT[I + (zK)"'17'A. (B23)

This is equivalent to Kg in Eq. (11).

APPENDIX C: PROOF: THE THIRD TERM OF K.
FURTHER STABILIZES THE POTENTIAL
ENERGY MINIMA

In this Appendix, we prove that the third term of K
[Eq. (11)], which corresponds to the transverse force F, =
—Ar that couples the particles and is hereafter referred to
as Kgf) , further stabilizes the minima of the potential V. As
discussed in the main text, the effective force constant matrix
K. governs P(r) under persistent noise through the effective

potential Verr(r) = Sr7Kegr, while V(r) = 4r”Kr governs
P(r) under thermal noise. We assume that K is positive
semidefinite, implying that the system is not unstable. Also,
we suppose that KA 75 0 which should be true in general and
is used to prove that K® ff is nonzero.

In Appendixes C 1-C 3, we prove intermediate results. In
Appendix C4, we use these results to finally prove the main
result.

1. Proof: the third term is positive semidefinite
and has nonzero trace

To prove that Kgf) is positive semidefinite and nonzero, it
is useful to write it as [cf. Eq. (11)]

K® = ATSA,

O = €

where we have defined

S=t[I-d+1K)™]. (C2)

We first prove that Kéff) is positive semidefinite. We make

multiple uses of the fact that
matrix M is positive semidefinite

S M= MIT/ZMI/Z for some matrix M . (C3)

Given the set {A} of eigenvalues of K, the set of eigenval-
ues of S is {t[1 — (1 + tA)7!]} [Eq. (C2)]. So, S is positive
semidefinite by the positive semidefiniteness of K. Using the
forward direction of fact (C3), we can write S = SlT/zs 1,2 for
some matrix Sy ,. Therefore, by the backward direction of fact
(C3), Keff = (S /zA)T (S1,2A) is also positive semidefinite.
Next, we prove that our assumption of KA # 0 im-
plies Kgf) # 0. Proceeding by contradiction, we suppose that

Kgf) = 0. By Eq. (Cl) and the positive definiteness of S,
we have SA = 0 [Ref. [72], p. 221, Exercise 8.27(c)]. Plug-
ging in the definition of S [Eq. (C2)] and rearranging, we
find A = (I+ tK)"'A. Multiplying both sides by I+ 7K
and rearrangmg, we obtain KA = 0, a contradiction. Hence,

Kett 75 0.

Since Kéff) is both positive semidefinite and nonzero, then

wK) # 0 [Ref. [72], p. 214, Exercise 8.8(a)].

2. Proof: the third term increases at least one eigenvalue of K.
while keeping the others the same

Having proved that Kgf) is positive semidefinite and has
nonzero trace (Appendix C 1), we are ready to elucidate the
effect of this term on the eigenvalues of K. Throughout
this subsection, when we refer to the nth eigenvalue of some
matrix, the index n denotes the position within an ascending
(or descending) ordering of the eigenvalues.

Using the fact that the nth eigenvalue of the sum of two
positive semidefinite matrices is greater than or equal to the
nth eigenvalue of either matrix (Ref. [72], p. 346, Exercise
12.45), we find that the nth elgenvalue of K. either stays the
same or increases when adding K(ff to the rest of the matrix.
Combining this result with the fact that Kgf) has nonzero trace,
it follows that this term increases at least one eigenvalue (for

some n) of the effective force constant matrix. Thus, Kgf)
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increases at least one eigenvalue of K. while keeping the
remaining eigenvalues unchanged.

3. Proof: the third term does not change the zero modes of K¢

We now prove that Kgf) does not change the zero modes
of K. As shown in Ref. [38], we can express A = QK.
Plugging this into Eq. (11), we can readily see that the zero
modes of K are also zero modes of K(?f) Thus, the zero modes

of K¢ remain as zero modes after adding Kiff) , since the zero
modes of the other terms in K¢ [Eq. (11)] are exactly those

of K. Since Kgf) does not decrease the eigenvalues of K¢t
(Appendix C?2), then K(ff also does not cause K. to have

additional zero modes. Therefore, Kéff) has no effect on the
zero modes of K, which are exactly those of K.

4. Proof: the third term further stabilizes
the potential energy minima

We now complete our proof that Kgf) further stabilizes
the minima of V(r) = 1r”Kr. First, notice that these min-
ima, which satisfy V (r) = 0, include not only r = 0 but also
all r #£ 0O that are linear combinations of the zero modes of

K. From Appendix C 3, we have that K(?f) does not change

d
V@) = (V| >+Z/
—(vv| >+Z/

nLn,m

We now apply linear response theory to calculate &r,,/8n,.
First, we consider an expansion of Eq. (1) close to some point
ro that represents the state of the system at time 7. We can
then approximate the force, F(r) = Jg - (r — rp), and write
the dynamics of deviations from this point as
or ~ Jg - Or + n(2), (D5)
where we have defined ér :=r — ry and ér(tp) = 0. Solving
this equation using linear stochastic calculus [41], we obtain

t
r(t) = / dr’ M (), (D6)

fo

where Jr is the Jacobian of F, with elements (Jp);; :=
0F;/0r;. If we consider r[y] as a functional over the time
domain and use the linear response result of Eq. (D6), we have

81 (t)

Jr(t—t")
= (€ B
8}7” (l‘/) ( )lnn

D7)

which is valid in the vicinity of ry and remains useful as
long as nonlinearities are small. It is natural to take ry as
a minimum of the potential landscape V (r). Substituting
into Eq. (D4), together with the covariance of the noise,

the zero modes of K. Comblmng this result with that of
Appendix C 2, we find that Kéﬁ) additionally increases at least
one of the nonzero eigenvalues of K.t while leaving the
remaining nonzero eigenvalues unchanged. Therefore, Kgf)
makes the system more likely to be found at the minima

of V.

APPENDIX D: AVERAGE POTENTIAL UNDER
PERSISTENT NOISE AND NORMAL DECOMPOSITION

In this Appendix, we study the evolution of the quasipo-
tential V (r), averaged over fluctuations, for particles moving
according to Eq. (1) with force F admitting the normal de-
composition of Egs. (2)—(4). The dynamics of the average
potential is given by

d
E<V(r)> =(VV(r) 1) = (VV(r) - F(r)) + (VV(r) n@)).
(D)
After substituting Eq. (2) and using Eq. (3), one has
d
V@) =—(VVP) + (V@) -90). D2

To evaluate the last term, we exploit the fact that the noise 5
is Gaussian and apply the Novikov-Furutsu theorem [73]:

ad
<577 () or, V(r)><77n(t )771([)) 03
97V (r) brp(t) /
<8ri8rm W>(nn(t ni(t)). O
[
(O (e) = Lo3,e™1—1/7, gives
i V( ) = vV 2
5 V@) == (Vv
_Z<82V(r) [f d e(JFI/T){| >
al’narm .
(D8)

where we have used the coordinate transform ¢ — ¢’ = z. Note
that for large t — t' = z, which are certainly part of the inte-
gration domain, Eq. (D7) becomes inaccurate. Nonetheless,
Eq. (D8) remains useful since the weight of these contribu-
tions exponentially approaches zero as e~%/7. After carrying
out the integral, we have

i (V) =

2
7 —(IVVI[9)

2
+T Z<8V(r)[<I—TJF>‘]m>. (DY)

We define the Hessian of the potential as Hy, with elements
Hy);j := 32V/(8r,-8rj). Thus, we finally arrive at

d
—(V(r)) =—=(IVVI’) + T Hy : A - zJp) ),

o (D10)
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where : is the operator for the Frobenius inner product. Note
that the first term on the right-hand side is strictly negative.
Hence, the deterministic part of the dynamics will gradually
reduce the average potential as long as a normal decomposi-
tion exists. The second term on the right-hand side, T (Hy :
I—Jp)™") = T(tr[Hy - T — zJp)']), is strictly positive,
which can be seen as follows. First, we define B := (I —
tJp)~'. Theorem 1 in Ref. [74] states that min A(E) trHy <
tr[B - Hy] < max A(B) trHy, where A(B) refers to the set of
eigenvalues of B := (B + B”)/2. Near the point ry about
which we have linearized F(r) [Eq. (D6)], if we assume the
system is stable, the symmetric matrix Hy is positive semidef-
inite, and hence trHy > 0. Next, we will analyze

B=1B+B]=1[d-Jp) "+ ([1-3f) ]

=I-oJp) - I-Je]l-Ad-Jp)™ . (D1D
Because —Jy := —(Jr + J£ )/2 is also positive semidefinite
for a stable system, and Q - M - Q7 is positive semidefinite
for arbitrary matrices Q as long as M is positive semidefinite
[75], it follows that B has only positive eigenvalues. Taken
together, this means that tr[B - Hy] > 0. Hence, fluctuations
inject energy into the system.

To understand the effect of persistence and nonreciproc-
ity on the energy-injecting term T (tr[Hy - (I — tJg)~']), we
hereafter assume that —Jg is a normal matrix, implying a
normal decomposition —Jy := K + A (see main text), where
K=-Jpand A = —(Jp — JI)/2 are the symmetric and an-
tisymmetric parts of —J, respectively [40]. We also linearize
the potential part of the interaction force, —VV, as we have
done for the total force F [Eq. (D6)], leading to Hy = K and

J

—(ky —ap)(ri — rig1),

F =
—(ky—1 + an—1)(rn — ry-1),

where
ki ~ U((1 =8k, (1 + 8)k), (E2)
a;i ~U((1 =8, (1+8)) (E3)

are random variables drawn from a uniform distribution on
the intervals [(1 — §)k, (1 4+ 8)k] and [(1 — 8), (1 + §)].
Figures 7(b)-7(j) show that as the system size (V) increases,
the steady-state distribution of spring displacements becomes
less affected by disorder and, in fact, converges to the corre-
sponding distribution of the periodic analog (§ = 0).

APPENDIX F: NUMERICAL NORMAL DECOMPOSITION
FOR NONRECIPROCAL HARMONIC OSCILLATORS
WITH NON-NORMAL FORCE CONSTANT MATRIX

In this Appendix, we describe how we numerically imple-
ment the method of Ref. [38], Sec. “Decomposition of the
Force,” to perform the normal decomposition of F = —Cr
when the force constant matrix C is asymmetric (i.e., nonre-
ciprocal interactions) and not normal (i.e., does not commute

—(ki —o))(ri = rig1) — kizg + o))y —ricy), =2, ...

thus
(trHy - I —tJp) ') = u[K- A+ K+ 7A)7']. (D12)

Since —Jp is a real-valued normal matrix, the following hold:
(1) —Jr is diagonalizable [Ref. [76], Theorem 2.5.3(b)];
(2) —Jg can have real and complex (i.e., nonzero imag-

inary part) eigenvalues, where the latter come in pairs of

complex conjugates {A, A*} (Ref. [76], Theorem 2.5.8);

(3) the nth eigenvector of —Jg, with corresponding eigen-
value 1,, is also an eigenvector of K and A with eigenvalues
Aa(K) = Rei,, and A, (A) = ilmA,, respectively (as follows
straightforwardly from Ref. [77], Conditions 31 and 33-36).

Using these properties, we obtain

tr[K - (I+ 7K+ 7A)7]
1+ tA,(K)

= 2 O or e 1
implying
r[K- T+ K+ 71A)7 <uK- T+ 1K) < uK.
(D14)

With increasing 7, the term tr[K - (I + TK + tA)~'] becomes
smaller and less energy is injected. If 7 # 0, then nonreciproc-
ity (A) also reduces the energy injected into the system.

APPENDIX E: ROBUSTNESS TO DISORDER AND OPEN
BOUNDARY CONDITIONS

To explore the effect of disorder and open boundary condi-
tions on the nonreciprocal spring-mass chain, we consider the
force [Fig. 7(a)]

,N—1, (ED)

(

with its transpose). As we discussed in the main text, the nor-
mal decomposition uniquely yields [38—40] F = —VV +F,
where V = %rTKr for symmetric matrix K and F; = —Ar
for traceless matrix A such that KA is antisymmetric. If C is
a normal matrix, then K and A are simply the symmetric and
antisymmetric parts of C, respectively [40]. However, if C is
not normal, this result does not hold, and we instead numer-
ically calculate K and A using the aforementioned method
(Ref. [38], Sec. “Decomposition of the Force”), which we
implement as follows:

(1) Compute the eigenvalues {),} and normalized right
eigenvectors {v,} of C using standard numerical diagonaliza-
tion.

(2) Compute the normalized left eigenvectors {uf} ac-
cording to U = V~!, where U7 is the matrix whose rows
are {u!'} and V is the matrix whose columns are {v,}. (Note:
This inverse relation is guaranteed by the diagonalizability
of C.)

(3) For each m and n, solve

(Am + )\n)an = ()Vm - )\n)uz;unv (Fl)

033330-13



DU, GOYCHUK, AND VAIKUNTANATHAN

PHYSICAL REVIEW RESEARCH 8, 033330 (2026)

k; +(\,

persistent, a # 0 ® persistent, a = 0

0=0.2

e thermal, a # 0

+ thermal, @« =0 ---theory (periodic)

0=0.5

0=1
(d)

=
I
(Al)

N =100

P(AI)
P )

FIG. 7. Nonreciprocal spring-mass chain with disorder and open boundary conditions. (a) Schematic diagram. (b)—(j) Steady-state
distribution [P(A!)] of displacements of the springs from their rest length (A/) for various noise types and values of nonreciprocity parameter

(e = 0, 2). These results are shown for chain lengths (b)-(d) N = 4, (e)—(g) N = 20, and (h)-G) N =

100 and disorder strengths (b), (e), and

(h) 6 =0.2, (¢), (f), and (i) § = 0.5, and (d), (g), and (h) § = 1. Each set of simulated values (points of a given color) is calculated from
a different disorder realization and overlaid by the theoretical values (dashed line of the same color) for the corresponding periodic system

(86 = 0). The other parameters are k = 1,7 =1, and T = 2.

for an If A, = X, = 0, there are infinitely many solutions
for O, and so we simply set Opn = 0, which satisfies the
requirement that Q is antisymmetric [38]. (See below for other
cases where A, + A, = 0.)

(4) Compute Q = VQV7.

(5) Compute K= I+ Q) 'CandA =C —K.

We note that this procedure does not work for certain
choices of C. If C is not diagonalizable, then Step 1 cannot
be carried out, and one can instead follow the alternative
approach of Ref. [38], Sec. “Appendix,” which involves repre-
senting C in Jordan normal form (see Ref. [78] for a numerical
implementation). Also, in Step 3, if two eigenvalues of C sum
to zero but the right-hand side of Eq. (F1) does not vanish,
then the corresponding matrix element (,,, cannot be solved
for (see Ref. [38], Sec. “Singularities,” for further discussion).

APPENDIX G: SPRING-MASS MODEL
OF DUSTY PLASMA

In this Appendix, we confirm with simulations that the
analytical solution P(r) o< exp[—Ves(r)/T], where Veg(r) =
%rTKeffr and K is given by Eq. (11), is exact also for nonre-
ciprocal harmonic oscillators with non-normal force constant
matrix. In the main text, we numerically validated the solution
for a nonreciprocal spring-mass chain [Eq. (6) and Fig. 2(a)],
where the force constant matrix C (see Sec. III) is normal.
Here, we consider an experimentally relevant harmonic de-
scription of dusty plasma [44] [Fig. 8(a)]. The system consists
of two spring-mass chains, which represent two vertically

stacked layers of dust particles. Mass i = 1, , N of each
layer I = A, B feels a force
Fpi = —kaa Z (ra,i — ra,ivs) — (—kap)(rai — r.i),
s==+1
(Gla)
Fpi=—ksp > _ (ri— rbits)
s==+1
— (o — kap)(rpi — ra,i), (Gl1b)

respectively, where r;; is the displacement of mass i of layer
[ from its rest position. Writing F = —Cr, one can show that
the force constant matrix C is not a normal matrix. Besides
C not being normal, this system is different from the spring-
mass chain of Eq. (6) because there are two species of masses,
and reciprocity is broken with a nontransverse force, i.e., the
conservative part of F that results from normal decomposition
(—VV) is also affected by the nonreciprocity parameter o.
The last difference becomes evident, e.g., if we set « =0
[Fig. 8(a)], upon which the interaction between layers turns
purely repulsive and thus the system turns unstable.

Figure 8(b) shows the mean squared displacement of the
springs from simulations and theory. The simulations are
carried out as described in Appendix A. The theoretical cal-
culations involve the normal decomposition of F [Eq. (G1)],
which we carry out numerically since C is not a normal matrix
(see Ref. [38] and Appendix F). This numerical procedure
yields the matrices K and A governing the potential V and
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FIG. 8. Spring-mass model of dusty plasma. (a) Schematic dia-
gram. Within layer A (B), masses are reciprocally coupled to their
nearest neighbors via a spring with force constant ka4 (kgp). In
contrast, each mass of layer A behaves as if it is connected to the
corresponding mass of layer B by an unstable spring with force
constant —k,p < 0, while the latter mass is effectively connected to
the former mass via a stable spring with force constant o — kyp > 0.
(b) MSD of the springs connecting masses of layer A (AA), layer
B (BB), and different layers (AB) for various noise types and with
or without the transverse force (F ). Each set of simulated values
(points of a given color) is overlaid by the corresponding theoretical
values (line of the same color). (c) Eigenvalues (1,), indexed by wave
number (¢) and further sorted into two bands, of the (effective) force
constant matrix governing P(r) for various noise types [persistent
(Kefr), thermal (K)] and with or without F, . In panels (b) and (c),
the parameters are N = 100, kqg = 1, kgp = 0.6, kap =1, o = 3,
T =0.01,and T = 2.

transverse force F , respectively (see main text). For purposes
of comparison, we also run simulations setting A and thus
F | to zero. The simulations show that the transverse force
does not affect the distribution of spring displacements under
thermal noise but stabilizes the springs at their rest lengths
under persistent noise. The simulated distributions are in per-
fect agreement with theory, where the average displacement
of each spring from its rest length is determined to be zero,
and the MSD of each type of spring is calculated from the
numerically computed force constant matrix K for thermal
noise and Kg [Eq. (11)] for persistent noise.

Further validation of the theory can be obtained by ana-
lyzing the eigenvalues and eigenvectors of K and K. Due
to the translational symmetry of the system and the coupling
between layers [Eq. (G1) and Fig. 8(a)], the normal modes are
a superposition of the Fourier normal modes of layers A and
B with the same wave number g. Figure 8(c) plots the eigen-
values versus g. As the theory predicts, the stabilizing nature
of the transverse force is reflected in how the eigenvalues of
the (effective) force constant matrix increase in general, and

stay the same otherwise, as we switch from thermal (K) to
persistent noise (Keg) [Fig. 8(c)].

APPENDIX H: NONRECIPROCAL SPHERICAL MODELS
WITH ONE SPIN SPECIES

1. Ferromagnetic coupling

We investigate a spin-based analog [79] of the nonre-
ciprocal spring-mass chain (6). Specifically, we consider a
nonreciprocal version of the spherical model [45] [Fig. 9(a)].
Each spin experiences a force

Fy=—p(lo|* = N)oi + » _ (J = sa)oiy; + h,

s==%1

(HI)

where o is the spin vector, N is the number of spins, and
periodic boundary conditions are imposed as oy = o and
oo = oy. Spin i + 1 experiences a force from spin i with cou-
pling constant J + «, while spin i feels a force from spin i + 1
with coupling constant J — «. The magnetic field has strength
h. In this model, the nonlinearity [first term of Eq. (H1)] is
a soft constraint that imposes the condition |o|?> = N, where
u > 0 1is the hardness.

Figures 9(b)-9(g) show simulations with ferromagnetic in-
teraction (J > 0). As expected by the normal decomposition
of F [Egs. (2)~(4)],

1
V= Zu<|a|2 —~N)* - Zfo,-o,-ﬂ - th, (H2)

F;=a(oi1 —0oi-1), (H3)

nonreciprocity (o # 0) does not change the steady-state dis-
tributions of potential energy V [Fig. 9, panels (b)-(d)] and
magnetization [Fig. 9, panels (e)—(g)] under thermal noise.
In contrast, under persistent noise, nonreciprocity reduces the
potential energy [Fig. 9, panels (b)—(d)] while enhancing the
alignment of the spins with each other and, for & # 0, also
the magnetic field [Fig. 9, panels (e)—(g)]. Therefore, persis-
tent noise enables nonreciprocity to stabilize the fully aligned
states, which globally minimize the potential energy.

We would like to comment briefly on the steady-state
distribution of magnetization being peaked at O for all simula-
tions in Fig. 9(e), where no magnetic field is present. For the
reciprocal system under thermal noise, it is known that spon-
taneous magnetization cannot occur in the thermodynamic
limit (N — oo) [45]. We believe that this does not explain
our observed magnetization distributions, which are obtained
using finite-size simulations. Instead, we attribute our findings
to the specific parameters chosen. For example, increasing
the persistence time t of the noise causes the nonreciprocal
system to have a distribution peaked at nonzero magnetization
(Fig. 10).

2. Antiferromagnetic coupling

We now explore the nonreciprocal spherical model with
antiferromagnetic coupling J < 0 [Fig. 11(a)]. Simulations
of various steady-state distributions [Fig. 11, panels (b) and
(c)] show results that are analogous to the ferromagnetic
case [Fig. 9, panels (b) and (e)]. In particular, we observe
that nonreciprocity promotes the lowering of the potential
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FIG. 9. Nonreciprocal spherical model. (a) Schematic diagram. Steady-state distributions of potential energy [P(V )] [panels (b)—(d)] and
magnetization [P(m)] [panels (e)—(g)] for various types of noise (persistent and thermal) and values of the nonreciprocity parameter (o = 0, 2).
Results are shown for magnetic field strengths (b)—(e) & = 0, (¢)-(f) h = —1, and (d)—(g) # = 1. The other parameters are N = 100, J = 1,

u=2,T=1,andt =2.

energy V [Fig. 11(b)] and the increase of the antimagneti-
zation [Fig. 11(c)] under persistent noise. Hence, even with
antiferromagnetic coupling, we still observe the stabilization
of the global energy minima (fully antialigned spins) due to
the interplay of nonreciprocity and persistent noise.

APPENDIX I: ACTIVE BROWNIAN PARTICLES

To show that our results are not limited to AOUPs, we
consider nonreciprocal active swimmers within another pro-
totypical model of active matter: active Brownian particles
(ABPs) [64]. In analogy to the AOUP equation of motion (1),
the position r; = (x;, y;) of ABP i evolves as [42,80]

r; = Fi(r) + vo(cos 6;, sin 6;), I1)

b = &i(1), 12)

where 6; is the orientation of the particle and vy is the self-
propulsion velocity (assumed to be the same for all particles).
The orientation experiences thermal noise ¢;, which has zero
mean and no temporal correlations, (;(#)¢;(t")) = %(Si 6t —
t"), where T is the persistence time of the propulsion. We

* persistent, a # 0
® persistent, o = 0
° thermal, o # 0
* thermal, « = 0

FIG. 10. Same as Fig. 9(e) except with 7 = 4.

simulate ABPs using the same procedure as AOUPs and
the same value for parameters that are common to both
models (see Appendix A4). For vy, the only param-
eter of ABPs that is not shared by AOUPs, we set
vo = /27 /t, which we obtain by equating the steady-
state effective diffusivity Deg = T [32,81] of a free (F; =
0) AOUP to the corresponding D = v(z)r /2 [80] of a
free ABP. The simulation results of ABPs (Fig. 12)
show no qualitative differences to AOUPs [Fig. 6, panels
®)~(g)].

(a) J+
e > > > > T . . .
—_ * < + < * - + <
J —«
(b) g ° persistent, o # 0
0.5 K] ® persistent, a = 0
E/ ~ e thermal, a # 0
A, 2; * thermal, @ = 0

V/(NIT))

(c) N,

\h: )
,
%

FIG. 11. Nonreciprocal spherical model with antiferromagnetic
coupling. (a) Schematic diagram. Steady-state distributions of poten-
tial energy [P(V)] [panel (b)] and antimagnetization [P(7i7)] [panel
(c)] for various types of noise (persistent and thermal) and values
of the nonreciprocity parameter (o« = 0, 2). The other parameters are
N=100,J =—1,u=2,T =1,and 7 = 2.
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FIG. 12. Nonreciprocal active swimmers in the ABP model. (a) Steady-state distribution of potential energy, P(V'). (b) Steady-state pair
correlation function, g(r), enlarged around the cutoff distance beyond which the pairwise repulsion vanishes (7., dashed line). In panels (a) and
(b), results are shown for various noise types and values of the nonreciprocity parameter «c. Steady-state properties related to density [subpanels
(i)—(iii)] for persistence times of T = 25 [panel (c)], T = 100 [panel (d)], and T = 400 [panel (e)]. Representative particle configurations for
o = 0 [subpanel (i)] and & = 4 [subpanel (ii)]. The colors indicate the local density (p) in each region formed by discretizing the simulation
box into a 10 x 10 square grid. (iii) Distribution of local density, P(p). The total number density (o) is indicated by the dashed line. In panels
(a), (b), and subpanels (iii), error bars (vertical solid lines) are shown but, for most of the data, are too small to be seen. The other parameters

are the same as Fig. 6.
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